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Topological zero-line modes (ZLMs) with spin and valley degrees of freedom give rise to spin, valley and spin-
valley transport, which support a platform for exploring quantum transport physics and potential applications in spin-
tronic/valleytronic devices. In this work, we investigate the beam-splitting behaviors of the charge current due to the ZLMs
in a three-terminal system. We show that with certain combinations of ZLMs, the incident charge current along the inter-
face between different topological phases can be divided into different polarized currents with unit transmittance in two
outgoing terminals. As a result, fully spin-polarized, valley-polarized and spin-valley-polarized electron beam splitters are
generated. The mechanism of these splitters is attributed to the cooperative effects of the distribution of the ZLMs and the
intervalley and intravalley scatterings that are modulated by the wave-vector mismatch and group velocity mismatch. In-
terestingly, half-quantized transmittance of these scatterings is found in a fully spin-valley-polarized electron beam splitter.
Furthermore, the results indicate that these splitters can be applicable to graphene, silicene, germanene and stanene due to
their robustness against the spin—orbit coupling. Our findings offer a new way to understand the transport mechanism and

investigate the promising applications of ZLM:s.

Keywords: topological zero-line modes, spin polarization, valley polarization, quantum transport

PACS: 85.75.-d, 05.60.Gg, 73.20.At, 73.63.-b

1. Introduction

Due to the regulated linear Dirac dispersion,!!=!
graphene-like materials with a honeycomb lattice structure,
such as graphene itself,[*! silicene,>%! germanene!”®! and
stanene, [>1%) are ideal platforms for investigating fundamen-
tal quantum transport physics and have a wide range of appli-
cations in device design. It has been found that graphene-like
materials can exhibit abundant topological phases under differ-
ent external fields applied to the whole system,!''=1>! and the
side potential applied to the boundary of the system is also cru-
cial for generating and manipulating topological phases and
corresponding edge states.!'%!”) In particular, a large number
of zero-line modes (ZLMs)[!8-20] that can arise from the inter-
face separating different topological phases have been found
in addition to outer edge states!!’:?1=23] induced at the inter-
face between topological phases and the topologically trivial
vacuum. In particular, ZLMs are related not only to the Chern
numbers but also to the valley Chern numbers, which are also
known as kink states and inner edge states, respectively. Dif-
ferent types of ZLMs are dependent on different combinations
of topological phases between the interfaces, which can be
generated by spatially varying external fields.>+27]

ZIL.Ms containing charge, spin and valley degrees of
freedom can simultaneously give rise to abundant charge,
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spin and valley transport phenomena, which have promis-
[26,28,29

ing applications in multifunctional devices. I Similar
to spintronics, the central issues of valleytronics and spin-
valleytronics are the generation and manipulation of valley-
polarized and spin-valley-polarized currents, respectively. Re-
cently, ZLMs have been extensively investigated in quan-
tum transport. Using a spatially varying electric field in
two-terminal zigzag graphene-like materials, valley-polarized
and spin-valley-polarized currents can be obtained due to
the valley-momentum and spin-valley-momentum locked con-
ducting channels, which can be regarded as valley and spin-
valley filters.[3%3! Besides, double-output and single-output
spin-valley filters can be generated by manipulating the spin-
valley-polarized current in a three-terminal device.*”] The
conductance of the ZLMs is also robust against different kinds
of long-range and short-range disorders.?*33! In particular,
the ZLMs at an intersection in four-terminal systems can be
used to design charge, spin-polarized and valley-polarized
electron beam splitters. 341

The transport properties of ZLMs and their application
have been extensively investigated. But there are still some
interesting and important points that need to be explored in
more depth. Firstly, the cooperative effect of the distribu-
tion of ZLMs and the intervalley and intravalley scatterings
of ZLMs in multi-terminal devices is rarely considered; these
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play an important role in generating different polarized cur-
rents and are a basis for exploring other interesting trans-
port phenomena. Secondly, it is difficult to simultaneously
propose fully spin-polarized, valley-polarized and spin-valley-
polarized electron beam splitters 34! as multifunctional cou-
plers utilizing ZL.Ms. Lastly, it is not known whether a multi-
functional coupler is suitable for graphene-like materials with
different spin—orbit couplings.

In this work, we construct a three-terminal device (shown
in Fig. 1) in which the conductor and incident lead (lead 1)
are fixed at the same ZLM with two valleys, and the transmit-
ted leads (leads 2 and 3) are fixed at different ZLMs with a
single valley. It is demonstrated that the incident current com-
posed of two valley currents can be divided into completely
different polarized currents, which is attributed to the distribu-
tions and valley scatterings of the ZLMs. As a result, a three-
terminal device can be regarded as a multifunctional coupler
incorporating fully spin-polarized, valley-polarized and spin-
valley-polarized electron beam splitters. Compared with a
four-terminal system, our proposed device utilizing different
ZLMs is versatile. In particular, these splitters are robust
against spin—orbit coupling (SOC), which enables the results
to be applicable to graphene, silicene, germanene and stanene.

2. Model and methods

By utilizing different ZLMs, we construct a three-
terminal device composed of a conductor and three leads to
generate three types of polarized current, such as the valley-
polarized, spin-polarized and spin-valley-polarized currents in
Fig. 1(a). The ZLMs are distributed at the interfaces sepa-
rating different topological phases in regions I and II in three
leads and the conductor. The charge current is assumed to
propagate from lead 1 (incident lead) and transmit into leads 2
and 3 (transmitted leads), and the incident lead and conductor
are identical; the band structures and corresponding ZL.Ms are
shown in Figs. 1(b) and 1(c). The tight-binding Hamiltonian
of the three-terminal device made of zigzag hybrid graphene-
like nanoribbons is written as>%40!

H — T . Aso Ltz
= —t Z CigCjat1 Z v,]ciadaﬁcjﬁ
e 3V3 (i 7ap

. Ag .
+1—— Z vijciacm

3V3 (i Fha
+2AAF Y .uicjao'gp,ciﬁ + /IEZNiC,-TaCim (1)

iaf io

where the operator clTa (cio) creates (annihilates) an electron
at site i with spin &, and Gg is the Z-component Pauli ma-
trix with spin indices a and . (i, ;) and ({i, j)) denote the
sum over nearest-neighbor and next-nearest-neighbor hopping
sites, respectively. The first term denotes nearest-neighbor
hopping with + = 1 eV being a unit of other fields. The
second term is intrinsic SOC with strength Ag,, and v =

+1 (—1) as next-nearest-neighbor hopping is anticlockwise
The third
term denotes the Haldane model induced by off-resonant cir-

(clockwise) with respect to the positive z-axis.

cularly polarized (ORCP) light with intensity Ag, where the
(£) sign of Aq denotes right and left polarized directions,
respectively.[*1=3] The intensity of the ORCP light is ex-
pressed as Ag = 92J7(A)/(hw),[**! where A = Aea/h is di-
mensionless light intensity with light amplitude A and J; is a
first-order Bessel function. The off-resonance condition can
be satisfied when i > ¢, and the lowest frequency is deter-
mined by the bandwidth s = 3¢,11*5 which is about 1.69 x
10'> Hz for graphene. In addition, A is generally less than 1.
If the lowest frequency and A = 0.5 are accepted, the inten-
sity is translated as Ao = 0.176¢. For graphene, silicene, ger-
manene and stanene vertically irradiated by off-resonant circu-
larly polarized light, the intensity could exceed 0.2 eV. With-
out changing the off-resonant condition @ = 3¢, the intensity
Ao can be modulated by the dimensionless light intensity z.
The fourth term is the antiferromagnetic exchange field Asp
with y; = 1 for the sublattice A and y; = —1 for the sublattice
B, which can be induced by ferromagnetic substrates.[!346:47]
The last term is the staggered potential with strength Ag, which
can be easily induced for buckled honeycomb structures by the
gate voltage. But for graphene, with a planar structure, this
term can be realized by putting the graphene on the hexagonal
boron nitride (hBN). [48:49]
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Fig. 1. (a) Schematic diagram of a three-terminal device including four
parts: lead 1, conductor, lead 2 and lead 3. Each part is made of a
hybrid zigzag graphene-like nanoribbon where the red dotted lines de-
note the interfaces between regions I and II, and lead 1 and the con-
ductor are identical. (b) The band structure and corresponding ZLM
for lead 1 and the conductor. The corresponding parameters are set as
A=A =026, Alp =A% =0, 4L = A1 =0, A5 = 0. The fixed
values of the subunit along the armchair boundary are set as N, = 61,
Ny» =30, Ny; = 30, and each subunit contains four atoms.
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To character the ZLMs mainly distributed at the interface
between regions I and II with different topological phases, one
can use the difference in the spin- and valley-dependent Chern
numbers ACy; = Cp; — Cy,, where the subscript n = £1 de-
notes the valleys K and K’ and s = £1 denotes the spin-up
and spin-down modes. C}” and Cgs characterize the topolog-
ical phases in regions I and II, and the type and sign of ACy;
correspond to different spin-valley ZLMs and their propaga-
tion direction, respectively. For instance, a positive (nega-
tive) sign of ACy, denotes the right (left) propagation direc-
tion. Furthermore, the Chern numbers Cy; can be calculated
by Cps = %sgn(Ans), where the Dirac mass terms can be ob-
tained as Ay = NsAso + NAq + sAar + Ag based on the low-
energy Hamiltonian of Eq. (1) in momentum space. According
to the formula for ACy, some fascinating ZLMs can be found.

To investigate the mechanism of the intervalley scatter-
ing, intravalley scattering and application of ZLMs, we use
the wave-function matching technique.®*>!! Following these
works, one can regard the effect of the leads on the conductor
as the self-energy, and the transmission coefficient is calcu-

lated as
2

; 2
b

where #;7 denotes the transmission amplitude from the incom-

ab __ |,ab
Tmn - z‘mn

ing mode 7 in the incident lead b to an outgoing mode m in
the transmitted lead a. Based on the Schrédinger equation
and wave-function matching technique, the local bond current
propagating from atoms i to j with the incoming mode m in
lead 1 can be obtained as

T = [Hiw ) g~ Hy(wg ) Ve, )

where Hj; and v} are the Hamiltonian element and the wave
function with the incoming mode m of the scattering region,
respectively. In addition, the scattering region not only con-
tains the conductor but also the leftmost unit cells in leads 2
and 3. Details of the derivation of Eq. (3) were introduced
in Ref. [40]. It is noted that the transport processes can be
visually observed by the local bond current, which plays an
important role in understanding the transport mechanism.

3. Results and discussion

Before discussing the following results, we introduce the
fixed parameters of the proposed three-terminal device. The
widths along the armchair boundary of three leads are set as
Ny1 = 61, Ny, = Ny3 = 30, respectively, and each subunit con-
tains four atoms. The structure in Fig. 1(a) is symmetrical with
respect to the red dotted line in lead 1 and the conductor, and
the distance between leads 2 and 3 is set as four atoms. These
designs aim to decrease the reflection for a perfect transport
effect.[3%]

3.1. ZLMs with a single valley

Spin-degeneracy and spin-polarized ZLMs with a dif-
ferent single valley can be generated under different external
fields in regions I and II. Figure 2(a) shows that the ZLM with
valley K’ propagates to the right, while the outer edge state
propagates to the left, and can be generated by the ORCP
light in region II and the staggered potential in region I

0.4
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Fig. 2. The band structures and corresponding ZLMs with a single valley under different external fields of (a) —)Lgll = —kél =021, (b) Al =
AL =02, (0 A=A =2 =A =02, AT =AT = -Afp = -AL =021, () —AT = AT = AL = AL = 0.2r and () 2], =
lé = —l}w = —A}JF = 0.2¢. The insets within (a)—(f) show the edge state distributions, and black, blue and red denote the spin-degeneracy,

spin-down and spin-up modes, respectively.
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The corresponding band structure is shown in Fig. 2(a), which
can be used to calculate the distribution of the edge states.
Similarly, one can also obtain a ZLM with valley K flowing
to the right in the inset in Fig. 2(b), with the corresponding
band structure in the main figure. In particular, the com-
bination of an antiferromagnetic exchange field, the ORCP
light and a staggered potential can break the spin-degeneracy
mode while maintaining the valley-polarized ZLM. As a con-
sequence, abundant spin-valley-polarized ZLMs are gener-
ated in the insets in Figs. 2(c)-2(f), with the correspond-
ing band structures being shown in the main figures. Note
that the ZLMs exist in the large bulk gap similar to the
large-gap quantum spin Hall effect.[>? We choose the one in
Fig. 2(c) as an example to illustrate the formation of ZLMs
by the spin- and valley-dependent Chern number ACy,. The
Chern numbers in regions I and II are obtained as C;/SH =
%sgn(A,I,/SH), where the mass Dirac terms are expressed as
A,I” =nAL+ A +sALg and A,%Is = sA L, respectively. Then,
the spin- and valley-dependent Chern numbers are calculated
as (ACk4,ACkr4,ACk|,ACk) = (0,0,0,1), indicating that
only the ZLM with a spin-down mode and valley K’ exists
and propagates to the right. These different ZLMs all support
unidirectional conductance, in which time-reversal symmetry

3.2. A fully valley-polarized electron beam splitter

By utilizing the ZLMs from Fig. 2, we construct a three-
terminal device in Fig. 3(a) to generate a fully valley-polarized
splitter. The figure shows that there are two propagating chan-
nels in the left region (containing lead 1 and the conductor)
and one propagating channel in each of leads 2 and 3. We
expect that the incident currents flowing along the interface
in the left region can be divided into two transmitted currents
along the interfaces in leads 2 and 3 with unit transmittance. In
Figs. 3(bl), 3(b2) and 3(c1), the transmission and local bond
currents confirm this transport phenomenon. By considering
valleys K and K’ in Fig. 3(b), one can find that the transmis-
sions TI%}K and Tlg}(, of the intervalley scattering are signifi-
cantly smaller than the transmissions Tlg,lK, and TIE}( of the in-
travalley scattering. Due to the wave-vector mismatch (or the
large distance between valleys K and K”), most of the incident
current within valley K’ transmits into the propagating chan-
nel within valley K’ in lead 2, and a small amount of current
transmits into lead 3 with intervalley scattering from K’ to K,
as shown in Fig. 3(c2). Similarly, the transport phenomena of
the incident current within valley K are consistent with that in
Fig. 3(b2), as shown in Fig. 3(b3). The unit transmittance in
leads 2 and 3 originates from the contribution of intervalley
and intravalley scattering. As a consequence, the charge cur-
rent propagating along the interface in the left region is split

is broken. into two fully valley-polarized currents in leads 2 and 3.

a) k k 1 1.0 1.0
(2) K (b1) (b2)

5 0.8 /\ 0.8

i) 31 31

g 0.6 —T{%}K"i‘T}Q(l'K 0.6 _T{;K'_FTKK

: TR — Tt

_ 3l
g 0.4 - 0.4 3L
————————————— = 0.2 \_/ 0.2 v
k k
0 0
—0.1 0 0.1 —-0.1 0 0.1
E (eV) E (eV)

Fig. 3. (a) Schematic diagram of a three-terminal device, where each part is under a different ZLM from Fig. 2. (b) The corresponding
transmissions from lead 1 to leads 2 and 3, respectively. (c) Local bond currents with different incoming modes (K’, K, K’ and K modes) at

E=-0.05eV.

3.3. A fully spin-valley-polarized electron beam splitter

Different spin-valley-polarized currents can be generated

from the partition of the charge current in a three-terminal de-

vice, and half-quantized transmittance of the intervalley and
intravalley scatterings is found. In Fig. 4(a), we can see that

there exist spin-up and spin-down transmitted channels with
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different valleys in leads 2 and 3, respectively. Meanwhile,
two outer edge states support the reflected channels in the left
regions. Based on these distributions of the propagating chan-
nel, we expect some fascinating transport phenomena. Fig-
ure 4(b) shows that the total transmittance originating from
the intervalley and intravalley scatterings is 1. The transport
mechanisms can be explained by the local bond currents in
Fig. 4(c). This figure shows that the incident charge current
is split into two beams of fully spin-polarized current. For
the spin-down mode, part of the current flows upward and
then turns right to the transmitted channel with unit trans-

mittance and without flowing to the upper reflected channel

due to the characteristic of nearest path selection; the rest of
the current flows downward and then turns back to the lower
reflected channel. The contribution of total transmission of
the spin-down mode (the blue line in Fig. 4(bl)) originates
from the half-quantized transmittance of the intervalley and
intravalley scatterings. In particular, one can see that when the
added group velocity mismatch induced by the SOC disap-
pears, the intervalley and intravalley scatterings retain a half-
integer, which is explained in detail in Fig. 8. Likewise, for
the spin-up mode, the propagating phenomena and mechanism
are identical to the spin-down case; the transmission and local

bond current are shown in Figs. 4(b2) and 4(c2).

k kd K 1.0 1.0
(a)  |mmomoemeet .)i' (b1) T2 e T2 (b2) 31 3
- o0sl Kl + TRk 0.8 — Tirpt+ Tkt
, 2 21 :
__________ x N 2 06l - T 0.6 — Tidhat
............................................ . £ .
K % 0.4r 21 0.4 31
& - Tiolkd Tkt
"""""" o 0.2¢ _ 0.2 31
A A KT T —T0
0 0
—0.1 0 0.1 —0.1 0 0.1
E (eV) E (eV)
(c1) oo |1ED 0kt

o4

KT

Fig. 4. (a) Schematic diagram of a three-terminal device containing different ZLMs that are taken from Fig. 2. (b) The transmissions from
lead 1 to leads 2 and 3. (c) The corresponding local bond currents with incoming modes K’, K at E = —0.05 eV.

3.4. A fully spin-polarized electron beam splitter

This splitter, where the incident charge current propa-
gating along the interface in lead 1 is divided into different
spin-polarized currents in leads 2 and 3, can be generated in
a specific system shown in Fig. 5(a): this shows the lower
spin-down transmitted channel in lead 2 and the upper spin-up
transmitted channel in lead 3, while two outer reflected chan-
nels exist in the left region. These ZLM distributions support
a variety of possible propagating paths. In Fig. 5(b1), the to-
tal transmittance of TkzilK, Lt T,i'K | (blue line) is 1, which in-
dicates that one of two beams of the spin-down current splits
from the charge current in Fig. 5(a), and then transmits into
the spin-down channel in the lower boundary in lead 2. The
corresponding local bond current in Fig. 5(cl) exhibits this
transport phenomenon, and also shows that the other beam of

spin-down current flows downward and then turns back to the
lower reflected channel. In particular, the transmittance Tsz,( !
from the valley K to k is larger than the transmittance Tk2¢11(’ I
which is attributed to the wave-vector mismatch. From the
band structures of lead 2 and the left region shown in Figs. 2(e)
and 1(b), respectively, one can see that the wave-vector mis-
match between k and K gradually decreases with increasing
incident energy E, while the tendency for valley K’ is the op-
posite, which leads to the increasing and decreasing tendencies
of transmissions 77| and T}, , respectively. Actually, the
transport phenomena and mechanism of the incident spin-up
current that is split from the charge current in the left region
are identical to those of the spin-down current, and the cor-
responding transmission and local bond current are shown in
Figs. 5(b2) and 5(c2).
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Fig. 5. (a) Schematic diagram of a three-terminal device with different ZLMs taken from Fig. 2. (b) The transmissions from lead 1 to leads 2
and 3. (c) The corresponding local bond currents with incoming modes K’, K at E = —0.05 eV.

3.5. The effect of SOC on splitters

Following the values of SOC in silicene, germanene and
stanene, the region of SOC for the results below is set as
Aso < 0.1z. In the presence of SOC, the fully valley-polarized,
spin-polarized and spin-valley-polarized electron beam split-
ters are not destroyed and the total transmittance is still con-
stant, as discussed in Fig. 6. Here, we choose the fully spin-
valley-polarized electron beam splitter as an example for dis-
cussing the effect of SOC. In Fig. 6(a), the transmissions are
reproduced from Fig. 4(b) to highlight the effect of SOC. Fig-
ures 6(b)—6(d) show that the half-quantized transmissions are
obviously broken with increase in the SOC, where the trans-
mittance of the intervalley (intravalley) scattering increases
(decreases). In particular, the total transmission remains un-
changed (the blue and red) with decrease in the energy re-
gion, which indicates that the fully spin-valley-polarized elec-
tron beam splitter has not been destroyed. Therefore, these
designed splitters are applicable to graphene, silicene, ger-
manene and stanene.

Here, we explain how the splitter remains steady and the
half-quantized transmissions of the intervalley and intravalley
scatterings are broken in the presence of SOC. In Figs. 7(a)—
7(c), one can see that with increasing SOC strength two bands
(red) near the valleys for the ZLMs in the left region remain
Actually, ZLMs in
leads 2 and 3 also remain steady (but are not shown here be-

steady while their bulk gap decreases.

cause the region of the SOC being discussed is independent
of changes in the spin- and valley-dependent Chern numbers
ACy;). Therefore, the constant distribution of the ZLMs with
decrease in the energy region in the three-terminal device cor-
responds to a steady fully spin-valley-polarized splitter with a

smaller energy region, as shown in Fig. 6. The other splitters
that are also steady are not shown here.
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a b
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Fig. 6. The transmission from lead 1 to lead 2 is reproduced in (a) from
Fig. 4(b) to highlight the effect of SOC: (b) A5, = 0.021, (c) Aso = 0.06¢,
(d) Ao = 0.1z£. SOC is applied to the whole three-terminal device. The
other trends of transmission from lead 1 to lead 3 are almost identical
and are not shown here.

For the broken transmissions in Fig. 7(a) one can also find
that compared with the black band structure without SOC, the
group velocity mismatch (the slope of the bands) between the
bands for lower edge states and the bands for the ZLMs with
K’ obviously decrease, and most of the current within the val-
ley K’ flows back to the lower boundary shown in Fig. 8(b).
This is a reason why the transmittance of the intravalley scat-
tering decreases with the increase in SOC shown in Fig. 7.
The total reflection from valleys K’ and K remains as 1, which
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causes a small amount of the current within valley K to be re-
flected along the lower boundary in the left region. As a result,
most of the current within valley K transmits into lead 2 along
the interface, as shown in Fig. 8(b). The total transmittance
of the intervalley and intravalley scattering is still 1; the corre-
sponding local bond current is shown in Fig. 8(c). Figure 8(d)
shows that the total charge current can be divided into two
beams of spin-polarized current with different spin modes, and
then the current with a spin-up (spin-down) mode is divided

again into the interface in leads 3 (2) and the outer (lower)
boundary in the left region. As a consequence, a fully spin-
valley-polarized splitter is generated where the different spin-
valley-polarized currents are split into different leads. Ac-
tually, these results also show that the reason why the half-
integer is broken is that an additional group velocity mismatch
is induced by the SOC compared with the initial group veloc-
ity mismatch without SOC.

0.4

0.2

Energy (eV)
=

—0.2

0.4 : u
K K

Fig. 7. Red denotes the band structure in the left region of the case in Fig. 4(a) with SOC of (a) A5, = 0.02¢, (b) Ay, = 0.06¢ and (¢) A5, = 0.1z.
Black denotes the case without SOC, and the green dashed box denotes the gap for inner and outer edge states.

(a) (b)

K'{ Kl

Kl

Tttt

Ky ki

Fig. 8. The local bond currents at E = —0.05 eV correspond to the case in
Fig. 4(a) with Aq = 0.1z. Panels (a) and (b) correspond to the intravalley and
intervalley scattering of the spin-down mode from lead 1 to lead 2, respec-
tively. (c) The sum of cases in (a) and (b). (d) The sum of local bond currents
of both the spin-up and spin-down modes from lead 1 to leads 2 and 3.

4. Conclusion

We have investigated the transport mechanisms and ap-
plications of ZLMs in a three-terminal device. These results
show that the incoming charge current flowing along the in-
terface in the left region can be divided into different polar-
ized currents in two transmitted terminals, such as fully spin-
polarized, valley-polarized and spin-valley-polarized currents
with different distributions of ZLMs. In addition, the trans-
port phenomena are also dependent on the intervalley and in-
travalley scatterings modulated by the wave-vector mismatch
and group velocity mismatch, which enable the three-terminal
device to operate as different electron beam splitters. In par-

ticular, the half-quantized transmissions of these valley scat-
terings were discovered. These splitters are barely influenced
by SOC, which indicates that all the properties concerned can
be applicable to graphene, silicene, germanene and stanene.
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