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In many engineering networks, only a part of target state variables are required to be estimated. On the other hand,
multi-layer complex network exists widely in practical situations. In this paper, the state estimation of target state variables
in multi-layer complex dynamical networks with nonlinear node dynamics is studied. A suitable functional state observer
is constructed with the limited measurement. The parameters of the designed functional observer are obtained from the
algebraic method and the stability of the functional observer is proven by the Lyapunov theorem. Some necessary conditions
that need to be satisfied for the design of the functional state observer are obtained. Different from previous studies, in the
multi-layer complex dynamical network with nonlinear node dynamics, the proposed method can estimate the state of target
variables on some layers directly instead of estimating all the individual states. Thus, it can greatly reduce the placement
of observers and computational cost. Numerical simulations with the three-layer complex dynamical network composed of
three-dimensional nonlinear dynamical nodes are developed to verify the effectiveness of the method.

Keywords: multi-layer complex dynamical network, nonlinear node dynamics, target state estimation, func-

tional state observer
PACS: 02.30.Yy, 07.05.Dz, 05.45.Xt

1. Introduction

Complex dynamical networks have been selected as pow-
erful tools for studying the characteristics and evolutions of
many practical social and engineering networks, such as multi-
agent systems, power grids, biological networks, epidemic
spreading, and so on (Refs. [1-4]). In order to control the
operation and optimize the resource allocation of the network,
we need to obtain timely the state information of the nodes
(Refs. [5-7]). However, in many real situations, the state in-
formation of partial nodes in the complex network is unknown
or unpredictable. Therefore, how to achieve the state estima-
tion of various complex networks is important yet challenging.

Over the last decades, the main principle of the network
state estimation is to construct an observer network. Each
node of the observer network is set with an output feedback
controller to measure the difference between the observer net-
work output and the original network output. When the ob-
server network reaches the external synchronization with the
original network, the unmeasurable states of the original net-
work can be estimated by states of the observer network. This
principle requires that all nodes be set with controllers and
can estimate states of all nodes in the original network. Based
on the principle, Giorgio et al.!® developed a series of algo-
rithms and considered a collective Lyapunov function to ad-
dress the consensus-based estimation of a nonlinear dynamical

network. Li e al.!) used a family of Bernoulli random vari-
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ables to depict the switching behaviour of the network when
studying the state estimation with the switching topology in
complex networks. They!'%! also proposed a state estimator
to research the estimation with random coupling strength by
adopting structures of the Kalman filter in the network. Due
to the network congestion or transmission faults such as node
failure and link interruption, external disturbance is a common
phenomenon in real networks, which can affect the perfor-
mance of the network seriously. Therefore, packet loss, noise
and other external disturbances were taken into consideration
by researchers. Wu et al.!'!l used the Bernoulli distribution
to describe the packet loss and applied the stochastic analysis
method when studying the state estimation with pocket loss.
However, most existing methods on state estimation from ob-
servation and control of dynamics are focused on single-layer
networks.

In the practical engineering, networks rarely appear with
a single-layer structure and the modeling of single-layer net-
works has some limitations in accurately capturing the func-
tional details. For example, the integration of the power layer
and information layer is crucial in smart grid networks to en-
sure reliable grid operations (Ref. [12]). In the communica-
tion network, wired communication and wireless communi-
cation cooperate with each other to ensure normal communi-
cation requirements. When the wireless communication net-

work malfunctions, the wired communication network can
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still be used to maintain necessary communication functions
(Refs. [13,14]). The multi-layer complex dynamical network
has gained significant attention as it allows for a more realistic
characterization of real-world networks.

The current research on the control problem of multi-
layer complex dynamical networks has obtained great at-
tention, mainly focusing on synchronization (Refs. [15,
16]) topology identification (Refs. [17,18]), controllability
(Refs. [19]). Li et al.!"! proposed a scheme based on an ape-
riodically intermittent pinning control to achieve cluster expo-
nential synchronization in the two-layer complex network with
time-varying delays and deduced some conditions for cluster
synchronization. Jin e al.l'® developed a multi-layer com-
plex network with delay parameter and studied the influence
of parameters on multi-layer explosive synchronization with
delay. Wang er al.!'”l investigated topology identification in
a two-layer network considering peer-to-peer unidirectional
couplings by constructing simple control inputs and updating
laws. Mei et al.!"® studied the problem of structure recon-
struction for multi-layer complex dynamical networks based
on compressive sensing and regularization. Wu ez al.!'! ad-
dressed the state controllability of multi-layer networks with
inter-layer couplings and obtained some necessary and suf-
ficient conditions for the network controllability. However,
the research on the state estimation of the multi-layer com-
plex dynamical network is limited. Li et al.?%!l investigated
the state estimation of a general type of multi-layer complex
network with coupling delay and time-varying delay based on
establishing a multi-layer observer network. The efficient so-
lution to this problem are consistent with the principle men-
tioned above for the single-layer complex dynamical network.
It is also necessary to apply an observer to each node and can
estimate the states of all nodes in the multi-layer complex dy-
namical network.

Considering either economic costs or physical difficul-
ties, it becomes challenging to place sensors for each node
in order to obtain state information as the scale of the complex
dynamical network increases. For example, in the public opin-
ion network, it is prohibitive for us to obtain every individual’s
understanding of public opinions. Meanwhile, in many practi-
cal engineering problems, there is often no need to estimate the
state information of all nodes in a high-dimensional or large-
scale network. Instead, our focus is typically on the state in-
formation of some target nodes that are of interest (Ref. [22]).
For example, in the human brain, among the thousands of neu-
rons, we only need to grasp the information of the neurons at
the patient’s site in order to prescribe the appropriate treatment
(Ref. [23]). Therefore, it has practical value to estimate the
state information of interested target nodes based on limited
node measurements in the network.

For the study of the state estimation of target nodes in
complex dynamical networks with limited measurements, the
functional state observer is proposed in linear systems. The
design of the functional state observer mainly relies on the
rank-based condition (Refs. [24,25]). However, the rank-based
method is not suitable for large-scale or multi-dimensional
networks due to its high computational requirements. Graph-
based algorithms can solve the problem of high computation
caused by the rank-based method. Liu er al.!*®! proposed a
graph theory algorithm to determine the minimum sensor node
set to ensure the observability of complex networks. Arthur
et al.”’! developed a graph-theoretic approach of functional
observability and related algorithms to select auxiliary nodes,
making it effective to estimate the target states of a large-scale
dynamical network. The above two papers mainly focused on
the single-layer network with linear and one-dimensional node
dynamics. Wu et al.*®! investigated target layer state estima-
tion in multi-layer complex dynamical networks based on net-
work graph theory and functional observability. However, the
paper also applies only to complex networks with linear and
one-dimensional node dynamics.

In practical networks, nodes generally have multi-
dimensional nonlinear dynamics (Refs. [29-31]). For exam-
ple, in unmanned aerial vehicle systems, the mechanical equa-
tions, kinematic equations and navigation equations are all
multi-dimensional nonlinear differential equations (Ref. [29]),
such as in the kinematic equation, it usually has multi-
dimensional state variables including location, velocity, and
attitude angle. In the ecological network, the Lotka—Volterra
model used to describe the interactions between predators and
prey is also multi-dimensional nonlinear (Ref. [30]). In the
communication network, chaos is a multi-dimensional non-
linear dynamic system with high randomness and complex-
ity, which is usually used to encrypt the communication sys-
tem in order to improve the security of the communication
(Ref. [31]).
multi-dimensional nonlinear node dynamics provide a more

Therefore, complex dynamical networks with

accurate and comprehensive modeling approach, enabling us
to better understand and explain the behavior of complex sys-
tems.

From the above discussion, in this paper, we investigate
the state estimation of some components in target nodes in
multi-layer complex dynamical networks with nonlinear node
dynamics by limited state measurements. First, we establish a
corresponding multi-layer complex dynamical network, where
the information of some state components in certain nodes on
one layer has been obtained by sensors. Our objective is to
estimate the state information of some components in target
nodes on other layers. We also assume that every node is
subject to external disturbances. Second, a functional state
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observer is constructed according to the established multi-
layer network. We can obtain error systems from the estab-
lished multi-layer network and the designed functional state
observer. Third, the parameters of the functional state ob-
server are solved by the arithmetic method and the stability of
the functional state observer is verified based on the Lyapunov
stability principle. Finally, some numerical simulations are de-
veloped to validate the effectiveness of the proposed method.
The results demonstrate that we can achieve the accurate esti-
mation of target state components with fewer observer place-
ments and computational cost.

The theory and method proposed in this paper have good
application prospects in the field of social network public opin-
ion spreading prediction and integrated cluster warfare of air-
space-sea. The major contributions of this paper are summa-
rized as follows:

(i) We have investigated the problem of the target layer
state estimation in multi-layer complex dynamical networks
considering nonlinear node dynamics based on the actual
needs of the engineering.

(ii) The suitable nonlinear functional state observer has
been developed to achieve the state estimation of target nodes
in multi-layer complex dynamical networks accurately.

(iii) The proposed method can realize the accurate estima-
tion with less placement of observers and fewer computational
costs in the multi-layer complex dynamical network.

Notation: [, donetes the identity matrix of size n,
diag{aj,ay,...,a,} is a diagonal matrix formed by matrices
ay,ay,...,a,, ® is the Kronecker product, rank(a) represents
the rank of a matrix a.

2. Problem formulation

We consider a multi-layer complex dynamical network
consisting of L layers, with each layer containing N) nodes.
The dynamics of the network can be described by the follow-
ing equation:

(1)
20 = AL0) +£100) + Y dLr o)
=1

LAY IR IR 11 Loy (D
+ )Y Ydair )gje(t)‘FBiui(t)‘f'VVimi(t)a
R=T.RA j=1

Yi(t) = Cixi(0),
where i=1,2,...,NO 1=12,... L x} € R" and u! € R" are

the n-dimensional state vector and the m-dimensional control

input of the i-th node on the layer / respectively. mf € R" is the
external disturbance. yf € RP represents the output, which is
the direct measurement from sensors in the network. A} € R™*"
is the linear part of the node dynamics, fi[ (+) is the nonlinear
part of the node dynamics. B! € R and C! € RP*" are the
input matrix and output matrix respectively. Wl.l € R™" is the
weight matrix of the disturbance. The intralayer configuration
matrix of the network on layer /, denoted as D' = [dll AN v
represents the connections between nodes within the same
layer [. If there is a link from node j to node i, df > 0, other-
wise, dfj = 0. The interlayer configuration matrix of the net-
work, denoted as D'® = [d/R] ) o, represents the connec-
tions between nodes in layer R and layer /. If there is a link
from node j in layer R to node i in layer [, dff > 0, otherwise,
d]f = 0. The matrices I"" and "' represent the inner coupling
matrix of the intralayer network and the interlayer network re-
spectively. Let N be the total number of the network.
Transform the network (1) into a general system state

space expression, which is shown in system (2),

OX () + XM +yU O +WMD),

—N
==
[
<
a
N

where
A= [T )T W) TTT e RN, 1=1,2,. L
U= [(MI)T, (MZ)T7 ’(ML)T]T c RNm7

where

Al+D' @I +p2@r24+...4pllgriL
A4 D*@I*+ DY @I +...+ Dot

(P:

c RNann’

AL+ DL@TL 4 DU Ll 4 ... 4 pLUL-1) g LL-1)
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where

! : I pl [ pl ! !
B :dlag{C)'lBthBz,...,GN(I)B

N(l)}7 1:1327"'7L~

O'il represents the connection relationship between external
control inputs and nodes of node i on layer /.

W = diag{w',w?,..., W},

where

Wl = dlag{gllwl] ’ géWIZ? ey g]l\](l)wjv(l)}a = 1727 cee 7L'

gi’ represents the connection relationship between external dis-

turbance and nodes of node i on layer /.
Fig. 1. The tyvo-lgyer complex dynamical network to study the target Without loss of generality, we take a two-layer complex
layer state estimation. . . . . .
dynamical network with two-dimensional node dynamics as

b an illustrative example which is shown in Fig. 1. Assume
where . .
that on the first layer of the network, the first-dimensional

and second-dimensional state components of node 1 and the

i . 1 4l !
A = dlag{Al7A27 SN ,AN(l)},

v = diag{B',B*,... B},

I=12,...,L, second-dimensional state component of node 4 can be mea-

sured by sensors. Then one has

1 0000O0OO0OO0OO0OO0OOOOOOOOOOOOOOOQO
E&=({01000O0O0OO0OO0ODOOOOOOOOOOO0OO0OO0TO0O 3)
00000O0O0O1O0O0OO0OO0ODOOO0OO0OO0OO0OO0OSO0OOOSO0O®O0ODO

In large-scale networks, it is not necessary for us to obtain the state estimation of all nodes. Only a series of state components
in target nodes will be focused on. Defined a target matrix F € R™N", the partial state components in target nodes z(t) = FX (t) €
R", where r can be much smaller than Nn. In Fig. 1, we suppose that the first-dimensional of node 7 is of interest. Then we have

F=[000000O0O0OOOOOT100O0O0O0OO0OOOOO0O0]

Our objective is to estimate the state information of state components in target nodes z(¢) from the limited number of
measured nodes.

Remark 1 If the target nodes are distributed in each layer of the network, the proposed method is still working. For example,
assume that the second-dimensional of node 6 on the first layer and the first-dimensional of node 7 on the second layer are target
nodes. Then the matrix F will be set as follows:

F_OOOOOOOg

00 010O0OO0OO0OO0OO0OO0OOOO0OO0OTO 0
10 0 0 0 00O 00001 O0O0OO0OO0OOO0OO0OOO0OO0O0]/

3. Design functional state observer server gain matrix.

Define the error between ¢(¢) and KX (¢) as e; (1) = q(t) —
KX (1), then

éi(r) = q(t) —KX(1)
= Sey(t)+ (SK+J¢ — K@)X(t)

+K< 7 [g((fﬂ _F [’Z/g” ) —KWM(®). (5

Define the error between 2(¢) and FX (¢) as ep(r) = 2(¢) —

To reconstruct the target nodes z(1) = FX(¢), we develop
the following functional state observer which is described in
Eq. (4).

A

i) Sq(t)+JY(t)+K<f’ “

2(r) = Dq(t) + EY (1),

where ¢(t) is the observer state vector which has a low order,

S, J, D, E, and f’ are unknown and need to be determined
such that 2(z) converges asymptotically to z(¢), K is the ob-

FX(t), then

ex(t) = 2(r)—FX(¢t)
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= De;(t)+ (DK+E¢ —F)X(1). (6)

Theorem 1 According to ¢;(r) and e(t), the estimate
2(r) will converge asymptotically to z(¢) if and only if the fol-
lowing conditions hold.

Condition 1 The following matrix equations in Eq. (7)
hold:

S is Hurwitz,
SK+Jp—Kop =0,
KW =0,
F—DK—E¢=0.

)

Condition 2 Let e(7) = ¢;(z), The error e(z) determined
by the following observer error in system (8):

w-soex(r ] o)
converges asymptotically to zero.

4. Solvability and stability of the functional state
observer

In this section, We analyze the solvability and stability
of the functional state observer referring to the method in
(Ref. [25]).

4.1. Solvability of the functional state observer

In this subsection, we calculate the parameters S, J, D, E,
K from Eq. (7).

Define the invertible matrix P = [¢p*, ¢*], ¢T is the
Moore—Penrose inverse of ¢ (¢¢ = I) and ¢ is the orthog-
onal complement of the row space of ¢ (¢¢+ = 0).

P lop= |:‘Pll (P12:|, Py = {Wl:|7

P21 P22 V2
1y, | W
P W_[Wz]’
FPZ[F] Fz}, KP:[Kl Kz]. )

Combine with Eq. (9), equation (7) can be simplified to
the following expressions

SK> — K1912 — K222 =0, (102)
J = K111 + K221 — SKq, (10b)
KiW = —K)Ws, (10c)
E =F — DK, (10d)
F, =DK>, (10e)
D=1 (10f)
Combining with Egs. (10c), (10e), and (10f), we have
KW, = —-FEKW,. (11)

Lemma 1 KW, = —F,W, in Eq. (11) has a solution for
K if and only if

Wi
rank { W,

] = rank[ Wi } .

Remark 2 Lemma 1 is a necessary condition for the exis-
tence of the functional state observer. Since F,, Wi, and W, are
known matrices, Lemma 1 can be tested easily. If Lemma 1
is not satisfied, one can declare that there does not exist any
solution to the parameters S, J, D, E, K. Therefore, the weight
matrix of external disturbance W cannot be randomly selected
and its selection needs to meet Lemma 1.

If Lemma 1 is satisfied, one can proceed as follows. Let
F* be the Moore—Penrose inverse of F and F is the orthogo-
nal complement of the row space of F. It is clear that [F*, F]
is a square and invertible matrix. Let 2, @, Sy, S, K1, K> be
defined according to the following equations:

S1=(PQ Q12+ FHon)E,', (12a)
S =(QQT —I)inF;, (12b)
K1 =®Q"+Z(1-QQ07), (12¢)
K, =F, (12d)
Q = [QinFy” Wi, (12e)
D = —[FeynFs- BHW), (12f)
S=8,—7S,, (12g)

where Z is an arbitrary matrix in Eq. (12g) which can be de-
termined in Condition 2.

Combining with Egs. (12¢) and (12d), the observer gain
K is as follows:

K =[Ki, Ko]P~L. (13)

Lemma 2 S = S| — ZS, must be Hurwitz, otherwise, the
functional observer does not exist.

Remark 3 An appropriate functional state observer can
be designed if and only if Lemma 2 is satisfied. As we can see
from Eqgs. (12a)—(12g). The solutions of 1 and S, are mainly
related to the system matrix ¢, output matrix ¢, and target
matrix F. Therefore, the matrix ¢, ¢, and F need to satisfy
certain numerical relations for the existence of the functional
state observer. For the networks with linear node dynamics,
the research in (Ref. [27]) developed a graph-theoretic method
to select auxiliary nodes to place observers, making it effec-
tive to design a functional state observer. However, the graph-
theoretic method is not suitable for nonlinear systems. For
further research, we hope to study a method to find the appro-
priate matrix ¢, ¢, and F for designing the functional state
observer in the network with nonlinear node dynamics.

From the above discussion, S, J, D, E, K can be calcu-
lated from Egs. (12g), (10b), (10d), (10f), and (13).

040205-5
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4.2. Stability of the functional state observer

We then analyze the stability of the error e(f) in sys-
tem (8).
Let

From Eq. (13), we have
K=K|P+K>P,. (14)
By substituting Egs. (12¢) and (12d) into Eq. (14). Then
K=K —ZK,, (15)

=PQ P +KoP, Ky = (.QQ+ —DP,.
Substituting Egs. (12g) and (15) into the error e(¢) in sys-

where K

tem (8), one can express e(¢) as follows:
e(t) = (S1—Z82)e(r)
+ (K~ ZK2)K (f’ MR ) o)

Assumption 1 We assume that for functions f'(&), there
exists positive constant y satisfying

17(&) =7 () < g =&ll,

o)

Lemma 3 For any vectors 8 and 1), the inequality
+(8™ +n"8 < BnnT 4 (1/B)88™) holds for any .

We develop the following Lyapunov function:

V(1) =e"(1)Qe(t),

where Q = QT > 0, the derivative of V(¢) can be obtained as
follows:

where ¥ is a positive real number and & (1) = [

V() = e"(1)[Q(S1 — ZS2) + (S1 — Z82) " Qle(1)

TR, ~7Ks) (f’ HARERA )
() ]) e o

According to Assumption 1, equation (17) can be ex-

pressed as
V() < T()[Q(SVZSz) (S1—Z82)" Qle(r)
e (1)Q(K1 —ZK2)ve(1)
el (1)y" (K1~ ZK2)" Qe(1)
<e ()[Q(SI—ZSz) +(81-282)" Qle(r)
el (1)QK1ye(r) — ' (1) QZK2e(1)
el (1)y" (K1) Qe(r) — €' ()7 (ZK2)" Qe(r)

= T (1)[0(S1 —ZS,) + (S| — Z57)TQle(r)
e' (1)K ye(t) + €' (t)y" (QK 1) e(r)
— (" (1) QZKyye(t) + €' (1)y' (QZK2) e (1))

According to Lemma 3, then we have
V() <el(t)ee(r),
where

1
= 0(S1 —Z82) + (51 —Z8:)"0 + EQKMKTQ

+ éQZfzingQ +7(Bi+B)I

By utilizing the Schur decomposition!*?! and defining
G = QZ, we can derive the following linear matrix inequal-
ity (LMI):

A QK GK»
K0 —BI 0 |<o, (18)
BGT 0 Pl

where A = 081 +ST0 —~ GS, — SIGT + V(B + B)I, Z =
0 'G.

Theorem 2 The error e(¢) in Eq. (8) converges asymp-
totically to zero if and only if there exists a positive definite
matrix Q = QT > 0, a matrix G and two positive numbers B
and f3, such that the LMI in system (8) holds.

If Theorem 2 is satisfied, we can prove the stability of the
designed functional state observer.

5. Numerical simulation

In this section, we take a three-layer complex dynami-
cal network with three-dimensional nonlinear node dynamics
whose topology is shown in Fig. 2 as an example to verify
the accuracy of the proposed method. The configuration ma-
trix of the inter-layer network is shown in Egs. (21)-(23). The
[1, 2, 3]T and the weight ma-
trix of the disturbance on each layer can be described as wf =
[2, 0, 0.5]T.
The linear part of the node dynamics on each layer can be de-

input matrix of each layer B! =
The external disturbance mf =0.5(x12 +x3,1).

scribed as

110
200 |. (19)
-1 0 -3

Al =

The nonlinear part of the node dynamics on each layer is
characterized as

xi,l = 07
Xi2=0.5 sin(x,-g), (20)
Xi3 = ZCOS(XM +xi73).
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Fig. 2. The three-layer complex dynamical network to study the target

layer

state estimation.

The first-dimensional, second-dimensional, and third-

dimensional state components of node 1, the first-dimensional
and third-dimensional state components of node 2 and node 3

on the first layer marked in green are sensor components,
their state information can be obtained directly. The third-
dimensional state component of node 20 marked in red on the
third layer is the target component to be estimated.

We obtain the parameters S, J, D, E, K of the
designed functional observer from the method proposed
in Section 3. Then we have S = —-7.6797, J =
[0.381, 0, 0.122, 0.4981, 0.7497, —0.3021, —0.3691], D =
I, E=1]0,0, 0.381, —0.0886, —0.1139, 0.4444, 0.2353],
K =10,0,—-0.381,0.1139, 0,—0.4444,0.0886,0,—0.2353,0,
e ,0] 1x72-

The estimation performance of the component in the tar-
get node from the method is shown in Fig. 3. It displays clearly
that by adopting the proposed method, the state component in
the target node on the third layer can be estimated success-
fully. The target state estimation error also converges to zero
in Fig. 4. The method only need to place observers on the state
component in the target node instead of all unknown compo-
nents, therofore, we can reduce the number of required ob-

servers and computational costs.

121
10+
8If —— True value of x93
\ ---- Estimation value of x93
(N‘\ 6 i
R |
af
2t ]
0 L\\/\/\/
0 2 4 6 8 10
t
Fig. 3. The estimation performance of the target node from the proposed
method.
10
8 —— Estimation error
6
© 4
2+
0 L
—2

10

Fig. 4. The estimation error of the target node from the proposed
method.

6. Conclusion
In this paper, we studied the state estimation of target
nodes on some layers by using some known state information

of nodes on another layer in the multi-layer complex dynam-
ical network with nonlinear node dynamics. We assume that
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some state components can be measured on one layer. The in-
formation of target state components on other layers needs to
be estimated in the multi-layer complex network. Then a func-
tional state observer is constructed according to the original
model, we calculated the parameters of the observer by using
algebraic methods and verified its stability from the Lyapunov
theorem. The conditions that need to be satisfied for the design
of the functional state observer have been obtained. From nu-
merical simulations, we find that the proposed method has an
excellent performance. The designed nonlinear functional ob-
servers estimate the state of target components on some layers
directly without needing to place observers on all the individ-
ual state components, which can greatly reduce the complexity
and computational cost of the designed observers. Our further
research, includes: (i) We hope to find an algorithm to select
the appropriate system matrix ¢, output matrix ¢, and target
matrix F for designing the functional state observer in the net-
work with nonlinear node dynamics. (ii) We hope to apply the
proposed method to practical networks, such as multi-agent
systems, power grids, and other real networks.
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