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We examine thermodynamic phase transition (PT) of the charged Gauss—Bonnet AdS black hole (BH) by utilizing
the shadow radius. In this system, we rescale the corresponding Gauss—Bonnet coefficient & by a factor of 1/(D —4), and
ensure that & is positive to avoid any singularity problems. The equation derived for the shadow radius indicates that it
increases as the event horizon radius increases, making it an independent variable for determining BH temperature. By
investigating the PT curve in relation to shadows, we can observe that the shadow radius can be used as an alternative to
the event horizon radius in explaining the phenomenon of BH PT. Furthermore, the results indicate that an increase in the
parameter & corresponds to a decrease in the temperature of the BH. By utilizing the relationship between the temperature
and the shadow radius, it is possible to obtain the thermal profile of the Gauss—Bonnet AdS BH. It is evident that there is
an N-type variation in temperature for pressures P < P.. Additionally, as the parameter ¢ increases, the region covered by
shadow expands while the temperature decreases. The utilization of BH shadows as a probe holds immense significance in
gaining a deeper understanding of BH thermodynamic behavior.

Keywords: Gauss—Bonnet AdS black hole, thermodynamic, shadow

PACS: 04.70.—s, 04.70.Dy, 04.50.Kd

1. Introduction

In 2015, the Laser Interferometer Gravitational Wave Ob-
servatory (LIGO) made its inaugural announcement of suc-
cessfully detecting a gravitational wave event generated by the
merger of black holes (BHs) in a binary system.!!=3! This dis-
covery provided indirect evidence for the existence of black
holes and sparked a renewed interest in searching for these
incredibly dense objects in the universe. In 2019, the inter-
national collaboration known as the Event Horizon Telescope
(EHT) achieved a significant breakthrough in exploring super-
massive BHs by capturing an image of one located at the core
of M87, a giant elliptical galaxy.!* Recently, the EHT col-
laboration has captured another image of Sagittarius A* (Sgr
A*), which is the supermassive BH located at the center of our
galaxy.['15] The two ultra-high angular resolution images,
resulting from direct human observation of BHs, have success-
fully confirmed the predictions of general relativity (GR).

The image of Sgr A* exhibits a comparable ring-like
structure and shaded areas as those observed in the BH M87*.
Due to the strong gravitational effect of BHs, certain photons
in the vicinity of the BH are attracted into the BH and can-
not reach the position of the distant observer, which forms the
shadow of the BH.!'% The ring-like structure surrounding the
shadow is called photon ring, which is composed of photons
captured due to gravitational bending. By utilizing the BH
shadow, one can obtain a deeper understanding of the charac-
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teristics of different gravitational spacetimes.

Based on the spacetime background of Schwarzschild
BH, Synge pointed out theoretical conditions that photons can
escape from the bondage of the BH,!!”l and Luminet further
studied the image of BH with a thin accretion disk.[!®! Differ-
ent from the shadow of such a non-rotating BH, the shadow
of rotating BHs is no longer a standard circle, but a D-shaped

(19,201 At present,

shape, which is related to spin parameters.
the research on BH shadow is more and more in-depth un-
der GR and the modified gravitational background, such as
the shape of the non-rotating or rotating BH shadow, consider-
ing the observed appearance of the BH shadow with different
accretion models, using BH shadows to provide a reference
space for the physical parameters in the other modified gravity
theories, and looking for the extra dimensions based on BH
shadows. [21-40]

On the other hand, drawing upon the groundbreaking re-
search of Hawking and Bekenstein, BHs can be perceived as
thermodynamic systems that exhibit numerous parallels with
general thermodynamic systems.*!=*4! In particular, the phase
transition (PT) between the Schwarzschild—~AdS BH and the
thermal AdS space is studied, which opens the door to the ex-
plore of the PT of AdS BHs.*! The cosmological constant in
the thermal system of AdS BHs can be interpreted as a pres-
sure, leading to the observation of thermodynamic PT. The
thermodynamic PT process has been extensively investigated

in other modified gravitational theories, leading to the discov-
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ery of intriguing findings.**>7] Among them, Kubiznak et al.
studied the P-V criticality and the van der Waals (vdW)-like
PT of the charged AdS BH, it shows that the BH system bears a
resemblance to the liquid—gas system. 6! The thermodynamic
PTs have expanded to include additional types, such as the
triple point PT and the reentrant PT.[47-4]

In the framework of AdS BHs as strong gravitational sys-
tems, it is interesting to study the relationship with its dynam-
ics and thermodynamics. The BH shadow provides us with
an opportunity to study thermodynamic PTs for AdS BHs.
In Refs. [58-60], Wei et al. investigated the connection be-
tween thermodynamic PTs and photon orbits for AdS BHs
Recently, Zhang et al. found that the
phase structure can be investigated via the shadow radius for

using null geodesics.

the spherically symmetric BH model.[®!! In addition, Belhaj
et al. built a thermal profile between the BH temperature and
shadow under the AdS charged spacetime.!%%! In the context of
the Reissner—Nordstrom—AdS BH and the Kerr AdS BH, one
can find that the shadow radius can reflect the microstructure
of the BH.!%3! Moreover, Wang et al. studied the relation be-
tween the Ruppeiner geometry and the shadow radius for the
Reissner—Nordstrom—AdS BH, and the result shows that the
phase structure and the microstructure of BHs can be investi-
gated using the shadow radius.[* For regular AdS BHs, by
establishing the connections between thermodynamic PTs and
BH shadow, the results showed that there exist N-type changes
in thermal profiles. ]

Inspired by these pioneering works, we study the ther-
modynamic PT by the shadow of a charged Gauss—Bonnet
AdS BH. 667 The Gauss—Bonnet gravity is one of the higher
order derivative curvature gravities, and the four-dimensional
Gauss—Bonnet gravity is recently investigated by Glavan and
Lin.[%] The Gauss—Bonnet (GB) coefficient ¢ is rescaled by
a factor 1/(D —4), and then the GB term generates nontriv-
ial dynamics. In addition, in the context of the positive GB
term, there exists a static spherically symmetric BH without
the singularity. In the four-dimensional Gauss—Bonnet space-
time, the motion of a spinning test particle is studied.[®] In
Ref. [69], the causality of four-dimensional Gauss—Bonnet
BHs was investigated. Moreover, Guo et al. studied the in-
nermost stable circular orbit and shadow of the Gauss—Bonnet
BH,[7 and the shadow of the rotating BH was also stud-
ied in Ref. [71].
dynamic properties of the Gauss—Bonnet BH were widely

In the extended phase space, the thermo-

studied.!”>7°1 At present, there are few studies discussing the
thermodynamic properties based on the shadow of the Gauss—
Bonnet BH, which presents an intriguing research opportunity.
Considering that current observational methods make it diffi-
cult to directly detect the thermodynamic PT of a BH, this pa-
per establishes the relationship between the BH shadow and its
thermodynamic PT. We investigate the influence of the GB co-

efficient & on thermodynamic PTs in a charged Gauss—Bonnet
AdS BH. The findings indicate that the BH shadow has po-
tential to enhance our comprehension of BH thermodynamics,
potentially introducing a new observational approach for in-
vestigating strong gravity systems.

The rest of this paper is organized as follows. In Sec-
tion 2, the derivation of the shadow radius expression is briefly
reviewed. In Section 3, the thermodynamic PT is investigated
by the shadow radius for the charged Gauss—Bonnet AdS BH.
In Section 4, the thermal profiles of the charged Gauss—Bonnet
AdS BH are studied. The conclusions are given in Section 5.

In this study, we use the units G =c=h=x=1.

2. Shadows of the charged Gauss—-Bonnet AdS
black hole

We start with the shadow of a charged Gauss—Bonnet
AdS BH. By considering the spherically symmetric spacetime,
the line element of charged Gauss—Bonnet AdS BH has the
form[66:671

2 4 20402 1 <inl 2
ds” = —f(r)dt +ﬁ+r (d6” +sin” 8do~), 1)
g(r

where f(r) and g(r) are the functions of the radius r. In
this spacetime, the behavior of the test particle, i.e., the pho-
ton in the vicinity of the BH can be described by the Euler—

Lagrangian equation, which is
d oL dL
dt dxt  JxH

Here, 7 is affine parameter, while x* denotes the four-velocity

=0. 2)

of photon. The Lagrangian density L is

dx* dxV
=gtV = 3
& 4t dt s 3)

with m? = 0 for the photon. In the background of the static
spherically symmetric spacetime, the trajectory of a photon is
confined to the equatorial plane of the BH, namely 6 = /2

and 0 = 0. Consequently, it is possible to deduce

2
pt . 8(p? | P

— — =0. 4
2f(r) 2 + 2r? @)

Since the metric is independent of both the time ¢ and the az-

imuthal angle ¢, two quantities are conserved, namely the en-
ergy E and the orbital angular momentum L of the photon as
follows:

dr d d
SO =g =P ®)

By utilizing the null geodes1c condition g,vx*x¥ = 0, one can

E= gtt

obtain the equation of motion of the photon as follows:
dE d¢ L
dt ~ f(r)’ dt 2’
dr \/ g(r)r2(E2r?
dr r2 F(r)

/(). ©
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The symbol =+ in the above equation denotes the counterclock-
wise (—) and clockwise (+) directions of photon motion. With
the help of Eq. (3), the equation of the geodesic motion for the
photon can be written as

2+ Ve (r) =0, (7)
where the term of Vg (r) is called effective potential

> E?
= 70)

The effective potential at the location of the photon ring (rpn)

Ver(r) = 8(r)( ®)

satisfies the following condition:
Vert(rpn) =0, Ve/ff(rph) =0, Ve/éf(rph) >0, €))

in which the prime presents the derivation with respect to r.
According to Eqgs. (8) and (9), one can obtain the impact pa-
rameter, that is,

L
o h ) (10)
E £ ph) "ph
Meanwhile, we can get the parameterized orbit of the photon
as follows: )
dr _ i _rg(rp, m
do ¢ L
Employing Egs. (4) and (11) one can obtain
dr r2E?
Ly ( ~1). 12
5 r\/g<r> FT703 (12

By choosing g—(; —— 0, the position where the photon orbit
is deflected near the BH is

dr _ r’f(x)
i :I:r\/g(r) (x2f(r) - 1).

13)

(a) Q=1, =0, r,=100

(b) Q=1, a=0.05, r, =100

When the light emitted from a static observer, with an emis-
sion angle of B relative to the radial direction, one can
obtain[01-641

\/&rr dr ’"(z)bsf(%)
g = e I I A A v
cotp V809 Ao lr=rgy, X2 (Fobs) (14)

where the position of observer is r = rops. By combining
Egs. (13) and (14), the radius of BH shadow observed by the
observer is

f(robS)

f(x) (4>

rs = TopsSINB = ¥

x%rph

The metric of a charged Gauss—Bonnet AdS BH is given
by [66:67]

2 2

R )

(16)
where M denotes the BH mass, Q represents the BH charge,
It is
worth noting that the cosmological constant term 1/1? is re-
placed by the term 87P/3 in Eq. (16), and P is the pressure of
the BH. Hence, the photon circular orbit radius can be deter-

mined with the aid of Eqgs. (9) and (16), which is

and o represents the GB coefficient with dimension.

—201(3Q% — 6Mryy + 8PTry,)

+ 315, (20 + ron(—3M + rpn)) = 0. 17)

Moreover, the expression of the shadow radius for a charged
Gauss—Bonnet AdS BH is also obtained by using Egs. (16) and
(15), that is,

f(robS)

f(rph).

(18)

rs = rph

() Q=1, a=0.5, r, =100

Ts

Fig. 1. The relation between the shadow radius rs and the event horizon radius r, for the charged Gauss—Bonnet AdS BH. (a) GB
coefficient o = 0 (RN-AdS BH), (b) GB coefficient @ = 0.05, (c) GB coefficient « = 0.5. Here, P = 0.5P,, P = P, and P = 1.5P, are
represented by the solid, segment point, and dotted lines, respectively.

For a distant static observer, it follows that the limiting
condition at infinity is f(r) — 1.1°!] In Fig. 1, we give the cor-
relation between the shadow radius r; and the event horizon
radius ry, in Fig. 1, where the position of the observer is fixed
as rops = 100. From the left to right panel of Fig. 1, the value of
the GB coefficient o is taken as @ =0, & = 0.05, and a = 0.5.

The variation in the GB coefficient o will have an impact on
the event horizon radius of the BH, with a corresponding ef-
fect on the radius of its shadow. As shown in Fig. 1, as the GB
coefficient « increases, the BH shadow radius r¢ correspond-
ing to the event horizon radius r,, becomes larger. A higher

value of & leads to a greater increase in shadow radius r; with

040403-3
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increasing event radius ry, resulting in an increased slope of
the relationship curve between rg and ry,. Although the value
of the GB coefficient & varies, the shadow radius r¢ always be-
haves as a monotonically increasing function of the event ra-
dius ry,, and the relation between them is positively correlated.
In other words, the temperature of a BH can be described by
the shadow radius rg instead of the event horizon radius ry,.

3. Phase transitions of the charged Gauss—
Bonnet AdS black hole through shadow anal-
ysis

For a charged Gauss—Bonnet AdS BH, with the constraint

and temperature T of the BH,
0 a 47tP
_2rh+2rh+ 275
Q2 — rﬁ +a
47”h(rt21 +2a)’

3
2r;

= 19
rﬁ—l—a (19)

Furthermore, the equation of state is

P=(3

Utilizing Eq. (20) and the critical condition (dP/dr,) =0 =
(92P/dr}), one can obtain the critical point for the spacetime

2 2
) w (20)

+— )T+
2 87rrh

f(r) =0, itis allowed us to obtain the expressions of mass M (16) as follows:
|
3002 +3600% +90* — (4V3a—3V30%) /1602 + 16a0> +30* _ 25a N 1 en
°c 576m(a’ + a2Q?) T 864mQ* ' 96mQ?’

Fo = \/6a+3Q2+xf3\/16a2+ 16002 +30*

Y V6o, 22
f 60 (22)
\/6a+3Q2+\/48a2+48aQ2+9Q4
 3m(8a+3Q2 + /4802 + 4800 + 90)
1 o 23)

= 3V6rnQ  2v/6m(Q2)32

Based on Egs. (19) and (18), the temperature trend with
event radius r, and shadow radius rg is shown, see Fig. 2. In
the case of GB coefficient o = 0.01, the temperature of BH as
a function of r, under the different pressure P = 0.5P,, P =F.,
and P = 1.5P, are shown in Fig. 2(a). The results indicate the
presence of a van der Waals-like PT at a pressure of 0.5F,
where the region with a small radius corresponds to the fluid
phase, while the region with a large radius corresponds to the
gas phase. At a pressure of P = P, an unstable BH phase
emerges. Furthermore, there is no observed PT at a pressure

of 1.5F..

(c) =1, =0.5, r, =100

a =1, a=0.05, r,=100 b =1, a7005 ro =100
0.050 (2) @ — — 0.060 (b) @ — 0.060 :
- i i
- 0.055 [
" —P=0.5P, 0.055 | —p=05P, i — P=0.5P,
0.045 < —-P=P. ° | —-PZP 0.050 i —-pP—p,
~P=15P, 0.050 ! P=15P, 0.045 .‘ P=15P,
0.045 / 0.040 :
s ar . !
0.040 —m— 0.0857 . J
0.0301 . :
0.035 0.0251 ,
T'hs Ts2, N K
0.030 0.020 Ter
0.015
6 7 5 6 7 8 5 6 7 8 9 10 11 12 13

Ts

Ts

Fig. 2. The temperature of the charged Gauss—Bonnet AdS BH in relation to its event horizon ry, and shadow rs. (a) Temperature as
a function of r, with GB coefficient o = 0.05, (b) temperature as a function of ry with GB coefficient o« = 0.05, (c) temperature as a
function of ry with GB coefficient & = 0.5. Here, P = 0.5F;, P = P, and P = 1.5F; are represented by the solid, segment point, and

dotted lines, respectively.

The relation between the thermodynamics and shadow ra-
dius rg under the different pressures are shown in Figs. 2(b)
and 2(c), where the values of « are, in turn, & = 0.05 and
a = 0.5. Although the temperature change of a BH is de-
scribed in terms of the shadow radius instead of the event
horizon radius, it still effectively shows the PT process of the
BH. From Figs. 2(b) and 2(c), it shows that there exist a stable
small BH when rg < rg; and a stable large BH when rg > rg.

When rg; < rg < rg, there exists an unstable intermediate BH.
For three cases of the pressure, one can find that the PT pro-
cess in the context of the shadow radius is similar to the left
panels of Fig. 2. In addition, with the increase of the GB coef-
ficient @, the PT temperature decreases and the shadow radius
increases. Indeed, the determination of the PT grade can be
achieved through the analysis of heat capacity. Under the con-

stant pressure, the heat capacity of the charged Gauss—Bonnet

040403-4
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as
dr

Cp

AdS BH can be expressed as
o

(
- 8nri(2a +r2)(—a— Q> +ri +8Pmr})
20243022 —r} 4+ 8Pl + (202 + 572 +48P7r)

As shown in Fig. 3, we plot the the relationship of heat ca-
pacity with the radius of the event horizon (Cp—ry,) and with
the radius of the shadow (Cp—rg). In Fig. 3(a), it shows that
there exists a specific heat diverge at the critical point, which
represents a second-order PT. Results for the shadow radius 7
decreasing are similar to those for the event horizon radius ry,

24 in Figs. 3(b) and 3(c).
8000 (a) Q=1, «=0.05, 7, =100 1, «a=0.05, r, =100 (¢) =1, a=0.5, 7,=100
2000 l ] 8000 A /
6000 ! ! T2 6000 1\ | T2
i !
4000 i 2000 </ 4000 2 p_osP
| 2000 —ob=P
! —15P,
S 2000 J o S0
0—= —2000
~2000 _
—2000 . B 4000
Bz 05~ T_P=05R| 6000
—40001 | O\ | e P=15p,| —4000 P=15P.| _8000
1 2 3 4 5 6 7 i 5 6 8§ 9 10 5 6 7 8 9 10 11 12 13

Ts

Fig. 3. The heat capacity Cp as a function of the event horizon radius and the shadow radius for the charged Gauss—Bonnet AdS BH:
(a) heat capacity changing with r, for o = 0.05, (b) heat capacity changing with r¢ for & = 0.05, (c) heat capacity changing with rg
for @ = 0.5. Here, P = 0.5F., P = F,, and P = 1.5F, are represented by the solid, segment point, and dotted lines, respectively.

4. Thermal profile of the charged Gauss—Bonnet
AdS black hole

For a distant observer (r, — o), the apparent shape of the
BH shadow can be determined by constructing celestial coor-

dinates (x, y),[SO]
do
. _ 2 . had z
* r<1;1ﬁ>°°( rsinbo dr)‘9°ﬁ7’
dée
— 1im (2 .
y r})grlo (r dr ) lo3- 25)

Here, the celestial coordinate x denotes the apparent perpen-
dicular distance of the image observed from the axis of sym-
metry, and the celestial coordinate y denotes the apparent per-
pendicular distance projected on the equatorial plane. In ad-
dition, the term r, represents the observer’s distance from the
BH, while 6, denotes the inclination angle between the ob-
server’s line of sight and the axis of BH. Therefore, the shadow
contour cast by the charged Gauss—Bonnet AdS BH in the ob-
server’s sky can be obtained, see Fig. 4. The relationship be-
tween the change in pressure and the radius of the BH shadow
is demonstrated, indicating that an increase in pressure directly
corresponds to an decrease of the shadow radius. However,
the larger the value of the GB coefficient « is, the greater the
shadow radius will be.

By combining the temperature and shadow of BH, one
can build the BH thermal profile in the shadow contour panel.
Similarly, we consider the effect of changes in pressure P and
system parameter & on the thermal profile of the BH. In Fig. 5,
the gradual increase in pressure as P = 0.5F, P=F,, P =
1.5F, corresponding to the left, middle, and right columns,
respectively. The first row is oo = 0.05, the second row is
o = 0.5. The result indicate that as pressure increases, the

radius of the thermal profile decreases while the temperature
of the BH rises. Figures 5(a) and 5(d) correspond to P < F,
indicating there exists an N-type change trend of the BH tem-
perature. Figures 5(c) and 5(e) correspond to the case where
P = P, indicating a constant temperature within the critical
region and thermodynamic instability of the BH. Figures 5(c)
and 5(f) correspond to P > P, wherein the temperature of the
BH gradually diminishes from the boundary towards the cen-
ter of its shadow.

(&) @=1,a=005,7,=100  _(b) Q=1, a=0.5, 7o=100

wof———————— 1 *°r—————
7.5 10
5.0
5
2.5
P=0.5P. P=0.5P.
= 0.0 P=P, = 0 P=P.
P=15P. P=15P.
—2.5
-5
-5.0
—7.5 —10
—10.0 . —15 -
—-10.0 -=5.0 0.0 5.0 100 —-15 —-10 -5 0 5 10 15

xT

Fig. 4. The shadow cast by the charged Gauss—Bonnet AdS BH varies
under different pressures and o: (a) the GB coefficient ov = 0.05, (b)
the GB coefficient o = 0.5. In addition, the mass of BH and distance of
observer is taken as M = 60 and r, = 100.

To study the N-type change trend from rg to ry for
P < P, we plot the thermal profile of BHs in Fig. 6. It is shown
that a pattern of temperature fluctuations, initially rising and
then falling before ultimately rising again as the shadow ra-
dius increases. These observations align with the outcomes
depicted in Fig. 2. In addition, the PT temperature decreases
with the increasing GB coefficient ¢ and the unstable PT re-
gion becomes larger. Hence, the results indicate that the ther-
mal profile can reflect the PT for the charged Gauss—Bonnet
AdS BH.
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(8) Q=1, =005, P=0.5F. .

(b) Q=1, a=0.05, P=P,

(¢) Q=1, =0.05, P=1.5P,

10.0 10.0 0.048 10.0 0.0675
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5.0 0.0270 5.0 0.036 5.0 0.0525
2.5 0.0225 2.5 /\ 0.030 25 0.0450

> 0.0 0.0180 & 0.0 | ] 0.024 = 0.0 00375
: i : \ . 0.0300

_25 0.0135 —2.5 7/ 0.018 —2.5 0.0225

—5.0 0.0090 —5.0 0.012 —5.0 0.0150
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Fig. 5. Thermal profile of the charged Gauss—Bonnet AdS BH. The mass of BH and distance of observer is taken as M = 60 and

ro = 100.
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Fig. 6. Thermal profile of the charged Gauss—Bonnet AdS BH in the region of rg; to ry for P < P.. The mass of BH and distance of

observer is taken as M = 60 and r, = 100.

5. Discussion and conclusion

In this study, we investigate the relationship between
the BH shadow and the thermodynamics for the charged
Gauss—Bonnet AdS BH. Initially, we examine the motion of
a photon in the equatorial plane of the BH by utilizing the
Euler-Lagrangian equation to obtain the radius of the BH
shadow. Our findings indicate a positive correlation between
the shadow radius rs and event horizon radius r,, with an ob-

served increase in shadow radius as event horizon radius in-

creases. This implies that it is possible to express BH temper-
ature in terms of its shadow radius. Furthermore, variations
in parameters also impact both event horizon and shadow ra-
dius. Specifically, as the GB coefficient & increases, there is a
corresponding enlargement in both BH shadow radius rg and
event horizon radius ry,.

In the context of the shadow, the equation of state and the
critical point are calculated. The utilization of shadow radius

rs as an alternative parameter reveals that the BH still under-
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goes a PT akin to when event horizon radius ry, is employed
as a parameter. It is shown that in both the T—r, and T-r
curves, for P > P, there exist supercritical phases, for P = P,
there exist thermodynamically unstable phases, and for P < P,
there exist three branches of BH states, i.e., small BH, inter-
mediate BH, and large BH. The noteworthy point is that when
the pressure P < P, for both T—ry, and T—r curves, there exist
oscillatory curves of the temperatures, which give the coex-
istence region of the small/large BH and the presence of the
first-order PT. Meanwhile, for the same pressure P, with the
increase of GB coefficient ¢, the PT temperature 7" decreases
and the shadow radius r, increases.

Additionally, the thermal profile of the charged Gauss—
Bonnet AdS BH is constructed for various values of the GB
coefficient . We analyze the shape of BH shadow as per-
ceived by an observer located at a considerable distance. The
result shows that the increases in pressure and the GB coef-
ficient o lead to an observed increase in the shadow radius.
By combining temperature and shadow casting, the thermal
profile in the shadow profile panel is constructed. One can
find that with the increase of pressure, the thermal profile ra-
dius and the BH temperature decrease and increases, respec-
tively. Meanwhile, for the pressure P = 0.5F,, P = P., and
P = 1.5P,, there are three trends in the change of the BH tem-
perature as the thermal profile radius increases. When P < P,
there exists the N-type change trend for the BH temperature.
When P = P, the BH is thermodynamically unstable, the cor-
responding temperature remains stable in the critical region.
When P > P, as the thermal profile radius increases, the BH
temperature decreases. The thermal profile of the region from
rs1 to rg is also presented, specifically aiming to further in-
vestigate the N-type change trend for P < P.. It indicate that
with the increase of the shadow radius, there is an initial rise
followed by a decline and then another rise in the correspond-
ing temperature. Moreover, for a larger GB coefficient o and a
wider unstable PT region, the corresponding temperature tends
to decrease.

We end with a brief summary. The shadow of a BH, as
a feature with promising observational prospects, is closely
linked to the thermodynamic behavior of the BH and holds
significant potential in unveiling its thermodynamic proper-
ties. However, when we utilize the radius of the BH shadow
instead of the event horizon radius to describe BH thermody-
namics, it is important to note that the shadow radius, being
an observed quantity from an astronomical perspective, may
not be exactly identical to the event horizon radius. Whether
some of the properties of the event horizon of a BH can also be
reflected in the shadow needs more observational data in the

future to verify.
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