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Coulomb-assisted nonlocal electron transport between two pairs of
Majorana bound states in a superconducting island
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School of Physics, University of Electronic Science and Technology of China, Chengdu 610054, China
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We investigate the nonlocal transport modulated by Coulomb interactions in devices comprising two interacting Ma-
jorana wires, where both nanowires are in proximity to a mesoscopic superconducting (SC) island. Each Majorana bound
state (MBS) is coupled to one lead via a quantum dot with resonant levels. In this device, the nonlocal correlations can
be induced in the absence of Majorana energy splitting. We find that the negative differential conductance and giant cur-
rent noise cross correlation could be induced, due to the interplay between nonlocality of MBSs and dynamical Coulomb
blockade effect. This feature may provide a signature for the existence of the MBSs.

Keywords: Majorana bound states, superconducting island, current cross correlation

PACS: 03.75.Lm, 72.10.—d, 74.78.Na, 73.21.La

1. Introduction

One of the most influential recent discoveries is that topo-
logical phases supporting Majorana fermions can be realized
and engineered in the heterostructures based on s-wave super-
conductors and materials with strong spin—orbit interaction.!!]
The search of Majorana bound states (MBSs) is motivated in
part by their potential application in fault-tolerant computa-
tion due to their non-Abelian characteristics.>~>! Experimen-
tal efforts to implement the nanowire proposal have uncovered
evidence for a zero bias peak in tunneling spectroscopy stud-
ies of hybrid superconductor-semiconductor devices. 14! De-
spite suggestive observations, however, unambiguous exper-
imental verification remains elusive because zero-bias peaks
can also result from non-Majorana sources.[!5-2°]

The signal of current noise cross correlation (CC) could
provide a confirmative proof to check existence of MBSs.
In non-Majorana devices, it has been experimentally demon-
strated that Cooper pairs can be split into spin-entangled elec-
trons flowing in two spatially separated normal metals, result-
ing in a positive current—current correlation.?=3!" Although
there are many theoretical studies devoted to investigate the
property of noise CC induced by MBSs, 32! the Majorana-
modulated nonlocal transport has not been reported up to
date. One of the possible reasons is that the Majorana en-
ergy splitting, which is essential to induce the noise CC, is
generally weak and approaches to zero in some cases. Typ-
ical values of Majorana energy splitting is only about O to
several 10 peV in a topological nanowire with its length 1-
2 um.[*#21 This is much weaker than other mechanisms
that also induce current—current correlations, such as intra-
and inter-dot Coulomb interaction*3>~*! and superconducting
(SC) pairing energy.?%-28:301 Therefore, it is highly desirable
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to produce stronger current—current correlation by combining
the nonlocality of MBSs and other robust physical mecha-
nisms, instead by Majorana energy splitting.

Left lead .. Nanowire 1 @
QD

® Nanowire2 @ ‘ Right lead

SC island Qb

@

Fig. 1. Scheme view of the device. Two Majorana nanowires are
proximity-coupled to a mesoscopic SC island with a finite charging en-
ergy. Under proper magnetic field, the nanowires are driven into the
topological phase and a pair of MBSs appear in the wire ends. One end
of each nanowire is connected to a quantum dot and a normal metal lead.
Crossed Andreev reflection can be detected by correlating the currents
that flow into two topological nanowires via MBSs. In the presence
of the charging energy in the island, nonlocal current cross correlation
could be generated for zero Majorana energy splitting.

2. Model and formula

Here we propose a scheme to generate robust nonlocal
current noise CC in a Coulomb—Majorana device, where a
finite Majorana energy splitting is not essential. Schematic
setup of the multiterminal Coulomb—Majorana junction is il-
lustrated in Fig. 1: Considering two semiconductor nanowires
proximity-coupled to the same mesoscopic SC island with a
finite charging energy Uy, there exist two pairs of MBSs under
proper magnetic field.['! One end of each nanowire connects
to a quantum dot and a normal metal lead. It is convenient to
define nonlocal auxiliary fermion operators 1;, = f; + fjI and
Njp = i(fjT — fj) (j = 1,2) for MBSs, with total number oper-
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ator iy = flT f1+ f; /2. In the regular fermion representation,
the instantaneous charge state of the SC island is expressed
by (N¢,nyr1,ny2), where the integer N represents the Cooper
pair number operator in the island and ny; is eigenvalues of
fifj, respectively. Including the Majorana energy splitting and
a Coulomb charging term, the Hamiltonian of the SC island

reads!0)

Hy =Y &f] fi+Ec2Nc + s +ip —ng)?, (1)
J

where the intra-island capacitive charging effect energy Ec can
be tuned by a gate voltage parameter ng o< V,. In a realistic ex-
periment, the typical value of E¢ is about 100 peV.!*7#8] Fur-
thermore, the Josephson tunneling E; between the island the
the bulk superconductor is expressed as

E, . .
HJ:—EJcos(p:—?J(e”p-i-e_l(p)» 2)

where the operator ¢'? (e ~'?) raises (lowers) the Cooper pair
number by one unit, No — Nc £ 1.

The topological charge of the island that contains two
pairs of MBSs equals the fermion parity

P = —MaNpN2aNop = 2np1 —1)(2np — 1), 3)

The eigenvalues of P are £1, depending on whether there is
an even or an odd number of electrons on the island. We focus
on the transport property in the Josephson regime E; > Ec. In
this regime, the effective low-energy Hamiltonian describing
the SC island could be derived as

Heg = —E; +/2EcE; — UgP + Y & f1 £, )
7
where
Up = 16(EcE? )2r) /4 e~ VBE/EC cos(ny). (5)

It is noted that both the sign and the strength of the interaction
parameter Uy can be tuned continuously by n,. By ignoring
the constant term, the effective model Hamiltonian of the de-
vice in the central region is given by

He= Y (gdldj+ewf]f;)—Uo(2np —1)(2npn—1)
j=12

(] —d)(ff+ )+ — L) (d+da), (6)

where d; and f; (j = 1,2) are respectively the creation oper-
ators for electrons in dot j and MBS j; &y, denotes the Majo-
rana energy splitting, A; represents the dot-Majorana coupling
strength, and €; is the energy level of the dot j. The dot-lead
tunneling Hamiltonian is given by H; = ij(tja;kdj +h.c.),
where ¢; is the dot-lead coupling strength and a}k represents
the creation operator of an electron on lead ;.

We take the diagonalized master equation (DME) ap-
proach to investigate the electronic transport through this sys-
tem in the sequential regime.*** In the DME approach, we

firstly diagonalize the Hamiltonian H, of the central region
and obtain the eigenvalues E, and their corresponding eigen-
functions |B,). In the Born-Markov approximation, the time
evaluation of the density matrix pp(7) = |B,) (B | of the states
|Bn) is given by the rate equation

d
&PD(I) =Wpp(1), @)

where elements of the rate matrix are the same as given
in Refs. [36,53], Wy, = L,(W/} + W, ) for n # n' and
Wi = — XN 4nWin. The coefficient Wit = Gf(Ay, +
1) (B |dil Bo)[* and Wi = Tif (A — )| (B |d] | B) [ de-
note the rates for a transition |3,) — |B,) by adding or an-
?p; being the
bare electronic tunneling rate (p; the density of states of lead
i), fi(w) = [14 e®/*8T]~! the Fermi distribution function, y;
the chemical potential in lead i, and A,,,, the Bohr frequency
of the transition from |B,) to |B,/).

Within the DME approach, the current /; can be written as
I; = eY,[I"pp),, where I' is the matrix of the current opera-

nihilating an electron in dot i, with I; = 27|t

tor and its element is given by I’} = W'/ — W'  The noise
nn nn nn

power spectra can be expressed as the Fourier transform of the

current—current correlation function

Si1; (@) = 2(L(1)1;(0))0 =2l 0 I}) 0 (®)

Here I; and I; are the electrical currents across the i and
Jj junctions, and ¢ is the time. Furthermore, the current—
current correlation in the @-space becomes ([;(1)[;(0))p =
Y[ FT (0)[7p© + DiT(—0)[p®);, where T(+w) =
(Fiol — W)~

The transport properties in the device with a single pair
of MBSs has been widely studied.[3>-33] In the absence of
Coulomb interaction, it has been shown that the DME works
well in most regimes of system parameters compared with the
exact solution. ! Nevertheless, the results of the DME ap-
proach show a clear deviation in the current correlation for
strong dot—lead coupling strength or when energy degeneracy
appears in the central region. Except for current correlations
in these special cases, the transport properties obtained from
DME approach are in agreement well with the exact solution
by using the nonequilibrium Green’s function method, which
ensures us to apply the DME approach to more general inter-
acting cases that can not be exactly solved.

3. Results and discussion

In most previous references, nonlocal communication of
a Majorana system is generated based on a finite Majorana
energy splitting £,.1373%) In the noninteracting case, nonlocal
communication vanishes for &,; = 0. Here it is expected that
the Coulomb interaction Uy could induce the nonlocal correla-
tion between two tunneling pathes for vanishing Majorana en-
ergy splitting, i.e., &y; = &, = 0. The effect of Coulomb inter-
action in the SC island on transport properties is illustrated in
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Fig. 2. In the absence of Coulomb interaction (Uy = 0), there is
no correlation between two tunneling pathes and S12 = 0. The
system is decoupled two separated Majorana—dot devices, and
its transport property has been widely investigated in several
earlier references.>®8 Compared to the noninteracting and
exactly solvable cases, an important difference in the transport
is that the Coulomb interaction could induce a negative dif-
ferential conductance (NDC), as shown in Fig. 2(a). With the
increase of lead voltage from V) = 0, the current appears and
increases gradually when the voltage scans through the low-
est positive eigenenergy of the central region. However, as the
lead voltage increases and other energy levels lie in the trans-
port window, the Coulomb interaction induces strong compe-
tition between different tunneling pathes, leading to decrease
of current. The behavior similar to that of the current can be
also observed in the voltage dependence of the noise CC [see
Fig. 2(b)]. Si2 is strongly enhanced in the transport regime
where the system is in the NDC regime.
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Fig. 2. (a) Current /1 » and (b) zero-frequency cross correlation Sy, ver-
sus lead voltage Vj for different Coulomb interactions Uy = 0, 20 peV,
50 peV, and 100 peV. Other parameters: kg7 =2 peV, €2 =5 peV,
evive =0 peV, 412 =10 peV, and Iy = 1 peV.

The physics of the giant noise CC originates from the
combined effects of Coulomb blockade and nonlocality of
MBSs, and can be understood by considering the time-
dependent dynamics of the system. For small lead volt-
ages, the thermal-activated current dominates and the current—
current correlations mainly governed by dynamical charge
fluctuations. Due to the inter-Majorana Coulomb interac-
tion, the degeneracy for the Majorana—dot device is lifted and
the eigenenergies become Coulomb dependent. This depen-
dence remarkably modifies the electronic occupation behav-
ior in comparison with the no shifting case. The system have
more opportunity to occupy the one state for large bias volt-
ages, leading to a decrease of the occupation number of other
states with increasing bias voltage. For high lead voltage, the

highest-energy eigenstate of H, enters the transport window,
but it is coupled to electronic reservoirs weakly. Typically, the
system spends a long time in this state before a transition takes
place, resulting the inter-channel blockade. In this regime the
crossed Andreev reflection begins to play an essential role.
Strong polarization fluctuations are activated and they yield
a positive contribution to Sj2, which becomes dominating and
results in giant CC. The dynamical channel blockade is also
demonstrated in various systems, such as in multilevel quan-
tum dot devices*%*! and Franck—Condon blockade in single
molecules!®! and nanoscale oscillators. 6]

100
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Fig. 3. Coulomb interaction induced zero-frequency current noise cross
correlation Sy, versus dot energy levels €/ and &, for different voltages:
(a) Vo =2V, (b) 10 pV, (c) 30 pV, and (d) 60 puV. Other parameters:
Up =50 ueV, &y =2 ueV, & = 1 peV, kg7 =2 peV, A2 = 10 peV,
and Ip =1 peV.

The insertion of quantum dots not only modulates the sign
of current CC, but also provides a way to distinct from CC in
the absence of MBSs.[?*381 In Fig. 3 we demonstrate the noise
CC Sy, as a function of dot energy levels € and &, for differ-
ent lead voltages Vp. It is shown that in different lead voltage
regimes, the current CC indicates distinct correlation patterns.
With the increase of Vj, Si» is considerably enhanced, espe-
cially in the large voltage regime. For a small Vj, the cur-
rents are mainly contributed by thermal activation, and four
sets of sectors with negative Sy, are formed with an L-shape
pattern. This negative four-sector correlation pattern is quite
different from those induced by Majorana energy splitting, in
which a four-peaked clover-like pattern is formed with two
negative and two positive regions.3*-381 With the increase of
Vo, more and more eigenstates with positive energies enter the
transport window and positive Sy, appears in the regions of
(&1 >0, & <0) and (g1 <0, & > 0). With increasing Vy fur-
ther, the thermal fluctuation effect is suppressed, while the CC
caused by competition between different eigenstates is domi-
nant gradually. In the large V{y regime, the large CC appears,
while the negative correlation is weakened. The positive CC
is mainly distributed along the line of asymmetric dot level
configuration (&, = —&).

050310-3



Chin. Phys. B 33, 050310 (2024)

15 . 2
(a) e1=e; R (b) N
= f\ AT
< . 0 By 7
~” 101 |- v
© o -
> [ [
g ) ! —2r ——VWy=2pV ! I
- or it - - -Vi=10pV L)
9 oA —af Vo=30pV H
Jon s - = Vp=60pV i
0 i = ’Aﬁ?_ = 0 H ”'
s —6 L
20
(C) €1 = —E&2 6 (d)
= " 5 (42N P
< VoL ) N VA
o~ N 4 A . . \ . .
v ’ \ : 7 al | : ! |
> 10 N RN i . ! '
[ ! \ |
= | \ | .I
< . ! [ !
@ ! '. ! Lo ‘
i ' ! Vo l
0 — e==. ) 0 / \y \
—100 —50 0 50 100 —100 —50 0 50 100
o (neV) o (neV)

Fig. 4. Coulomb interaction induced current noise cross correlation S}, as functions of (a) symmetric dot energy level & (= & = &)
and (c) antisymmetric dot energy level & (= € = —&) for different voltages Vo =2 uV, 10 uV, 30 uV, and 60 pV, where Uy = 50 peV
and Ay = 0. Majorana energy splitting induced S, for the cases (b) €, = &, and (d) € = —&;, where Uy = 0 and Ay =5 peV. Other
parameters: &y =2 peV, kg7 =2 peV, A; = 10 peV, and Iy = 1 peV.

Except for the Coulomb interaction, the direct coupling
between MBSs in two nanowires could also induce current
CC. In order to distinguish the difference in CC caused by
these two mechanisms, we introduce the direct MBSs coupling
Hy = —iXoMN1pM2q> Where Ay is the coupling strength. In Fig. 4
we illustrate the noise CC Sj induced by Coulomb interac-
tion in the SC island and direct coupling between two paired
MBSs, respectively. We separately consider the symmetric dot
level configurations with £ = & = &) and antisymmetric con-
figuration with & = —& = &. For different lead voltages,
these two mechanisms modulate the CC in a similar rule. In
the case of symmetric level configuration £, = &, S1; indicates
sign reversals as a function of dot energy level. For small lead
voltage, negative Sy, is favorable to be induced. With the in-
crease of Vj, the Coulomb interaction enhances the positive
CC when the dot levels lie in the middle position of the super-
conducting gap, while the Majorana energy splitting mainly
enhances the negative Sy, for & ~ V;. In the large voltage
regime, Coulomb interaction could generate large noise CC
by dynamical inter-channel blockade effect. For the antisym-
metric configuration €, = —&, the direct coupling Ay between
MBSs induces only positive S12 and the CC is symmetric as
a function of dot energy level, as a manifest of the particle-
hole symmetry. In the noninteracting case, effect of the direct
tunneling between two Majorana wires is to renormalize the
total Majorana energy splitting. In the case of antisymmet-
ric level configuration, Majorana energy splitting only induces
positive CC,3%38] which is consistent with the results shown
in Fig. 4(d). Differently, the Coulomb interaction induces neg-
ative CC when a small lead voltage is applied for € = —&;.
Similar to the symmetric level configuration, the Coulomb in-
teraction strongly enhances S> with the increase of Vj, and in

the large lead voltage, a huge S, can be induced.

4. Conclusions

We have investigated the Coulomb-mediated nonlocal
transport in a device comprising of two Majorana nanowires in
proximity to a mesoscopic SC island, in which each nanowire
is weakly connected to one quantum dot and one normal metal
lead. We show that the proposed device leads to interesting
physics including the occurrence of NDC and large current
noise CC, arising from the interplay between Majorana’s non-
locality and dynamical inter-channel blockade effect. The fea-
ture of interaction induced nonlocal communication in a Ma-
jorana setup is quite different from current CC caused by Ma-
jorana energy splitting. It is expected that our proposal pro-
vides a more feasible scheme to confirm existence of Majorana
fermions.
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