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We study the above-threshold ionization (ATI) process of atoms exposed to fundamental and high-frequency lasers
with arbitrary ellipticity by applying the frequency-domain theory. It is found that the angular-resolved ATI spectrum is
sensitive to ellipticities of two lasers and emitted angles of the photoelectron. Particularly for the photon energy of the high-
frequency laser more than atomic ionization potential, the width of plateau tends to a constant with increasing ellipticity
of fundamental field, the dip structure disappears with increasing ellipticity of the high-frequency field. With the help of
the quantum channel analysis, it is shown that the angular distribution depends mainly on the ellipticity of high-frequency
field in the case that its frequency is high. Moreover, one can see that the maximal and minimal energies in quantum
numerical results are in good agreement with the classical prediction. Our investigation may provide theoretical support for
experimental research on polarization control of ionization in elliptically polarized two-color laser fields.

Keywords: above-threshold ionization, two-color laser, polarization control
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1. Introduction
When an atomic or molecular system is exposed to an

intense laser, it may absorb more laser-field photons than
the minimum number required for ionization, which is called
above-threshold ionization (ATI). This process as one of the
most fundamental strong-field phenomena has attracted con-
siderable attention in both experimental and theoretical studies
(for some reviews, see, e.g., Refs. [1,2]) since its first observa-
tion by Agostini et al.[3] Because of their great contribution to
attosecond science, P. Agostini won the Nobel Prize in Physics
in 2023. The ATI is governed by the laser field and Coulomb
potential, thus the photoelectron spectrum can be in favor to
extract either information about the laser field itself,[4–7] or
about the structure of the target.[8–10]

Over the past decade, it has been proved that the ATI pro-
cess can be controlled by a tailored laser.[9,11] In contrast to
the case of a monochromatic field, two-color laser field has
been extensively used to offer significant additional degrees
of freedom for manipulation in ionization process. Generally,
a phase-controlled two-color laser pulse was used to control
the transition dynamic of target.[12–14] The manipulation of the

wave packets could be achieved by the orthogonally polarized
two-color laser fields.[15,16] Compared with linearly polarized
laser fields, elliptically polarized laser fields provided more
dimensions for altering and further controling the motion of
electron wave packets in ionization process.[17,18] The bicircu-
lar ATI from atom or molecule was explored.[19–21] Electron-
ion radiative recombination assisted by a bichromatic ellipti-
cally polarized laser field was investigated.[22]

It is well-known that the high-order harmonic genera-
tion or free-electron laser radiation provides an ideal light
source for producing extreme ultraviolet (XUV) laser.[23–25]

It has been proved that the ionization channel of atom via
two-photon absorption can be effectively controlled by the el-
liptically polarized XUV lasers[26] and biharmonic (ω + 2ω)
fields.[27] These results may show the feasibility of polariza-
tion control on ionization process by laser ellipticity. It is no-
ticed that XUV laser, together with an additional infrared (IR)
laser, allows ionization of atoms or molecules. The polariza-
tion state of the two lasers can always be achieved by con-
trolling from linear to elliptical polarization.[28–30] The photo-
electron spectrum of atom in the IR+XUV fields with the same
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linearly polarized directions shows a sideband,[30] which can
decouple rich information of target and laser.[31,32] Further, it
is reported that the angular distribution obviously depends on
polarization directions of IR and XUV lasers in the experimen-
tal aspect.[33,34]

To the best of our knowledge, it is noticed that the above
ionization phenomenon occurs almost in the interaction of
atom or molecule with the linearly polarized two-color lasers,
while the ATI process under IR+XUV fields with arbitrary
ellipticity is comparatively less studied. In this paper, we
will discuss the ATI process in elliptically polarized funda-
mental and high-frequency lasers, by applying the frequency-
domain theory based on the nonperturbative quantum electro-
dynamics theoretical approach.[35] The frequency-domain the-
ory was developed to study the ATI in 1989,[36] and then was
extended to discuss the high-harmonic generation,[37] high-
order ATI[38,39] and nonsequential double ionization[40–42]

processes. Further, the relationship between the time-domain
and frequency-domain theories in strong-field physics was
demonstrated.[43] Recently, we used this theory to study the
angular-resolved ATI spectrum in the orthogonally polarized
IR+XUV lasers, and the ATI spectrum shows the dip struc-
ture in different plateau, which is attributed to the relation of
absorbing XUV photons and polarization direction of XUV
laser.[44] It was demonstrated that the ATI spectrum can be
effectively controlled by changing polarization directions of
linearly polarized lasers.[45] In this work, we first show the ef-
fects of the ellipticities of the two lasers on angular-resolved
ATI spectrum. Then with the help of the channel analysis,
multiplateau formation is revealed. Finally, the saddle-point
approximation is used, the energy orbit in the elliptically po-
larized two-color lasers is obtained and well predicts the width
of each plateau. This result indicates the ATI process can be
effectively controlled by ellipticity of lasers.

This paper is organized as follows. We give an overview
of the theoretical method in Section 2. Next we discuss the
influence of the elliptically polarized fundamental and high-
frequency lasers on angular-resolved ATI spectrum in Sec-
tion 3. Finally, in Section 4, a summary of this work is pro-
vided. Atomic units are used throughout unless otherwise
stated.

2. Theoretical method
The frequency-domain theory of ATI process for atoms

illuminated by a two-color laser has been explored,[35,46,47]

where the strong-field approximation[48,49] is used. The inter-
action of atoms and lasers can be viewed as an isolated system,
thus the energy conservation of this system is satisfied during
the total transition process. The transition matrix of the whole
system from the initial state ψi to the final state ψf can be writ-
ten as[35,39]

Tfi = ⟨ψf|V |ψi⟩+ ⟨ψf|U
1

Ei −H + iε
V |ψi⟩. (1)

In the above, the first and second terms represent the direct and
rescattering ATI processes, respectively. Therefore, the transi-
tion matrix can be expressed as Tfi = Td +Tr, where Td repre-
sents the direct transition of the electron from the initial state
to the final state, and Tr represents the rescattering process
where the electron recollides with the core after it is ionized
by the laser field from the initial state. The Hamiltonian H =

H0+U(𝑟)+V with the free-electron and free-photon operator
H0, the atomic binding potential U(𝑟) and the electron–photon
interaction V = −∑t=1,2[(−i∇) ·𝐴t(−𝑘t · 𝑟)+𝐴t(−𝑘t · 𝑟) ·
(−i∇)]/2 + [∑t=1,2𝐴t(−𝑘t · 𝑟)]2/2. Here the vector po-
tential is given by 𝐴t(−𝑘t · 𝑟) = (2Vet ωt)

−1/2(ε̂t e𝑘t ·𝑟at +

ε̂*t e−𝑘t ·𝑟a†
t ), where 𝑘t is the wave vector, Vet is the normal-

ization volume of the photon field, and ωt is laser frequency
for t = 1 or 2. The polarization vector of the laser field is
expressed by ε̂t = x̂cos(ξt/2) + iŷsin(ξt/2). The ellipticity
is defined as ηt = tan(ξt/2), which monitors the degree of
polarization, such that ηt = 0 corresponds to linear polariza-
tion, ηt = 1.0 corresponds to circular polarization, and the
open interval (0,1.0) corresponds to the elliptical polariza-
tion. In Eq. (1) the initial state of the system can be ex-
pressed by |ψi⟩ = φi(𝑟)⊗ |n1⟩ ⊗ |n2⟩ with the energy Ei =

−Ip +∑t=1,2(nt +1/2)ωt , φi(𝑟) is the ground-state wavefunc-
tion of the atom, Ip is the ionization threshold, and |nt⟩ is the
Fock state of the laser with the photon number nt . The final
state |ψf⟩ = |ψ𝑝f,m1m2(𝑟)⟩ is the quantized-field Volkov state
in the two-color laser field[35]

|Ψ𝑝f,m1m2(𝑟)⟩ = V−1/2
e

∞

∑
j1=−m1
j2=−m2

exp
{

i
[
𝑝f +(up1 − j1)𝑘1

+(up2 − j2)𝑘2

]
·𝑟
}

×𝒳 j1 j2(zf)
*|m1 + j1,m2 + j2⟩, (2)

with the energy Ef = 𝑝2
f /2 + ∑t=1,2

[
(nt +1/2)ωt +upt ωt

]
.

Here 𝑝f is the final momentum of the ionized electron, and
upt is calculated by the ponderomotive energy Upt in units of
frequency ωt . mt is the number of background photons. The
generalized phased Bessel function 𝒳 j1 j2(zf) in Eq. (2) is ex-
pressed by[35]

𝒳 j1 j2(zf) = ∑
j3 j4 j5 j6

X− j1+2 j3+ j5+ j6(z1)X− j2+2 j4+ j5− j6(z2)

×X− j3(z3)X− j4(z4)X− j5(z5)X− j6(z6), (3)

where six arguments are always complex and defined as z1 =

2
√

up1/ω1𝑝f · ε̂1, z2 = 2
√

up2/ω2𝑝f · ε̂2, z3 = up1/2ε̂1 · ε̂1,
z4 = up2/2ε̂2 · ε̂2, z5 = 2√up1ω1up2ω2/(ω1 +ω2)ε̂1 · ε̂2, and
z6 = 2√up1ω1up2ω2/|ω1 − ω2|ε̂1 · ε̂*2. The phased Bessel
function Xm(z) has been discussed[50] and is given by Xm(z) =
Jm(|z|)e imϑ with z = |z|e iϑ , Jm(|z|) is the ordinary Bessel
function of order m.

In this work, it is assumed that the fundamental field with
frequency ω1 is the IR laser and the second one with frequency
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ω2 is the high-frequency laser. Since ω2 is much larger than
ω1, the contribution of the rescattering process in Eq. (1) to
ATI process is much smaller than that of the direct process
under the condition of our present computational parameters,
thus we only consider the direct ATI process in the following.
Using the initial and final states in Eq. (2), the first term in
Eq. (1) can be rewritten as[35,47]

𝑇d =V−1/2
e [(up1 − s1)ω1 +(up2 − s2)ω2]𝒳s1s2(Zf)Φ(𝑝f), (4)

where s1 and s2 are the photon numbers absorbed from the
two laser fields with frequencies ω1 and ω2, respectively.
In the above, Φ(𝑝f) is Fourier transformation of φi(𝑟), and
can be expressed by Φ(𝑝f) = (4π/α)3/4 exp[−(𝑝2

f /2α)] with
α = 2Ip.[43] The ionization rate is given by[35]

dW
dΩ

=
Ve

(2π)2

∫
∞

0
𝑝2

f d|𝑝f||Td|22πδ (Ef −Ei) , (5)

where dΩ𝑝f = sinθf dθf dϕf is the differential solid angle of
the ionized electron with the momentum 𝑝f, θf and ϕf are its
polar and azimuthal angles. In this theory, a Fock state is taken
as the state of the laser field. Although a coherent state is more
appropriate for describing the laser field, it will not affect our
results.[43]

3. Results and discussion
In this section, we only consider the direct ATI process

of hydrogen atoms in elliptically polarized fundamental and
high-frequency lasers, where the polarization direction is in
the xoy plane, as shown in Fig. 1. The ionization probability
is only considered in the polarization plane, and the ioniza-
tion along the z-axis is neglected. Here the fundamental field
is IR laser with wavelength λ1 = 1064 nm corresponding to
the frequency ω1 = 1.16 eV, the intensities of both two lasers
are I1 = I2 = 1.0× 1012 W/cm2. Under the present parame-
ters of lasers, the ionization probability of rescattering process
is much lower than that of direct ionization, hence the contri-
bution of rescattering process to total ionization can be neg-
ligible. The emitted angle of photoelectron is defined by the
azimuthal direction ϕf between the emission direction of the
ionized electron and the x axis in the following text.

Fig. 1. Coordinate system of hydrogen atom upon photoelectron emis-
sion. The solid (red) and dash (violet) lines represent the vector poten-
tials of fundamental and high-frequency lasers, where their polarization
directions are in the xoy plane, i.e., θf = π/2, and ϕf represents the angle
between the emission direction of the photoelectron and the x axis.

3.1. ATI spectrum and channel analysis

We now consider the influence of the ellipticity of the fun-
damental laser on the ATI process. Figure 2 shows the angular-
resolved ATI spectra for ω2 = 3ω1 ((a1)–(d1)), 7ω1 ((a2)–
(d2)), 15ω1 ((a3)–(d3)), 25ω1 ((a4)–(d4)) and for elliptici-
ties η1 = 0 ((a1)–(a4)), 0.27 ((b1)–(b4)), 0.58 ((c1)–(c4)) and
1.0 ((d1)–(d4)), where η2 = 0. In Fig. 2(a1), the ionized elec-
tron is mainly distributed in the lower-energy regions, and
the photoelectron energy is larger and its distribution is wider
when electron is emitted along the x axis (i.e., ϕf = 0∘ or 180∘)
than other emitted angles, while the ionization probabilities
around ϕf = 60∘ or 120∘ are higher. From Figs. 2(a1)–2(d1),
one can see that the distributions of the photoelectron energy
change as the increase of ellipticity η1. Especially for the IR
laser being circularly polarized η1 = 1.0, the ionization prob-
abilities around ϕf = 90∘ increase. As shown in Figs. 2(a2)–
2(d2), for ω2 = 7ω1, the angular-resolved ATI spectrum shows
the higher- and lower-energy parts, where the probabilities of
the lower-energy parts are much higher than that of the higher-
energy parts, and the distributions of angular-resolved ATI
spectra change with increasing η1. It is further found that the
number of the dip structures in the higher-energy parts is more
than that in the lower-energy parts. As shown in Figs. 2(a3)–
2(d3) and 2(a4)–2(d4), where the photon energies of the high-
frequency lasers are much higher than the ionization potential,
there are two plateaus in the angular-resolved ATI spectra for
any η1, where the ionization probability of the first plateau is
much larger than that of the second plateau. It is also seen that
the dip structures in each plateau appear, where there are two
dip structures in the second plateau and one structure in the
first plateau. The dip structure for ϕf = 0 is attributed to the
fact that the electron cannot absorb one XUV photon when its
emission direction is perpendicular to the XUV laser polariza-
tion, and other dip structures are caused by the coherent results
of different channels.[44,45] The energy width of each plateau,
defined as the difference between the maximum and minimum
energies of corresponding plateau, is sensitive to the emitted
angle ϕf when η1 < 1.0. Moreover, no matter what the emit-
ted angle ϕf is, the energy width of each plateau tends to be the
same with the increase of η1, and the difference of the ioniza-
tion probabilities of two adjacent plateaus increases with ω2.
The above results indicate that the ATI spectrum is sensitive to
the ellipticity η1 of the fundamental field and emitted angle.

To consider the effect of the ellipticity of the high-
frequency laser on ionization process, Fig. 3 shows the
angular-resolved ATI spectra for ω2 = 3ω1 ((a1)–(c1)),
7ω1 ((a2)–(c2)), 15ω1 ((a3)–(c3)), 25ω1 ((a4)–(c4)) and for
η2 = 0.27 ((a1)–(a4)), 0.58 ((b1)–(b4)), 1.0 ((c1)–(c4)), where
IR laser is linearly polarized, i.e., η1 = 0. From Figs. 3(a1)
to 3(c1), one can see that distributions of the angular-
resolved ATI spectra also depend on the ellipticity η2, and the
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Fig. 2. The angular-resolved ATI spectra for ω2 = 3ω1 ((a1)–(d1)), 7ω1 ((a2)–(d2)), 15ω1 ((a3)–(d3)) and 25ω1 ((a4)–(d4)). Here panels (a1)–
(a4), (b1)–(b4), (c1)–(c4) and (d1)–(d4) correspond separately to η1 = 0, 0.27, 0.58 and 1.0, as well as η2 = 0. The emitted angle is defined as
the angle between the x axis and the emission direction of the ionized electron. In logarithmic scale.
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ionization probabilities obviously decrease with the increase
of η2, especially for the emitted angle along the x axis. For
ω2 = 7ω1, it is found that the distributions of the lower-energy
parts become gradually continuous with the increase of η2,
and the dip structure disappears in Figs. 3(b2) and 3(c2); while
there are no evident differences for the distributions of the
higher-energy parts with change of the emitted angle, where
the energy width for ϕf = 0∘ or 180∘ is the largest and the en-
ergy width for ϕf = 90∘ is the narrowest. For ω2 = 15ω1 and
ω2 = 25ω1, the distributions of each plateau are nearly iden-
tical for any η2. It is noticed that there are no dip structures
in the angular-resolved ATI spectra, as shown in Figs. 3(a3)–
3(c3) and 3(a4)–3(c4), which is different from results shown
in Fig. 2. Therefore, it is included that when ω2 is much more
than the ionization potential, the ATI spectrum is independent
on the ellipticity η2 of the high-frequency laser and only de-
pends on the emitted angle ϕf, and dip structure disappears;
otherwise the ATI spectrum is determined by η2 and ϕf.

To uncover the multiplateau formation of the ATI spec-
trum, the channel may be defined by s2, which represents
the number of photons absorbed by electron from the high-
frequency laser. Figure 4 shows the ATI spectrum of different
channels. In Fig. 4(a), one can see that the ATI spectra are at-
tributed to the quantum interference between many channels,
where channels s2 = 3, 4 and 5 make major contributions to
the ATI process. From Figs. 4(b) to 4(d), it is found that the
contributions from different channels to the ATI process can
be separated gradually with the increase of ω2, and the inter-
ference of these channels decreases. Thus the ATI spectrum
shows the multiplateau structure, and the difference of height
between neighbouring plateau increases with ω2. Further, by
comparing Fig. 4 with Fig. 2 or Fig. 3, it can be seen that
each plateau in the angular-resolved ATI spectrum is from the
contribution of certain channels when ω2 is higher. For ex-
ample, the first and second plateaus in Figs. 2(a2)–2(d2) or
Figs. 3(a2)–3(c2) correspond to the contributions of channels
s2 = 2 and s2 = 3 that electron absorbs two and three photons
from the high-frequency laser, respectively. When ω2 ≥ 15ω1,
the first and second plateaus in angular-resolved ATI spectra
come separately from the contributions of the channels s2 = 1
and s2 = 2.

Figure 5 shows the angular distributions of different chan-
nels for ω2 = 3ω1 under the conditions of different laser ellip-
ticities. For η1 = η2 = 0, the ionization probability around the
emitted angle ϕf = 60∘ or 120∘ is mainly from the contribu-
tion from the channel s2 = 4, and the higher-energy photoelec-
tron, especially for that along the x axis, is due to the channel
s2 = 5. Further, it is clearly seen that with the increase of η1,
the ionization probability of channel s2 = 4 along the y axis is
enhanced, while there are little changes in the higher-energy
distributions for channel s2 = 5, as illustrated in Figs. 5(b1)
and 5(c1), respectively. These results may be in favor to un-
derstand the photoelectron distributions shown in Figs. 2(a1)–

2(d1). On the other hand, from Figs. 5(a2)–5(c2), one can see
that the ionization probability dramatically decreases and the
angular distribution also changes obviously with the increase
of η2 for these three channels, which are different from the
result shown in Figs. 5(a1)–5(c1).
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tron from the high-frequency laser, and the emitted angle is along the x
axis, and η1 = 0.27, η2 = 0.
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Here Fig. 6 depicts the angular distributions of different
channels for ω2 = 7ω1 ((a1)–(d1)) and ω2 = 25ω1 ((a2)–(d2)).
One can see that no matter how η1 is taken in Figs. 6(a1), 6(b1)
and 6(a2), 6(b2), the angular distributions have little changes
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and keep the same characteristics. By contrast, in Figs. 6(c1),
6(d1) and 6(c2), 6(d2), the angular distributions change sig-
nificantly with η2. In Fig. 6(c1), the ionization probability of
channel s2 = 2 along the y axis is dominant for η1 = η2 = 0,
which forms the main lobes, and jet structures appear between
the main lobes; the probability along the y axis decreases as
the increase of η2, the probability along the x axis increases,
and the jet structure disappears, which may give rise to the
isotropic characteristics for η2 = 1.0. In Fig. 6(d1), the proba-
bility distribution of channel s2 = 3 is opposite to that of chan-
nel s2 = 2. The formations of main lobes and jet structures

are related to the absorbing photons from the high-frequency
laser.[45] For ω2 = 25ω1, the angular distributions of channel
s2 = 1 along the x and y axes separately decrease and increase
with the increase of η2, and show the isotropic characteristic
for η2 = 1.0, which is the same as that of channel s2 = 2. Par-
ticularly for both linearly polarized lasers, the angular distribu-
tions of the two channels show the main peaks along the x axis.
This result is consistent with the one-photon and two-photon
ionizations in both recent experiments[34,51] and calculation
of solving the full dimensional time-dependent Schrödinger
equation.[52]
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Fig. 6. The angular distributions of different channels for ω2 =7ω1 ((a1)–(d1)) and 25ω1 ((a2)–(d2)), where the dash-dotted (black), dashed
(red) and solid (blue) lines in the top row denote η1 = 0, 0.58 and 1.0, respectively; the dash-dotted (magenta), dashed (orange) and solid (olive)
lines in the bottom row denote η2 = 0, 0.58 and 1.0, respectively.

3.2. Saddle-point approximation and energy orbit

Despite the angular-resolved ATI spectrum shows the
complex interference information of atom absorbing photons
from the different channels, the spectrum characteristic is de-
termined by the generalized phased Bessel function 𝒳 j1 j2(zf)

in Eq. (3). In the present laser parameters, the coupling effect
between two lasers can be ignored, thus the generalized phased
Bessel function 𝒳 j1 j2(zf) can be approximated by the phased
Bessel function 𝒳 j1 j2(zf) ≈ X−s1(z1,z3)X−s2(z2,z4), where
X−s1(z1,z3) = ∑

j3
X−s1+2 j3(z1)X− j3(z3) and X−s2(z2,z4) =

∑
j4

X−s2+2 j4(z2)X− j4(z4). Here it is easily found that the phased

Bessel functions X−s1(z1,z3) and X−s2(z2,z4) are separately re-
lated to the IR and high-frequency lasers. Thus the features of
ATI spectrum based on X−s1(z1,z3) may be controlled by IR
laser, and the information based on X−s2(z2,z4) is determined
by XUV laser. Especially, when ω2 is much more than ω1,
the spectral characteristic may be caused by X−s1(z1,z3) with
a weight given by X−s2(z2,z4).[45]

In the following, we will discuss the effect of an el-
liptically polarized IR laser on the spectrum with the help
of the strong-field approximation.[53] Here the IR laser can

be viewed as the classical field, and the vector potential

can be defined as 𝐴1(ω1t) = x̂E10/(ω1

√
1+η2

1 )cos(ω1t)−

ŷE10η1/(ω1

√
1+η2

1 )sin(ω1t), where E10 is the electric field
strength, x̂ and ŷ are the unit polarization vectors in the x and
y directions. In order to analyze the phased Bessel function
X−s1(z1,z3) for a certain channel, the explicit integral repre-
sentation of two-variable phased Bessel function in the fol-
lowing appendix can be written as

X−s1(z1,z3) =
1
T1

∫ T1

−T1

dt exp
{

i|z1|sin [ω1t + arg(z1)]

+i|z3|sin [2ω1t + arg(z3)]+ is1ω1t
}
, (6)

with T1 = 2π/ω1. On the other hand, the classical action of an
electron in an elliptically polarized IR laser field is

Scl(𝑝f, t) =
∫ t

0

(𝑝f +𝐴1)
2

2
dt

=
p2

2
t +Up1t + |z1|sin [ω1t + arg(z1)]

+|z3|sin(2ω1t). (7)
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Comparing Eq. (6) with Eq. (7), and using the energy conser-
vation of the initial and final states during the transition pro-
cess, the phased Bessel function Eq. (6) can be rewritten as

X−s1(z1,z3) =
1
T1

∫ T1

−T1

dt exp
{

i
[
Scl(𝑝f, t)−

(
s2ω2 − Ip

)
t
]}

.

(8)

By applying the saddle-point approximation,[53] the func-
tion X−s1(z1,z3) can be approximated by X−s1(z1,z3) =

4
√

π/
[
T1
√

f ′′(t0)
]

cos [ f (t)−π/4]. Here t0 is a saddle point

satisfying f ′
θ=ω1t0

(θ) = 0, which gives rise to the energy con-
servation relationship

[𝑝f +𝐴1(θ)]
2

2
= s2ω2 − Ip. (9)

Thus the momentum of the ionized electron is obtained as fol-
lows:

𝑝f(ϕf,θ) =

√
2(s2ω2 − Ip)−A2

1 (cosθ sinϕf +η1 sinθ cosϕf)
2

−A1 (cosϕf cosθ −η1 sinϕf sinθ) , (10)

where A1 = E10/
(

ω1

√
1+η2

1

)
. Further the final energy orbit

of ionized electron can be written as Ef(ϕf,θ) = p2
f /2, which

indicates that the energy orbit is obviously dependent on the
ellipticity η1 of IR laser and the emitted angles of the ionized
electron.

Figure 7 shows the channel contributions and correspond-
ing energy orbits for ω2 = 7ω1 and ω2 = 25ω1. By compar-
ing Figs. 7(a1), 7(b1) and 7(c1), 7(d1) with Fig. 2(c2) and
Fig. 3(b2), it is further verified that the lower- and higher-
energy parts for ω2 = 7ω1 are attributed to the contribu-
tions of atom absorbing two and three photons from the high-
frequency laser, respectively. The first and second plateaus in
the angular-resolved ATI spectra for ω2 = 25ω1 also corre-
spond to the processes that electron absorbs one and two pho-
tons from the high-frequency laser. The maximal and minimal
energy orbits predicted by Eq. (10) are illustrated by the solid
and dash lines in Fig. 7. One can find that the quantum numer-
ical results are in good agreement with the energy orbits for
both ω2 = 7ω1 and ω2 = 25ω1. It indicates that the angular-
resolved spectrum can be explained by the classical picture:
when ω2 is more than the ionization potential, the electron by
absorbing s2 photons from the high-frequency laser is ionized,
then is accelerated or decelerated in the polarized plane by IR
laser. Thus the energy width of ATI spectrum can be controlled
by the elliptically polarized IR laser, and the height of ATI is
determined by the high-frequency laser. This result indicates
that the width of the ATI spectrum depends not only on the η1

but also on the intensity of IR laser, which had been proved in
the experiment of Ref. [54]. As one has seen in Figs. 2(d2)–
2(d4), the spectral widths for the x and y axes are almost same
in the case of circularly polarized IR laser; the energy width

is the widest along the polarization direction for the linearly
polarized laser. On the other hand, when ω2 is less than the
ionization potential, both the two lasers gradually make iden-
tical contributions to the ATI with the decrease of ω2, and for-
mation of the spectrum is attributed to the interference from
many channels.[46]
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and dash-dotted (blue) lines represent the emitted angles 0∘, 45∘ and 90∘,
respectively.

To reveal the dependence of the elliptically polarized IR
laser on the energy width, Fig. 8 shows the energy widths for
ω2 = 7ω1 ((a1) and (b1)) and ω2 = 25ω1 ((a2) and (b2)). One
can see that when the ionized electron is emitted along the an-
gle ϕf = 0∘, the energy width is the maximum and does not
depend on η1; the emitted angle ϕf ̸=0∘, the energy width in-
creases obviously with η1. While the more the emitted angle
ϕf approaches to 90∘, the greater the energy width increases.
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This result can tell us that the ionized process can be controlled
by the ellipticity of the IR laser.

4. Conclusion
We have studied the ATI process of atoms radiated by

fundamental and high-frequency lasers with arbitrary elliptic-
ity. It has been seen that the angular-resolved ATI spectra are
sensitive to the ellipticities of two lasers, the frequency of the
high-frequency laser and emitted angle: (i) when the high-
frequency laser is linearly polarized, the energy width of each
plateau becomes narrow when emitted angle varies from 0∘

(180∘) to 90∘ for η1 ̸= 1, the dip feature in multiplateau struc-
ture is shown, and each plateau keeps a certain energy width
with the increase of ellipticity of fundamental field; (ii) when
the fundamental field is linearly polarized and the frequency
of the high-frequency laser is much more than the ionization
potential, the ATI spectrum is only determined by the emitted
angle, and the dip structure disappears in the case that the high-
frequency laser becomes circularly polarized. By the analysis
of channel, it is found that the contributions of channels to the
ATI spectrum can be separated gradually with the increase of
the frequency of the high-frequency laser, and the interference
of these channels decreases. Furthermore, when the frequency
of high-frequency laser is much lower than ionization poten-
tial, the angular distribution depends on the ellipticities of two
lasers; otherwise, the angular distribution depends mainly on
the ellipticity of high-frequency laser. Moreover, with the help
of the saddle-point approximation, the energy conservation
relationship in the elliptically polarized IR+XUV two-color
laser is obtained, which well predicts the range of each plateau
and shows the intuitive picture. Finally, the dependence of the
width of each plateau on ellipticity of IR laser is revealed. This
work will provide an effective way to polarization control of
ATI process in elliptically polarized two-color lasers for exper-
imental research, especially for elliptically polarized IR+XUV
two-color fields.

Appendix A: Integral representation of the two-
variable phased Bessel function

According to the generating function of ordinary
Bessel function Jn(x), the fundamental property e ixsinθ =

∑
∞
n=−∞ Jn(x)e inθ [55] can be expanded as

exp[ixsin(θ +φ)] =
∞

∑
n=−∞

[Jn(x)exp(inφ)]exp(inθ). (A1)

Here Xn(z) ≡ Xn(x,φ) = Jn(x)e inφ with z = xe iφ , which is
called by the phased Bessel function,[50] and Eq. (A1) can be
rewritten as

exp[ixsin(θ +φ)] =
∞

∑
n=−∞

Xn(x,φ)exp(inθ). (A2)

Thus

exp[ix1 sin(θ +φ1)] =
∞

∑
n=−∞

Xn(x1,φ1)exp(inθ), (A3)

exp[ix3 sin(2θ +φ3)] =
∞

∑
m=−∞

Xm(x3,φ3)exp(2imθ). (A4)

By multiplying Eqs. (A3) and (A4), it can be obtained as

exp[ix1 sin(θ +φ1)]exp[ix3 sin(2θ +φ3)]

=
∞

∑
n=−∞

Xn(x1,φ1)exp(inθ)
∞

∑
m=−∞

Xm(x3,φ3)exp(2imθ)

=
∞

∑
n=−∞

∞

∑
m=−∞

Xn(x1,φ1)Xm(x3,φ3)exp[i(n+2m)θ ]. (A5)

Setting j = n+2m, Eq. (A5) is expressed by

exp[ix1 sin(θ +φ1)]exp[ix3 sin(2θ +φ3)]

=
∞

∑
j=−∞

X j(z1,z3)exp(i jθ), (A6)

where

X j(z1,z3) =
∞

∑
m=−∞

X j−2m(x1,φ1)Xm(x3,φ3), (A7)

which is a two-variable phased Bessel function.[50] Next mul-
tiplying both sides of Eq. (A6) by e−imθ and then integrating
the sides, it can be written as

1
2π

∫
π

−π

dθ exp(−imθ)exp[ix1 sin(θ +φ1)]

×exp[ix3 sin(2θ +φ3)]

=
1

2π

∫
π

−π

dθ

∞

∑
j=−∞

X j(z1,z3)exp[i( j−m)θ ]

=
∞

∑
j=−∞

X j(z1,z3)
1

2π

∫
π

−π

dθ exp[i( j−m)θ ]

= Xm(z1,z3). (A8)

Finally the integral representation of the two-variable phased
Bessel function is obtained as

Xm(z1,z3) =
1

2π

∫
π

−π

dθ exp
[
ix1 sin(θ +φ1)

+ix3 sin(2θ +φ3)− imθ
]
. (A9)
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