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We theoretically study the transmission spectrum of the cavity field in a double-cavity optomechanical system with
cross-Kerr (CK) effect. The system consists of two tunneling coupling optomechanical cavities with a mechanical resonator
as a coupling interface. By doping CK medium into the mechanical resonator, CK couplings between the cavity fields and
the mechanical resonator are introduced. We investigate the effects of CK coupling strength on the transmission spectrum of
the cavity field, including the transmission rate, nonreciprocity and four-wave mixing (FWM). We find that the transmission
spectrum of the probe field can show two obvious transparent windows, which can be widened by increasing the CK
coupling strength. For the transmission between the two cavity fields, the perfect nonreciprocity and reciprocity are present
and modulated by CK coupling and phase difference between two effective optomechanical couplings. In addition, the
effects of the optomechanical and CK couplings on FWM show that the single peak of FWM is split into three symmetrical

peaks due to the introduction of the CK effect.

Keywords: cross-Kerr, transmission rate, nonreciprocity, four-wave mixing

PACS: 42.79.Sz, 03.67.—a, 42.50.Pq, 43.58.Wc

1. Introduction

In recent decades, as an important platform of light—
matter interaction, cavity optomechanical systems have re-
ceived wide attention due to their potential application in
quantum communication and networking.!'3] The different
significant physical phenomena originating from the optome-
chanical coupling between an optical cavity and a mechanical
resonator (MR) have been made in both theory and experi-
ment, including slowing and storage of the light pulse,*>! per-
fect nonreciprocity,>’! information processing,®”! and op-

),110-12] ggc.

tomechanical induced transparency (OMIT

A cavity optomechanical system also provides a rich plat-
form to study nonlinear optical effects.!>~15] Recently, the
cross-Kerr (CK) interaction has been introduced into the op-
tomechanical system to enhance nonlinear coupling.!'®! The
CK effect is a nonlinear optical effect that describes the in-
teraction between two optical fields. Namely, when two op-
tical fields pass through a medium with Kerr nonlinearity,
one of them affects the refractive index of the other.!'>16]
The CK interaction between two bosonic modes can be ob-
tained by coupling these two modes to a common medium. 7]
This interaction can be used to achieve photon blocking,
phase modulation, and optical lattice.!'®2% In a two-tone
driven cavity optomechanical system, the CK effect can in-

duce the more stable behaviors of the average photon number
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16211 In addition, it can not only enhance the

in the cavity.!
effective optomechanical coupling but can also cause strong
nonlinearity.!*?! As a typical nonlinear effect, four-wave mix-
ing (FWM) has been widely studied and modulated in differ-
ent optomechanical systems.[%141>23] The optomechanically
induced FWMs have been presented to generate strong and

(24 (23] optical

robust quantum entanglement, >*! optical amplifier,
switching and frequency conversion,?%2”! optical wavelength
converter,*2°1 and so on. In addition, FWM has potential
applications in quantum information processing and quantum
communication. 3!

In such a rich platform, the nonreciprocity of optical
transmission was studied based on optomechanical coupling.
The basic principle of nonreciprocity in the optomechanical
system is to explicitly break the time reversal symmetry by us-
ing the optomechanical interaction. Nonreciprocal responses

3

were theoretically presented in the ring resonator,*! and have

recently been observed in experiment. 323!

OMIT, FWM, and nonreciprocity, which are important
components of cavity output spectrum, have been seldom and
simultaneously studied in an optomechanical cavity with the
CK effect, especially the effects of CK coupling on them. In
this work, we study the output spectrum of the optomechanical
cavity including OMIT, nonreciprocity, and FWM in a double-

cavity optomechanical system, where as an optomechanical

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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coupling interface, the MR is coupled to the two cavity fields
The effects of
the CK coupling strength and main system parameters on the

via the radiation pressure and the CK effect.

OMIT, nonreciprocity, and FWM of the output field are shown.
Such an effective scheme of CK coupling enhanced nonlinear
optical effects is theoretically presented.
This paper is organized as follows. In Section 2, we
present and introduce the model, including the Hamiltonian
and dynamical equations of the system. In Section 3, we inves-
tigate the effects of CK coupling strength on the transmission
spectrum of the system including the transmission rate and
nonreciprocity. In Section 4, we discuss in detail the effects
of the optomechanical coupling and CK coupling strength on

FWM. Finally, a summary is given in Section 5.

2. Theoretical model and equations

The optomechanical system that we discuss here consists
of an optical cavity a; tunneling coupled to another optical
cavity ap with the tunneling coupling strength J by an MR
as an interface, as shown in Fig. 1(a). The two cavity fields
with the frequency @y; (i = 1,2) are simultaneously coupled
to the MR via radiation pressure force, i.e., optomechanical
coupling. By doping CK medium into the MR, the CK in-
teraction with the coupling strength g,k can be achieved. CK
medium may be natural or artificial atoms!!”! (e.g., supercon-
ducting qubits in the microwave domain or atoms with transi-
tion frequencies in the optical frequency domain). As shown
in Fig. 1(b), three different couplings are present. To drive
two cavity fields, the strong coupling field & (&) with the
frequency @ (@) and weak probe field &, () with the
frequency @y (@p2) are injected into the cavity a; (a), re-
spectively. Thus, the total Hamiltonian of the system can be
determined by H = Hy + H; + Hy.

The free Hamiltonian Hj can be written as

Hy = hwmaIal Jrh(l)()za;az + ha)mb'l'b, (D)

where a:f (a;) with i =1 and 2 is the creation (annihilation) op-
erator of the i-th optical cavity mode, and b™ (b) is the creation
(annihilation) operator of phonon mode of MR. Hy describes
the free energies of the total system.

The interaction Hamiltonian H; can be described by

Z hgiajai (bJr + b)
=12

+ Z hgckajaibTb +hJ (alraz + a§a1> , 2)

i=1,2
where g; (i = 1,2) is the optomechanical coupling intensity
between the cavity mode a; and the mechanical mode b. The
first term is the optomechanical interactions between the i-th
cavity fields and MR. The second term is introduced by the CK

effect. The third term shows the tunneling interaction between
two cavity fields.

(a) CK medlum

= -

Optlcal cavity
a1a2+a2a1)

N

Fig. 1. Schematic diagram of a double-cavity optomechanical system. (a) It is
composed of two tunneling coupling optical cavities and an MR. Two strongly
(weak) coupled fields (probe fields) with amplitudes of & and & (€, and
€) are injected into two cavities, respectively. CK effect is introduced by
doping CK medium into MR. The two cavity fields are coupled to the MR by
the optomechanical and CK interactions. (b) Equivalent diagram of (a).

The driving Hamiltonian Hy represents the driving inter-
actions of two optical cavity fields and can be written as

Hy = iheet (afe 1% —ay i)
+iney (a]Te’i“’pll _aleiwp|1>
+ihey (age_iwczt _azeia)czt)
+ihgy (a;e*iwpzt _azeiwpzt) ' 3)

After the rotating frame with the coupling frequency @;;
(i=12), [36] the total Hamiltonian can be rewritten as

H = hA. (cﬂ{al +a;a2) —|—ha)mb7b

+ Z hg,-a;ra,- (b}L +b)

=12
+ Z hgckajaibTb—i—hJ (a}haz +(l;(11>
=12
+iheqg (aJ{ —a)+ ihepl (aie_ial’t —a eiapt)

+ ih£cz(a; —ap)+ ihepz(aze_iapt — azeial’t), “4)

where A = A¢; = Wy; —
ing of the i-th cavity field and the corresponding strong cou-
pling field, and &, = Op; = @y,
detuning of the i-th weak probe field and the corresponding

o (i =1, 2) is the frequency detun-
— @; represents the frequency

strong coupling field. By introducing dissipation and fluctu-
ation terms, the nonlinear Heisenberg—Langevin equations of
the system can be derived as

K . . .
a = — (?1 + IAC) a; —1g1ag (bT +b) - lgckaleb
—iJar + & +8p1 eiiépt + v/ K14iin,
K . . .
a) = — (?2 + IAC) ar —1g2as (bT +b) - lgckaZth
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—iJa) + €2 + gne ¥ + /Ko,
h = — (Z+ia)m)b7 Z igialTa,-

2 i=1,2
— Y igekalaib+ /Ybin, (5)
i=1,2

where k; (i = 1,2) and y are the decay coefficients of the i-th
cavity and the MR, respectively. From Eq. (5), it can be seen
that there are two main kinds of noise in the system. One is
the input noise a;i, of the i-th cavity. The other is the thermal
noise bj, of mechanical mode. The mean values of the input
noise terms are considered to be zero, i.e., (a1in) = (a2n) =
(bin) = 0. Under the Markov approximation, two-time cor-
relation functions of these input noise operators are given by
<al~in(t)a;n(t’)> = 8(t—1"), (b} (1)bin(t")) = nwd(t —1') and
(bin(1)b), (")) = (nn +1)8(t — '), where the average thermal

excitation number!'%371 is ny, = [6(7‘1%1)71]’1, here kg is the
Boltzmann constant and T is the temperature of the MR. Un-
der the condition of a sufficiently strong coupling field, each
operator in Eq. (5) is rewritten as a sum of its steady-state
solution plus a fluctuation term by linearization method, i.e.,
O =05+ 60 (0 = a;,b), where the fluctuation term is much
smaller than the steady-state solution. By the approximation
of (ab) = (a) (b)!1>-8) and neglecting the second-order small
quantities, ) the steady-state solutions can be written as

where A; = Ac + gi(b! +bs) + gk |bs|* (i = 1, 2) is the effec-
tive detuning of the i-th cavity due to the optomechanical in-
teraction and CK effect, ® = oy, +gck(|a15\2 + |a25|2) is the
effective mechanical frequency. Then, keeping only the linear
terms of fluctuation operators in the interaction picture by in-
troducing 8a; = §a;e "4 and §b = She ™1’ the linear quan-
tum Langevin equation of the fluctuation terms can be given as

K] : .
5(11 = —%Sm —1G; 6165b — iJ5(12 —|—8p1 671)“,
K; .
oday = —723612 —1iG06b—iJday + & e M,

81}:—%51)—G1e_i65a1 —iGy0an, @)

where G; = (g; + gckbs) |ais| (i = 1,2) is the effective optome-
chanical coupling strength, and x = &, — A; is the nonlinear
detuning. Therefore, we can find that the effective optome-
chanical coupling strength can be enhanced by the CK cou-
pling gcx, the steady-state phonon number (b{b), and photon
number (a:fsa,-s>. According to Eq. (6), the phase difference 6
between effective optomechanical coupling G and G, can be
introduced and controlled by adjusting the coupling field &
and £.,.0 It can be seen from Eq. (7) that 6 is a key factor
to achieve nonreciprocity, which will be discussed later. To

calculate the first order amplitude, we further analyze that

By substituting Eq. (8) into

&1 — iJays
s = &y +iA; ] L Lot Loaixt _ —ixt ixt
2 1 d6a; =06a; e "M +0a;_e"™, db=86b e " +6b_e"M. (8)
& — iJals
s = 55 A .
’ 2 +iA Here, the parameter (8a;+) ((0b4)) is much smaller than
b igi |ais|® +ig2 azs|* © the steady-state value a5 (bs).
s %’4_ io ’ Eq. (7), we can obtain
|
5 2610 (4G3 + Kk &, —4e'® (/% +2G1Gae'®) g2
a4 =

—8iG1GoJ +4GTK e1? + 4Gk e1® + 42710 + k2% e'® —8iG1GyJ e’
(4G3 + KT €p1 — (12T +4G1Gae'0)ep

dar- = —4iG1GyJ (e 19 + ei0) + 2R (G2 + G3) + (272 +0.5K2) T "
4 (ZG] Gyt inxei") g1 +2e'9 (4G} + K1) €2

dary = —8iG1GyJ +4G3 K, e10 + 4G5k e + 472y, e10 + k29,010 — 8iG Gy €210
5 - (4G1G2 e 10+ 12177)() &, + (KT +4G7) € 2ixt

= —4iG1GyJ (e 710 4 ¢19) + 2K (G} + G3) + (272 +0.58.) i 7

—4 (iG] Ky +2]G2€i9) &1 —4 (ZJGl + iGszei9> &p2

O = RiG1Gl 1 4Gk, | 4GER, 18 1 427,000 | K21,010 — 8iG1GplcH0
sy — (26 Kee 10 £ 41G))ey — (4G1e 10 £ 2GR ) e o 2ixt )

 —4iG1GaJ(e710 + ¢i0) 4 28(G2 + G2) + (22 + 0.5R ) T

where k] = Kb = K, Ky = K —2ix, % = ¥ — 2ix, K = K+ 2ix and 7, = 7Y+ 2ix. Then, by making use of the standard input—output
theory (e”"') + & + epie’ispi’ = /K (a;),/"! the output field of the i-th cavity can be given by

<8i0ut > = (\/Ea,-s - Sci) e it + (\/E5ai+ — 8p,-) eii(w0i+5pi)f + \/?,'5(1,', efi(wd*apf)t
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= (\/E’ais - gci) e it

+ (\/E’SGH - 8pi)

e i | /S, e (20— o) (10)

Coupling field

From Eq. (10), we can find that the output fields contain
three frequency components, i.e., the coupling field frequency
at @;, the probe field frequency @y;, and one FWM field fre-
p;. FWM is generated by Stokes scattering
of optical fields from the optomechanical coupling, i.e., inter-

quency at 2@ —

action between two coupling photons and a probe photon via
the mechanical mode. [®! For the probe frequency field, we can

get

out in ,—ixt __
€, T&;¢ =

VKidaj, (11

where sli)‘i‘ = &/ \/f, Still, following the assumption 60 =
00 e ™4+ 50_e™, the output fields at the frequency @p;
can be obtained as!?!
€
et = VKi8aiy — J"f (12)
3. The transmission rate and nonreciprocity of
the cavity field

In this section, we discuss the influence of CK effect on
the transmission rate of the probe frequency field and nonre-
ciprocity between two cavity fields. First, in order to study
the transmission rate of the probe field &, we set &, = 0 and
investigate the transmission rate of the probe field with the tun-
neling and effective optomechanical force couplings./**! Then,
we study the nonreciprocity relationship between two cavity
fields.

3.1. Transmission rate of the probe field

In order to study the transmission rate of the probe field
&1, according to the input-output relation of Eq. (12), we can
define the transmission rate of probe field &, in the first opti-
cal cavity ast !l (the case of €y, in the optical cavity is similar)

2
2 80}“ K'5a1 2
T = = - (13)
8p1 8p1
For simplicity, by setting 8 = /2 and G} = G, =G =

(g+ gcx|bs|)|as| with g1 = g2 = g and a5 = azs = a, we can
get the transmission rate of &, as

2k(4G 4 K.%)
8G?K +4J2% + K2V

(14)

=1~

By Eq. (14), we can study the effects of CK coupling
strength g¢ on the transmission rate of &y, as shown in
Fig. 2. We can find that there are three dip peaks and two
windows for the evolution of |7y, |* versus the detuning x with
Without the CK effect
(gck = 0), two windows are preliminarily presented, the mech-

the different CK coupling strengths.

anism of which is derived from quantum interference, i.e., the

Probe field

FWM field

mechanism of OMIT!'Y and tunnel induced transparency, as
shown in Fig. 3.1421
ence between the transition paths |ny,na,np) < |n + 1,12, 1)
and |ny,n2,np+ 1) <> |n; 4+ 1,n2,n;), where the transition be-
tween |ny,ny,n,+ 1) < |ny + 1,n2,n,) depends on the op-
tomechanical and CK couplings. The tunneling induced trans-
parency comes from quantum interference between the transi-

OMIT is present due to quantum interfer-

tion paths |ny,ny,n,) <> |ny+1,n2,np) and |ny + 1,n3,n5) <>
|n1,n2 4+ 1,np). In addition, the transmission curve is symmet-
ric with respect to x = 0. With the increase of CK coupling
strength, there are two characteristics. First, the depth of non-
absorbing transparent window becomes deeper than the case
of gck = 0. Second, when g increases, the width of the trans-
parent window becomes wider. The reason for these two phe-
nomena is due to the mechanism of OMIT, where the effective
optomechanical coupling strength G becomes stronger as the
CK coupling strength increases. This is similar to increasing
the strong coupling field strength for EIT in atomic systems.

10 5 x /Wi

Fig. 2. The transmission rate of |7}, |2 versus the detuning amount x
with the different CK coupling strengths in the case of Kk = 5 MHz,

g = 1kHz, @y/27 = 10 MHz and y = 1 MHz.["!

[n141,n9,mp) J

[n1,na+1,mp)

[n1,m2,np+1)
—— —

|n1:”27nb> \nl,nQ,nb

Fig. 3. Energy-level diagram of the hybrid system. The number states
of the cavity i-th photons and phonon are denoted by n; and n,.

3.2. Non-reciprocal relationship

According to Eq. (12), perfect optical nonreciprocity re-
lationship can be achieved, when the transmission amplitude
T;; meets the following conditions:!”!

80th 80ut

+ 1+

Tip = | 22 =1, Ty =2 =0, (15
pl g[i)‘%:() p2 g[i)‘}:o

064204-4
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or Next, as an example, we will focus on the non-reciprocal
cout cout relation in Eq. (16), where eli)‘i 2= 0 indicates that there is no
Ty = P?ﬂ* =0, Ty = piln+ —1. (16) optical fields input from the left/right cavity. From Egs. (9)
& sli;i:O p2 eli;l -0 and (12), we can obtain
|

et . —4(2G1Gy +iJy,e'?) (a7

S}i)‘} —8iG1G2J+4G%Kxei9 +4G%Kxei" +4J2y el + k2y,e10 —8iG GrJ 210’
e _ —4e19(2G,Gye'® +iJy,) (18)

SII)% *8iG1G2J+4G%K’x619 +4G%K‘x616 +4Jz’)/xele + K’%’)/xele —8iG|GyJe?i®

If 6 = nm (n is an integer), we find that T, = 7>, which
shows two cavity field is reciprocity. When 6 # nm time-
reversal symmetry is broken, i.e., the system exhibits a non-
reciprocal response.3°! The perfect nonreciprocity can be ob-
tained when 6 = nr/2. The dependence of the nonreciprocity
on the phase difference 0 is plotted in Fig. 4 and we can find
that the transformation between reciprocity and perfect non-
reciprocity is modulated by changing the phase difference 6.
For simplicity, by setting 6 = 7/2 and G| = G, = G, Egs. (17)
and (18) can be simplified to

et 4i(2G* —J

= A Ye? : 472 2 2. (19)
€l K +4J% + K Ye

g —4i(2G2+Jy)

— = . 20
e 8G? K + 412 Y + K2 Yx 0

From Egs. (19) and (20), the perfect nonreciprocity can
be achieved, i.e., T1 =0, 751 = 1, when

ey

0/m

Fig. 4. Transmission amplitude 77, (blue dotted line) and 75; (red solid
line) are plotted as a function of 6. x =0, J = /2, G = ,/KY/2 and the
other parameters are the same as in Fig. 2.

Based on Egs. (19) and (20), we plot the transmission
amplitude 77, (blue dotted line) and 77, (red solid line) as a
function of the detuning amount x/@y, in Fig. 5(a) and the
CK coupling strength g./g in Fig. 5(b). Nonreciprocity re-
sults from the interference between two possible transition
paths, i.e., the tunneling coupling between |n; + 1,n2,n,) <>

|n1,n2 4+ 1,n,) and the effect optomechanical coupling with
CK effect |ny + 1,n2,np) <> |n1,n2,mp + 1) <> |n1,n2+ 1,m5).
Here we choose the parameters as k =5 MHz, y = 1 MHz,
J=k/2and G| = G, = G = \/k7/2.13 It can be clearly seen
that when the detuning amount x = 0, perfect nonreciproc-
ity appears, i.e., the probe field can be transmitted completely
from the right cavity to the left cavity, but not vice versa. In
addition, the two sides of two curves basically overlap, i.e., the
reciprocity of the optical transmission. As shown in Fig. 5(b),
when the detuning amount x = 0, transmission amplitude 7i,
depends the CK coupling efficient g.x. With the increasing
of gck, the transmission amplitude 77, decreases first and then
increases. When g.x = gcko, perfect reciprocity appears, as
shown in Fig. 5(a) with x = 0. Figure 5(b) further proves that

CK coupling can effectively adjust the transmission amplitude.

~0.5 0 0.5 1.0

—1.0

1.0 '

(b) - =T
0.8}
0.61 -
0.4f e

0.2} 0

0 0.5 1.0 15 2.0
gek/g (1073)

Fig. 5. Transmission amplitude 77, (blue dotted line) 75 (red solid line)
as a function of the detuning x/ @y, with G = ,/Ky/2 in (a) and the CK
coupling strength gcx /g with x = 0 in (b). The other parameters are the
same as in Fig. 2.
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4. Four-wave mixing

In this section, we discuss FWM in the system. From
Eq. (10), we know that there are three frequency components
in the output field, where the frequency 2®. — o, is related to
FWM due to the Stokes process.[*3] The FWM intensity can
be defined as!'!

Iigwm = (22)

=
Epi '
Here, we mainly study the FWM intensity in the second

2
cavity, i.e., hpwm = ‘%‘ with & = 0. According to
Egs. (9) and (22), the FWM intensity can be rewritten as

VKK +8G?)

23
48(G2+ G3) + (472 + &) (23)

Lrwm =

with 8 = /2. From Eq. (23), we can find that the inten-
sity of FWM depends on the effective optomechanical cou-
pling intensity, the tunneling coupling intensity, the CK cou-
pling strength, the decays of the second cavity, and mechanical
modes. In order to reveal the effects of the main physical pa-
rameters on the strength of FWM, we discuss the results as
follows. When CK effect is absent, the FWM spectrum ver-
sus the optomechanical coupling strength g and the detuning x
with J = x/2 is plotted in Fig. 6. It is clear that there is only
a single peak of FWM intensity with the fixed g. With the in-
crease of the optomechanical coupling strength g, the width of
peak becomes narrow.

N

o

Ipwn (1077)
—

0
z /W

0™1

Fig. 6. The FWM spectrum versus the detuning amount x and optome-
chanical coupling strength g with g.x = 0. The other parameters are the
same as in Fig. 2.

In Fig. 7, the FWM intensity is plotted as a function of
the detuning x with different CK coupling strengths and the
fixed g = 1 kHz. From Fig. 7, we can clearly see that without
the CK effect the curve of the FWM shows only a wide peak,
which is similar to a Gaussian distribution, as shown in Fig. 6.
The FWM spectrum will change from one peak to three peaks
and the total width of peaks becomes wide as the CK coupling
strength increases. Meanwhile, the gap between peaks grad-
ually increases. It is worth noting that with the different CK
coupling strengths, the maximum value of FWM signal is un-
changed and is reached at x = 0. In addition, the two peaks

on the two sides are symmetric with respect to x = 0. There-
fore, from Fig. 7, we can get that the FWM signal depends
obviously on the CK effect.

2.0 - -gx=0
g = 2gX1073
gk = 5gXxX10~3
1.5 1
b
=
Z 1.0¢
P
z
= 05
072 2

x /Wi

Fig. 7. FWM intensity as a function of the detuning amount x in the
different cases of CK coupling strength. The other parameters are the
same as in Fig. 2.

5. Conclusion

We studied the effects of CK coupling on the transmis-
sion spectrum of double-cavity optomechanical system. By
introducing and increasing the CK coupling, we found that the
CK coupling can enhance the transmission rate and double-
transparency windows can be present based on OMIT and
tunneling induced transparency. The width of the transparent
window can be effectively adjusted by the CK coupling. For
the transmission of optical signals, the perfect nonreciprocity
and reciprocity can be shown and effectively modulated by the
CK coupling strength and the phase difference 8. In addition,
the peak number of FWM components in the output field is
changed from one to three due to the introduction of CK cou-
pling. Furthermore, the width of peaks becomes wider as the
CK coupling increases. Therefore, the results of this research
show that the CK effect can effectively modulate the transmis-
sion spectrum of the double optomechanical cavity.
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