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Despite having significant effects on social contagions, individual heterogeneity has frequently been overlooked in ear-
lier studies. To better understand the complexity of social contagions, a non-Markovian model incorporating heterogeneous
social influence and adoption thresholds is introduced. For theoretical analysis, a generalized edge-based compartmental
theory which considers the heterogeneities of social influence and adoption thresholds is developed. Focusing on the final
adoption size, the critical propagation probability, and the phase transition type, social contagions for adoption thresholds
that follow normal distributions with various standard deviations, follow various distributions, and correlate with degrees
are investigated. When thresholds follow normal distributions, a larger standard deviation results in a larger final adoption
size when the information propagation probability is relatively low. However, when the information propagation probability
is relatively high, a larger standard deviation results in a smaller final adoption size. When thresholds follow various dis-
tributions, crossover phenomena in phase transition are observed when investigating the relationship of the final adoption
size versus the average adoption threshold for some threshold distributions. When thresholds are correlated with degrees,
similar crossover phenomena occur when investigating the relationship of the final adoption size versus the degree corre-
lation index. Additionally, we find that increasing the heterogeneity of social influence suppresses the effects of adoption
threshold heterogeneity on social contagions in three cases. Our theory predictions agree well with the simulation results.

Keywords: complex networks, social contagions, heterogeneity, phase transition.

PACS: 87.23.Ge, 87.23.Kg, 05.90.4+-m, 89.75.—k

1. Introduction

Spreading is one of the most significant dynamical pro-
cesses in complex networks, involving epidemic spreading, in-
formation diffusion, behavior propagation, innovation dissem-
ination, and more. Scholars have broadly classified spreading
dynamics as either biological contagions or social contagions.
Epidemic spreading is a fundamental type of biological con-
tagion referred to as a simple contagion, in which a virus is
transmitted by each contact with the same probability, and the
effects of each contact are independent of each other. Informa-
tion diffusion and behavior propagation belong to social con-
tagions, also known as complex contagions.!'=3] There are ex-
tensive social reinforcement effects in social contagions,*]
where the effects of multiple contacts work cumulatively, mak-
ing social contagions fundamentally different from biological
contagions.

Threshold models are widely used for studying social
contagions. Granovetter!”! proposed a threshold model, in
which an individual adopts a new opinion once the propor-
tion of his closest neighbors who adopt the opinion is larger
than an assigned threshold. Complex non-linear collective be-
havior phenomena emerge in this model. Watts®! proposed a
threshold model that makes decisions based on the total num-
ber of neighbors who adopt the behavior. The effects of one
randomly selected initiator on the final cascade size are in-
vestigated in this paper. Moreover, many scholars proposed
corresponding threshold models for specific social contagions
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and numerous phase transition phenomena are observed.[°~1?]
However, these earlier studies tend to assume that all individ-
uals have the same social influence and an identical adoption
threshold, neglecting the effects of individual heterogeneity.

Recently, scholars have focused on the effects of hetero-
geneity on the spreading dynamics. For epidemic spreading,
heterogeneous infectivity and susceptibility will change the
outbreak threshold.['3-14 In information diffusion, the hetero-
geneous waiting time and response time can speed up or slow
down the velocity of information spreading.!'>'%) Zhu has
shown that degree heterogeneity can not only alter the nature
of contagions’ transition from discontinuous to continuous but
also can increase or decrease the final adoption size.!!'”! Wang
proposed a threshold model based on heterogeneous credibil-
ity and found that the final adoption size versus the hetero-
geneity parameter exhibits a discontinuous pattern.!'®! Wang
also proposed a threshold model that considers the heterogene-
ity of adoption thresholds, categorizing individuals as either
activists with lower thresholds or bigots with higher thresh-
olds, and discovered crossover phenomena in phase transition
by varying the threshold and the proportion of the activists.[!°]
Karampourniotis also introduced a model which considers the
heterogeneity of adoption thresholds and studied the effects of
the initiator set size on the final adoption size.[?"’

This paper investigates the effects of individual hetero-
geneity on social contagions, and two types of individual het-
erogeneity are considered: One is the heterogeneity of adop-
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tion thresholds. Individuals’ attitudes towards the same infor-
mation vary due to their interests, educational backgrounds,
and other social factors, resulting in heterogeneous adoption
thresholds.[?!>2] Another is the heterogeneity of social in-
fluence. For instance, celebrities have greater social influ-
ence while the social influence of ordinary people is com-
paratively much weaker.[?3! Referring to Ref. [24], a general-
ized non-Markovian model for social contagions is proposed,
which considers both heterogeneous social influence and het-
erogeneous adoption thresholds. Inspired by the edge-based
compartmental theory!'®23] and the heterogeneous mean-field
theory,?%27) a generalized edge-based compartmental theory
considering the heterogeneity of social influence and adop-
tion thresholds is developed for theoretical analysis. Then, a
series of simulations are conducted to investigate the effects
of heterogeneous social influence and heterogeneous adoption
thresholds on social contagions. For heterogeneous social in-
fluence, it is assumed to be positively correlated with degrees
from a macroscopic perspective. For heterogeneous adoption
thresholds, three scenarios are considered. In the first sce-
nario (Subsection 4.1), heterogeneous adoption thresholds are
drawn from a truncated normal distribution, and the effects of
mean and standard deviation of adoption thresholds on social
contagions are investigated. In the second scenario (Subsec-
tion 4.2), the effects of seven different types of threshold dis-
tributions on social contagions are investigated. The adoption
thresholds are uncorrelated with degrees in the above two sce-
narios. In the last scenario (Subsection 4.3), we investigate
the social contagions when adoption thresholds are positively
or negatively correlated with degrees. All the three scenarios
focus on the final adoption size, the critical information prop-
agation probability for outbreaks, and their dependence on the
dynamical parameters. Besides, the phase transition type and
crossover phenomena are investigated.

2. Model descriptions

This paper hypothesizes that social influence is positively
correlated with degrees from a macroscopic perspective. To
simplify the study, the social influence of individual i with de-
gree k is defined as follows:

Ey = k%, )

where o denotes the heterogeneity parameter of social influ-
ence. o > 0 so that high-degree individuals have high social
influence; the larger its value, the stronger the social influence
of individuals with a specific degree.

A generalized susceptible—adopted-recovered (SAR)
model is developed to describe the dynamics of social

[28

contagions.?8] The states of individuals are classified as sus-

ceptible (S), adopted (A), and recovered (R). Individuals in

the susceptible state have not adopted the behavior. Those in
the adopted state have adopted the behavior and will try to
propagate the behavior information to their neighbors. Mean-
while, individuals in the recovered state have lost interest in
the behavior, and they will no longer propagate the behavior
information.

Initially, a small proportion py of individuals are ran-
domly selected as seed adopters, and the remaining individu-
als are set in the susceptible state. Adoption thresholds can be
categorized into two cases. In one case, adoption thresholds
are assumed to be uncorrelated with degrees, and the adop-
tion thresholds are set according to a given distribution. The
adoption threshold for individual j is denoted by 7}, and the
proportion of individuals with an adoption threshold of T is
denoted by F(T). In another case, the adoption threshold of
an individual is assumed to be correlated with his degree. The
adoption thresholds are determined by a given function f(k).
The adoption threshold for individual j satisfies T; = f(k;),
where k; denotes the degree of individual j. In this paper,
f(k) is defined as follows:

_ NTykP

== 2
J

[ (k)

where N denotes the number of all individuals, 7y denotes the
expected average adoption threshold, and 3 denotes the de-
gree correlation index. When 8 > 0, high-degree individuals
have a high adoption threshold. The opposite is the case when
B < 0. All individuals have an identical adoption threshold of
To when 8 = 0.

At each time step, individuals in the adopted state will
propagate the behavior information to their susceptible neigh-
bors with probability A. Once the information has been suc-
cessfully propagated via an edge, the edge will never propa-
gate the information again, causing only non-redundant infor-
mation propagation to be allowed. We denote the cumulative
influence on a susceptible individual j at time step 7 as C;(t),
which represents the sum of the social influence on individual
J up to time step . When an individual j newly receives the
behavior information from an adopted neighbor i at time step
t, the cumulative influence on him will increase E,. Individ-
ual j will become adopted as soon as C;(¢) > T;. In addition,
individuals will lose interest and shift to the recovered state
with probability y at each time step. The spreading dynamics
terminate when there are no adopted individuals in the system.
Since whether an individual adopts the behavior is determined
by the cumulative influence that he has ever received, the pro-
posed model is a non-Markovian model.

3. Theoretical approach

Inspired by the edge-based compartmental theory!!%23]

and the heterogeneous mean-field theory,?>?”! a general-
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ized edge-based compartmental theory which considers both
heterogeneous social influence and heterogeneous adoption
In the the-
ory framework, we define 6y (¢) to denote the probability that

thresholds is developed for theoretical analysis.

individual i with degree k' has not propagated the information
via a randomly selected edge to neighbor j up to time ¢. Be-
sides, we assume that individual j is in a cavity state, meaning
that he cannot propagate information to his neighbors, but can
receive information from them.

The probability that an individual with degree k has not
received the information from a randomly selected neighbor
by time ¢ can be calculated by

=Y P (Kk) 6 (1), A3)
k/

where the conditional probability P (k'|k) denotes the proba-
bility that a randomly selected neighbor of an individual with
degree k has a degree of k/. Then the probability that an in-
dividual with degree k receives m messages by time ¢ can be
expressed as

oemn =} )@ -nor. @

Using k; to denote the average social influence of the neigh-
bors for individuals of degree £, it is defined as follows:

Ky = ZPC (k"k) Ekl. o)
k/

For an individual j with degree k and adoption threshold 73,
the probability of remaining susceptible by time ¢ is approxi-
mately equal to the probability that the number of messages he
has received is less than |7}/ky|. Using s(k,) to denote the
probability that an individual with degree k remains suscepti-
ble by time ¢, when adoption thresholds are uncorrelated with
degrees, s (k,t) is equal to

S(k’t):ZF(Tj) Z ¢(kam>t)' (6)

When adoption thresholds are correlated with degrees, s (k,)
can be calculated by

%)
= Y okmr). )
m=0

Combined with the degree distribution of the network P(k), we
can obtain the probability that a randomly selected individual
is in the adopted state at time ¢ as follows:

1) =(1—po) Y P(k)s(k,1), (8)
k

which also represents the proportion of the adopted individ-

uals at time 7. Once the network structure is determined,

then the degree distribution P(k) and the conditional proba-
bility P. (k'|k) can be obtained statistically. The distribution of
the adoption threshold F (T') or the threshold function f(k) is
given. Thus, once Oy (¢) can be obtained, S(z) can be calcu-
lated.

Using &5 (1) (§0 (1) or £} (1)) to denote the probability
that a neighbor of i is in the susceptible (adopted or recov-
ered) state and has not propagated the behavior information to
individual j up to time ¢, then 6y (¢) can be expressed as

Ou (1) = &5 (6) + &0 (1) +E5 (1) )

When individual i with degree k' is susceptible initially, he
cannot propagate the behavior information to individual j, but
can only receive the information from the other k' — 1 neigh-
bors, since individual j is assumed to be in the cavity state.
Thus, in the case that adoption thresholds are uncorrelated
with degrees, &S (¢) can be obtained as follows:

1z

Eo (1) = (1—p02 Z¢( ~Lmi).  (10)

I

In another case in which adoption thresholds are correlated
with degrees, &S (1) can be calculated by

)
Z 9 (k

As soon as the behavior information is propagated success-

& (1) = (1—po) —1m.t). (11)

fully via an edge with probability A, this edge will no longer
meet the definition of By (¢). So, it can be obtained that

doy (1) A
L~ gk ). (12)

For the evolution of &} (t), there are two conditions that must
be satisfied simultaneously: (i) the adopted individuals have
not propagated the information with probability 1 — A and (ii)
the adopted individuals become recovered with probability 7.
So, we can obtain

dék/ (t) _

=750 (1) (1-24). (13)

Combining the above equations, 6y () can be obtained, and
then we can obtain S (¢).

It can be known from the model description in Sec-
tion 2 that the susceptible individuals will shift to the adopted
states after adopting the behavior, while the individuals in the
adopted state will lose their interest in the behavior and re-
cover. Thus, the proportion of individuals in the adopted and
recovered states at time ¢ can easily be calculated by
ds(r)

dA(t) B B
TR T YA(1), (14)
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dR (1)
dr

=YA(D). (15)

Since S (¢) has been obtained in the previous paragraphs, we
can obtain A (¢) and R (¢) with Egs. (14) and (15). The final
adoption size R (eo) can be obtained when 7 — oo.

Regarding the critical propagation probability A, for out-
breaks, here we only analyze its approximation qualitatively.
We use the propagation probability that results in the final
adoption size satisfying R (o) = 2py as the critical propaga-
tion probability. The approximation is very close to the actual

value, but slightly larger.

4. Simulation results

All simulations are conducted on BA scale-free networks
with network size N = 10* and average degree (k) = 10. The
proportion of the initial seeds and the recovery probability are
setas pp = 0.05 and y = 1, respectively. We use 100 fixed net-
works to conduct the simulations, and 103 independent simu-
lations are conducted on each network, then the averages are
calculated to be the final simulation results. In this way, we
can ensure the reliability of the results and reduce the influ-

ence of random factors on the simulations.

4.1. Social contagions with adoption thresholds following
normal distributions

In this subsection, both the social influence and the adop-
tion thresholds in the simulations are divided into two cases:
heterogeneous and homogeneous. The heterogeneous social
influence is calculated by Eq. (1), while the homogeneous so-
cial influence is calculated by E, = (k%) to ensure that the
average social influence is the same in both homogeneous and
heterogeneous cases. For adoption thresholds, in the heteroge-
neous case, the heterogeneous adoption thresholds are drawn
from a truncated normal distribution with mean 7y and stan-
dard deviation o in interval [0,27y]. The left boundary is taken
to be 0 to make the adoption threshold greater than or equal to
zero, while the right boundary is taken as 27j so that the aver-
age adoption threshold is equal to Tp. We set up four param-
eter configurations for heterogeneous adoption thresholds: 7p
is fixed at 15, and o is set at 3, 5, 10, and 50. The smaller o,
the more concentrated the distribution of the adoption thresh-
olds, and when ¢ = 3, most adoption thresholds are concen-
trated around the average. The larger o is, the more uniformly
the adoption thresholds are distributed, and when ¢ = 50, the
adoption thresholds approximately follow a uniform distribu-
tion. The adoption thresholds in the homogeneous case are set
by T; = Ty to ensure that the average adoption thresholds are

the same in both homogeneous and heterogeneous cases.

(a) Heterogeneous social influence

1.04 ™ Homogencous adoption thresholds
* Homogeneous adoption thresholds with o =3
B &
0.8 5
— 0.61
8
&
0.4
0.2
O 4
0 0.2 0.4 0.6 0.8 1.0
A
(b) Homogeneous social influence
1.0+ ™ Homogeneous adoption thresholds
* Homogencous adoption thresholds with o =3
Homogencous adoption thresholds with o =5 o
Homogeneous adoption thresholds with o= 10
0-87 % Homogencous adoption thresholds with o =50 )
0.6
8
&
0.44
0.21
0 4
0 0.2 0.4 0.6 0.8 1.0
A

Fig. 1. The final adoption size R (o) versus the information propagation
probability A under various conditions. In subgraph (a), the social influ-
ence is heterogeneous with o = 0.25, while in subgraph (b), the social
influence is homogeneous with & = 0.25. In both subgraphs, there are
five cases representing the homogeneous adoption thresholds and hetero-
geneous adoption thresholds with o = 3, 5, 10, and 50 respectively. T is
fixed at 15. The lines are the theoretical predictions, and the dots are the
simulation results.

Firstly, we investigate the effects of the information prop-
agation probability A on the final adoption size R (eo) under
various conditions, and the results are shown in Fig. 1. From
Figs. 1(a) and 1(b), we can see that the distribution uniformity
of the heterogeneous adoption thresholds has a two-sided ef-
fect on social contagions. On the one hand, as ¢ increases,
more uniform adoption thresholds lower the spreading thresh-
old, which shows a promotion effect on social contagions. On
the other hand, the larger the o, the flatter the trend of R (o)
versus A becomes, which exhibits an inhibitory effect on so-
cial contagions. As a result of the above two-sided effect, the
curves with different o will intersect and a type of crossover
phenomenon is observed: To the left of the intersection point,
the curve with a larger o is higher, indicating that when A is
relatively low, the more uniform the adoption thresholds are
and the more favorable it is for social contagions. However, to
the right of the intersection point the curve with a larger o is
lower, indicating that when A is relatively high, more uniform
adoption thresholds will suppress the social contagions. Com-
paring Figs. 1(a) and 1(b), for the same adoption threshold
distribution, we find that the A, in the case of heterogeneous
social influence are smaller than those in the case of homoge-
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neous social influence, and R (eo) for the same A in the case
of heterogeneous social influence are larger than those in the
case of homogeneous social influence, suggesting that hetero-
geneous social influence promotes the social contagions.
Next, in the case of heterogeneous social influence, the
effects of A on R (o) for different o are investigated, and the
results are shown in Fig. 2. As « increases, two phenomena
are observed: (i) The curves with different o are approaching
each other, and (ii) the intersection points of these curves are
moving to the left. Phenomenon (i) suggests that an increase

in a suppresses the effect of o on social contagions. As shown
in Fig. 2(c), when a = 0.75, the curves corresponding to the
different o are almost overlapped, indicating that the effect of
o on social contagions becomes insignificant when « is large
enough. Phenomenon (ii) will further produce a reversal phe-
nomenon: taking A = 0.4 as an example, it can be seen in
Fig. 2(a) that a larger ¢ leads to a larger R (e0) when o = 0.25.
However, when o = 0.5, Fig. 2(b) shows that a larger o results

in a smaller R (c0).

(a) a=0.25 (b) «=0.5 (¢) @=0.75
1.0 mron e 1.0 1.0
0.8 0.8 0.8
@ 0.6 E 0.6 0.6
& 04 & 04 0.4
0.2 0.2 0.2
0 0 0 a ion thresholds with o =50
0 0.2 04 06 08 1.0 0 0.2 04 06 08 1.0 06 0.8 1.0
A A A
Fig. 2. The final adoption size R (eo) versus the information propagation probability A with heterogeneous social influence for different o. The
heterogeneity parameters of social influence o in the subgraphs (a), (b), and (c) are 0.25, 0.5, and 0.75, respectively. In each subgraph, there are
five cases representing the homogeneous adoption thresholds and heterogeneous adoption thresholds with ¢ =3, 5, 10, and 50. Tj is fixed at 15.
The lines are theoretical predictions, and the dots are simulation results.
1.0 vious. To the right of the intersection point, the curve with a
0.8 "o050=s larger o is higher, indicating that when Ty is large enough, the
06 SaZomas larger Tp, the more favorable it is for social contagions. When
g o oThe—1 . . . . .
= LA Ty is larger than the horizontal coordinate of the intersection
0.4 . . .
point, curves with the same ¢ but different ¢ are further apart,
0.2 making the above feature more obvious.
0 =N
0 20 40 60 80 100
T 1.0
0
. L . 0.8
Fig. 3. The final adoption size R (e0) versus the average adoption thresh-
old Ty with different @ and o in the case that both social influence and 0.6
adoption thresholds are heterogeneous while A = 0.5. The lines are theo- <
retical predictions, and the dots are simulation results. 0.4
. . . 0.2 A a=050=10
Then, we investigate the effects of the average adoption ¢ o=0Ts0=3
o a=0.750=10
threshold 7j on the final adoption size R (e) when both social 0 :
0 p () 0 20 40 60 80 100

influence and adoption thresholds are heterogeneous, and the
results are shown in Fig. 3. As can be seen in the figure, the
larger the ¢, the larger the maximum average adoption thresh-
old required for outbreaks, implying that a larger « is more fa-
vorable for social contagions. For the cases where ¢ is equal
but o is different, a different type of crossover phenomenon
occurs: The curves corresponding to different ¢ have intersec-
tion points. To the left of the intersection point, the curve with
a larger o is lower, indicating that when T is small, a more
concentrated threshold distribution is more favorable for social
contagions. However, since Ty is relatively small to the left of
the intersection point, the curves with the same  but different
o are close to each other, making the above feature less ob-

T,

Fig. 4. The critical information propagation probability A. versus the
mean adoption threshold Ty with different & and o in the case that both
social influence and adoption thresholds are heterogeneous. The lines are
theoretical predictions, and the dots are simulation results.

Lastly, in the case that both social influence and adoption
thresholds are heterogeneous, the effects of Ty on A¢ are inves-
tigated, and the results are shown in Fig. 4. The curves with
the same o but different o are closer to each other, while the
curves with different o but the same o are further apart. This
indicates that  is the main factor affecting the relationship of
Ac versus Ty, while o is a secondary factor. Looking at the
curves with the same o but different &, we find that the curve
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with a larger o is lower, which means that the A, correspond-
ing to a larger o is smaller, suggesting that a more uniform
threshold distribution is more favorable for social contagions.
As « increases, it can be found that curves with the same o
but different o are getting closer, proving that an increase in
« suppresses the effect of ¢ on social contagions once again
from another angle.

4.2. The effects of various threshold distributions on social
contagions

For the same group of individuals, the threshold distri-
bution may vary with different information. Thus, for some
specific information, the threshold distribution is likely to fol-
low other types of distributions other than a normal distribu-
tion. With this in mind, we will investigate the effects of var-
ious types of threshold distributions on the social contagions.
Here, we use seven representative distributions to perform the
simulations. Homogeneous thresholds represent the case that
all individuals have an identical threshold. The normally dis-
tributed thresholds are drawn from a truncated normal distri-
bution in the interval [0,27p] with a mean of 15 and a stan-
dard deviation of 5, which is denoted as distribution a for sim-
plicity. There are two cases where adoption thresholds fol-
low truncated power-law distributions with an index of 0.5. In
one case, the long tail represents high thresholds, while in the
other case, the long tail represents low thresholds. The cor-
responding adoption thresholds in the above two cases are re-
ferred to as distributions b and ¢ for simplicity. The case where
adoption thresholds follow uniform distributions in the inter-
val [0,2Ty] is also considered, and is denoted as distribution d
for simplicity. The cases where F(T) decreases or increases
linearly as T increases in the interval [0,27p] are denoted as
distributions e and f, respectively.

Figure 5 shows the effects of various types of threshold
distributions on the relationship of R(e) versus A. When
comparing the spreading speeds of the seven types of thresh-
old distributions, we find that the spreading speed correspond-
ing to distribution e is the fastest, while the spreading speed
corresponding to distribution ¢ is the slowest. The spread-

ing speed corresponding to the case of homogeneous thresh-
olds is neither the fastest nor the slowest. Besides, we also
find that the distribution b is always more favorable for so-
cial contagions than the distribution ¢, and the distribution e
is always more favorable for social contagions than the distri-
bution f. The above results imply that a threshold distribution
which has more activists with lower thresholds and fewer big-
ots with higher thresholds is more favorable for social conta-
gions. When « is relatively low, the results corresponding to
different threshold distributions show significant differences.
However, as « increases, the differences are getting smaller.
When o = 1.25, the differences almost disappear. Thus, it
can be concluded that the increasing of o will suppress the
effects of adoption thresholds’ heterogeneity on social conta-
gions. This phenomenon can be explained as follows: Use
(Ey) to denote the average social influence. For individual i
with adoption threshold 7;, use (m;) to denote the required av-
erage number of messages for him to become adopted, which
can be calculated as follows:

T;
mi) = +——. (16)
=
As «a increases, social influence will get higher, leading to a
higher (E;) and a lower (m;). For individual j with adoption
threshold 7; (T; > T;), the difference between (m;) and (m;)
can be calculated as follows:

a7

Ay = )= (m) =

Ex
The Am;; will decrease with the increasing o. When o is
large enough, Am;; will decrease below 1, causing the effects
of adoption threshold heterogeneity to disappear, since the re-
quired average numbers of messages for individuals with dif-
ferent adoption thresholds to become adopted are almost iden-
tical.

Figure 6 shows the effects of Ty on R (c0) for o = 0.1,
0.3, and 0.5, while A = 0.5. We find that o changes the phase
transition type of R (co) versus T for some types of thresh-
old distributions. For the cases of homogeneous thresholds,

(a) «=0.25 (b) a=0.5 (c) a=1.25
1.0 | Homogencons 1.0 1.0
b
0.81 +a 0.8 0.8
‘e
*f
g 06 B 06 06
< 0.4 < 04 < 0.4
X Homogeneous X Homogen
0.2 0.2 b 0.2 ’
*d *d
+ ¢
0 0 *1 0 1
0 02 04 06 08 1.0 0 0.2 0.6 0.8 1.0 0 02 04 06 08 1.0
A A A

Fig. 5. The final adoption size R (eo) versus the information propagation probability A with various types of threshold distributions. The plot
of “Homogeneous” represents the result when all adoption thresholds are identical. The plots a—f represent the results corresponding to the
threshold distributions a—f, respectively. The lines are theoretical predictions, and the dots are simulation results.
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(a) a=0.1 (b) «=0.3 (c) a=0.5
1.0 X Homogeneous 1.0 X Homogeneous 1.0 X Homogeneous
L] : L] Z a
0.8 y 0.8 L 0.8
e 4e
f * f
O 0.6 O 0.6 0 0.6
& 04 % 04 % 04
0.2 0.2 0.2
PR 2224 0 0
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Ty Ty To
Fig. 6. The final adoption size R (eo) versus the average adoption threshold 7y for (a) o = 0.1, (b) oo = 0.3, and (c) & = 0.5 while A = 0.5. In
each subgraph, the plot of “Homogeneous” represents the result when all adoption thresholds are identical, and the plots a—f represent the results
corresponding to the threshold distributions a—f, respectively. The lines are theoretical predictions, and the dots are simulation results.
(a) Simulation results (b) Theoretical predictions
100 1.0 100 1.0
80 0.8 80 0.8
60 0.6 60 0.6
S S
40 0.4 40 0.4
20 0.2 20 0.2
1 0 1 0
0 0.2 04 06 08 1.0 0 0.2 04 06 08 1.0
e @
Fig. 7. The dependence of R (e=) on & and T when the adoption thresholds are homogeneous and A = 0.5. Subgraph (a) shows the simulation
results, while subgraph (b) shows the theoretical predictions.
(a) Distribution a (b) Distribution b (c) Distribution ¢
100 1.0 100 1.0 100 1.0
80 0.8 80 0.8 80 0.8
60 0.6 60 0.6 60 0.6
& & &
40 0.4 40 0.4 40 0.4
20 0.2 20 0.2 20 0.2
1 0 1 0 1
0 0.2 04 06 08 1.0 0 0.2 04 06 0.8 1.0 0 02 04 06 08 1.0
o @ a
(d) Distribution d (e) Distribution e (f) Distribution f
100 1.0 100 1.0 100 1.0
80 0.8 80 0.8 80 0.8
60 0.6 60 0.6 60 0.6
& = &
40 0.4 40 0.4 40 0.4
20 0.2 20 0.2 20 0.2
1 0 1 0 1 0
0.2 04 0.6 0.8 1.0 0.2 04 06 0.8 1.0 0 02 04 06 08 1.0
@

Fig. 8. The dependence of R () on & and Ty for distributions a—f while A = 0.5.

distribution ¢, and distribution f, R (e0) decreases continuously ~ in phase transition, we obtain the results of R (o) on the a—
with Ty for ¢ = 0.3 and a = 0.5, showing a second-order  Tp plane, which are shown in Figs. 7 and 8. Note that here
phase transition. However, when ot = 0.1, R (<) decreases dis-  we only consider the case where o € [0,1] and Ty € [0, 100]
continuously with 7y, the phase transition type changes to first-  to simplify the study. Figure 7 shows both the simulation re-
order. To further investigate the above crossover phenomenon  sults and the theoretical predictions of R (o) on the @-Tj plane
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when the adoption thresholds are homogeneous. The differ-
ent phase transition regions are separated by the vertical white
dashed line. In region I, R (o) decreases discontinuously with
Ty, showing a first-order phase transition, while in region II,
R (o) decreases continuously with 7y, showing a second-order
phase transition. The theoretical predictions agree well with
the simulation results, which demonstrates the validity of our
theory. Figure 8 shows the simulation results of R (e0) on the
a—Tp plane for the other six types of threshold distributions.
The same crossover phenomena in phase transition are ob-
served for the cases of distributions ¢ and f. The result implies
that social contagions with homogeneous thresholds will ex-
hibit crossover phenomena in phase transition. Moreover, so-
cial contagions with numerous bigots who have higher thresh-
olds will also exhibit crossover phenomena in phase transition.

At the end of this subsection, we will investigate the ef-
fects of o and Ty on A, and the results are shown in Figs. 9 and
10. Figure 9 shows the results when the adoption thresholds

(a) Simulation results

100 1.0
80 0.8
60 0.6
S
40 0.4
20 0.2
1 0
0 0.2 04 06 08 1.0
o'

are homogeneous, and the theoretical predictions agree well
with the simulation results again. Figure 10 shows the simu-
lation results of o on the a—Tj plane for the other six types
of threshold distributions. For all the seven types of thresh-
old distributions, there is no sign of crossover phenomena in
phase transition. Comparing the effects of the seven types of
threshold distributions on A, the distribution b is the most fa-
vorable for outbreaks, whatever the value of o and Ty, and the
minimum propagation probabilities that outbreaks required are
quite small. This is because the distribution b is a power-law
distribution with high thresholds representing the long tail. In
this case, there are many activists with low thresholds who
can easily adopt the behavior. After the activists adopt the
behavior, the activists’ neighbors are influenced to adopt the
behavior, then the social contagion breaks out. The case corre-
sponding to distribution e is similar to the case corresponding
to distribution b in that there are also many activists, making it
the second most favorable case for outbreaks.

(b) Theoretical predictions
100

1 0
0 0.2 04 06 08 1.0
«

Fig. 9. The dependence of A, on & and Ty when the adoption thresholds are homogeneous. Subgraph (a) shows the simulation results, while

subgraph (b) shows the theoretical predictions.

(a) Distribution a (b) Distribution b

(c) Distribution ¢

100 1.0 100 1.0 100 1.0
80 0.8 80 0.8 80 0.8
60 0.6 60 0.6 60 0.6
& & &
40 0.4 40 0.4 40 0.4
20 0.2 20 0.2 20 0.2
1 0 1 0 1 0
0.2 0. 4 0.6 0.8 1.0 0.2 04 06 08 1.0 0 02 04 06 08 1.0
o o
(d) Distribution d (e) Distribution e (f) Distribution f
100 1.0 100 1.0 100 1.0
80 0.8 0.8 80 0.8
60 0.6 0.6 60 0.6
40 0.4 0.4 40 0.4
20 0.2 0.2 20 0.2
1 0 0 1 0
0 02 04 06 08 1.0 02 04 06 0.8 1.0 0 02 04 06 08 1.0

«

«

«

Fig. 10. The dependence of A. on a and T for distributions a—f.
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4.3. Social contagions with adoption thresholds correlated
with degrees

Figure 11 shows the simulation results of R(c0) on the
A—P plane for different .. Note that here we only consider
the case where 8 € [—1, 1] to simplify the study. In each sub-
graph, the region with R (o) > 0 for § > 0 is always larger
than that for B < 0, indicating that it is more favorable for
social contagions when adoption thresholds are positively cor-
related with degrees. From Fig. 11(a), we can see that social
contagions hardly break out when « is relatively small. From
Figs. 11(a)-11(f), we find that R (e0) for different B with an
identical A is getting closer as o increases, and when ot = 1.1,

the effects of B on social contagions almost disappear. This
(b) «=0.3

(a) @=0.1
1

-1 0 -1
0 02 04 06 08 1.0 0
«

(d) a=0.7
1

(e) oz:OQ

-1
0 0.2 04 06 08 1.0
«

0.2 04 06 08 1.0

1.0 1.0 1
0.8 0.8
0.6 0.6

@ 0
0.4 0.4
0.2 0.2
0 -1

0.2 04 0.6 0.8 1.0 0

result shows that the increasing of & suppresses the effects of
adoption thresholds’ heterogeneity on social contagions once
again. Additionally, we find a crossover phenomenon in phase
transition in Fig. 11(b), while in the other subgraphs, there is
no crossover phenomenon in phase transition. This indicates
that & can also influence the phase transition types under some
specific conditions. The different phase transition regions of
Fig. 11(b) are separated by the vertical white dashed line. In
region I, R(e0) decreases continuously with 3, which shows
a second-order phase transition, while in region II, R (o) de-
creases discontinuously with 8, showing a first-order phase
transition.
(c) a=05

1.0 1 1.0

0.8 0.8

0.6 0.6
@ 0

0.4 0.4

0.2 0.2

0 71 0

0.2 0.4 06 0.8 1.0

(f) a=1.1

(e}

0.2 04 06 0.8 1.0
«

Fig. 11. The dependence of R () on A and f for (a) & = 0.1, (b) @ = 0.3, (¢) &« = 0.5, (d) & = 0.7, (¢) &« = 0.9, and (f) & = 1.1.

(a) B=—0.75
100

(b) f=—0.

80

60
S

40

20

1
0 0.2 04 06 08 1.0

«

(d) B=0.25

100 1.0

80 0.8

_60 0.6
B40 0.4

20 0.2

1002 04 06 08 1.0 ° 0

o)

- N
0.2 04 06 0.8 1.0 0

(c) B=—0.25

1.0 100 1.0 100 1.0

0.8 0.8 80 0.8

0.6 60 0.6 60 0.6
2 &

0.4 40 0.4 40 0.4

0.2 20 0.2 20 0.2

0 1 0 1 0

0.2 04 0.6 0.8 1.0

0.2 04 0.6 0.8 1.0

(f) B=0.75
100 1.0
0.8
i 0.6
N 0.4
0.2

0.2 04 06 08 1.0
o

Fig. 12. The dependence of R (=) on & and Ty for (a) B = —0.75, (b) B = —0.5, (c) B = —0.25, (d) B =0.25, () B = 0.5, and (f) B =0.75

while A =0.5.
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(a) B=—0.75 (a) B=—0.5 (a) B=—0.25
100 1.0 100 1.0 100 1.0
80 0.8 80 0.8 80 0.8
60 0.6 60 0.6 60 0.6
& &S &
40 0.4 40 0.4 40 0.4
20 0.2 20 0.2 20 0.2
1 0 1 0 1 0
0 0.2 04 06 08 1.0 0O 02 04 06 0.8 1.0 0.2 0. 4 0.6 0.8 1.0
« (0%
(a) B=0.25 (a) B=0.5 (a) p=0.75
100 1.0 100 1.0 100 1.0
80 0.8 80 0.8 80 0.8
60 0.6 60 0.6 60 0.6
& &S &
40 0.4 40 0.4 40 0.4
20 0.2 20 0.2 20 0.2
1 0 1 0 1 0
0.2 04 0.6 0.8 1.0 0 02 04 06 08 1.0 0.2 04 0.6 0.8 1.0

«

Fig. 13. The dependence of A on @ and Tj for (a) f = —0.75, (b) B = —0.5, (c) B = —0.25, (d) B =0.25, (e) B = 0.5, and (f) B = 0.75.

Figure 12 shows the simulation results of R (o) on the
0Ty plane for different 8, while Fig. 13 shows the simula-
tion results of A, on the a—Ty plane for different . It is more
favorable for social contagions when adoption thresholds are
negatively correlated with degrees, which is supported by the
following: In Fig. 12, the region in color red for < 0 is larger
than that for 8 > 0, indicating that it is easier to achieve global
spreading when adoption thresholds are negatively correlated
with degrees. In Fig. 13, the region in blue for § < 0 is larger
than that for B > 0, indicating that outbreaks occur more eas-
ily when adoption thresholds are positively correlated with de-
grees.

As for phase transition, in Fig. 12, crossover phenomena
in phase transition are observed when 8 > 0: When « is rela-
tively low, R (eo) decreases discontinuously with 7p, showing a
first-order phase transition. As « increase, the phase transition
type will change to second-order, and R () decreases contin-
uously with Ty. However, in Fig. 13, no crossover phenomena
are observed when 8 <O or f > 0.

5. Conclusions

This paper proposes an improved threshold model for
social contagions considering both heterogeneous social in-
fluence and heterogeneous adoption thresholds. Referring to
the edge-based compartmental theory and the heterogeneous
mean-field theory, a generalized edge-based compartmental
theory which considers the heterogeneity of social influence
and adoption thresholds is developed for theoretical analy-
sis. Then, we investigate the social contagions with adoption
thresholds following normal distributions, the effects of vari-

ous threshold distributions on social contagions, and the social
contagions with adoption thresholds correlated with degrees,
respectively. The main conclusions are shown as follows.

The results indicate that the heterogeneity of both social
influence and adoption thresholds will promote social conta-
gions. Since the actual social influence and adoption thresh-
olds are heterogeneous, this explains the reason why social
contagions spread widely and fast. In investigating the rela-
tionship of R (e) versus A, the increasing a suppresses the
effects of adoption thresholds’ heterogeneity, and when « is
large enough, the effects disappear. Specifically, in the case
that adoption thresholds follow normal distributions, the in-
creasing o suppresses the effects of ¢ on the relationship. In
investigating the effects of various threshold distributions on
social contagions, the increasing o suppresses the effects of
threshold distribution types on the relationship. When adop-
tion thresholds are correlated with degrees, the increasing o
suppresses the effects of § on the relationship. The ratio-
nale for these phenomena is briefly analyzed in this paper.
As for phase transition type, there is no crossover phenomena
found when investigating A, on the a—Ty plane. In investigat-
ing R (c0) on the a-Tp plane, crossover phenomena in phase
transition occur when adoption thresholds are homogeneous,
adoption thresholds follow a power-low distribution, F(T') in-
creases linearly with increasing 7', and adoption thresholds are
positively correlated with degrees. In these crossover phenom-
ena, when « is relatively small, R (e) decreases discontinu-
ously with 7y, and phase transition type is first-order. While
A is sufficiently large, R () decreases continuously with Ty,
and the phase transition type changes to second-order. Be-
sides, in investigating R (o) on the A—f3 plane, when a = 0.3,
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crossover phenomena in phase transition occur. When A is
relatively small, R (o) decreases continuously with 8, which
shows a second-order phase transition. While A is sufficiently
large, R (o) decreases discontinuously with 3, showing a first-
order phase transition. The theoretical predictions agree well
with the simulation results, demonstrating the validity of the
theoretical analysis proposed in this paper.

This paper investigates the effects of individual hetero-
geneity on social contagions, and the results may help to
The find-
ings in this paper can be regarded as a supplement to those

understand the complexity of social contagions.

of previous research, as well as a reference for future re-
search. However, there are still many improvements that
can be done in future work. The social influence in re-
ality is not only just correlated with degrees, but can be
strongly affected by high-order structures, such as community
structures, =11 multi-relational networks,*%331 multi-layer

36,371 Besides, apart

networks, 3435 and high-order networks. [
from the topology factors of networks, individuals’ psycho-
logical factors[*33° on social influence are indispensable. In
addition, the effects of other types of adoption thresholds on

social contagions are also worthy of investigation.
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