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Quantum correlations that surpass entanglement are of great importance in the realms of quantum information pro-
cessing and quantum computation. Essentially, for quantum systems prepared in pure states, it is difficult to differentiate
between quantum entanglement and quantum correlation. Nonetheless, this indistinguishability is no longer holds for mixed
states. To contribute to a better understanding of this differentiation, we have explored a simple model for both generating
and measuring these quantum correlations. Our study concerns two macroscopic mechanical resonators placed in separate
Fabry–Pérot cavities, coupled through the photon hopping process. this system offers a comprehensively way to investigate
and quantify quantum correlations beyond entanglement between these mechanical modes. The key ingredient in analyzing
quantum correlation in this system is the global covariance matrix. It forms the basis for computing two essential metrics:
the logarithmic negativity (Em

𝒩 ) and the Gaussian interferometric power (𝒫m
𝒢 ). These metrics provide the tools to measure

the degree of quantum entanglement and quantum correlations, respectively. Our study reveals that the Gaussian interfer-
ometric power (𝒫m

𝒢 ) proves to be a more suitable metric for characterizing quantum correlations among the mechanical
modes in an optomechanical quantum system, particularly in scenarios featuring resilient photon hopping.

Keywords: quantum correlations, entanglement, Gaussian interferometric power, logarithmic negativity, op-
tomechanics, photon hopping
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1. Introduction

Quantum correlations, as explored in numerous
works,[1–4] occupy a central role in the landscape of quantum
information theory,[5] propelling advancements in the realm
of quantum technology.[6] Their significance extends across
a spectrum of domains, encompassing quantum communica-
tion, quantum computing,[7–9] quantum cryptography,[10–12]

and quantum metrology.[13–16] In light of this profound rele-
vance, the study of quantum correlations has emerged as a cap-
tivating research domain within quantum information theory,
encompassing both theoretical and experimental explorations.
Notably, dedicated efforts are underway to generate these
nonclassical correlations and ascertain optimal approaches for
their manipulation and utilization as valuable resources for
innovative information processing protocols.

Quantum entanglement, a particular form of quantum cor-
relation, has garnered extensive investigation across diverse
quantum systems.[17–20] It offers a profound insight into the
foundational structure of quantum mechanics, serving as the
principal demarcation between macroscopic (classical) and
microscopic (quantum) systems.[21–23] Moreover, quantum
entanglement has evolved into an indispensable asset in the
realm of quantum information processing, where it underpins
the remarkable computational speed of quantum computing

and the unequivocal security of quantum communication. The
latter relies on the availability of quantum entanglement.[24–26]

As a result, the generation of quantum entanglement stands
as a pivotal pursuit within the sphere of quantum information
processing. This enthralling characteristic of the microscopic
and subatomic domains[19] ushers forth a myriad of potential
applications. These encompass quantum teleportation with fi-
delity surpassing classical cloning limits,[27] dense quantum
coding, and even the detection of gravitational waves.[28] Fur-
thermore, the study of quantum entanglement in macroscopic
systems holds significant import, with various schemes put
forward. These encompass the creation of entanglement be-
tween mirrors,[29] atomic ions,[30] and Cooper pairs.[31] No-
tably, it has been demonstrated that macroscopic entanglement
can be generated through the influence of radiation pressure in
optomechanical systems.

Optomechanical cavities[32–34] have emerged as a preva-
lent avenue for the investigation of quantum entanglement in
macroscopic systems, with the introduction of diverse pro-
posed protocols. These protocols hinge on the innate interac-
tion between light and mechanical oscillators, offering a vari-
ety of avenues for creating quantum entanglement. Prominent
among these methods are those enabling the generation of en-
tanglement between vibrating mirrors,[35,36] atomic ions,[37]

and entanglement across two separate cavities linked by an op-
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tical fiber.[38,39] In this manner, optomechanical cavities pro-
vide a foundational framework for establishing correlations
among mechanical resonators,[29,40–44] leveraging the inter-
play between mechanical and optical degrees of freedom. This
pivotal characteristic of optomechanical systems has spurred
the exploration of macroscopic mechanical entanglement in a
dual-cavity system.[29,45–47] In line with this perspective, our
paper is centered on the examination of quantum correlations
and the generation of quantum entanglement between mechan-
ical resonators within a double optomechanical cavity system.

This study delves into generating macroscopic quantum
entanglement within a dual-cavity optomechanical system.
Our proposed methodology involves interconnecting two op-
tomechanical cavities through photon hopping. In each cavity,
a movable mirror at one end couples with a fixed mirror at the
other, facilitating the interaction between the laser field and
mechanical modes via photon hopping. This intricate coupling
process culminates in the creation of quantum entanglement
between the two mechanical modes. Consequently, we con-
duct a comprehensive examination of this generated quantum
entanglement, extending our analysis to quantify a broader
spectrum of quantum correlations that go beyond quantum
entanglement. The primary objective of this study is to jux-
tapose the extent of quantum correlations with that of quan-
tum entanglement within the established model. Our paper is
structured as follows: In Section 2, we introduce the model
encompassing two optomechanical cavities interconnected by
photon hopping and submitted to a laser field. We present the
Hamiltonian that governs the system’s evolution and derive the
quantum Langevin equations within the rotating wave approx-
imation. Subsequently, we employ the linearization technique
to acquire a set of coupled differential equations for the fluctu-
ation operators, which are later resolved in the steady state. In
Section 3, we give the system’s covariance matrix describing
the Gaussian state and the logarithmic negativity (Em

𝒩 ) and the
Gaussian interferometric power (𝒫m

𝒢 ) to quantify the extent of
quantum entanglement and quantum correlations beyond en-
tanglement between the two distinct mechanical modes. Sec-
tion 4 is dedicated to a discussion of our findings, culminating
in a concise summary of our work.

2. Model and Hamiltonian
The schema depicted above illustrates a quantum

measurement[48] of an optomechanical cavity system, com-
prising two identical Fabry–Pérot cavities (as seen in Fig. 1).
Each cavity features a fully reflecting mobile mirror, while the
second one is a fixed mirror with partial transmissivity. Both
cavities are simultaneously driven by a coherent laser field,
with photon-hopping interactions facilitating the coupling of
cavity fields. As a result, each cavity field interacts with
the mechanical motion of the mechanical resonator through

the effects of photon hopping. Each cavity’s field is consid-
ered as a single-mode field with a frequency denoted as ωc j ,
where ( j = 1,2). The pump laser’s amplitude is determined as

|E j| =
√

2Pjκ j
h̄ωL j

, with κ j representing the energy decay rate of

the two cavities, Pj signifying the laser’s driving pump power,
and ωL j representing the frequency of the vibrational modes.
Additionally, the coupling coefficient between the cavity field
and the movable mirror is defined as g j = (ωc j/L j)

√
h̄

m jωm j
,

where m j signifies the mass of the mechanical mode, ωm j de-
notes the frequency of the mechanical oscillator, and L j repre-
sents the length of each cavity.

The system’s Hamiltonian can be expressed as (assuming
h̄ = 1)[35]

Ĥ = ∑
j=1,2

[(ωc j −ωL j)a
†
ja j +ωm j b

†
jb j +g ja

†
ja j(b

†
j +b j)

+ i(E ja
†
j e−iωL j t −E*

j a j e iωL j t)]−ξ (a†
1a2 +a†

2a1), (1)

where a j and b j, as well as their respective Hermitian conju-
gates, denote the field operators associated with the two cav-
ities and the two mechanical resonators (pertaining to the jth

optical mode and the jth mechanical mode), characterized by
resonant frequencies ωC and ωL. For the sake of simplic-
ity, we assume ωL1 = ωL2. The final term in the Hamilto-
nian accounts for the photon-hopping coupling between the
two cavity modes, with a coupling strength represented as ξ .
In the subsequent sections, our focus on the system’s dynam-
ics, which can be delineated through the quantum Heisenberg–
Langevin (HL) equations in the Heisenberg representation.

Cavity 1 Cavity 2

a1

wc

a2

wc

b1 b2

Squeezed light source
(SLS)

Photon hopping

Coherent laser
source

x x

1 222

Fig. 1. Schematic of an optomechanical system composed of two sep-
arate optomechanical cavities, with each cavity featuring a fixed mirror
in the middle and a movable mirror on the outside. These cavities are
coupled to a two-mode squeezed light generated by spontaneous para-
metric down-conversion (SPDC) and connected via a photon hopping
process (PH) with a coupling strength ξ . Each cavity is pumped by a
coherent laser source with power P and frequency ωL, characterized by
an amplitude E j .

2.1. Heisenberg–Langevin equation

The nonlinear HL equations of motion for the optical and
mechanical modes, established in the rotating frame at the
laser frequency, are simultaneously derived as[35]

ȧ j =−
(

κ j

2
− i∆ j

)
a j − ig ja j(b+j +b j)+E j + iξ ak+

√
κ jF in

j ,

(2)

ḃ j =−
(

iωm +
γ j

2

)
b j − ig ja+j a j +

√
γ j f in

j , (3)
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where κ j corresponds to the total decay rate of the cavity
mode, while γ j designates the damping rate of the mechan-
ical mode. ∆ j = ωL j − ωc j denotes the laser detuning, f in

j

is the noise operator linked to the Brownian motion of the
jth movable mirror, and F in

j represents the jth input squeezed
vacuum noise operator. These noise operators exhibit non-
zero frequency-domain correlation functions, as elaborated in
Refs. [49,50]:

⟨F in†
j (t)F in

j (t ′)⟩=𝒩δ (t − t ′), (4)

⟨F in
j (t)F in†

j (t ′)⟩= (𝒩 +1)δ (t − t ′), (5)

⟨F in
1 (t)F in

2 (t ′)⟩=ℳe−iψ
δ (t − t ′), (6)

⟨F in†
1 (t)F in†

2 (t ′)⟩=ℳe iψ
δ (t − t ′), (7)

in this context, we define 𝒩 = sinh2 r, ℳ = sinhr coshr,
and ψ = ωM(t + t ′), where r represents the squeeze parame-
ter characterizing the squeezed light. It is worth noting that we
make the assumption that the mechanical baths exhibit Marko-
vian behavior, where the mechanical oscillator frequency ωµ

surpasses the damping rate γ . These baths manifest non-zero
correlation properties between their noise operators, a subject
elucidated in Refs. [51,52]:

⟨ f in†
j (t) f in

j (t
′)⟩= nthδ (t − t ′), (8)

⟨ f in
j (t) f in†

j (t ′)⟩= (nth +1)δ (t − t ′), (9)

here, we denote nth = (e h̄ωµ/kBT −1)−1 as the average number
of thermal phonons at the frequency of the mechanical res-
onator j, where kB represents the Boltzmann constant and T
signifies the temperature of the surrounding environment.

2.1.1. Classical dynamics

Solving analytically the coupled nonlinear quantum
Langevin equations (2) and (3) is a challenging endeavor.[53]

To obtain an analytical solution for these equations within the
proposed model, we employ the following decomposition, in
which the mode operators are represented as the sum of the
mean in the steady state and a quantum fluctuation operator,

δb j = b j −β j, δa j = a j −α j, (10)

with β j and α j denoting the steady-state average values for the
mechanical and optical operators, respectively. The solutions
of Eqs. (2) and (3) in the steady-state give explicit expressions
for the mean values β j and α j as

β j ≡ ⟨b j⟩ ≡
ig j|αs

j |
2

γ j
2 + iωm

, (11)

α j ≡ ⟨a j⟩ ≡
iξ αs

k +E j
κ j
2 − i∆ ′ j

, (12)

where we define ∆ ′
j = ∆ j −g j(β

*
j +β j) as the effective detun-

ing, which takes into account the displacement of the mirrors
caused by photon hopping.

2.1.2. Linearization of quantum Langevin equations

Now, we examine the quantum statistical characteristics
of the system by considering slight fluctuations of the op-
erators around the steady-state classical mean values, as de-
tailed in Eqs. (11) and (12). To this end, we introduce the
substitutions δb j = b j − β j and δa j = a j −α j into Eqs. (2)
and (3), with the omission of the nonlinear terms δa jδa†

j and
δb jδa j. This simplification is justified under the assumption
that the mean values significantly surpass the variations. Con-
sequently, the resulting Eqs. (2) and (3) can be expressed as

δ ȧ j = −
(

κ j

2
− i∆ ′

j

)
δa j +G j

(
δb+j +δb j

)
+ iξ δak

+
√

κ jF in
j , (13)

δ ḃ j = −
(

iωm +
γ j

2

)
δb j +G j

(
δa j −δa+j )+

√
γ j f in

j , (14)

where G j = g j|α j| signifies the multi-photon optomechanical
coupling, and we define α j = −i|α j|. In this study, we adopt
the assumption that the system operates within the framework
of the rotating wave approximation (i.e., ∆ ′

j = ωm). This ap-
proximation corresponds to the regime of quantum state trans-
fer, where one can safely neglect terms oscillating at ±2ωm.
Utilizing the interaction picture for each operator O, defined as
Õ(ωm) = Oexp(iωmt), we derive the following expressions:

δ ˙̃a j =−
κ j

2
δ ã j +G jδ b̃+j + iξ δ ãk +

√
κ jF̃ in

j , (15)

δ
˙̃b j =−

γ j

2
δ b̃ j −G jδ ã+j +

√
γ j f̃ in

j . (16)

Hence, this linear differential system can be resolved through
the application of Fourier transformation, following the lines
presented in Ref. [54].

2.2. Covariance matrix

Following the linearization method of quantum Langevin
equations, outlined in Ref. [44], we proceed to compute the
elements of the covariance matrix which describe the Gaus-
sian stationary states of the system.[44] For this end, we as-
sume the presence of two identical cavities driven by identical
laser sources and subjected to identical thermal baths.[44] Our
objective is to deduce the explicit formula for the covariance
matrix that characterizes the entire system. In this pursuit, we
incorporate the following quadrature operators, which corre-
spond to EPR-type quadrature operators for both mechanical
and optical modes:[41]

δ X̃m j(t)=
δ b̃†

j +δ b̃ j√
2

, δỸ m j(t) = i
δ b̃†

j −δ b̃ j√
2

; j = 1,2,

(17)

δ X̃o j(t)=
δ ã†

j +δ ã j√
2

, δỸ o j(t) = i
δ ã†

j −δ ã j√
2

; j = 1,2.

(18)
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Likewise, the Hermitian input quadrature noise is defined as

X̃ in
m j
(t)=

f̃ in†
j + f̃ in

j√
2

, Ỹ in
m j
(t) = i

f̃ in†
j − f̃ in

j√
2

; j = 1,2, (19)

X̃ in
o j
(t)=

F̃ in†
j + F̃ in

j√
2

, Ỹ in
o j
(t) = i

F̃ in†
j − F̃ in

j√
2

; j = 1,2. (20)

Indeed, the linearization of quantum Langevin equations illus-
trates that within each optomechanical cavity, the mechanical
mode exhibits coupling to the quadrature fluctuations through
the effective coupling G j = g|α j|. This coupling becomes par-
ticularly pronounced as the amplitude |α j| between the cav-
ities increases. Additionally, the two cavity modes interact
through photon hopping, characterized by a coupling strength
ξ , which can be tailored to redistribute entanglement across
distinct bipartite systems and induce entanglement between
the mechanical modes.

In the realm of continuous variable systems, the uti-
lization of phase space analysis is well-suited, requiring the
adoption of the covariance matrix formalism[55,56] built upon
quadrature operators. Consequently, we introduce an eight-
component vector as follows:

u(t) = (δ X̃m1(t),δỸ m1(t),δ X̃m2(t),δỸ m2(t),δ X̃o1(t),

δỸ o1(t),δ X̃o2(t),δỸ o2(t))T,

where the notation (O)T represents the transpose of an arbi-
trary operator O. The linearization of quantum Langevin equa-
tions can be expressed in the compact matrix form (Ref. [57])

u̇(t) =Wu(t)+η(t), (21)

where the term W represents the drift matrix. It is given by

W =



−γ

2 0 0 0 −G 0 0 0
0 −γ

2 0 0 0 G 0 0
0 0 −γ

2 0 0 0 −G 0
0 0 0 −γ

2 0 0 0 G
G 0 0 0 −κ

2 0 0 −ξ

0 −G 0 0 0 −κ

2 ξ 0
0 0 G 0 0 −ξ

−κ

2 0
0 0 0 −G ξ 0 0 −κ

2


. (22)

Furthermore, η(t) corresponds to the noise vector and is de-
fined as

η(t) = (X̃ in
m1
(t),Ỹ in

m1
(t), X̃ in

m2
(t),Ỹ in

m2
(t),

X̃ in
o1
(t),Ỹ in

o1
(t), X̃ in

o2
(t),Ỹ in

o2
(t))T.

Hence, the covariance matrix can be obtained by solving
the linearized Lyapunov equation, a process elucidated in
Refs. [35,58],

Wϒ +ϒW T −R = 0, (23)

with R denoting the diffusion matrix, which can be expressed
as Ri jδ (t + t ′) = 1

2 (⟨ηi(t)η j(t ′)+η j(t ′)ηi(t)⟩).

R =



γ ′ 0 0 0 0 0 0 0
0 γ ′ 0 0 0 0 0 0
0 0 γ ′ 0 0 0 0 0
0 0 0 γ ′ 0 0 0 0
0 0 0 0 κ ′ ℳκ 0 0
0 0 0 0 ℳκ κ ′ 0 0
0 0 0 0 0 0 κ ′ −ℳκ

0 0 0 0 0 0 −ℳκ κ ′


, (24)

in terms of the parameters γ ′ = γ(nth+
1
2 ) and κ ′ = κ(𝒩 + 1

2 ).
Subsequent to simple calculations employing the solution of
Eq. (23), we obtain the following explicit expression for the
quantum covariance matrix:

ϒ = [ϒi j]8×8

=


ϒm1(2×2) ϒm12(2×2)

ϒm1o1(2×2)
ϒm1o2(2×2)

ϒ T
m12(2×2)

ϒm2(2×2)
ϒm2o1(2×2)

ϒm2o2(2×2)

ϒ T
m1o1(2×2)

ϒ T
m2o1(2×2)

ϒo1(2×2)
ϒo12(2×2)

ϒ T
m1o2(2×2)

ϒ T
m2o2(2×2)

ϒ T
o12(2×2)

ϒo2(2×2)

 . (25)

To get the degree of pairwise quantum correlations between
distinct modes, it is necessary to break down the covariance
matrix into block matrices, with each sub-matrix of size 4×4.
This decomposition results in a reduced covariance matrix, as
represented by Eq. (25), in the following format

ϒ8×8 =

(
(ϒm)4×4 (ϒmo)4×4
(ϒmo)

T
4×4 (ϒo)4×4

)
, (26)

in this context, (ϒm)4×4 corresponds to the covariance matrix
of the two mechanical resonator modes, (ϒo)4×4 represents
the covariance matrix of the two optical modes, and (ϒmo)4×4

stands for the covariance matrix characterizing the interac-
tion between the mechanical resonator mode and the optical
mode cavity.[54,59] These matrices serve as essential tools for
addressing the primary objective of this study, which is the ex-
amination of quantum entanglement and quantum correlations
that extend beyond entanglement, originating exclusively be-
tween the two mechanical resonator modes. Consequently, our
attention is directed toward the first block covariance matrix,
describing the dynamics of the two vibrating mode, and is ex-
pressed as

(ϒm1m2)4×4 =

(
ϒm1 ϒm12
ϒ T

m12
ϒm2

)
, (27)

where (ϒm1)2×2 and (ϒm2)2×2 pertain to the individual char-
acteristics of the first and second mechanical modes, respec-
tively. Meanwhile, (ϒm12)2×2 delineates the interaction be-
tween the two mechanical resonator modes, reflecting the
inter-mode correlations. By extracting the relevant compo-
nents from the global covariance matrix outlined in Eq. (26),

050303-4
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we can establish the structure of (ϒm)4×4 as follows:

ϒm1m2 =


ϒ1 ϒ2 ϒ3 0
ϒ2 ϒ1 0 −ϒ3
ϒ3 0 ϒ1 ϒ2
0 −ϒ3 ϒ2 ϒ1

 , (28)

where (ϒm1)2×2, (ϒm2)2×2, and (ϒm12)2×2 are defined as

ϒm1 =ϒm2 =

(
ϒ1 ϒ2
ϒ2 ϒ1

)
, ϒm12 =

(
ϒ3 0
0 −ϒ3

)
,

with their elements represented by ϒ1, ϒ2 and ϒ3,

ϒ1 =
[
(−4ξ

2 − (κ + γ)(κ + γ +𝒞γ))(2nth +1)

− cosh(2r)(κ + γ)𝒞κ

]
·
[
2(4ξ

2 +2(1+𝒞)(κ + γ)2)
]−1

,

(29)

ϒ2 =
((2+𝒞)κ + γ)𝒞κ2ξ sinh(2r)

((1+𝒞)2
κ2 +4ξ 2)((κ + γ)2 +4ξ 2)

, (30)

ϒ3 = − ((𝒞+1)κ(γ +κ)−4ξ 2)𝒞κ2 sinh(2r)

2(4ξ 2 +(1+𝒞)2
κ2)(4ξ 2 +(κ + γ)2)

. (31)

Here, ϒ1, ϒ2, and ϒ3 are dependent on various parameters, in-
cluding the squeezing parameter r, the optomechanical coop-
erativity 𝒞,[44] the mean thermal phonon number nth, the cou-
pling strength ξ , and the damping rates γ and κ .

3. Quantification of quantum correlations
3.1. Analysis of entanglement via the logarithmic negativ-

ity

The first generalization in the quantification of en-
tanglement in mixed states is certainly the logarithmic
negativity.[60,61] This measure, known as Em

𝒩 , is a powerful
tool for characterizing entanglement within quantum systems.
Em
𝒩 extends the entanglement quantifies to assess entangle-

ment beyond pure states, making it suitable for the analysis of
mixed quantum states. Unlike traditional entanglement mea-
sures that are tailored for pure states, the logarithmic negativity
can be applied to a wider range of scenarios, where quantum
systems are subjected to environmental interactions or exhibit
complex statistical mixtures.

For a thorough examination of the system’s entanglement
properties, we turn our attention to the continuous-variable bi-
partite subsystem constituted by mirror (M1) and mirror (M2).
Our primary aim is to explore the entanglement between these
two movable mirrors, with a focus on the Em

𝒩 . This measure
is invaluable in quantifying the degree of entanglement and
unveiling nonclassical correlations that exist within the sub-
system. By applying the concept of logarithmic negativity, we
can gain a deeper understanding of the complex quantum in-
teractions that underlie the dynamics of the system, even in
scenarios involving mixed states and intricate environmental

influences. The global covariance matrix provided in Eq. (26)
can be readily simplified to

(ϒm1m2)4×4 =

(
ϒm1 ϒm12
ϒ T

m12
ϒm2

)
, (32)

where (ϒm1)2×2 and (ϒm2)2×2 represent the covariance ma-
trices of individual modes, and (ϒm12)2×2 is the covariance
matrix that characterizes the correlations between the two
subsystems involving the movable mirrors, the logarithmic
negativity[60,61] Em

𝒩 is defined as

Em
𝒩 = max[0,− ln(2µ

−)], (33)

the entanglement between the two mechanical modes is quan-
tified by the smallest symplectic eigenvalue, denoted as µ−.
This value is defined as

µ
− =

√
Φ−

√
Φ2 −4detϒm

2
, (34)

here Φ is expressed as a function of the elements of the sim-
plified covariance matrix [Eq. (27)] denoted by Φ = detϒm1 +

detϒm2 −2detϒm12 .
Equation (33) indicates that the entanglement between the

two mechanical modes is established when Em
𝒩 > 0, which

corresponds to the condition µ− < 1/2.

3.2. Gaussian interferometric power

The concept of interferometric power for a bipartite quan-
tum state serves as a valuable tool in quantifying the precision
of parameter estimation within the realm of quantum metrol-
ogy, see, for instance, Ref. [62]. This measure has been in-
troduced to assess the accuracy of estimating parameters in
the framework of quantum metrology and has found applica-
tions in various areas, such as quantum information and quan-
tum communication. In the context of finite-dimensional sys-
tems, the interferometric power proves to be a reliable indica-
tor of quantum correlations present in bipartite states, includ-
ing those that are separable. It enables a quantitative assess-
ment of the quantum correlations and the potential information
that can be extracted from such states for enhanced precision
in parameter estimation. Interferometric power, in essence,
quantifies the usefulness of a quantum state for improving the
precision of parameter estimation, particularly in the context
of quantum metrology. It provides a measure of how quantum
correlations can enhance the precision of parameter estimation
and is relevant in various quantum information and communi-
cation tasks. In finite-dimensional systems, it can also detect
quantum correlations in bipartite states, even when they are
separable.[62,63]

For symmetric mixed two-mode Gaussian states ρϒm1m2
,

the Gaussian interferometric power (𝒫m
𝒢 ) is defined as[62]

𝒫m
𝒢 =

Im +
√

I2
m + JmKm

2Jm
, (35)

050303-5



Chin. Phys. B 33, 050303 (2024)

where

Im = (detϒm1 +detϒm12)(1+detϒm1 +detϒm12 −detϒm1m2)

−ϒ
2

m1m2
, (36)

Jm = (detϒm1m2 −1)(1+2detϒm1 +2detϒm12 +detϒm1m2),
(37)

Km = (detϒm1 +ϒm1m2)((detϒm1m2)
2 −detϒm1m2)

+detϒm12(2detϒm1 +detϒm12)(1+detϒm1). (38)

By employing the covariance matrix, defined in Eq. (27), the
expression for the Gaussian interferometric power (𝒫m

𝒢 ) as
given in Eq. (35) can be re-equated as follows:

𝒫m
𝒢 =

ϒ 2
3

2(ϒ 2
1 −ϒ 2

3 +1/2)
, (39)

where ϒ1 and ϒ3 are given by Eqs. (29) and (31).

4. Results and discussion

In this section, we give a comprehensive discussion of
quantifying quantum correlations through two distinct metrics
Em
𝒩 and 𝒫m

𝒢 . It was imperative to meticulously choose sys-
tem parameters that accurately represent real-world scenarios
feasible for experimental implementation. In this regard, we
have adopted specific parameter values drawn from previous
studies, such as those reported in Refs. [64,65]. These pa-
rameters have been tailored to closely mimic the conditions
observed in recent experiments, thus ensuring the practical-
ity and applicability of our analysis. To provide further in-
sight into the system, the Fabry–Pérot cavities are character-
ized by specific parameter regimes, closely resembling those
observed in recent experiments. Here are the specific param-
eter values: (L j ≃ 25 mm, m j ≃ 145 ng, ωm j/2π = 947 kHz,
γm j/2π ≃ 140 Hz, κ j/2π ≃ 215 × 103 Hz, T = 0.6–20 K,
P = 11 mW, ξ = 10×104, r = 3, λ j = 1064 nm).

Figure 2 provides a visual representation of how logarith-
mic negativity (Em

𝒩 ) and Gaussian interferometric power (𝒫m
𝒢 )

change with varying average numbers of thermal photons (nth)
across different cooperative parameter values. Both Em

𝒩 and
𝒫m
𝒢 exhibit a similar response, as nth increases, they decrease.

This behavior can be explained by the influence of thermal
photons on the system. Higher nth values signify greater en-
vironmental fluctuations, leading to more significant losses of
quantum information. As a result, both Em

𝒩 and 𝒫m
𝒢 decrease,

reflecting the challenge of maintaining quantum correlations
in the presence of environmental noise. These findings em-
phasize the importance of carefully controlling thermal effects
when working with such quantum systems.
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Fig. 2. The plot shows the amount of quantum correlations gener-
ated between two mechanical modes. (a) The behavior of logarithmic
negativity Em

𝒩 is presented in terms of the average number of thermal
phonons nth for various values of the cooperative parameter 𝒞. (b) The
behavior of the Gaussian interferometric power 𝒫m

𝒢 is depicted in terms
of the average number of thermal phonons nth for different values of the
cooperative parameter 𝒞.

In Fig. 3, we’re examining how the logarithmic negativ-
ity (Em

𝒩 ) and Gaussian interferometric power (𝒫m
𝒢 ) respond

to changes in the average number of thermal photons (nth).
These quantifiers are valuable tools for assessing quantum cor-
relations between the two mechanical modes. The key result
from this graph is that both Em

𝒩 and 𝒫m
𝒢 exhibit similar trends.

As we increase the cooperative parameter (𝒞), we observe a
clear rise in the amount of quantum correlations generated be-
tween the two mechanical modes. This cooperative param-
eter reflects the strength of the photon hopping interactions
within the system. However, the intriguing aspect is the differ-
ence in how these quantifiers behave in the presence of ther-
mal noise. While both Em

𝒩 and 𝒫m
𝒢 capture quantum corre-

lations, Em
𝒩 is more susceptible to environmental influences.

It declines rapidly with increasing thermal noise, ultimately
approaching zero. On the other hand, 𝒫m

𝒢 displays greater
resilience against thermal noise, decreasing more gradually.
This implies that 𝒫m

𝒢 is a more robust indicator of quantum
correlations under noisy conditions. Furthermore, it is impor-
tant to note that E𝒩 primarily detects quantum correlations
related to entanglement, focusing exclusively on this form of
quantum correlation. As a result, it might not capture quan-
tum correlations that extend beyond entanglement. This lim-
itation is where 𝒫m

𝒢 shines. It has the capability to identify a
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wider spectrum of quantum correlations, including those that
are not entanglement-based. This is a valuable feature as it
helps uncover quantum correlations of discord type and other
non-entanglement quantum correlations, offering a more com-
prehensive view of the system’s quantum behavior.
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Fig. 3. The plot illustrates the amount of quantum entanglement as well
as quantum correlations beyond entanglement generated between two
mechanical modes. (a) The behavior of logarithmic negativity Em

𝒩 is
displayed in terms of the cooperative parameter 𝒞 for various values of
the average number of thermal phonons nth. (b) Show cases the behav-
ior of the Gaussian interferometric power 𝒫m

𝒢 in terms of the coopera-
tive parameter 𝒞 for different values of the average number of thermal
phonons nth.
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Fig. 4. Logarithmic negativity (Em
𝒩 , depicted by the red line) and Gaus-

sian interferometric power (𝒫m
𝒢 , shown in blue) plotted against the ther-

mal phonon number nth for a squeezing parameter of r = 1.5 associated
with the mechanical modes. In this analysis, we utilized a cooperative
parameter 𝒞 = 34.

In Fig. 4, we observe that, with a fixed squeezing param-
eter r, both the logarithmic negativity (Em

𝒩 ) and the Gaussian
interferometric power (𝒫m

𝒢 ) for the two mechanical modes de-
crease as the mean thermal phonon number nth increases. This

trend signifies that higher temperatures lead to the degradation
of quantum features within the mechanical modes. Notably,
the impact of thermal noise on mechanical entanglement, as
represented by Em

𝒩 , is much more severe as it rapidly dimin-
ishes to zero. Interestingly, 𝒫m

𝒢 exhibits a different behavior.
Beyond the entanglement threshold (i.e., when Em

𝒩 = 0), 𝒫m
𝒢

enters a frozen state, showing minimal sensitivity to tempera-
ture variations. In fact, it continues to persist and remains al-
most constant, reaching an asymptotic regime, even at elevated
levels of mean thermal phonons (i.e., high temperatures).[66]

This behavior highlights the robustness of 𝒫m
𝒢 in the presence

of thermal noise, making it a valuable indicator of quantum
correlations in such conditions.

5. Conclusion
In conclusion, our study contributes to the investigation

of entanglement, a prominent form of quantum correlation,
within the vibrational modes of distinct mobile mirrors and
spatially isolated mechanical nano-resonators via photon hop-
ping. The proposed optomechanical system showcases the
feasibility of generating quantum entanglement between the
mechanical resonators by introducing photon-hopping inter-
actions among the cavity modes. To quantify the quantum
correlations produced by these mechanical modes, we har-
nessed two key metrics: the logarithmic negativity (Em

𝒩 ) and
the Gaussian interferometric power (𝒫m

𝒢 ). Our comparative
analysis shows clearly the superiority of 𝒫m

𝒢 in capturing quan-
tum correlations in contrast to E𝒩 , which is susceptible to en-
vironmental influences. Importantly, all the parameters con-
sidered in our study are experimentally viable, demonstrating
the importance of preserving quantum correlations for quan-
tum information processing and their potential use in various
quantum tasks.

Notably, within optomechanical systems, the transfer-
ence of quantum correlations between optical and mechani-
cal modes holds paramount importance. Encoding informa-
tion in the mechanical modes is widely recognized as a more
effective means of entanglement preservation. Therefore, the
practical implementation of this form of entanglement at the
macroscopic level, specifically within mechanical resonators,
can serve as a valuable resource for experimentally realizing a
multitude of quantum protocols.
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