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Various strategies have been proposed to harness and protect space-like quantum correlations in different models under
decoherence. However, little attention has been given to temporal-like correlations, such as quantum temporal steering (TS),
in this context. In this work, we investigate TS in a frequency-modulated two-level system coupled to a zero-temperature
reservoir in both the weak and strong coupling regimes. We analyze the impact of various frequency-modulated parameters
on the behavior of TS and non-Markovian. The results demonstrate that appropriate frequency-modulated parameters can
enhance the TS of the two-level system, regardless of whether the system is experiencing Markovian or non-Markovian
dynamics. Furthermore, a suitable ratio between modulation strength and frequency (i.e., all zeroes of the Oth Bessel
function Jy(8/£2)) can significantly enhance TS in the strong coupling regime. These findings indicate that efficient and
effective manipulation of quantum TS can be achieved through a frequency-modulated approach.

Keywords: quantum temporal steering, frequency modulation, decoherence

PACS: 03.65.Ud, 03.65.Yz, 03.67.Mn

1. Introduction

Quantum steering is an intriguing phenomenon that al-
lows one party to manipulate a quantum state on another
party remotely through local operations. This concept, which
challenges our common sense, has attracted significant at-
tention in various fields of physics in recent years, both in
theoretical analysis and experimental exploration.!!~!7] Re-
searchers have devised steering inequalities to detect this non-
local correlation that provides evidence of quantum steer-

ing when violated.!'8-20]

Moreover, quantum steering is
highly promising in quantum information processing. It has
been successfully applied in developing one-sided device-
independent quantum key distribution,!'3 secure quantum
teleportation,!'* and one-way quantum computing.!'®! While
spatial quantum steering has garnered significant attention and
sparked extensive discussions, its temporal counterpart, quan-

[21-27] 1p this sce-

tum TS, has also generated notable interest.
nario, Alice sends a quantum system to a remote recipient,
such as Bob, via a designated quantum channel referred to
as A. Nevertheless, before Bob receives and measures the
quantum system, Alice can manipulate her quantum system
using specific operations. This poses an intriguing question:
What impact do Alice’s operations have on the state of the sys-
tem observed by Bob? Chen et al. introduced the concept of
quantum TS and developed the TS inequality to address this

(2122 Similar to quantifying spatial quantum steer-

question.
ing, measures such as TS weight!>*! and robustness'?*! have
been proposed to evaluate this phenomenon. Moreover, quan-
tum TS exhibits promising applications in quantum informa-
tion processing, including quantum key distribution!?!->3! and

quantum non-Markovianity. >?!
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On the other hand, open quantum systems undergo de-
coherence due to their interaction with the surrounding en-
vironment, which often leads to the destruction of quan-
tum correlations.  This limitation hinders their practical
use in quantum information and metrology. Consequently,
various strategies have been developed to control and pre-
serve quantum resources, >34l including techniques like dy-

[28] feedback control,[3%! and the quan-

namical decoupling,
tum Zeno effect.3] Recent studies have unveiled the im-
mense potential of modulating the transition frequency of a
qubit as a fundamental tool to unveil a myriad of captivat-
ing phenomena.3>*] These phenomena consist of the emer-
gence of sideband transitions,?”-38] modification of the flu-
orescence spectrum,[39’40] and the enhancement of the de-

(411 Empirical investigations have

gree of non-Markovianity.
successfully demonstrated the feasibility of frequency mod-
ulation in superconducting qubits.[>>*3! Moreover, numerous
studies have demonstrated that the frequency-modulation ap-
proach profoundly impacts the dynamics of space-like quan-
tum correlations.*%91 According to the definition of TS, the
interaction between the quantum system and the environment
inevitably affects the quantum state received by Bob. In sim-
pler words, the noise from the environment considerably influ-
ences the temporal-like correlation between the system’s states
at different times. This leads us to question how to improve or
safeguard these temporal-like quantum correlations in a noisy
environment. In this work, we focus on examining the influ-
ence of frequency modulation on quantum TS. We aim to un-
derstand the underlying dynamics better by exploring how TS
can be manipulated by incorporating frequency modulation.

In this study, we investigate the impact of frequency mod-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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ulation on temporal-like quantum correlation. Our results re-
veal an interesting aspect: the appropriate parameters of fre-
quency modulation can enhance the TS of the two-level sys-
tem, regardless of whether the system is undergoing Marko-
vian or non-Markovian dynamics. Moreover, a suitable ratio
between the modulation strength and frequency, which cor-
responds to the zeroes of the Bessel function of order zero
(Jo(6/£)), can significantly boost TS in the strong coupling
regime. Through an analysis of non-Markovianity, we demon-
strate that the long-term preservation of TS is directly linked to
the memory effect in the strong coupling regime. These find-
ings suggest that effective and efficient manipulation of quan-
tum TS can be achieved through the use of frequency modula-

The remainder of this work is organized as follows. In
Sections 2 and 3, we give a brief of introduce the model and
the concept of quantum TS, respectively. In Section 4, we
study and discuss the effect of frequency modulation param-
eters on TS both for weak coupling regime and strong ones.
Finally, we give a summary of our results.

2. Model and solution

Here, we consider a qubit coupled to a zero-temperature
reservoir formed by the quantized modes of a high-Q cavity.
The transition frequency of the qubit is modulated sinusoidally
by an external driving field. The Hamiltonian of the system is

tion. | as follows: [46-50]
1 A Ao PO A oAt
H(t) = E[wo+5005(91)]@+Zwk77;j77k+Z{gk0+77k+gk¢nk}- ()
k k

Here, 6 is the Pauli matrix, 6. represent the raising and lowering operators, ﬁ,j and fj;, are the creation and annihilation operators

for a photon of mode k with the frequency @;. @y denotes the transition frequency, 6 and  are the modulation amplitude and

frequency, respectively. By performing the following transformation:

[36,46]

= exp { —i [z wknk ikt + [wot + g sm(Qt)} GZZ] } 2)

the Hamiltonian can be transformed as

Ut

H=U'HO+i| =)0 = o i(ax—wp)t o i(8/Q2)sin(Q1)
—‘rl( BP ) ;gk +TNke

Z ﬁ 6 e i(op— wg)t —i(6/Q)sin(Qr) (3)

k

According to the Jacobi—Anger expansion, one can decompose the modulation terms into Fourier series as

£i(8/Q)sint _ § <_(62) +2 Z(ii)”Jn (g) cos(nf2t), @
n=1

where J,(8/€) denotes the n-th order Bessel function. We
assume the initial states of whole system as

1
ﬁ(\€>+lg>)|0>,

(|0) denotes the vacuum state of the cavity), then the evolution

|2(0)) =

state can be obtained as
1

[®(1) = E(C(t)|€>|0> +12)10)) +§,Ck(t)\g> k), )

for time ¢.

) denotes a single photon in mode k of
the reservoir and i (¢) represents its probability amplitude. By
Solving the time-dependent Schrodinger equation, one obtains

\
where the kernel K(z,7) is

K(1,7) = exp [i <5> {sin(Qr) —sin(Q7)}

<[

Here, J(®) indicates the spectral density of the reservoir
(51]

e H(O=—m)(=7) 4. @)

modes, and adopts Lorentzian spectral distribution as

1 yA?
)= S (- wP T A2 ®

Consequently, the kernel K (¢, T) can be obtained as follows:

the integro-differential equation for §(z) as*”! K(t,7) = % e M1=7) o i(8/9)[sin(Q1)—sin(27)] ©)
1
) +_/0 dK(t,7)(7) =0, (6)‘ By substituting it into Eq. (6), one gets
C(t)_’_ﬁel(S/Q)Sln(Qt) /t dTe—i(S/Q)Sin(Q‘C)e—l([—T)C(T) :0 (10)
2 0
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Now, we can numerically solve the above equation to deter-
mine the probability amplitude { (7). And the reduced density

matrix of the qubit can be expressed as®!!

ps(t) = <p11(0)

1C(0)? p10(0)&(7)
po1(0)¢*

0 poo<o>+pu<o><1—|§<r>|2>> (an

in the standard basis {|e), |g)}.

4
4

3. TS and its measurement

Here, we provide a brief introduction to the concept of
quantum TS and its measurement. In the standard (i.e., spa-
tial) scenario of quantum steering, Alice performs a positive-
operator valued measure measurement denoted by M,|, on her
subsystem, while Bob shares the quantum state pag. The mea-
alx =1 and
M, > 0 for all possible outcomes (@) and measurement bases

surement operator M, satisfies the conditions }., M,

(x). Consequently, Bob is left with a non-normalized state as-

tra[(My)x ®1)pas]-
This process is schematized in Fig. 1(a). By employing the

semblage denoted by {0, }, where o, =

semi-definite program, one can verify whether the assemblage
{(‘Fa| .} belongs to the set of unsteerable or steerable ones. [>#!
In TS ones, Alice also performs a positive-operator valued
measurement M, for an initial state po at time 7 = 0. Then

the initial state is mapped to 6,(0),

M
0uc(0) = (12)

with
plalx) = te(M,

Then the postmeasurement state Ga|x(0) is sent into a quan-

\XPO)'

tum channel A. At time 7, Bob receives the assemblage
Oy (t) = A0,x(0)] . schematizing in Fig. 1(b).??! Now, by
plalx)

be written in the following local hidden-state form:

T T ,US
Ga|x a|x ZP

checking the assemblage 61 alx (1= Oy« (t) whether it can

[22,24]
P(al|x,A)o, (13)

If the above expression is true, Bob refers to such an as-
semblage as unsteerable. This means that the states he re-
ceived were not actually influenced by Alice’s measurement.
On the other hand, if the expression is false, Bob refers to
such an assemblage as steerable, which implies that the state
he received was actually influenced by Alice’s measurement.
Similar to the concept of quantum space-like steering robust-
ness, the scenario can be extended to quantum TS robustness
R({O';F‘x(t)}). By determining the amount of noise that needs

to be added to a given temporal assemblage {GuT|x (¢)} in order

for it to satisfy a local hidden state model, the quantum TS ro-
bustness of a temporal assemblage {G;F‘X(I)} can be defined as
follows: 4]

N Galx( )+VT ‘)C
min Vv s.t.———
O I+v

alx’

= ZD alx,A)o;, Va,x
A

(o}

T €N, 03 >0VA. (14)

Here, V is any subset of assemblages characterised by positive
semi-definite constraints and linear matrix inequalities. Then,
we can take the temporal steering robustness Rtg as a measure
of steerability of the temporal assemblage {G;rlx (1)}

“@ | Pas ak '-/QT
Bob

Alice Cll

@ A(Ua\z(o))
— Mm -0 (¥
Oz (O) {UZW} F

Bob

a

Fig. 1. (a) Sketch of quantum steering from Alice to Bob, in which psp
represents the shared state. (b) Sketch of quantum TS. Firstly, Alice take a
measurement M, on the initial state po. Then, pp is mapped to o, (0) and
sent into a quantum channel A. Finally, Bob receives the assemblage {G;F‘X}
at time 7.

4. Results and discussion

We begin the quantitative analysis by examining the time
evolution of TS under a weak coupling regime (A = 37), as
shown in Fig. 2. We consider various values of the modulation
frequency €2 while keeping a constant modulation amplitude
of 6 = 10y. Additionally, we compare this evolution to the
case where the external driving is turned off (6 = 0), which
leads to the disappearance of TS at time #y. As observed, the
behavior of TS depends on the parameter £ under the given
condition for 8. For smaller values of Q (e.g., Q = 0.001y
or 0.1y), TS persists for longer durations than 7. However,
frequency modulation does not positively impact the TS for a
larger modulation frequency, such as £ > 100y. As in these
cases, TS does not survive longer than those without frequency
modulation. For instance, the orange-dash line (correspond-
ing to the case 2 = 1007) overlaps with the black-solid one.
Notably, TS exhibits oscillatory behavior in its dynamics for
specific modulation frequencies (e.g., 2 = 1.0y or 5.0y), in-
dicating the presence of non-Markovian effects even under a

weak coupling regime.>"!
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— =001y
—o0=01y %
---Q=10y

. ---Q=5 0.04
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0.2 1

0 5 10 15 20

Fig. 2. Main: temporal steering robust Rg as a function of scaled time yr
for different values of the modulation frequency £2. The values of other pa-
rameters are: § = 10y, A = 3y (weak coupling). Insert: temporal steering
robust power PR as a function of modulation frequency £2. Hereafter, solid
black line corresponds to the situation in which frequency modulation is off,
ie., 6 =0.0.

To highlight the effect of the frequency modulation pa-
rameter 2 on TS, we take a strategy to calculate the TS power
Pr as follows:

1 B

BR:=—=

=7 )y Rs(r)dr. (15)

Here, Pr represents the average value of Rg throughout evo-
lution 7;,. Consequently, it effectively considers the effects of
time evolution on Rs. This means that the characterization
of frequency modulation will have a more prominent role in
the TS. In the insert of Fig. 2, we have included a plot show-
ing the relationship between Pr and the modulation frequency
parameter 2. The results generally show that the robustness
power of TS, Pr, becomes more significant as €2 decreases,
especially in the weak coupling regime. This indicates that
frequency modulation can enhance the TS of the two-level
system, both in the Markovian and non-Markovian regions.
Interestingly, we observe a local maximum for Pr at around
Q ~ 4.167, which corresponds to the first zero of the Bessel
function Jo(6/Q).

As shown above, the behavior of TS is dependent on the
modulation frequency 2 for a fixed modulation strength §.
Figures 3(a)-3(c) illustrate a family of TS concerning y¢ un-
der different values of & while considering varying modula-
tion frequencies €2 such as 0.1y, 1.0y, and 5.0y. The common
feature observed in Figs. 3(a)-3(c) is that TS becomes more
significant as the modulation strength § increases, while the
modulation frequency €2 remains fixed. However, the impact
of modulation strength on TS varies depending on . For
example, in Fig. 3(a), where Q2 = 0.17, TS only marginally
increases with an increasing 8, and the dynamics of TS ex-
hibit a monotonous behavior. On the other hand, in Fig. 3(c),
where 2 = 57, TS experiences a significant increase with a
more considerable modulation strength &, and the TS dynam-

ics are accompanied by rapid and minor oscillations. In the

case of Q = 1.07, as shown in Fig. 3(b), TS increases with a
larger 6 and is accompanied by significant oscillations.

(a) 0.07
Q=0.1y
& 0.06
0.2 1
0.05
o
0 1.0 2.0
0
0.1 1
0 T T : ;
0 1 2 3 4 5
vt
o
20
4 5
o

vt
Fig. 3. Main: temporal steering robust Rs as a function of scaled time yr
for different values of the modulation strength: & = 2.4048Q (red line),
8 = 5.5201Q (orange line), 6§ = 8.6537Q (yellow line), 6 = 11.7915Q
(green line), § = 14.9309 (blue line), and 6 = 18.0711L2 (violet line). In-
sert: temporal steering robust power Pr as a function of modulation strength
§. In panels (a), (b), and (c), the modulation frequency € are taken 0.17,
1.0y, and 5.0y respectively. Here, A = 3y.

To explain the above behavior of TS qualitatively, two
quantities (i.e., frequency shift s(¢) and decoherence rate & (¢))
are calculated as
s(t) = —Im g , &()=-Re g . (16)
When the frequency modulation is absent (e.g., § = 0, the
black solid line shown in Fig. 4(a)), there is no frequency shift;
however, the frequency shift would emerge with the presence
of frequency modulation (e.g., § # 0), the red cross, yellow
circle, and olive star shown in Fig. 4(a). A positive & (¢) value,
e.g., the black solid line and the olive star shown in Fig. 4(a),

implies a unidirectional flow of information from the system to

050306-4



Chin. Phys. B 33, 050306 (2024)

the environment, which means that the process is Markovian.
On the other hand, negative &(r) values suggest the emer-
gence of information backaction from the environment, e.g.,
the red cross, yellow circle shown in Fig. 4(a). At this stage,
we can also quantitatively calculate the non-Markovianity to
determine whether the TS protection is connected to memory
effects. To do so, we adopt the measure proposed by Breuer et

al., which can be expressed as>?!
N = max drolt,p12(0)]. 17)
p12(0) />0

The maximization run over all the possible pairs of ini-
tial density matrices. Furthermore, one can obtain the non-

Markovianility as>!

1

Ty
v=3| [ o@neeizami-1]. as
(a) ++++*++++***+++
D +

051 4% +++++
%+*++ %

= +*++*+§
> 0 #
“ ++++++t$'
a v

—0.5 1 f: e

e o ¥
e 2 P

-
+ +
L

—0.2 0 0.2 0.4 0.6 0.8 1.0
&)

0.2 1

< 0.1 4

Fig. 4. (a) In the weak coupling regime (A = 37), time evolution of fre-
quency shift s(¢) and decoherence rate &(r) for different values of mod-
ulation frequency: 2 = 1.0y (red cross), 2 = 4.0y (yellow circle), and
Q = 8.07 (olive star). Here, 8 = 10y. (b) Non-Markovian N as a function
of Q, with a red solid line representing the weak coupling regime (labeled
on the left Y axis), and 8 in the strong coupling regime shown as an olive
dash line (labeled on the right Y axis, with parameters Q = 1.0y, A =0.1y.

In the weak coupling regime (A = 3%), we plot the de-
gree of non-Markovianity (V) as a function of modulation fre-
quency () with a fixed modulation amplitude of 6 = 107,
as shown in Fig. 4(b). The plot reveals that there is no mem-
ory effect for minor modulation frequencies (e.g., 2 < 0.57)
or larger ones (e.g., 2 > 7.0y). However, frequency modu-
lation can induce weak non-Markovian features in the weak-

coupling regime for intermediate values of 2 (e.g., 2 = 1.0y

or 5.07).5% This justifies the presence of oscillations in the
time evolution of the TS for 2 = 1.0y and Q = 5.0y (refer to
Fig. 2). Furthermore, these findings are consistent with those
shown in Fig. 4(a). Overall, these results suggest no direct re-
lationship between non-Markovian and the promotion of TS
in the weak coupling regime.

- - - =Q=10710p~.02
..... Q=050y o
Q=100 0.1
o4 3R =15.00y
el
TN 0
Ty o102 100 100 10!
E

:
:
!
)
e o
014 %7 T
L
:
:
A

b
0.2-3-"

N

0 20 40 60 80 100
vt

Fig. 5. (a) Temporal steering robust Rg as a function of scaled time ¥t for

different values of the modulation frequency Q. The values of other param-

eters are: 6 = 2.4048Q, A = 0.1y. (b) Temporal steering robustness power

Pr as a function of modulation frequency Q.

Another topic for analysis is the dynamics of TS in the
strong coupling regime, precisely when A = 0.1y. In this
regime, Rs behavior becomes more complex than the weak
coupling regime. Figure 5 illustrates the evolution of Rg as a
function of y¢ under various modulation frequencies 2, with
modulation strength & = 2.4048. This value corresponds to
the first zero of the zeroth Bessel function Jo(0/2). For mi-
nor modulation frequencies such as 2 =0.01y, Q2 =0.17, and
£ =0.57, an increasing (2 leads to significant TS with notice-
able oscillations. Interestingly, the shot-dash purple line, cor-
responding to 2 = 0.017, almost overlaps with the black-solid
line. However, as the modulation frequency increases, the os-
cillatory behavior of Rg decreases. This can be observed in the
olive-dash-dot line (2 = 1.0y) and the yellow-dash-dot-dot
line (2 = 5.07y) in Fig. 5. Moreover, TS persists for a longer
duration when the modulation frequency is more significant,
compared to the case of a minor modulation frequency Q.
Furthermore, Rg decays slower as the modulation frequency
Q increases. The insert in Fig. 5 shows the Pr plot as a func-
tion of the modulation frequency 2. The results indicate that
the temporal steering robustness power Pr becomes more sig-
nificant with increasing . In other words, the modulation
frequency can enhance TS in the two-level system under the
strong coupling regime. To gain a more comprehensive un-
derstanding of the effective TS protection, we have depicted
the time-dependent decay rate & (r) for various values of Q in
Fig. 6. The plots reveal that the decay rate can assume neg-
ative values during certain time intervals, indicating the co-

herent backaction from the environment and non-Markovian

050306-5
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characteristics. Despite the increasing frequency, the oscilla-
tion amplitude of the decay rate decreases significantly for a
high modulation frequency £2. These findings suggest that the
prolonged preservation of TS mainly stems from the suppres-
sion of the decay rate & (¢) of the qubit.

03] p® 2=05
o/\mwwvwww

02] ©e=10p

0 /\/\N\MNWMNMNMMMNWMN
—0.2
0.04 (d) Q=5.0y

(a) 2=0.1y

¢
|

—0.04

0 20 40 60 80 100
vt

Fig. 6. Decoherence rate (1) as a function of scaled time y¢ for dif-
ferent values of the modulation frequency: (a) 2 = 0.1y, (b) 2 = 0.57,
(c) 2 = 1.0y, and (d) 2 = 5.0y. Other parameters are those of Fig. 5, that
is, 6 =2.4048Q, and A =0.1y.

Figure 7 illustrates the dynamics of TS as a function of
the scaled time 7r in the strong coupling regime (A = 0.17)
with different modulation amplitudes & for several values of
the modulation frequency: (a) 2 =0.17, (b) 2 = 1.07, and (c)
Q =5.0y. A common feature in Figs. 7(a)-7(c) is that TS be-
comes more significant as the modulation strength J increases,
while the modulation frequency € remains fixed. However,
the impact of modulation strength on TS varies significantly
depending on Q. For example, in Fig. 7(a), where Q2 = 0.17,
TS sustained increases with an increasing &, accompanied by
intense oscillations. This is supported by the curve for Pr con-
cerning 6 in the insert. On the other hand, in Fig. 7(c), where
Q =57, TS experiences a significant increase when the ratio
of amplitude and frequency of modulation (6 /€) is intention-
ally tuned to all zeroes of the 0-th Bessel function Jo(5/£)
(e.g., 0 = 2.4048Q (blue dot-dash line), 5.5201 (orange
dash line), and 8.6537€2 (red dot line)) when compared with
the case where 6/Q does not meet those non-trivial points
(e.g., those solid lines). The curve of Pr ~ & in the insert
highlights this result. It is worth mentioning that Morteza-
pour et al. have argued that the optimal coherence preserva-
tion, controlled by qubit frequency modulation, occurs only
when the conditions § = 2.4048Q and Q = 5.0y are met.[4%]
However, our results suggest that the TS can be significantly
maintained for all zeroes of the 0-th Bessel function Jo(8/€)
under such circumstances. As a comparison, we also demon-
strate the TS as a y¢ function with different 6 for Q = 1.0y,

as shown in Fig. 7(b). Remarkably, it can be easily observed

that an appropriate frequency modulation ratio of 0/ can
also safeguard the TS from decoherence, particularly for the
higher-order zeroes of the 0-th Bessel function Jo(6/2). Ad-
ditionally, we find that the high TS protection found above is
ultimately linked to strong memory effects by comparing with
the degree of non-Markovianity (shown in Fig. 4(b)) and the
TS power (shown in Figs. 7(b) and 7(c)).
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Fig. 7. Main: temporal steering robust Rg as a function of scaled time yr
for different values of the modulation strength. Insert: temporal steering
robust power PR as a function of modulation strength 8. In panel (a), the
modulation strength § take the 1-st-6-th zeros of the Jo(6/£2). In panels (b)
and (c), the sold line for red, blue, and olive corresponding to modulation
strength & being equal to 1.0, 4.0Q, and 7.0€2, respectively; the dash or
dot lines corresponding to the 1-st-3-rd zeroes of the Jo(5/£).

S. Summary

We have conducted a theoretical investigation into the TS
evolution of a qubit coupled to a zero-temperature reservoir,
focusing on the influence of frequency modulation. Our de-
tailed analysis revealed that carefully chosen modulation pa-
rameters, such as 6 and €, can greatly enhance the qubit’s TS
in weak and strong coupling regimes. By quantitatively eval-

uating the power of the TS, we have demonstrated the signif-
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icant improvements achieved through frequency modulation.
These findings offer valuable insights for modifying and en-
hancing the TS in the presence of decoherence. Additionally,
our numerical results have indicated that the best preservation
of TS can be achieved by adjusting the ratio 6 /Q according to
the zeroes of the 0-th Bessel function Jo(8/€2). These optimal
modulation parameters have proven instrumental in enabling
the qubit’s TS to persist for extended periods, even in the face
of detrimental environmental noise. By analyzing the non-
Markovianity, we show that the long-time preservation of TS
is directly linked to the memory effect in the strong coupling

regime.
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