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Evolutionary game dynamics of combining two different
aspiration-driven update rules in structured populations
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In evolutionary games, most studies on finite populations have focused on a single updating mechanism. How-
ever, given the differences in individual cognition, individuals may change their strategies according to different updating
mechanisms. For this reason, we consider two different aspiration-driven updating mechanisms in structured populations:
satisfied-stay unsatisfied shift (SSUS) and satisfied-cooperate unsatisfied defect (SCUD). To simulate the game player’s
learning process, this paper improves the particle swarm optimization algorithm, which will be used to simulate the game
player’s strategy selection, i.e., population particle swarm optimization (PPSO) algorithms. We find that in the prisoner’s
dilemma, the conditions that SSUS facilitates the evolution of cooperation do not enable cooperation to emerge. In con-
trast, SCUD conditions that promote the evolution of cooperation enable cooperation to emerge. In addition, the invasion of
SCUD individuals helps promote cooperation among SSUS individuals. Simulated by the PPSO algorithm, the theoretical
approximation results are found to be consistent with the trend of change in the simulation results.

Keywords: evolutionary game dynamics, aspiration-driven update, structured populations
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1. Introduction
Cooperative behavior has emerged in the daily interac-

tions of living things.[1–3] When cooperating with others, peo-
ple show extraordinary organizational, coordination, and com-
munication abilities. Thus, cooperative behavior is indispens-
able in human science and technology development and inno-
vation. Research by a large number of scholars has found that
evolutionary game theory can be an excellent way to study be-
havior of populations. Darwin’s[4] evolutionary theory shows
that natural selection tends to favor defection in social dilem-
mas. Selfish behavior results in higher gains, so studying how
cooperation develops in evolutionary game theory is consid-
ered to be a challenging problem.[5–7] Social dilemmas result
from a conflict between individual interests and the long-term
interests of society. The prisoner’s dilemma[8] can be mate-
rialized as a two-versus-two game in which the players either
choose to cooperate or defect, and the gains of the players are
obtained by interacting with their opponents. Because the pris-
oner’s dilemma has strong relevance, researchers from differ-
ent disciplines analyze this framework from different perspec-
tives.

To study how population structure affects evolutionary
outcomes, we want to focus on the updating mechanisms
that people adopt.[9–11] The updating mechanism specifies
what information people use and how they use it to deter-
mine individual behavior. In evolutionary games, the in-
formation required for an update mechanism is the individ-
ual’s strategy and payoffs, with a particular focus on the op-
ponent’s payoffs. Common updating mechanisms include

Moran,[12–15] imitation,[16–19] pairwise comparisons,[20] and
aspiration-driven.[21–25] It is well-known that differences in
individuals’ decisions to adopt renewal mechanisms can sig-
nificantly influence the evolution of population cooperation.
Considering that diversity is ubiquitous in nature, an individ-
ual’s behavior towards social interactions may be different for
each individual. Therefore, there is a great need to merge het-
erogeneous renewal mechanisms[26,27] to understand different
realities better.

This paper is particularly interested in the coexistence
of two different aspiration-based updating rules, namely
satisfied-stay unsatisfied shift (SSUS) and satisfied-cooperate
unsatisfied defect (SCUD). Unlike the imitation mechanism,
the aspiration-based updating rule relies on self-assessment
(level of aspiration). Individuals will change their strategy if
their payoffs do not reach the aspiration level. Otherwise, they
will keep their strategy unchanged. This rule is also known as
the satisfied-stay unsatisfied shift (SSUS).[28] Instead, a new
aspiration updating mechanism is proposed, which is different
from the traditional one. Individuals will tend to maximize the
collective good if their rewards are at the desired level. This
rule is also known as the satisfied-cooperate unsatisfied defect
(SCUD).[29] In addition to imitation of others, self-evaluation
has always been present in human social behavior, so both
behaviors exist in human and animal populations. Research
experiments have shown that ants sometimes ignore social in-
formation when they have enough personal experience. Cur-
rently, the mechanism of heterogeneous updating is widely
studied by scholars. For example, Wang et al.[30] proposed to
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study the cooperation level of participants in well-mixed and
structured populations, in which each participant adopts imi-
tation and aspiration updating rules with a certain probability.
Liu et al.[31,32] discussed fixed time and fixed probability in
evolutionary games based on Moran and Fermi processes.

A series of evolutionary algorithms based on dynamic
search in organisms have been proposed, such as particle
swarm algorithms, genetic algorithms, and evolutionary multi-
objective algorithms. Because these algorithms originate from
some evolutionary phenomena in living organisms, they are
well suited for studying these phenomena.[33–38] Since the in-
troduction of particle swarm algorithms in the last decade,
many studies have proposed improved particle swarm algo-
rithms. For example, Shi et al.[33] gave a particle swarm with
inertia weights. This algorithm has strong convergence com-
pared to the conventional particle swarm algorithm. Clerc[37]

proposed a new PSO with a shrinkage factor, which may help
ensure convergence. Compared with other algorithms, the par-
ticle swarm algorithm has the advantages of fast convergence,
few parameters, and a simple and easy-to-implement algo-
rithm. The particle swarm algorithm is based on observations
of the feeding behavior of flocks of birds and how individu-
als in the group use the information to coexist to drive better
problem-solving for the group as a whole. Therefore, based on
the principle of the particle swarm algorithm, we improve this
algorithm to simulate the strategic choices of the game play-
ers to get the realization path, which we call the population
particle swarm algorithm (PPSO).

In this paper, we study the heterogeneous updating mech-
anisms: SSUS and SCUD, and we apply the pairwise approx-
imation (PA) model to approximate the structure of hetero-
geneous models on irregular grids. Finally, we use PPSO to
simulate the evolutionary process of the population. The rest
of the paper is as follows: In Section 2, we introduce three
models, namely the SSUS process, SCUD process, and SSUS-
SCUD process. In Section 3, we introduce the particle swarm
algorithm and an improved PPSO algorithm. Numerical exam-
ples of stable equilibrium point results and prisoner’s dilemma
are given in Sections 4 and 5, respectively. Section 6 draws
conclusions.

2. Model
In the model, an individual has two alternative strategies:

C (cooperation) and D (defection). When the individual’s
strategies interact two by two. Individuals receive benefits ac-
cording to the benefit matrix, which is defined as

C
D

C D[
R S
T P

]
, (1)

where the cooperator gains R when the cooperator plays with
another cooperator; the cooperator gains S when the cooper-

ator plays with the defector; the defector gains T when the
defector plays with the cooperator; and the defector gains P
when the defector plays with another defector.

2.1. Satisfied-stay unsatisfied shift

A time step in which an individual in the population is
randomly selected to compare their gains and aspiration lev-
els and ultimately decide whether to change their strategy.
We consider the traditional aspiration-driven updating mech-
anism, in which everyone in the group has the same level
of aspiration. The aspiration-driven updating process is un-
derstandably more spontaneous and does not need to con-
sider additional information on the strategic environment. The
aspiration-driven updating mechanism is specified as follows:
if an individual’s payoff is above (or equal to) the aspiration
level (i.e., π ≥ A), then keep the current strategy, otherwise
(i.e.,π < A) switch him/her to another strategy. Expectation
level A can be interpreted as an individual’s degree of sat-
isfaction with the learning individual. This updating rule is
called the satisfied-stay unsatisfied shift (SSUS). Such deter-
ministic rules can become stochastic rules, which reflect errors
and other uncertainties and drive probabilistic changes in the
population’s demographic composition. To observe stochastic
switching in the strategies employed by the players, we use the
following probability function based on the Fermi function:

qi,i+1|SSUS =
1

1+ e−ω(A−πD)
, (2a)

qi,i−1|SSUS =
1

1+ e−ω(A−πC)
, (2b)

where qi,i+1 denotes the probability of switching defection to
cooperation, qi,i−1 denotes the probability of switching coop-
eration to defection, and A is the level of aspiration, with the
extent to which the difference between the expected payoff
and the aspiration level affects the individual’s decision be-
ing controlled by the intensity of selection ω ≥ 0. When the
payoff π is lower than the aspiration A, it is more likely to
change strategies; the higher the payoff π is compared to the
aspiration A, the less likely it is to switch strategies. The de-
terministic update rule is restored if ω → ∞. The selection is
weak if 0 < ω ≤ 1. (i) Weak selection arises when individuals
do not clearly prefer different strategies. (ii) Due to noise or
random interactions, individuals are uncertain about aspiration
or aspiration-return differences.

2.2. Satisfied-cooperate unsatisfied defect

Recent research has shown that the traditional aspiration
dynamics SSUS described above do not positively affect co-
operation in the prisoner’s dilemma.[39,40] Based on this con-
sideration, this paper proposes a new aspiration learning rule:
satisfied-cooperate unsatisfied defect (SCUD). This focuses on

050203-2



Chin. Phys. B 33, 050203 (2024)

choosing between individual and collective interests in differ-
ent psychological states. It is clear that, in many cases, in-
dividuals’ choices change according to their level of aspira-
tion. Individuals tend to maximize collective interests when
they are satisfied; otherwise, they tend to maximize individual
interests. For example, in the process of demolition and com-
pensation, if the developer can satisfy the heart expectations
of the demolition households, they will generally cooperate
with the demolition; otherwise, they will generally resist the
demolition. Next, we give the individual’s strategy updating
rule, which is different from the traditional aspiration dynam-
ics, and we call this updating rule the SCUD. It is assumed that
the aspiration level of each individual in the game is the same,
i.e., the aspiration level is also denoted by A. We use the fol-
lowing probability function based on the Fermi function and
the transfer probability is defined as

qi,i+1|SCUD =
1

1+ e−ω(πD−A)
, (3a)

qi,i−1|SCUD =
1

1+ e−ω(A−πC)
. (3b)

Note that it differs only on qi,i+1 compared to the probability of
SSUS. In addition, when the individual’s payoff πi (i = C,D)

is greater than the aspiration level, the individual has a greater
probability of using cooperation. When the individual’s payoff
πi (i = C,D) is smaller than the aspiration level, the individual
has a greater probability of using defection.

2.3. The mixed aspiration update process

In the currently proposed update process, individuals up-
date their strategies through SSUS or SCUD. The probability
that an individual adopts the SSUS updating rule is assumed to
be γ . Conversely, the probability that the SCUD updating rule
is adopted is 1− γ . The γ ∈ [0,1] indicates a trade-off factor.
In particular, to update their strategies, players adopt the SSUS
rule only when γ = 1 and the SCUD update rule when γ = 0.
The transition probability of the mixed SSUS-SCUD process
can be written as

qi,i+1 = γ
1

1+ e−ω(A−πD)
+(1− γ)

1
1+ e−ω(πD−A)

, (4a)

qi,i−1 = γ
1

1+ e−ω(A−πC)
+(1− γ)

1
1+ e−ω(A−πC)

=
1

1+ e−ω(A−πC)
. (4b)

2.4. Structured populations

In structured populations, nodes represent individuals and
lines illustrate their interactions. Individuals in the structured
population change their strategies through the SSUS update
rule with probability γ and the SCUD update rule with prob-
ability 1− γ . First, an individual x is randomly selected and

referred to as the focal individual. Individual x gains by in-
teracting with individual neighbors around her. Thus, the ex-
pected payoff of individual x can be defined as

πx =
1
k ∑

y′∈Hx

axy′ , (5)

where Hx is the set of k neighbors of the individual x, and
axy′ is the payoff from the interaction between the individual
x and one of its neighbors y′. Subsequently, the individual x
randomly selects one of its neighbors y (y ∈ Hx) from Hx as
the model individual. Similarly, the same steps are applied
to obtain the expected payoff πy for y. With probability γ of
SSUS and probability 1− γ of SCUD, Individual x considers
whether to update his current strategy by comparing his av-
erage gain from interacting with his neighbors to the desired
level A. We use a square network of size L×L with periodic
boundary conditions. Figure 1 shows the mixed update model.

g

1-g

x

SSUS

SCUD

Fig. 1. A randomly selected individual x (defined as the focal individual)
is located on a two-dimensional four-neighbor square network (on the left
side) and x interacts with its four neighbors to come to a payoff. The focal
individual x updates its strategy with an SSUS update rule with probability
γ and an SCUD update rule with probability 1− γ , where γ ∈ [0,1].

2.5. Pair approximation model

In a structured population, a player’s payoff depends on
the configuration of its neighbors. The PA model must con-
sider the frequency of strategies and the frequency of pairs of
strategies. Suppose that pC and pD are the frequencies of co-
operators and defectors on the structure population. Let pCC,
pCD, pDC, and pDD denote the frequencies of CC, CD, DC, and
DD pairs. Further, let qX |Y be the conditional probability of
finding an individual of type X in the neighborhood of a focal
type Y individual, where X and Y represent C or D. All these
symbols follow the following constant equation:

pC + pD = 1, (6a)

qC|X +qD|X = 1, (6b)

pXY = pY qX |Y , (6c)

pCD = pDC. (6d)
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This means that the whole system can be represented
by pC and qC|C. Assume that each gamer has k neighbors,
where the number of C (D) participants is kC (kD) such that
kC +kD = k. Thus, the expected payoffs of the cooperators and
defectors in the structured population are, respectively,

πC =
kCR+ kDS

k
, (7a)

πD =
kCT + kDP

k
. (7b)

3. Particle swarm optimization algorithm

The particle swarm optimization algorithm (PSO) is an
evolutionary computation proposed by James Kennedy and
Russell Eberhart in 1995,[41] stemming from behavioral stud-
ies of bird flock feeding. The algorithm was initially inspired
by the regularity of a flock of flying birds’ activities, which
leads to a simplified model using group intelligence. Individ-
ual information sharing is utilized to make the motion of the
whole flock evolve from disorder to order in the problem solu-
tion space and to find the global optimum by following the cur-
rently searched optimum. It starts from a random solution and
searches for the optimal solution through iteration. In the par-
ticle swarm algorithm, the feasible solution of each optimiza-
tion problem can be regarded as a point in the d-dimensional
search space, called a particle. Let the i-th particle be denoted
as si = (si1,si2, . . . ,sid), the velocity as vi = (vi1,vi2, . . . ,vid),
and let the best position (i.e., the part with the best value of
gain) experienced by it be denoted as pi = (pi1, pi2, . . . , pid),
also known as pbest. The overall best position experienced by
all particles in the population is denoted by gbest. In each iter-
ation, the velocity and position of the particles change accord-
ing to the following equation:

vi
k+1 = wvi

k + c1r1

(
pk

best(i)− sk
i

)
+ c2r2

(
gk

best− sk
i

)
, (8a)

sk+1
i = sk

i + vk+1
i , (8b)

where c1 is the individual learning factor, c2 is the group learn-
ing factor; r1 and r2 are random numbers in the interval [0,1];
w is the inertia weight, and k is the number of iterations.

3.1. Implementation principle

Since both particle swarm algorithms and evolutionary
games are based on the principle of biological iteration to find
an optimum, we make the following analogy:

small groups in a population→ particles in swarm,
strategy space→ search space,

behavioral diffusion→ iterative process,
payoff function→ benefit function,
optimal payoff→ iterative optimal payoff,

evolutionarily stable strategy→ iterative optimal point.

Thus, all individual strategy changes in the population
are analogous to the particles’ search for an optimal solution.
The idea of the evolutionary game can be used to improve the
particle swarm optimization algorithm to simulate the popula-
tion evolution process. Considering the rationality of mixed-
strategy particle selection, it is assumed that the overall pop-
ulation consists of small groups, each of which collectively
selects a strategy. Therefore, in the particle swarm algorithm,
the small population can be regarded as a particle, and the par-
ticle can adopt the player’s strategy.

3.2. Evolutionarily stable strategy

In a two-player symmetric game, we denote the com-
mon set of pure strategies by K = {1,2, . . . ,k}, where k is
the number of strategies that the two players can implement.
The corresponding set of mixed strategies is denoted as ∆ =

{x ∈ Rk
+ : ∑i∈K xi = 1}.

For populations with an overall presentation strategy state
of x, let the individuals in the total population adopt the (pure
or mixed) original strategy x ∈ ∆ . After that, the strategies
of some individuals change, and these individuals with strat-
egy changes are defined as mutants. Individuals with no strat-
egy change are defined as non-mutated individuals, assuming
all mutants adopt the other (pure or mixed) mutated strate-
gies y ∈ ∆ . The share of mutants in the population is de-
noted as ε , where ε ∈ (0,1). In this bimodal aggregate, pairs
of individuals are randomly and repeatedly sampled to play
the game, where the probability that his opponent adopts the
mutated strategy is ε , and the probability that he adopts the
existing strategy is 1− ε . Here, we assume that the sign of
the payoff is µ . Thus, the payoff of the original strategy is
µ[x,εy+(1− ε)x], while the payoff of the variant strategy is
µ[y,εy+(1− ε)x]. Evolution will choose the original strategy
if the payoff of the corresponding individual is higher than that
of the individual who chooses the variant strategy. The specific
situation is as follows:

µ[x,εy+(1− ε)x]> µ[y,εy+(1− ε)x]. (9)

In this case, the original strategy x∈ ∆ is considered to be
evolutionarily stable, and the inequality holds for any mutant
strategy y 6= x if the mutant’s share of the overall in the overall
is sufficiently small.

In the classical 2× 2 game, the strategy of the player is
a two-dimensional vector with the sum of the vectors depart-
ing from 1. The second component can be expressed in terms
of the first component. That is, there is only one variable in
the game party 1, defined as x in the fitness function. Simi-
larly, the strategy of the adversary is a two-dimensional vector
that can be expressed in terms of a single variable, defined as
the second variable y in the fitness function. Thus, the entire
payoff function is binary.
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3.3. PPSO algorithm

The PPSO algorithm implements stable equilibrium
points based on the PSO algorithm framework and introduces
the theory of social learning and group imitation into the PSO
algorithm. In the PPSO algorithm, each stable equilibrium
point represents a solution to a problem, and each participant
in the group is considered as a particle of the PPSO algorithm.
Participants with different strategies reflect the differences in
positions between particles, and different gains reflect the dif-
ferences in expected gains between particles, both of which
constitute particle diversity.

Based on Eqs. (8a) and (8b), the PPSO algorithm iteration
function is

vk+1
i = ikbest− sk

i , (10a)

sk+1
i =

{
sk

i + vk+1
i , πi < A,

sk
i , πi ≥ A,

(10b)

where ikbest is the particle with the highest expected payoff, the
traditional idea of expectation dynamics is borrowed from the
above particle iteration formula. When the gain exceeds the
expectation, the particle position changes; otherwise, the par-
ticle position remains unchanged. The above equation draws
on the original iterative process Eqs. (8a) and (8b) an idea de-
rived from group imitation and social learning theory.

3.4. Algorithmic structure

(a) Algorithm initialization parameters. These parameters
include the learning factor c, the lower bound of the search
space popmin, the upper bound of the search space popmax,
the number of iterations genmax, and the population size n.

(b) Create a population with n particles, and the algorithm
randomly generates strategy xi = 0 or 1 for the population of
n particles.

(c) Use Eqs. (7a) and (7b) to compute the expected returns
of all particles in the population and find the particle strategy
with the highest expected return, denoted as ikbest.

(d) All particles update their positions according to
Eqs. (10a) and (10b).

(e) Decide whether to end the iteration according to the
number of iterations genmax, and when the iteration ends, the
optimal gain and particle position map in the algorithm’s out-
put. Otherwise, the algorithm turns to (c).

4. Result
4.1. The 𝑝̂C of SSUS

For SSUS updating, the focal individual gains from in-
teracting with its neighbors and then compares it with its ex-
pected level to decide whether to switch strategies. Under
weak selection, we find that strategy C is better than strategy
D if R+ S > T +P, i.e., 〈xC〉 > 1/2 (where 〈xC〉 denotes the

average abundance of strategy C), and strategy D is better than
strategy C if R+ S < T +P, i.e., 〈xD〉 > 1/2 (where 〈xD〉 de-
notes the average abundance of strategy D). The probability
that C and CC change within a time step is (see Appendix A
for the calculation procedure):

ṗC|SSUS =
pD− pC

2
+

ω

4
{(pD− pC)A− (T −P)pCD

−PpD+(R−S)pCC+SpC}+O(ω2), (11a)

ṗCC|SSUS = pCD− pCC +
ω pCD

2

×
[
A− T

k
− (T qC|D +P−PqC|D)

k−1
k

]
− ω pCC

2

[
A− R

k
− (RqC|C +S−SqC|C)

× k−1
k

]
+O(ω2). (11b)

Similarly, here you can get the expression for ṗDD|SSUS.
By ω → 0, it is possible to obtain a balance of Eqs. (11a) and
(11b), i.e., (p̂C, p̂CC) = ( 1

2 ,
1
4 ). Further, p̂D = 1

2 , p̂CD = p̂DD = 1
4 .

According to perturbation theory, there exists fXY , such that

p̂CC =
1
4
+ω× fCC, (12a)

p̂CD =
1
4
+ω× fCD, (12b)

p̂DC =
1
4
+ω× fDC, (12c)

p̂DD =
1
4
+ω× fDD. (12d)

Substituting the above expresses into the equation, when
choosing intensity ω → 0, let ṗC|SSUS = 0, we have

1−2pC

2
+

ω

4

[
(1−2pC)A− (T −P)

1
4
−P(1− pC)

+(R−S)
1
4
+SpC

]
= 0, (13)

such that

p̂C(ω)|SSUS =
2+ ω

4 (R+S−T −P)+ω(A−P)
4−ω(S+P−2A)

. (14)

In addition, it is able to determine the stability of p̂C

under a weak selection of (ω ≤ 1), such that V (pC) = ṗC,
then V ′(pC)|pC=p̂C = −1 < 0. Also, being Taylor-expanded
at equilibrium p̂C, and taking the linear term only once, then
we have V (pC) = V ′(p̂C)(pC− p̂C). Correspondingly, due to
V ′(pC)|pC=p̂C =−1 < 0, then p̂C is the stabilization point.

4.2. The 𝑝̂C of SCUD

For the SCUD update, under weak selection, we find that
strategy C is better than strategy D if R+ S+ T +P− 4A >

0, i.e., 〈xC〉 > 1/2; strategy D is better than strategy C if
R+ S + T +P− 4A < 0, i.e., 〈xD〉 > 1/2; and the probabil-
ity that C and CC change in a time step is (see Appendix A for
the calculation procedure):

ṗC|SCUD =
pD− pC

2
+

β

4
{−A− [(d− c)pCD
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−d pD +(b−a)pCC−bpC]}+O(β 2), (15a)

ṗCC|SCUD = pCD− pCC +
ω pCD

2

×
[T

k
+(T qC|D +P−PqC|D)

k−1
k
−A
]

− ω pCC

2

[
A− R

k
− (RqC|C +S−SqC|C)

× k−1
k

]
+O(ω2). (15b)

Similarly, when selecting intensity ω → 0, let ṗC = 0, then

1−2pC

2
+

ω

4

[
−A− (P−T )

1
4
+P(1− pC)

− (S−R)
1
4
+SpC

]
= 0. (16)

Therefore,

p̂C(ω)|SCUD =
2−ωA− ω

4 (P−T +S−R)+ωP
4+ωP−ωS

, (17)

and it is easy to show that p̂C is a stable equilibrium under a
weak selection (ω ≤ 1).

4.3. The mixed aspiration updating process (SSUS-SCUD)

Under the mixed SSUS-SCUD rule (SSUS is used with
a probability of γ , SCUD is used with a probability of 1− γ ,
and the probability that the C and CC of the mixed aspiration
updating process change within a time step is

ṗC = γ ṗC|SSUS +(1− γ)ṗC|SCUD, (18a)

ṗCC = γ ṗCC|SSUS +(1− γ)ṗCC|SCUD. (18b)

This result stays within the limit of weak selection (ω ≤
1). Under weak selection, the mixed update rules are all the
same as the zeroth order in ω , but the first-order terms differ.

5. Numerical example

In this section, we study the stable equilibrium point theo-
retical approximation results for the SSUS process, the SCUD
process and the mixed SSUS-SCUD process, respectively, and
simulate the stable equilibrium points using the PPSO algo-
rithm.

This section considers the prisoner’s dilemma, then the
payoff matrix of the game is

C
D

C D[
1− p −p

1 0

]
, (19)

where p ∈ (0,1) denotes the cost of cooperation. Next, to val-
idate the theoretical approximation results for the evolution of
facilitated cooperation under weak selection in the prisoner’s
dilemma, this paper investigates the effects of the cost p, the
aspiration level A, and the trade-off coefficient γ on the propor-
tion of cooperators in the outcome group. For the structural
population, degree k = 4 and L× L (L = 100) square lattice
network is selected for simulation here. That is, each indi-
vidual performs a prisoner’s dilemma with four surrounding
neighbors, the expected payoff of the individual is calculated
by Eqs. (7a) and (7b), the individual performs a strategy up-
date by SSUS rules (2a) and (2b) or SCUD rules (3a) and (3b),
respectively, and then the equilibrium point of the individual’s
strategy is simulated by a PPSO algorithm. In the algorithm,
the learning factor c = 0.5, the search space from popmin = 0
to popmax= 1, the number of iterations genmax= 68 and the
population size n = 100.
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Fig. 2. Proportion of cooperators in the SSUS process varying with the cost p and the aspiration level A: (a) and (b) are theoretical
approximations computed from Eq. (14), (c) and (d) are the results of simulations using the PPSO algorithm in a square lattice network
with k = 4 and all individuals at L×L (L = 100). Here ω = 0.01.
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Fig. 3. Proportion of cooperators in the SCUD process varying with cost p and aspiration level A: (a) and (b) are theoretical approxi-
mations computed from Eq. (17), (c) and (d) are results of simulations using the PPSO algorithm in a square lattice network with k = 4
and all individuals at L×L (L = 100). Here ω = 0.01.
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Fig. 4. The proportion of collaborators in the hybrid aspiration updating process according to different trade-off coefficients γ and thus
to analyze the proportion of cooperators that change with the cost p and the aspiration level A: (a) and (c) are for a fixed aspiration level
A = 0.2, (b) and (d) are for a fixed cost p = 0.2. Also, both (a) and (b) are theoretical approximations computed via Eq. (18a), (c) and
(d) are the results of simulations using the PPSO algorithm in a square lattice network with k = 4 and all individuals at L×L (L = 100).
The green and blue lines show the SSUS process and the SCUD process, respectively. The red, yellow, and purple lines show our
proposed mixed processes of γ = 0.3, γ = 0.5, and γ = 0.8, respectively. Here ω = 0.01.

Figures 2(a) and 2(b) illustrate the theoretical approxima-
tion results of SSUS, which find that for a fixed A, the propor-
tion of cooperators decreases as the cost p increases. The ratio
of cooperators is the same regardless of any change in A. Also,
for fixed p, the proportion of cooperators is constant with in-

creasing aspiration level A and cooperation is more dominant
for small costs. Figures 2(c) and 2(d) demonstrate the simu-
lation results, which show that the theoretical approximation
results are consistent with the trend of changes in the simu-
lation results. Therefore, the PPSO algorithm can accurately
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simulate the particle positions and benefits with its stable equi-
librium point and counterpart. It completely records the stable
equilibrium point path of the SSUS process. The condition
for promoting cooperation in SSUS is R+ S > T +P. These
results confirm that cooperation is no more dominant than de-
fection for weak selection in the prisoner’s dilemma.

Figures 3(a) and 3(b) illustrate the theoretical approxima-
tion results for SCUD, where for fixed A, the proportion of
cooperators decreases with increasing cost p and cooperation
is more dominant for small aspiration levels. Alternatively,
for fixed p, the proportion of cooperators still decreases with
increasing aspiration level A and cooperation is more preva-
lent for small costs. Figures 3(c) and 3(d) demonstrate the
simulation results, which show that the theoretical approxima-
tion results are consistent with the trend of the simulation re-
sults. Therefore, the PPSO algorithm can accurately simulate
the particle positions and benefits with its stable equilibrium
point and counterpart. It completely records the stable equi-
librium point path of the SCUD process. The condition that
promotes cooperation in SSUS is R+S+T +P−4A> 0. This
result confirms that in the prisoner’s dilemma for weak selec-
tion, then A < (1− p)/2, cooperation is more advantageous
than defection.

Figures 4(a) and 4(b) illustrate the results of the theoret-
ical approximation of the mixed aspiration update, where the
proportion of cooperators decreases with increasing cost p, re-
gardless of γ , for a fixed aspiration level A = 0.2 in Fig. 4(a).
The proportion of cooperators is lowest in the SSUS process
(γ = 1) (black line). Therefore, they have a slow update rate,
and it can also be seen that the SSUS process has the oppo-
site update rate to the SCUD process, with the highest propor-
tion of cooperators in the SCUD process (γ = 0) (blue line),
and therefore a faster update rate. The proportions of cooper-
ators in the mixed update processes (γ = 0.3), (γ = 0.5) and
(γ = 0.8) are between the proportions of cooperators in the
two single update processes. It can be obtained that adding
the SCUD process to the SSUS process can promote the gen-
eration of cooperation as the cost p increases. Fixing the cost
p = 0.2 in Fig. 4(b), a phase channg point A = 0.5 can be ob-
tained. Before the phase transition point, the SSUS process
has lowest cooperators and the SCUD process has the high-
est cooperators. However, after the phase transition point, the
results for single and mixed processes are completely oppo-
site. Figures 4(c) and 4(d) demonstrate the simulation results,
which show that the theoretical approximation results are con-
sistent with the trend of the simulation results. Therefore,
the PPSO algorithm is able to accurately simulate the parti-
cle positions and benefits that want to correspond to the stable
equilibrium point. It completely records the stable equilibrium
point path of the mixed aspiration updating process.

6. Conclusion

This paper considers two aspiration-based learning rules,
SSUS and SCUD, and investigates how such updating rules
affect the evolutionary dynamics of cooperation in structured
populations. Under weak selection, this paper considers the
homogeneity of individual strategy types and gives analytic
conditions under which cooperation prevails. In addition,
compared with the traditional aspiration dynamics SSUS, the
new aspiration dynamics SCUD can effectively solve the co-
operation problem in the prisoner’s dilemma game.

Previous work has demonstrated that traditional aspira-
tion dynamics play an active role in the evolution of coop-
eration. For example, in the spatial prisoner’s dilemma, Liu
et al.[42] proposed an aspiration-based learning approach and
showed that appropriate aspirations can lead to high levels of
cooperation. In addition, Shen et al.[43] proposed an evolution-
ary approach based on aspiration-based connection weights in
a spatial prisoner’s dilemma game, where they found that ap-
propriate aspirations promote high levels of cooperation, yet
too high or too low aspirations inhibit the evolution of coop-
eration. In contrast, when the cost of cooperation is fixed,
the new aspiration updating rule SCUD proposed in this pa-
per demonstrates that low aspirations favor the evolution of
cooperation. Further, for the traditional aspiration dynam-
ics SSUS, previous work[44] has presented a common condi-
tion that facilitates the development of cooperation, namely
R+S > T +P. However, this condition does not enable coop-
eration to emerge in the prisoner’s dilemma. The new aspira-
tion updating rule SCUD gives the condition for cooperation
to evolve as R+ S+ T +P− 4A > 0 and finds that coopera-
tion can be made to spring up in the prisoner’s dilemma game
with the right aspiration. For the mixed aspiration updating
rule, under certain conditions, introducing the new aspiration
updating rule SCUD can promote an increase in the proportion
of cooperators in the traditional aspiration dynamics SSUS.

Using the PPSO algorithm, the stable equilibrium point
realization process for three aspiration processes is simulated.
The simulation results show that the PPSO algorithm demon-
strates the realization path of the equilibrium point. By ana-
lyzing the effects of cost p and aspiration A on the equilibrium
point realization, the results show that the theoretical approx-
imation results are consistent with the changes in the simula-
tion results. It is better verified that the aspiration dynamics of
the unification SSUS conditions for promoting cooperation do
not enable cooperation to spring up in the prisoner’s dilemma.
On the contrary, the new aspiration updating rule SCUD facil-
itating cooperation conditions can make cooperation emerge
in the prisoner’s dilemma.
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Appendix A
We next compute the probability that the C and CC pairs

change within a time step during SSUS process. If the prob-
ability of selecting a D individual is pD, then the probability
of this configuration occurring is k!

kC!kD! qkC
C|DqkD

D|D and pC is in-
creased by 1/N,

Prob
(

∆pC =
1
N

)
= pD

k

∑
kC=0

k!
kC!kD!

qkC
C|DqkD

D|D

× 1
1+ e−ω(A−πD)

. (A1)

In addition, as the number of CC pairs increases with in-
creasing kC, the probability that pCC increases by 2kC

kN is

Prob
(

∆pCC =
2kC

kN

)
= pD

k!
kC!kD!

qkC
C|DqkD

D|D

× 1
1+ e−ω(A−πD)

. (A2)

If the probability of selecting a C individual is pC, then
the probability of this configuration occurring is k!

kC!kD! qkC
C|DqkD

D|D

and pC is increased by 1/N,

Prob
(

∆pC =− 1
N

)
= pC

k

∑
kC=0

k!
kC!kD!

qkC
C|CqkD

D|C

× 1
1+ e−ω(A−πC)

. (A3)

In addition, as the number of CC pairs decreases with de-
creasing kC, the probability that pCC decreases by 2kC

kN is

Prob
(

∆pDD =−2kC

kN

)
= pC

k!
kC!kD!

qkC
C|CqkD

D|C

× 1
1+ e−ω(A−πC)

. (A4)

Here, assuming that a substitution event occurs in one unit
of time, the time derivatives of pC and PCC are, respectively,

ṗC|SSUS =
[ 1

N
Prob

(
∆pC =

1
N

)
+
(
− 1

N

)
Prob

(
∆pC =− 1

N

)]/[ 1
N

]
= ṗC|SSUS(ω = 0)+ω×∂ ṗC|SSUS

∂ω
|ω=0 +O(ω2)

=
pD− pC

2
+

ω

4
{(pD− pC)A− (T −P)pCD

−PpD +(R−S)pCC +SpC}+O(ω2), (A5)

ṗCC|SSUS =
[ k

∑
kC=0

2kC

kN
Prob

(
∆pCC =

2kC

kN

)
+

k

∑
kC=0

×
(
−2kC

kN

)
Prob

(
∆pCC =−2kC

kN

)]/[ 1
N

]
= ṗCC|SSUS(ω = 0)+ω× ∂ ṗCC|SSUS

∂ω
|ω=0

+O(ω2)

= pCD− pCC +ω× ∂ ṗCC

∂ω
|ω=0 +O(ω2), (A6)

where

∂ ṗCC

∂β
|β=0 =

k

∑
kC=0

2kc
k

pD
k!

kC!kD!
qkC

C|DqkD
D|D

πD−A
4

−
k

∑
kC=0

2kc
k

pC
k!

kC!kD!
qkC

C|DqkD
D|D

A−πC

4

=
k

∑
kC=0

2kc
k

pD
k!

kC!kD!
qkC

C|DqkD
D|D

×
kCT+kDP

k −A
4

−
k

∑
kC=0

2kc
k

pC
k!

kC!kD!

×qkC
C|DqkD

D|D
A− kCR+kDS

k
4

=
pD

2

k

∑
kC=0

kc
k

k!
kC!kD!

qkC
C|DqkD

D|D

×
(kCT + kDP

k
−A
)
− pC

2

k

∑
kC=0

kc
k

k!
kC!kD!

×qkC
C|DqkD

D|D

(
A− kCR+ kDS

k

)
=

pD

2

[
(−A+P)qC|D−

(P−T )q2
C|D

k

+(P−T )q2
C|D−

(T −P)qC|D

k

]
− pC

2

[
(A−S)qC|C +

(R−S)qC|C

k

− (R−S)q2
C|C +

(R−S)q2
C|C

k

]
=

pCD

2

[
A− T

k
− (T qC|D +P−PqC|D)

k−1
k

]
− pCC

2

[
A− R

k
− (RqC|C+S−SqC|C)

k−1
k

]
.

(A7)

Similarly, we next compute the probability that the C and
CC pairs change within a time step during SCUD process.
Here, assuming that a substitution event occurs in one unit of
time, the time derivatives of pC and pCC are, respectively,

ṗC|SCUD =
[ 1

N
Prob

(
∆pC =

1
N

)
+
(
− 1

N

)
Prob

(
∆pC =− 1

N

)]/[ 1
N

]
= ṗC|SCUD(ω = 0)+ω× ∂ ṗC|SCUD

∂ω
|ω=0

+O(ω2)

=
pD− pC

2
+

ω

4
{−A− [(P−T )pCD−PpD

+(S−R)pCC−SpC]}+O(ω2), (A8)

ṗCC|SCUD =
[ k

∑
kC=0

2kC

kN
Prob

(
∆pCC =

2kC

kN

)
+

k

∑
kC=0

×
(
−2kC

kN

)
Prob

(
∆pCC =−2kC

kN

)]/[ 1
N

]
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= ṗCC|SCUD(ω = 0)+ω× ∂ ṗCC|SCUD

∂ω
|ω=0

+O(ω2)

= pCD− pCC +ω× ∂ ṗCC

∂ω
|ω=0+O(ω2), (A9)

where

∂ ṗCC

∂β
|β=0 =

k

∑
kC=0

2kc
k

pD
k!

kC!kD!
qkC

C|DqkD
D|D

πD−A
4

−
k

∑
kC=0

2kc
k

pC
k!

kC!kD!
qkC

C|DqkD
D|D

A−πC

4

=
k

∑
kC=0

2kc
k

pD
k!

kC!kD!
qkC

C|DqkD
D|D

×
kCT+kDP

k −A
4

−
k

∑
kC=0

2kc
k

pC
k!

kC!kD!

×qkC
C|DqkD

D|D
A− kCR+kDS

k
4

=
pD

2

k

∑
kC=0

kc
k

k!
kC!kD!

qkC
C|DqkD

D|D

×
(kCT + kDP

k
−A
)
− pC

2

k

∑
kC=0

kc
k

k!
kC!kD!

×qkC
C|DqkD

D|D

(
A− kCR+ kDS

k

)
=

pD

2

[
(−A+P)qC|D +

(P−T )q2
C|D

k

− (P−T )q2
C|D +

(P−T )qC|D

k

]
− pC

2

[
(A−S)qC|C +

(R−S)qC|C

k

− (R−S)q2
C|C +

(R−S)q2
C|C

k

]
=

pCD

2

[T
k
+(T qC|D +P−PqC|D)

k−1
k
−A
]

− pCC

2

[
A− R

k
− (RqC|C+S−SqC|C)

k−1
k

]
.

(A10)
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