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Due to technical limitations, existing vibration isolation and energy harvesting (VIEH) devices have poor performance
at low frequency. This paper proposes a new multilink-spring mechanism (MLSM) that can be used to solve this problem.
The VIEH performance of the MLSM under harmonic excitation and Gaussian white noise was analyzed. It was found that
the MLSM has good vibration isolation performance for low-frequency isolation and the frequency band can be widened
by adjusting parameters to achieve a higher energy harvesting power. By comparison with two special cases, the results
show that the MLSM is basically the same as the other two oscillators in terms of vibration isolation but has better energy
harvesting performance under multistable characteristics. The MLSM is expected to reduce the impact of vibration on
high-precision sensitive equipment in some special sites such as subways and mines, and at the same time supply power to

structural health monitoring devices.

Keywords: multilink-spring mechanism, nonlinear dynamics, vibration isolation, energy harvester
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1. Introduction

Vibration often has a negative impact on engineering
structures and is inevitable, so vibration control is a hot and
difficult topic in structural safety. Fortunately, the application
of nonlinear theory in vibration isolation in recent years can
solve this problem effectively;!!=3! quasi-zero stiffness (QZS)
theory is one such theory. A vibration isolator with QZS char-
acteristics can achieve arbitrarily small stiffness while at the
same time having an excellent supporting capacity. Such iso-
lators have been widely used in engineering design. !

Many interesting vibration isolators have been designed
according to QZS characteristics. For example, Liu et al.
proposed?! a vibration isolator with a six degree-of-freedom
mechanism, and found the performance to be much better than
that of a linear isolator by comparative analysis of force trans-
missibility. Yoshikazu er al.!® used cranks and a screw jack
to achieve QZS characteristics under different loading masses.
Yuan et al.!”! found a way to achieve negative stiffness us-
ing electromagnets and connected them in parallel with wire
springs to achieve QZS characteristics; this had a compact
structure. Georgios et al.!¥! designed a novel QZS vibration
isolator using a gas spring and demonstrated the stability and
feasibility of this device to be better than that of the linear one.
By combining rods with springs, Zhang et al."”! and Sun and
Jing!'% designed vibration isolators with a scissor-type struc-
ture. Yang ef al.'''l and Yan er al.!'?! achieved QZS charac-
teristics by using rigid links and springs. At the same time,
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an SD oscillator based on dipteran flight!!3! was proposed for
the design of new vibration isolators.!'"* Yu er al.">! used a
torsion bar spring to achieve QZS characteristics and verified
the validity of the proposed model using finite-element method
simulation. Vibration isolators with QZS characteristics have
a wider isolation bandwidth and a smaller force transmissibil-
ity than linear ones.!'®) However, the problem of a large reso-
nance peak of the isolators with QZS characteristics needs to
be solved urgently.

Vibration energy can also be harvested. Vibration en-
ergy from wind,!!'”l ocean waves,['8 human motion!'®! and

20,21]

mechanical structures! can be converted into electrical

energy. Because battery life is short, maintenance costs
are high and waste batteries are harmful to the environ-
ment, vibration energy harvesting has become a hot re-
search field. In some closed situations, such as subways and
mines, vibration energy harvesting is the best choice, and

Present meth-
[22-24]

can also avoid some catastrophic accidents.
ods of vibration energy harvesting are magnetoelectric,
piezoelectric,>~27] magnetostrictive?8=3%! and triboelectric

5.31-331 In recent years, to overcome the prob-

nanogenerator
lem of the narrow effective bandwidth of linear vibration
energy harvesting, researchers have applied nonlinear struc-
tures to the field of vibration energy harvesting.[>*36] The
application of nonlinear structure can increase the number
of potential wells to achieve bistable,*”38 tristable***%] and

multistable characteristics.[*!*?! These energy harvesters can

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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move across potential wells at different equilibrium positions,
thereby widening the frequency band. These harvesters have
a higher output power under the same external excitation than
conventional ones.[*?!

The effective combination and application of vibration
isolation and energy harvesting (VIEH) has also been further
developed.***1 Lu er al.1*®! proposed a Stewart platform for
VIEH in parallel with a leaf spring and analyzed its VIEH per-
formance using the harmonic balance method. Zou ez al.[*”]
proposed an energy harvester with an integrated vibration iso-
lator, which can achieve tristable characteristics through struc-
tural design. Liu et al.[*¥] used the method of combining a
buckled beam with the spring to design a QZS device capable
of VIEH; this has a better energy harvesting performance than
a cantilever beam. Zang et al.!**! proposed a vibrational en-
ergy harvesting isolator which uses levers to achieve nonlinear
characteristics. The energy harvesting powers of current VIEH
oscillators are generally low.°! To solve this problem, it is
necessary to increase the wideband to improve the efficiency
of energy harvesting performance.

Therefore, this paper proposes a new multilink-spring
mechanism (MLSM) to meet the needs of low-frequency (be-
low 20 Hz) VIEH by applying different parameters. By adjust-
ing the parameters, the oscillator can achieve QZS and mul-
tistable characteristics. The organization of this article is as
follows: in Section 2, Newton’s and Kirchhoff’s laws are used
to build the mathematical model; in Section 3, the extended
averaging method is used to analyze the VIEH performance
of the MLSM,; in Section 4, the Fokker—Planck—Kolmogorov
equation®!! is used to analyze the energy harvesting perfor-
mance of the MLSM under Gaussian white noise as a random
excitation condition; in Section 5, the MLSM is compared
with the two cases based on QZS characteristics; Section 6
gives our conclusions.

2. Generic model and modeling
2.1. Device description

Figure 1(a) illustrates the structure of the MLSM. First,
the vertical springs I and the vertical rails support the load-
bearing table with mass m mounted on the main frame and the
magnet is fixed on the vertical rails. The load-bearing table,
magnet and the vertical rails can only move in the vertical di-
rection. Second, vertical springs II are mounted at the bottom
of the main frame; the horizontal distance between vertical
springs I and I is adjustable. Third, the horizontal rails are
mounted on the side walls of the main frame and can only be
moved in a vertical direction. Next, the horizontal springs and
the sliders are mounted on the horizontal rails, and the sliders
move with the movement of the horizontal springs. Finally, the
rigid links I are hinged on vertical springs I at one end and to

the sliders at the other end. The rigid links I hang at one end to
the sliders and at the other end to the load-bearing table. The
magnet and the coil form the electromechanical transduction
system (EMT).

(a)

Load-bearing

Mass

table Frame
Rigid liqk o — Horizontal
Slider linear spring
Vertical rail Horizontal rail
Magnet rigid link I
Vertical linear Coil
spring [ Vertical linear

spring II

Fig. 1. Model design of the MLSM: (a) 3D structure, (b) simplified structure.

Since the MLSM is a symmetrical structure, it can be sim-
plified to a 2D structure, as shown in Fig. 1(b). Here ki, k3,
and k3 are the stiffness of vertical springs II, horizontal springs
and vertical springs I, respectively. Vertical springs I and ver-
tical springs I are compressed, and the horizontal springs are
in a tense state. a and b are the length of rigid links I and rigid
links T, c is the horizontal distance between vertical springs 1
and vertical springs Il and d is the distance from the horizon-
tal rails to the tip of vertical springs I. ¢ is the angle between
rigid links I and the horizontal direction, while 0 is the angle
between rigid links I and the horizontal direction. B is the
strength of the magnetic induction, L. is the length of the coil
and IR is the current intensity. When the load-bearing table
moves in the horizontal direction, it will entangle the mag-
net to move with it. Therefore, the magnetic flux in the coil
changes when magnet moves, and the MLSM converts vibra-
tional energy into electrical energy.

2.2. Geometric relation and modeling

As shown in Fig. 1, when the load-bearing table is forced
to move in the y direction, the restoring force F (y) produced
by springs in the y direction can be obtained by Newton’s law

F (y) = —2kjAltan @ tan 6 — 2kyAxtan 6 + k3Ay, e))

where Ay is the displacement of the load-bearing table, Ax
is the displacement of sliders in the x direction and Al is the
shape variable of vertical springs I, which is written as

A=V a2—-A*—d. 2)
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The geometrical relationship between x and y is

(c—x)?+y* =1, (3)
where
\/m + Ay.

Depending on the geometrical relationship, ¢ and 8 can be

x=Ax, y=

expressed as

tanp = a
o 2_ 2’
y“ * “)
tan@ = .
CcC—X
Therefore, the restoring force is written as
C
x| 1— d 5
\/az_ (C_ /bz_y2>
c
oy [ 1= —— ) 4 ks (yf b2 762) . 6)
( v —y2>

When the EMT is considered, the dynamical equation of the
MLSM can be deduced as

mY +F (y) +mg+Cey+ BeLcIr =0, (6)

where Y is the absolute displacement of the MLSM and ¥ =
y+ 9. Let mg = k3\/b? — c2. Equations (6) can then be rewrit-
ten as

.. c

d

Y- (e Vi)’

x| 1—

+k3y+Cy+BeLedr = 0. (7)

C
—2k ] — ——
2Y< Fz_ﬁ)

According to Kirchhoff’s law
IR (t)Li+ (Ra+ Re)Ir — BeLcy(t) =0, (®)

where L; is the inductance of the coil, R. is the resistance of
the coil and Ry is the variable of the load resistance in the elec-
trical circuit.

Neglecting the mass of other components, the kinetic en-
ergy T (Y) and the potential energy U (y) of the MLSM can be
written as

1 .
mez,

T(Y)=3

®)

1
U (y) = 2k <2y2 o2 —y?

—ayfe— (- mf) k(e

k
+ﬁ—k3\/b2—c2y+mgy (10)

Equations (7) and (8) can be deduced as

{y'+c§y'+P(y>+n1R =9,
IR(t)+AR—Yy() =0

where P (y) is the dimensionless restoring force, which can be

an

written as
c
d
x| 1— =
\/az_ (C_ /b2 —y2>
1 ¢ 12
—w\T +B, (12)
y(t)=y(@,T), y(t)=oy(t), ¥(t)=oiy(),
C 2k 2ky k3
= - ’ 1277, 2*77 0}_’,2:7,
mao, m m m
w? w? BeLc BeLc
aiﬁ7ﬁ7?7 :mw27 - L )
1 1 1 i
Ry+R
A= d+ R (13)

The Hamiltonian function of the MLSM can be deduced as
3y + 3y +evVb —y* —dy/a —(c—\/b —y)
x B 2
+§<cf\/b27y) y —cb+dy/a*—(c—D)

f%(cfb)Z:Ho. (14)

The parameters are shown in Table 1.

Table 1. Parameters for the MLSM.

Symbol Definition

a,b,c,d

geometric coefficients

environmental base excitation
13 linear damping coefficient
n electromechanical coupling coefficient
b4 electromagnetic coupling coefficient
o, natural frequency ratio

Figure 2 describes the phase diagram with different values
of Hy by adjusting different parameters a, b, ¢, d, o, and, 3,
which can obtain the relationship of the displacement and the
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velocity of the MLSM. Figures 2(a)-2(d) describe the mono-,
bi-, tri- and quad-stable potential wells of the MLSM, respec-
tively. It is obvious from Figs. 2(b) and 2(d) that when Hj is
low, which corresponds to the green line, the MLSM cannot
achieve interwell oscillation.

(a) —— (b)
0.5 0.5
O e e N B 1 \
s ==
NESHRS=S)
05— —0.5
—-0.5 0 0.5 -1 0 1
Displacement Displacement
d
(C)0.5\ ()0.5 7\
N LY
g o g o
B} o)
/e e NN A/,
—0.5 —O.SV\ Zal
/
—0.5 0 0.5 -1 0 1
Displacement Displacement

Fig. 2. The phase diagrams of the MLSM with different geometric co-
efficients and natural frequency ratios: (a) a = V2 /2, b=1,c=1/2,
d=1/2,0=4,=2,b)a=1,b=1,c=1/2,d=1,a=1,=2/5,
©a=1/2,b=1,c¢=1,d=1/5 a=1/50, B =3/50, (d) a =3/5,
b=1,c¢=3/5d=1/2,a=1/50, B =1/50.

2.3. Characteristic of the QZS system

We expand the dimensionless restoring force P (y) by us-
ing Taylor’s theorem

8
P(y)=Qiy+20° + Q35" + Q' + 0y,  (15)

where
¢ c
= (G- )flw(rl)“f)a
(CJI Rt +coc)
= 2b3 ’
(37’ +205+ (c = b) 3 + %)
Q 8b* y
Q 4815 )
( _1 ,
o)
(bfc) cd
== N2
(a2 —(b—c) )
B+t sh ) d
3 - )
(a2 — (b_cz))S/Z
(56° — 19b*c + 28532 4 5b%¢ (a® — 4¢?) ) d
4 - )
(a2 - (b—c)2)7/2
(@ —a) (1 te(@—))d
5 =

(a2 —(b— 6)2)7/2

Because the displacement near the equilibrium position is
small, the dimensionless stiffness P’ (y) can be expressed as
the derivative of P (y) for y

-1

V)

2

ocy c
-1 . 16
+(b2_y2)3/2+a< /bz_yz >+ﬁ ( )
If the MLSM is in the equilibrium position (y = 0), QZS
characteristics can be achieved by adjusting the parameters.
Therefore, the QZS characteristics of the MLSM can be ob-

tained as

(B—1) —1+a|+p=0, a7

A2—(1-B)?

where A=a/b, B=c/b,C=4d/b.
Leta=+2/2,b=1,c=1/2,d=1/2,a=4,and B =2;
the dimensionless restoring force P (y) after expansion by Tay-
lor theorem is
3y 3y 39y’
P(y)

=5 T8 "6 (18)

Therefore, the system has QZS characteristics.

Figure 3 shows the influence of different geometric coef-
ficients and natural frequency ratios on dimensionless restor-
ing force—displacement and stiffness—displacement curves.
The geometric coefficients and natural frequency ratio of the
MLSM are as follows: (a) and (¢) a = v/2/2,b=1,c=1/2,
d=1/2,00=4,=2;(b)and Ha=1,b=1,c=1/2,d =1,
a=1,=2/5 @ and(g)a=1/2,b=1,c=1,d=1/5,
o =1/50, B =3/50; (d) and (h) a=3/5, b=1, ¢ =3/5,
d=1/2, a =1/50, B =1/50. As shown in Figs. 3(a)-3(d),
the dimensionless restoring force has one, three, five and seven
equilibrium points. This means that the MLSM can achieve
mono-, bi-, tri- and quad-stable potential wells, respectively,
as shown in Fig. 2. In Figs. 3(a) and 3(e), when y = O the
dimensionless restoring force P(y) = 0 and the dimension-
less stiffness P’ (y) = 0; this means that the MLSM has QZS
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characteristics. As shown in Figs. 3(f)-3(h), the dimensionless
stiffness of the MLSM has a negative stiffness characteristic,

which should be avoided in engineering applications.

(a) (b) (c) (d)
E? 0 w [\/“_/-\
—055 0 1-1 0 1-1 0 1 -1 0 1
y y y y
Mo ® ®) D)
6
S 4
s,
5, l/\_/\
29 0 1-1 0 1-1 0 1-1 0 1

Y Y Yy Yy

Fig. 3. The dimensionless restoring force P (y) and stiffness P’ (y) of the
MLSM with different geometric coefficients and natural frequency ratios.

Figure 4 describes the effect of parameters a, b, ¢, and
d on the dimensionless system stiffness P’ (y), where the ge-
ometric coefficients of the MLSM are (a) and (b) ¢ = 1/2,
d =1/2 and (c) and (d) a = v/2/2, b = 1. It can be seen from
Fig. 4(a) that when the parameter a increases, the stiffness
of the equilibrium position (y = 0) increases gradually, when
a<+/2/2, P'(y) <0, when a >+/2/2, P'(y) > 0. As shown
in Fig. 4(b), the stiffness P'(y) of the equilibrium position
decreases gradually when parameter b increases: P'(y) > 0
when b < 1 and P'(y) < 0 when b > 1. In Fig. 4(c) the
stiffness P’ (y) of the equilibrium position gradually increases
when the parameter ¢ increases: P’ (y) < 0 when ¢ < 1/2,
P'(y) > 0 when ¢ > 1/2. It can be seen from Fig. 4(d) that
when parameter d increases, the stiffness P’ (y) of the equilib-
rium positiongradually decreases: when d < 1, P'(y) > 0 and
whend > 1, P/ (y) <0.

=, Y ~ h__
) 1
e ~
———— 705
04 g6 95 O

Fig. 4. Stiffness surfaces of the MLSM with different geometric coeffi-
cients a, b, ¢, and d.

2.4. Model decoupling
The solution of Eq. (11) can be obtained as

Y(t) =Aem (t)cos ¢ (¢),
Y(t) = (Aema¢)Aem(t)Sin¢(t)v
o(t)= ()+'P( ) (19)
O (Aem, §) = »
I (1) = Iroe ™ ’“+f e My (t —t5) di.

Because Irge ! decays rapidly after external excitation is
produced, the effect on the steady-state response can be negli-
gible. y (r —t;) can be written as

y(t—15)
= — 0 (Aem, 9) Aer (£) Sin [@ (Aem, §) (t — 15) + ¥ (1)]
Y (1) @ (Aem, @) sin [0 (Aem, 9) 15]
+3 (1) cos [@ (Aem, @) 1] - (20)

Thus, with the inward formula (19) and eliminating the index

decay term, the output current Iy (¢) is given by

Aem (1) YO (Aem, 9)
A2+ 02 (Aem, 0)

X [ (Aem, @) cos ¢ (1) — Asing ()]

Y .
= e (hag) [© @m0y + 4] 2D

Equation (11) can be deduced after model decoupling

IR(I) =

4+ (E+Vem)y+ Wemy +P(y) = -9, (22)

where Vem = (MYA)/(A*+ @*(Aem,9)) and Wep =
[nywz(Aemv¢)]/z'2+w2(Aem7¢)'

Thus, equation (22) can be rewritten as

a_
i —
a (§+Vem)V_PE(y)_y7

where Pg () is the restoring force when considering the influ-
ence of the electromotive force, which can be expressed as

[)li(y):Wemy+P(y)' 24)

3. Dynamical analysis of harmonic excitation

To analyze the effect of harmonic excitation on the
MLSM, this section analyzes the amplitude—frequency re-
sponse, the force transmissibility and the energy harvesting
performance under harmonic excitation.

3.1. Amplitude—frequency analysis of a QZS system

In this subsection, the external excitation is harmonic ex-
citation, y = fcos (@t), where f and @ correspond to the am-
plitude and the frequency of the excitation, respectively. Equa-
tion (24) can be written as

4 (& +Vem)y+Pe (y) = feos(ot), |y[<b. (25)
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The amplitude—frequency response of the MLSM is analyzed
using the extended averaging method. The dimensionless
restoring force P (y) can be expanded by the Taylor theorem

P () = (Wem + 1)y +2° + Q239" + Q1. (26)
Therefore, equation (23) can be expressed as

G+ (& + Vem) + Wem + Q1) y+ Q0 + Q3y° + Qg
= fcos(wt), |y| <b. 27

By using the extended averaging method, the solution of
Eq. (27) can be deduced as

dA 1 .
d;m = —EF(Aem,‘I’) sin(wr + ),
(28)
¥ _ ! I' (Aem, ) cos (0t +P)
dr Ao ® em; )
where
I'(Aem,¥)

= Aem®? o5 + (€ + Vi) (@A 5in @)
- (Wem + £ ) (Aem COS¢) — £ (Aem Ccos (]))3
— Q3 (Aemc08 9)° — Q4 (Aemcos ¢)’ + feos (1)  (29)
and ¢ (t) = wr + V.

Integral ¢ is in the range [0,27] and takes the average,
which is given by

dAcm 1 2r .
= — [ 2T (Aen,¥)singd
dr 27:/0 ) (Aem, ¥) sin g ¢,

dv 1 2= 1 G0
_— = — I (Aey, do.
a 2r /o Ao e ¥)cosgdg
Therefore, equation (28) can be obtained as
dA 1 1 .
% = ) (& +Vem) Aem — %fsm (V)
1 .
= 760 [Eeml (Aem7 (!)) 7fS1]f1 (III)] )
dv 1
— = |35Q4A]_ +4003A3 +480,A3
dt  1284em® { 4fhem +A0EBAcm 4880 Aem
+64 (Wem +Q] — (J)z)Aemi| — mfcos ('}I)
1
= o [Eem2 (Aem, ®) — fcos (P)]. 3D

Because the amplitude Ay, and phase ¥ change slowly,
dAem/df and d¥/dr tend to and equation (31) is written as

1 1 .
~3 (€ +Vem)Aem — %fsm (¥)

= i[gﬂnl (Aem, @) — fsin(¥)] =0,

1
—— [35Q4A7  +400;A> +480,A3
128Aemco[ 4Aem T 20823 Aem T 2080 A
1

2Aem @

+64 (Wem + Q1 — 0%) Aem} — feos ()

- 1
" 2Aem®

[Eem2 (Aem, ©) — fcos (¥)] = 0. (32)

Because sin’¥ + cos?¥ = 1, the average amplitude—
frequency of the Eq. (32) response can be expressed as fol-
lows:

w (Aem7 (D) = Eeml (Aem7 w)2+Eem2 (Aem; w)z_fz =0. (33)

When the MLSM has QZS characteristics, by letting a =
V2/2,b=1,¢c=1/2,d=1/2, « =4, and B = 2, equa-
tion (26) can be expressed as

+—. (34)
The average amplitude—frequency response is given by

w (Aem7 (D) = £':eleZS (Aem7 w)2 + E:em2QZS (Aem7 (1))2 - f2

(35)

Il
=

where
EeleZS (Aema (O) = Eeml (Aema CO) = - (é + Vem) wAema

- 9
Zem2QZS (Aem, @) = (Wem - wz)Aem + gAgm

15,5, 1365 ,

S 64 T 04" e

Figure 5 shows the amplitude—frequency response curves
of the MLSM with different excitation amplitudes f, elec-
tromechanical coupling coefficients 1, electromagnetic cou-
pling coefficients ¥ and ratios of resistance to inductance con-
stant A. The parameters are shown as follows: a = v/2/2,
b=1,¢c=1/2,d=1/2,a=4,=2,0=1,£ =0.1, and
(2)m=0.05,7y=0.4,1=0.6, (b) f =0.01, y=04, 1 =0.6,
(c) f=0.01, n =0.05, A = 0.6, (d) f =0.01, n =0.05,
Y = 0.4. When the frequency @ increases, the amplitude in-
creases to the resonance peak and then decreases, which corre-
sponds to the typical nonlinear hard characteristic. As shown
in Fig. 5(a), when f increases, the value of the resonance peak
increases and the frequency @ corresponding to the resonance
peak increases at the same time. The unstable solution re-
gion has been marked in Fig. 5(a); when the external dis-
turbance appears in this region the solution will jump to the
other corresponding solutions. The green zone in Fig. 5(a) is
the multisolution region of the amplitude—frequency response
curves when f = 0.01. In Figs. 5(b) and 5(c), when 1 and
Y increase, the value of the resonance peak decreases but
the frequency @ corresponding to the value of the resonance
peak increases. When the frequency is high enough, 1 and y
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have little effect on the amplitude—frequency response curve
of the MLSM. As shown in Fig. 5(d), when A changes, the
amplitude—frequency response curve hardly changes. Overall,
the amplitude—frequency response curves have hard character-
istics, showing the same result as in Fig. 3(a).

0.5 T 0.4
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Frequency Frequency
0.4 0.4
(c) ——7=0.1 (d) ——A=0.01
——7=0.4 ——A=0.6
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= OQWA z oAzwﬁ;“"
E g \
< 0.1 < o1 o
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0 0.2 0.4 0.6 0 0.2 0.4 0.6
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Fig. 5. The influence of different (a) excitation amplitudes and (b)-
(d) electromechanical coefficients on the amplitude—frequency response
curves of the MLSM.

3.2. Force transmissibility analysis of QZS system

To analyze the vibration isolation performance of the
MLSM, this subsection analyzes the effects of different pa-
rameters on the force transmissibility. The definition of the
force transmissibility 7y is

5O
f

where F;, (y) is the force transmitted to the base, which can be

T= =2, (36)

deduced as

F(y)=(&+Vem)y+ P (y). (37)

When the MLSM has QZS characteristics, we take the param-
etersa=+v2/2,b=1,c=1/2,d=1/2, a =4,and B =2,
and the amplitude of F; (y) can be expressed in the form of
decibels

Fyt (Aem) = \/ Zemizs (Aem: ©)° + Zemazs (Aem, ). (38)

Therefore, the force transmissibility of the MLSM with QZS
characteristics is given by

\/EeleZS (Aem7 w)z + Eem2QZS (Aema CO)2
T = 7 . (39)

Figure 6 describes the force transmissibility—frequency curves

of a MLSM with different excitation amplitudes f, electrome-
chanical coupling coefficients 7, electromagnetic coupling co-
efficients 7y and ratios of resistance A to inductance constant.
The parameters are as follows: a = \ﬁ/Z, b=1,¢c=1/2,
d=1/2,a=4,=20w=1,£ =0.1and (a) y=0.4,1 = 0.6,

1n=0.05,(b) f=0.01,y=0.4,1 =0.6,(c) f =0.01,1 =0.6,
n =0.05,(d) f=0.01, y=0.4, n = 0.05. As the external ex-
citation frequency @ increases, the force transmissibility 7y
increases and then decreases rapidly, but the force transmissi-
bility hardly changes when the external excitation frequency
is large enough. As shown in Fig. 6(a), when f increases, the
maximum value of the force transmissibility 7,; increases, as
does the frequency @ corresponding to the maximum value.
When the frequency @ is low, the force transmissibility de-
creases with increase in f. On the contrary, the force transmis-
sibility increases with increases in f when the frequency ® is
high enough. In Figs. 6(b) and 6(c), when 1 and ¥ increase
the maximum value of the force transmissibility 7 gradually
decreases, and the frequency corresponding to the maximum
value increases at the same time. The force transmissibil-
ity curves gradually decrease with increase in 17 and y when
the frequency is low and increase during the high-frequency
stage. It can be seen from Fig. 6(d) that when A increases,
the maximum value of the force transmissibility 7}, gradually
decreases. Meanwhile, the frequency @ corresponding to the
maximum value increases, and the force transmissibility 7y
curve is almost unchanged during the low-frequency stage and
gradually increases when the frequency is high.
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=g f---f=0015 i = . A ---n=0.05
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Fig. 6. The influence of different (a) excitation amplitudes and (b)-
(d) electromechanical coefficients on the force transmissibility-frequency
curves of the MLSM.

3.3. Energy harvesting performance of a QZS system

To study the energy harvesting performance of the
MLSM, this subsection analyzes the harvested power of the
system. The harvested power can be obtained as P(r) =
I3 (1)R. By introducing the transformation P (t) = [(Rq +
R:)B.L.P(t)]/mL;R, the harvested power can be written as

PR(1)=AnIg(t). (40)

The term ® (Aem,@)cos ¢ (f) — Asing (¢) in Eq. (22) can be
written as

© (Aem,®)cos@ (t) — Asing (¢)
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= /A2 + 02 (Aem, 0)

A
X COS [d) (t) + arctan (w(Aenu(P))] . (41)

Then the amplitude of the output current Iy (¢) is
A
'}/(0( ema¢) Aem (f)

VA2 + 02 (Aem, 0)

X COS {(]) (t) +arctan (a)(A):Lm,(P))] .42

Therefore, the harvested power of the system Eg [FR] can be

IR(I) =

deduced as

2 (Aem,
Eg[PR] = ANEq [IR] = A1 Ve O (Aem9) g [Adn] - 43)

+ 0 (Aem, 9)
To analyze the harvested power of the QZS system, let the pa-
rametersa =+/2/2,b=1,c=1/2,d=1/2,x=4,and B =2,
and the harvested power Eqqzs [Fr] can be expressed as

V0% (Aem,9) ———

Egqzs [PR] = AN pERp (Aem7¢)Aeszs (44

where Aemqzs is the average amplitude of a QZS system with
EMT, which is given by Eq. (36).

Figure 7 describes the harvested power—frequency curves
of the MLSM with different excitation amplitudes f, elec-
tromechanical coupling coefficients 7, electromagnetic cou-
pling coefficients y and ratios of resistance to inductance con-
stant A. The parameters are a = \@/2, b=1,¢c=1/2,d=
1/2,a=4,=2,0=1,E=0.1,and (a) y=0.4, 1 = 0.6,
1n=0.05,(b) f=0.01,y=0.4,1=0.6,(c) f =0.01, A =0.6,
n =0.05, (d) f =0.01, y=0.4, n = 0.05. In Figs. 7(a)-7(c),
when f, 1, and 7 increase, the harvested power Eqqzs [FR]
gradually increases, and the frequency @ corresponding to the
maximum value of the harvested power increases at the same
time. This phenomenon means that f, 17, 7, and A have a pos-
itive effect on the harvested power. As shown in Fig. 7(d),
when A increases, the maximum value of the harvested power
Eqqzs [Rr] increases and then decreases.
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0.6

Frequency Frequency

Fig. 7. The influence of different (a) excitation amplitudes and (b)—(d)
electromechanical coefficients on the harvested power-frequency curves
of the MLSM.

4. Energy harvesting under random excitation

To study the energy harvesting performance of the QZS
system with EMT under random excitation, Gaussian white
noise is selected as the external excitation of the system. Gaus-
sian white noise can be written as y = —¢ (), and the average
value of ¢ (r) is 0. Meanwhile, ¢ (¢) satisfies (¢ (¢t)g(¥') =
2068(t —1')), where (---) represents averaging with respect to
G (t). o is the noise intensity and & is the Dirac delta equation.

4.1. Comparative analysis of QZS and a quad-stable sys-
tem
Equation (24) can be written as

dy _

a
(45)

where

c
—ay (1_b2_y2>. (46)

The Fokker—Planck—Kolmogorov equation for the probability
density function corresponding to the displacement y and ve-
locity v of Eq. (46) is given by

d d d
5P = *a*yZP* N [~ (& +Vem) V] P
0 22
o [—P(y)]p+ WI% 47

where p = p(y,v,1) is the transition probability density func-
tion of the displacement y and velocity v.

The pg (y,v) is the distribution of stationary displacement
y and velocity v, which can be obtained as

P (0,v) =N e[*Ueff(y,V)}’ (48)
where N is a normalized constant, and the effective potential
energy Usgr (y,v) can be expressed as

1

Uett (y, v) = P (5 + Vem) Ui, (49)

1 1
U= Evz + EWemy2

o(Srreviiafe (e i)
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o 2
+5 (c VP —yz) + gyz. (50)

The mean squares of displacement y and velocity v are
Eg [yz} and E [vz] , respectively, which can be written as

2 e,
Eg[y’] = / ¥ pst (v, v) dydv,

- (51
2 et
Eg [V ] :/ / Vopst (y,v) dydv.
Let Aem = +/y% + V2, the mean of the harvested power Eg [PR]
can be deduced as

2 2
y Y (Aerm(P) E[ [y2+v2] . (52)

Bl = AN a0y B

The effective potential energy, probability density of displace-
ment, mean square value of displacement and harvested power
of the quad-stable characteristic and QZS characteristic of
the MLSM are shown in Fig. 8. The parameters are @ = 1,
6 =0.001,£ =0.1,y=0.4, A = 0.6, and 1 = 0.01. The geo-
metric coefficients and natural frequency ratios are a = V2 /2,
b=1,¢=1/2,d=1/2, a =4, and B = 2 for QZS char-
acteristics and a =3/5,b=1,¢c=3/5,d =1/2, a = 1/50,
and = 1/50 for quad-stable characteristics. As shown in
Fig. 8(a), the MLSM with quad-stable characteristics has a
wider potential well than the QZS one. It can be seen from
Fig. 8(b) that the probability density of displacement of the
MLSM with quad-stable characteristics is distributed within a
larger displacement range. In Figs. 8(c) and 8(d), as the noise
intensity o increases, the mean square value of displacement
and the harvested power increase. Moreover, compared with
the MLSM with QZS characteristics, the energy harvesting
performance of the MLSM with quad-stable characteristics is
more obvious. That is because the MLSM with quad-stable
characteristic has a wider potential well than the QZS one.
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Noise intensity Noise intensity

Fig. 8. Comparative analyses of (a) effective potential energy, (b) proba-
bility density of displacement, (c) mean square value of displacement and
(d) harvested power of the MLSM with QZS and quad-stable characteris-
tics.

4.2. Energy harvesting performance of a QZS system

Figures 9 and 10 describe the mean square value of
displacement—noise intensity and harvested power—noise in-
tensity curves with different electromechanical coupling coef-
ficients 1), electromagnetic coupling coefficients y and ratios
of resistance to inductance constant A. The parameters are
a=v2/2,b=1,c=1/2,d=1/2, a =4,8=2,E=0.1,
and (a) y=0.4, 1 =0.6, (b) A =0.6, 1 =0.05, (c) y=0.4,
n =0.05. As shown in Figs. 9(a)-9(b), with a gradual increase
in M and 7, the mean square value of the displacement grad-
ually decreases, while the influence of A on the mean square
value of the displacement is not obvious, as can be seen in
Fig. 9(c). In Figs. 10(a)-10(c), when the parameters 1, v, and
A increase, the average harvested power gradually increases.
Therefore, the parameters 1, v, and A have a positive effect on
the energy harvesting performance of the QZS system under
random excitation.
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Fig. 9. The influence of different (a) electromechanical coupling coefficients
7, (b) electromagnetic coupling coefficients y and (c) ratios of resistance A
to inductance constant on mean square value of displacement.
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Fig. 10. The influence of different (a) electromechanical coupling coef-
ficients 1, (b) electromagnetic coupling coefficients y and (c) ratios of
resistance to inductance constant A on harvested power.

5. Performance comparisons for different cases

This section compares two different models, case I and
case II, with the MLSM to explore the VIEH performance.
Case I corresponds to a MLSM without vertical linear spring II
and rigid link I (@ = 0 and k; = 0) while case I corresponds to
a MLSM without a horizontal linear spring (k, = 0), as can be
seen in Fig. 11. For easy comparison, let the geometric coeffi-
cients and natural frequency ratios of the MLSM be a = /5 /4,
b=1,c=3/4,d=a=1,=1/4forcaselb=1,c=3/4,
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p =1/4 and for case I a = \@/4,!7: lL,e=3/4,d=1, 1/4.
For more information, see Appendices A and B.

Fig. 11. Two different types of QZS oscillator: (a) case I and (b) case II.

5.1. Comparative analysis of vibration isolation perfor-
mance of a QZS system

Figure 12 compares the curves of the amplitude—
frequency response of case I and case I with the MLSM.
The parameters are as follows: f =0.01, £ =0.1, y =04,
A =0.6, 1 = 0.05. The results show that when the EMT
is taken into account, the resonance peak of the three mod-
els reduces and moves into the low-frequency region. Case I
has the largest resonance peak and case I has the smallest
one. When the frequency  is low, the value of the am-
plitude decreases as case I, the MLSM and case I. On the
contrary, the amplitude of case I, the MLSM and case I de-
crease sequentially when the frequency  is high. This is
due to the fact that when the EMT is taken into account, it
is equivalent to adding damping (nYA)/[A% + ®* (Aem, 9)]
and stiffness [1Y©* (Aem, 9)] / [A* + @* (Aem, 9)] to the iso-
lators. The peak value decreases because of damping, and
when the stiffness increases the natural frequency will become
larger and the resonance peak will move to the high-frequency
region.

Figure 13 compares the stiffness—displacement curves for
cases [ and I with the MLSM under QZS characteristics. The
vibration isolation bandwidth of the MLSM is slightly smaller
than that of cases I and II, and the vibration isolation bandwidth
of cases I and I is basically the same.
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Fig. 12. The amplitude-frequency response curves of the MLSM for
cases I and IL.
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Fig. 13. The stiffness curves for the MLSM, case I and case II.
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Fig. 14. The force transmissibility—frequency curves of the MLSM, case
I and case I. The parameters are f = 0.01, £ =0.1, y= 0.4, A = 0.6 and
n = 0.05.

Figure 14 compares the force transmissibility—frequency
response curves of cases I and I and the MLSM. The param-
eters are as follows: f =0.01, £ =0.1, y=0.4, A = 0.6,
n = 0.05. The results show that when EMT is considered,
the maximum value of the force transmissibility of the three
isolators reduces, and the maximum value moves to the di-
rection of high frequency. This is because the EMT increases
the damping ratio and natural frequency of the isolators. In
a word, the parameters 1, 7, and A have a positive effect on
the vibration isolation effect. Case I has the largest maximum
value of force transmissibility and case I the smallest. The
frequency o corresponding to the maximum force transmissi-
bility of case I is the largest while case I has the smallest one.
When the frequency o is low, the force transmissibility of the
three isolators is basically the same. When the frequency @ is
high, the force transmissibility of case II, the MLSM and case 1
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decreases sequentially. Therefore, of the three isolators, case I
has the best vibration isolation, followed by the MLSM; case Il
is the worst. This result corresponds to Figs. 12 and 13.

5.2. Comparative analysis of energy harvesting perfor-
mance of a QZS system

Figure 15 compares the harvested power—frequency
curves of cases I and I with the MLSM under harmonic ex-
citation. The parameters are as follows: f = 0.01, & = 0.1,
Y=0.4, A =0.6, n = 0.05. The results show that the maxi-
mum value of the harvested power of case I is the largest, and
the frequency w corresponding to the maximum value is the
lowest compared with the other two isolators (the MLSM and
case II). In contrast, the maximum value of the harvested power
of case I is the smallest, and the frequency @ corresponding
to the maximum value is the highest. In the low-frequency re-
gion, the value of harvested power of case I, the MLSM and
case I decreases sequentially. On the contrary, the harvested
power decrease follows as case I, the MLSM and case I when
the frequency @ is high. Thus, case I has the best energy har-
vesting effect, followed by the MLSM; case I is the worst.
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Fig. 15. Comparative analysis of harvested power—frequency response
curves of the MLSM, case I and case II.

Figure 16 describes the effective potential energy, proba-
bility density of displacement, mean square value of displace-
ment and harvested power of cases I and I and the MLSM
under random excitation. All three isolators have QZS char-
acteristics. In Fig. 16(a), the potential well of the case I sys-
tem is narrower than that of the MLSM and case 1. As shown
in Fig. 16(b), the probability density of displacement of the
case I system is narrower than for the MLSM and case 1. Fig-
ures 16(c)—16(d) show the change in the mean square value of
displacement and the mean square value of harvested power
with noise intensity ¢. It can be seen from Figs. 16(c)-16(d),
that as the noise intensity ¢ increases, the probability den-
sity of displacement and harvested power increase. Compared
with case I, the low-frequency power harvesting performances
of the MLSM and case I are more obvious. As shown in
Figs. 16(a)-16(d), the potential well width, probability den-
sity of displacement width and low-frequency power harvest-
ing performance of the MLSM is basically the same as that of
case I.
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Fig. 16. Comparative analysis of (a) effective potential energy, (b) proba-
bility density of displacement, (c) mean square value of displacement and
(d) harvested power of the MLSM, case I and case II. The parameters are
6 =0.001,& =0.1,y=0.4,1 =0.6, 1 = 0.05.

5.3. Comparative analysis of energy harvesting perfor-
mance of a multistable system

Figure 17 shows the effective potential energy, probabil-
ity density of displacement, mean square value of displace-
ment and harvested power of cases I and I and the MLSM un-
der random excitation. The parameters are ¢ = 0.001, £ = 0.1,
Yy=0.4, L =0.6, 1 =0.05. And the geometric coefficients
and natural frequency ratios are as follows: a =3/5, b =1,
¢=3/5,d=1/2,a=1/20, f =1/100 for the MLSM, b =1,
c=1/4, p=1/5forcase l and a =3/5, b= 1, ¢c =7/10,
d =17/10, B = 1/100 for case I. All three isolators have mul-
tistable potential well characteristics. As shown in Fig. 17(a),
the MLSM has a wider potential well than cases I and I. It
can be seen from Fig. 17(b) that the probability density of dis-
placement of the MLSM is distributed within a wider displace-
ment range. That is because the MLSM has quad-stable poten-
tial well characteristics and the other two isolators (cases I and
II) only have bistable ones. In Figs. 17(c)-17(d), as the noise
intensity o increases, the mean square value of displacement
and harvested power of the three models increase. Moreover,
compared with the other two models, the energy harvest-
ing performance of the MLSM is more obvious. In the ultra-
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Fig. 17. Comparative analysis of (a) effective potential energy, (b) proba-
bility density of displacement, (c) mean square value of displacement and
(d) harvested power for the MLSM, case I and case II.
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low frequency region, the probability density of displacement
and mean square value of harvested power of the MLSM are
lower than for case I. That is because the external excitation is
too low for the MLSM to achieve interwell oscillation.

6. Conclusion

To achieve VIEH performance at low frequencies, this
paper proposes a MLSM. By using Newton’s law and Kirch-
hoff’s law, this paper derives a theoretical model. Through
the analysis of the dimensionless stiffness near the equilib-
rium position, the QZS characteristic of the MLSM are found.
At the same time, by adjusting the parameters, the MLSM
The effects of dif-
ferent parameters on the VIEH performance of the MLSM

can achieve multistable characteristic.

with QZS characteristic under harmonic excitation are ana-
lyzed by using the averaging method. The results show that
the MLSM can isolate vibration while harvesting vibration
energy. Subsequently, this work uses the Fokker—Planck—
Kolmogorov equation to analyze the energy harvesting perfor-
mance of the MLSM under Gaussian white noise. The results
show that a MLSM with multistable potential well characteris-
tics has a better energy harvesting performance than with QZS
characteristic. Finally, the MLSM and two other special cases
based on QZS characteristic (cases I and 1) are compared: the
vibration isolation performance of the MLSM and the other
two cases is basically the same. However, due to its quad-
stable characteristic, the MLSM has a better energy harvesting
performance. The performance of the MLSM proves that it
can be widely used in vibration isolation and power supplies
to structural health monitoring device.

Appendix A: Case I: QZS oscillator with EMT

According to Newton’s law and Kirchhoff’s law, the di-
mensionless uncoupled dynamic equation for case I can be ex-

<
b2 _y2

(AL)

pressed as

Y+(£ +Vem)+(Wem +p)y—y <1 -
= feos(wi), |y| <b,
where p = 0?/®3.

The dimensionless restoring force produced by the
springs of case I can be deduced as

¢
Pz(y)Pyy<1\/m> . (A2)
The dimensionless stiffness of case I is given by
/ ey ¢
P(y) = Pk + (\/m - 1) +p.  (A3)

Only when y =0 and B— 1+ p = 0 does case I have QZS
characteristic.
We expand Eq. (A2) using the Taylor theorem

Py () = (Wem +Q01)y+ Q00y° + Q03y° + Q04y”,  (A4)

where
c

921:(—1+B+P>7
c

Q5 = —

22 2b3a
3¢

Qo3 = —

23 8b57
5¢

T

Using the extended averaging method, the amplitude

response—frequency response of case I can be written as
WZ (Aenn (D) = Eele (Aemv 60)2 + Eem22 (Aema w)Z - f2
=0, (AS)

where

Eem22 (Aema (D) = (é + VCIH) 0Aem,

[x]

3
em22 (Aema (D) = (Wcm + -QZI - wZ) Aem + Z-QZZAgm

5 35
+ §923A2m + aﬂzdf\zm-

The force transmitted to the base can be expressed as
F;Q (y) = (é +Vem)+P2 (y)+Wemy~ (A6)

The amplitude of the transmitted force for case I with QZS
characteristics is given by

Fy2 (Aem) = \/EemZI (Aem7 (1))2 + Eem22 (Aem7 w)z- (A7)

Thus, the force transmissibility of case I is given by

\/EemZI (Aem7 CO)2 + Eem22 (Aema w)Z
f .

Ty = (A8)

The energy harvesting power Egy [Pr] of case I can be deduced
as
72 (1)2 (Aem7 (P) -—2

)Aem2 ’

Eq[RR]=An 22+ 0 (Ao, )

(A9)

where A¢m is the average amplitude of case I, which can be
given by Eq. (AS).
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Appendix B: Case I: QZS oscillator with EMT

According to Newton’s law and Kirchhoff’s law, the di-
mensionless uncoupled dynamic equation of case I can be ex-

__°
b2 ,yz

= fcos(mt), |y| <b.

pressed as

)’+(§ +Vem) +(Wem +ﬁ)y—y (—1 +

d

o= e o)

x| 1—

(B1)

The dimensionless restoring force produced by the
springs of case I is given by

Py(y) = By—y (—H[;_yZ)

d

x| 1= . (B2)
\/az_(c_m)
|
9312(1—2)(1_2_2_)2)+ﬁ7

Pi(y) =

The dimensionless stiffness of case I can be deduced as
2
dy? (c — /b2 —y2)

05 (@ (= vZ—2)’) "

cyZ 1— d -
@~ (c=/P7=5?) c 1
(b2 —y2)*? * [—y2
x d — 1| +8. (B3)
\/a2 (cf\/b27y2>
Only when y =0 and (B— 1) (——5— — 1)+ = 0 does

A2—(1-B)?
case Il have QZS characteristic.

We expand Eq. (B2) using the Taylor theorem

Py () = (Wem +231)y+ Q30)° + Q33° + Q31y", (B4)

where

O — a*c(—/a® — (b—c)2+d)+ (b—c)*(c(\/a* — (b—c)? —d) +bd)

263 (a® — (b—c)?)*/?

)

d____
(b—c) (=3b> —a*c+Th*c —5bc* +c3)d 3C( @—(b—c)? 1)

o 1 2(b—c)cd N
B=g | T 3/2 5/2 5 ’
bt (a2 —(b— c)z) bt (az —(b- c)2> b
S¢| —5t— -1 3.2 2 2_ 3
0 a—(b—c)* 3b(b—c)cd c (36 +d*c—Th*c+5bc* — ) d
34 =

1607

67 (a2 — (b —c)2)3/2

1655 (a2 — (b —c)z)s/2

| (b= 0)[5° —19b%c 4280’ 1 Sbe(a — 4c?) —c (@ - )’ +b(~Ta2* +7c*)d

1655 <a2 — (b —6)2)

Using the extended averaging method, the amplitude

response—frequency response of case II can be written as

W3 (Aem; (!)) = EemSl (Aema w)Z + EemSZ (Aema (1))2 - f2 = Oa
(BS)

where
Eem31 (Aema w) = (5 +Vem) OAem;
_ 3
Hem32 (Aema CU) = (Wem +8231 — w2) Aem + Z-QSZAgm

5 35
+ §Q33A2m + 6—4934Azm-

72

The force transmitted to the base can be expressed as
F3 () = (& +Vem) + P35 (y) + Wemy. (B6)

The amplitude of the transmitted force of case I with QZS
characteristics is given by

1313 (Aem) = \/EemBI (Aema w)2 + Eem32 (Aerm 60)2. (B7)

Therefore, the force transmissibility of case I is given by

\/Eern31 (Aemv w)z + Eem32 (Aema (D)Q

Ty =
! f

(B8)
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The energy harvesting power Eg3 [Pr] of case I can be deduced
as

Y 0? (Aem, ) —

Eg[R]=An mAem3 ,

(B9)

where Aem3 is the average amplitude of case I, which can be
given by Eq. (AS).
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