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We theoretically investigate coherent scattering of single photons and quantum entanglement of two giant atoms with
azimuthal angle differences in a waveguide system. Using the real-space Hamiltonian, analytical expressions are derived for
the transport spectra scattered by these two giant atoms with four azimuthal angles. Fano-like resonance can be exhibited
in the scattering spectra by adjusting the azimuthal angle difference. High concurrence of the entangled state for two atoms
can be implemented in a wide angle-difference range, and the entanglement of the atomic states can be switched on/off by
modulating the additional azimuthal angle differences from the giant atoms. This suggests a novel handle to effectively
control the single-photon scattering and quantum entanglement.
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1. Introduction
Manipulating photon transport in low-dimensional

waveguides has motivated increasing interest owing to
its extensive applications in quantum optics and quantum
information.[1–3] In the past decades, waveguide quantum
electrodynamics (wQED) systems,[4] which can tailor ef-
fectively the coupling between one-dimensional waveguide
modes and quantum emitters, have provided powerful plat-
forms to investigate the photon scattering. Based on such
ideal platforms, a wide variety of striking transport proper-
ties in one-dimensional waveguides have been demonstrated,
including asymmetrical Fano-line shapes,[5–8] electromagnet-
ically induced transparency without control light field,[9–11]

waveguide-mediated quantum entanglement,[12–15] unconven-
tional photon blockade,[16–19] high-efficiency quantum rout-
ing and frequency conversion,[20–25] generating photonic band
structures and bound states,[26–28] etc.

Generally, in a wQED system the coupled atom is usu-
ally regarded as a mass point due to the fact that its size is
incomparable with the wavelength of the propagating mode
in the waveguide. However, an emitter called giant atom,[29]

which can couple to a waveguide at multiple separate connect-
ing points, has attracted intensive attention recently since the
atomic size is no longer negligible and ever parallel with the
travelling-field wavelength. In contrast to single-point cou-
plings of the familiar small atoms, the multiple-point cou-
plings of the giant atoms will generate additional interfer-
ence effects, and thus result in numerous exotic phenomena
such as multi-frequency Fano resonance,[30–32] tunable non-
reciprocal scattering,[33–35] phase-modulated Autler–Townes

splitting,[36] and dynamical spontaneous emission.[37]

Surface plasmon transport in one-dimensional cylindri-
cal nanowire waveguide has also attracted much attention in
the nanophotonic field in recent years, owing to its great
similarity to light transmission in usual dielectric optical
components.[38,39] A recent interesting report[40] shows that
the phase difference between two quantum dots in a plasmonic
waveguide can be determined not only by the separation of
quantum emitters coupled to the cylindrical waveguide, but
also by the azimuthal angle difference between two emitters.
Consequently, the azimuthal angle is also taken into account
as a controllable variable, and has been utilized to perform the
the Fano resonances in the scattering spectra and high concur-
rences of the entangled states.[41–43]

Inspired by these advances, we study the scattering prop-
erties of single photons and quantum entanglement between
two giant atoms with four azimuthal angles in a cylindrical
waveguide. By using a real-space Hamiltonian, the transmis-
sion and reflection amplitudes of the single photons are ob-
tained analytically. Numerical results show that for the single-
atom case, the single-photon transmission can be manipulated
by tuning the azimuthal angle difference between two con-
necting points of the single atom, and zero transmissions re-
lated to the angle differences can be performed as tunable
switches. For the two-atom case, asymmetric Fano-line shapes
in the transmission spectra can emerge under the joint effects
of the azimuthal angle differences from the additional inner-
and inter-connecting points of two giant atoms, and the usual
limits of equal atom-waveguide coupling and negative detun-
ing are removed, in contrast to the previous scheme without
the azimuthal angles.[5] High entanglement for two atoms is
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obtainable in a wide angle-difference scope, and the entan-
gled state and unentangled state can be switched by tuning
the azimuthal angle differences. Therefore, the proposed sys-
tem may provide potential applications to modulate the photon
transport and quantum entanglement in quantum communica-
tion.

2. Theoretical model
As displayed in Fig. 1, the considered structure is com-

posed of two separate two-level giant atoms and a cylindrical
waveguide, and each atom couples to the waveguide through
two connecting points. The first giant atom couples to the
waveguide at two locations (x,ϕ) = (d1,φ1) and (d2,φ2), re-
spectively, while the second giant atom interacts with the
waveguide at (d3,φ3) and (d4,φ4), respectively. Here, x = dm

(m = 1,2,3,4) is the distance of these coupling points along
the x̂ axis direction of the waveguide, and ϕ = φm is the az-
imuthal angle for these coupling points of two twisted atoms
along the ϕ̂ direction of the surrounded waveguide. Since the
forward guided-wave mode moves along the x̂ and ϕ̂ direc-
tions, the related phase difference between two neighboring
connection points can be described as ikx+ inϕ ,[41] where k
and n denote the wavenumber of the incoming photons and
quantum number engineering the x and ϕ components, respec-
tively. Each of the atoms is a two-level system characterized
by the ground state |g j〉 ( j = 1,2) and excited state |e j〉, with
the transition frequency ω j and the atomic dissipation rate γ j.
When a single photon is injected into the waveguide, the prop-
agating wave is transmitted or reflected by these two giant
atoms.

Under the rotating wave approximation, the real-space
Hamiltonian[1,2] describing the coupled system can be written
as (h̄ = 1 hereafter)

H =
∫∫

dxdϕ

{
− iυgC†

R(x,ϕ)
∂

∂x
CR(x,ϕ)

+ iυgC†
L(x,ϕ)

∂

∂x
CL(x,ϕ)+ ∑

p=1,2
V1δ (x−dp)δ (ϕ−φp)

×{[C†
R(x,ϕ)+C†

L(x,ϕ)]σ
(1)
− +[CR(x,ϕ)+CL(x,ϕ)]σ

(1)
+ }

+ ∑
q=3,4

V2δ (x−dq)δ (ϕ−φq){[C†
R(x,ϕ)+C†

L(x,ϕ)]σ
(2)
−

+[CR(x,ϕ)+CL(x,ϕ)]σ
(2)
+ }

}
+ ∑

p=1,2
(ωp− i

γp

2
)σ

(n)
+ σ

(n)
− . (1)

Here, υg is the group velocity of the propagating photon;
C(†)

L (x,ϕ) [CL(x,ϕ)] and C(†)
R (x,ϕ) [CR(x,ϕ)] are the bosonic

operators of creating (annihilating) a left (right)-moving pho-
ton in the waveguide at the position x and with the azimuthal
angle ϕ; σ

(p)
+ = |ep〉〈gp| and σ

(p)
− = |gp〉〈ep| denote the rais-

ing and lowering operators for the p-th atom, respectively.

The delta functions δ (x− dm) and δ (ϕ − φm) indicate that
the atom-waveguide interactions occur at x = dm and ϕ =

φm, respectively. V1(2) denotes the atom-waveguide coupling
strength.

Assuming that a single photon with the energy ω = υgk is
input from the left port of the waveguide, the scattering eigen-
state of the system can be expressed in the single-excitation
subspace as

|ψ〉=
∫∫

dxdϕ[ϑR(x,ϕ)C
†
R(x,ϕ)+ϑL(x,ϕ)C

†
L(x,ϕ)]| /0〉

+u1σ
(1)
+ | /0〉+u2σ

(2)
+ | /0〉. (2)

Here, | /0〉 = |0R,0L,g1,g2〉 stands for the vacuum state of zero
photons in the waveguide and the ground states for two gi-
ant atoms; u1 and u2 denote the excitation amplitudes of two
atomic excited states, respectively; ϑR(x,ϕ) and ϑL(x,ϕ) are
separately the wave functions of the right- and left-propagating
photons in the waveguide. They take the following forms:

ϑR(x,ϕ) = e ikx e inϕ [θ(d1− x)+ t1θ(x−d1)θ(d2− x)

+ t2θ(x−d2)θ(d3− x)+ t3θ(x−d3)θ(d4− x)

+ tθ(x−d4)],

ϑL(x,ϕ) = e−ikx e−inϕ [rθ(d1− x)+ r1θ(x−d1)θ(d2− x)

+ r2θ(x−d2)θ(d3− x)+ r3θ(x−d3)θ(d4− x)],
(3)

where θ(x) is the Heaviside step function, with θ(0) = 1/2; t
and r are separately the transmission and reflection amplitudes
in the waveguide; t j and r j denote the probability amplitudes
for right-moving and left-moving photons between x = d j and
x = d j+1 ( j = 1,2,3) in the waveguide, respectively.

Solving the eigenvalue equation H|ψ〉= ω|ψ〉, we obtain

r = −
[

iΓ1(eα1 + eα2)2B+ iΓ2(eα3 + eα4)2A

+2
√

Γ1Γ2D(eα1 + eα2)(eα3 + eα4)
]
·
[
AB+D2]−1

,

t = 1−
[

iΓ1(2+ eα1−α2 + eα2−α1)B

+ iΓ2(2+ eα4−α3 + eα3−α4)A+D2 +DD∗
]
·
[
AB+D2]−1

,

u1 =
V1(eα1 + eα2)B− iV2(eα3 + eα4)D

AB+D2 ,

u2 =
V2(eα3 + eα4)A− iV1(eα1 + eα2)D

AB+D2 , (4)

where A=∆ω+ iγ1+2iΓ1(1+ eα2−α1), B=∆ω+ω12+ iγ2+

2iΓ2(1 + eα4−α3), D =
√

Γ1Γ2(eα3−α2 + eα4−α2 + eα3−α1 +

eα4−α1), Γ1 = V 2
1 /υg, Γ2 = V 2

2 /υg, and αm = ikdm + inφm.
∆ω = ω −ω1 is the frequency detuning between the incident
photon and the first atom; ω12 = ω1−ω2 is the frequency de-
tuning between two emitters.
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Fig. 1. Schematic configuration of scattering single photons along a
waveguide by two giant atoms.

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
-20 -15 -10 -5 0 5 10 15 20

T
, 
R

T

Dw

R

Fig. 2. Transmission probabilities T (red curves) and reflection prob-
abilities R (blue curves) of the photons scattered by two atoms with
different azimuthal angle differences: φ2 = 0 for solid curves, φ2 = π/4
for dashed curves, and π/2 for dash dotted curves. Here, φ1 = 0 and
γ1 = 0 are assumed, kdm = 2(m− 1)π is fixed. For convenience, all
parameters are in units of Γ1 except the angles.

3. Scattering of single photons via two giant
atoms
The transport properties of the single photons in the

waveguide system are engineered by the transmission prob-
ability T = |t|2 and reflection R = |r|2. As a contrast, we first
examine the single-atom case, in which the reduced coupling
Γ2 = 0 is assumed. Figure 2 displays the reflection spectra with
the Lorentzian line shapes as a function of the frequency de-
tuning ∆ω . Three reflection peaks approaching 1 emerge at the
resonance points ∆ω = 2Γ1 sin(φ2−φ1), while these transmis-
sions are completely blocked at the resonance locations. No-
tice that the conservation relation of the photon flow T +R = 1
(see green straight line) is on hold in two ports, when no dis-
sipations are included. One can find that the resonance points
can be modified by adjusting the azimuthal angle difference
φ2−φ1 from two-point couplings of the giant atoms, and rel-
evant frequency shifts of the resonance points are presented
for φ2 = π/4 and π/2. Here, n = 1 mode is set for the linear
dispersion relation of guided wave, and φ1 = 0 is taken as the
angle reference. For convenience, all parameters are in units
of Γ1 except the angles. Compared with the these results for
small atom systems where the transmission is switched off at

∆ω = 0, the angle-dependent resonances can be implemented
in tunable switchers of single photons.
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Fig. 3. Transmission T versus the detuning ∆ω: (a) ω12 = 0, Γ2 = 1
for red solid curve, and Γ2 = 0.5 for blue dashed curve; (b) Γ2 = 0.2,
ω12 = −1 for red solid curve, and ω12 = 1 for blue dashed curve; (c)
Γ2 = 1, ω12 =−1 for red solid curve, and ω12 = 1 for blue dashed curve.
(d) Γ2 = 4, ω12 = −3 for red solid curve, and ω12 = 3 for blue dashed
curve. Here, the parameters are taken as φ2 − φ1 = φ4 − φ3 = π/3,
∆φ = φ3−φ1 = 0, and γ1 = γ2 = 0.
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Fig. 4. Transmission T for different parameters: (a) φ2 = π/3, ∆φ =
π/8, ω12 =−1 for red solid curve, and ω12 = 1 for blue dashed curve;
(b) ω12 = 0, φ2 = π/3, ∆φ = π/4 for red solid curve, and ∆φ = π/8
for cyan dashed curve; (c) ω12 = 0, ∆φ = π/8, φ2 = π/4 for red solid
curve, and φ2 = π/2 for cyan dashed curve; (d) ω12 = 0, φ2 = π/3,
∆φ = π/8, γ = 0 for solid curve, γ = 0.05 for dashed curve, and γ = 0.1
for dash dotted curve. Other parameters are Γ2 = 1 and γ = γ1 = γ2 = 0
in (a)–(c).

Next, we consider how the azimuthal angle affects the
scattering spectra in the two-atom case. For simplicity, here-
after we consider that the two giant atoms have the same az-
imuthal angle differences φ2−φ1 = φ4−φ3 between their in-
ner neighboring connection points, and ∆φ = φ3− φ1 is the
azimuthal angle difference from the first connection points
of two atoms, which describes the angular torsion between
two atoms. When we focus on ∆φ = 0, Fano-line shape ap-
pears for unequal atom-waveguide couplings Γ2 = 0.5Γ1, but
the angle difference does not work to generate Fano-like reso-
nance for zero detuning ω12 = 0 and equal coupling Γ2 =Γ1 in
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Fig. 3(a). However, the asymmetric Fano-type spectra with the
resonance peaks can emerge even for equal atom-waveguide
couplings and negative detunings, as shown in Figs. 3(b)–
3(d), which is different from the condition of unequal atom-
waveguide couplings and non-negative inter-atom detunings
to result in Fano-like resonance in Ref. [5]. The underly-
ing physics can be explained as follows: Fano-like resonance
arises from the quantum inference between the localization
and delocalization channels, where the localized channel is
described by the single mode of coupling one atom with the
photons, and the delocalized channel is described by the hy-
brid mode of coupling two atoms with the photons.[41] For
zero detuning and equal coupling in Fig. 3(a), the overlapping
of two peaks makes these two identical atoms jointly behave
like a single atom, which means that the Fano-type line shape
can not emerge owing to the lack of hybridization mode. For
different atoms, Fano-like resonance occurs due to the quan-
tum inference between two different channels.
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Fig. 5. Transmission T as a function of the detuning and the azimuthal
angle difference: (a) φ2 = π/8, (b) ∆φ = π/3. Other parameters are
Γ2 = 1, ω12 = 0, and γ = 0.

Furthermore, in Fig. 4 we plot the transmission profiles at
different angle differences ∆φ for the equal couplings Γ1 = Γ2.
We find that the asymmetric Fano-line shapes characterized by
the resonance peaks appear not only for ω12 =±1 in Figs. 4(a)
but for zero detuning ω12 = 0 in Figs. 4(b) and 4(c), which re-
moves the restriction of zero detuning. Although Γ1 = Γ2 and
ω12 = 0 here, the different azimuth angles separate the two
transmission peaks, and thus the quantum interference from
these photons carrying two different angle phases can also oc-
cur by passing through the two interference channels. Vary-
ing the angle difference ∆φ from π/4 to π/8, sharp Fano-type
peak becomes more evident for the small ∆φ . To investigate
the effect of the dissipations on transport properties, we show
the transmission spectra in Fig. 4(d) for different dissipations.

As is seen, with the increase of the dissipations, small ampli-
tude Fano-line shape appears. Although the dissipations lead
to lower probabilities of these Fano peaks, their behavior re-
mains similar.

To gain a deeper insight into the effect of angle differ-
ences on the photon scattering, Fig. 5 shows the transmission
versus the detuning ∆ω and the angle differences φ2 and ∆φ ,
where φ1 = 0 is fixed as a reference. As is seen, antisymmet-
ric profiles are exhibited in two planes, and slender dark-red
regions for perfect transmission peaks and oblate deep-blue
windows for zero reflections can be applied to the design of
switches. Figure 5(a) displays the Fano peaks at the sharp pro-
trusions in a small scope of ∆φ around π/8, while the narrow
S-shaped stripe corresponding to Fano peaks occurs in almost
the entire angular range of φ2, as shown in Fig. 5(b).

4. Quantum entanglement of two giant atoms
In principle, the scattering photons traveling along the

waveguide can be detected at two ends of the waveguide.
However, if the incoming photon is not scattered but confined
in two two-level atoms (qubits), the wave function can be
projected onto the state u1|g1,e2〉|0R,0L〉+ u2|e1,g2〉|0R,0L〉,
which indicates that the entanglement between two atoms is
created. The degree of entanglement can be characterized by
the concurrence C of two qubits. In the proposed system, the
density matrix of the Bell-like state is a pure-state density ma-
trix, and thus the concurrence[5] is given by

C =
2|u1||u2|
|u1|2 + |u2|2

. (5)

Figures 6(a) and 6(b) show separately the concur-
rence C and the populations P1 = |u1|2/(|u1|2 + |u2|2),P2 =

|u2|2/(|u1|2 + |u2|2) of two qubits, with and without the pa-
rameter of the azimuthal angle difference. As is seen, when
one population of qubit 1 reduces, another of qubit 2 will
increase, since the total population has always been 1. Cor-
respondingly, the Fano-like occurrence of the maximum en-
tanglement occurs when the populations of the two qubits are
equal. To further study the effect of the azimuthal angle on the
entanglement of two qubits, we plot the concurrence as a func-
tion of the detuning ∆ω and the azimuthal angle difference φ2

in Fig. 6(c). The concurrence does not have the periodicity,
even though ∆φ = φ2 is assumed. The irregular dark-red rings
indicating high entanglement are represented in a large angu-
lar range, while two dark-blue dips corresponding to zero con-
currences emerge near φ2 = π . Moreover, the concurrences
with the maximum approaching unity and the minimum close
to 0 can appear at one same frequency by changing the az-
imuthal angle difference, which can be utilized to switch the
maximally entangled and unentangled states via the azimuthal
angle difference.
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Fig. 7. Effect of the dissipations on the concurrence of two qubits for γ = γ1 = γ2 = 0.8, other parameters and the linetypes are the
same as those in Fig. 6.

When the dissipations are included, the entanglement be-
tween two qubits will be suppressed, but the high entangle-
ment with the concurrence peak approaching one can be kept
ever for the larger dissipation such as γ = 0.8 in Fig. 7(a). Fig-
ure 7(b) displays that the Fano peak less than 1 occurs for the
different populations due to the losses, and approaching zero
concurrence without entanglement emerges when one qubit is
non-populated. Figure 7(c) further shows the effect of the dis-
sipations on the concurrence in a (∆ω,γ) plane. As the dis-
sipation increases, high entanglement in the dark-red curved
area gradually decreases, and a dip of the occurrence near zero
value appears in the center of a blue ellipse region.

5. Conclusions
In summary, we have studied the scattering properties of

the photons propagating in a waveguide system and quantum
entanglement between two giant atoms with azimuthal angle
differences coupled to the waveguide. For the single-atom
case, the resonance point of the perfect reflection related to
the angle difference is obtained, which can be used in the tun-
able switch. For the double-atom case, the Fano-line shape in
the transmission spectra can be generated by varying the az-
imuthal angle difference, without the common limit of equal
atom-waveguide coupling and negative detuning. High entan-
glement for two atoms is available, and two states between
high and low entanglements can be switched by changing the
azimuthal angle difference. The influence of the dissipations
on the entanglement has also been analyzed. These results
suggest a new way to control the transport and entanglement,
which may be utilized in quantum communication.
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