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Although the single-particle model enhanced with electrolyte dynamics (SPMe) is simplified from the pseudo-two-
dimensional (P2D) electrochemical model for lithium-ion batteries, it is difficult to solve the partial differential equations
of solid–liquid phases in real-time applications. Moreover, working temperatures have a heavy impact on the battery
behavior. Hence, a thermal-coupling SPMe is constructed. Herein, a lumped thermal model is established to estimate
battery temperatures. The order of the SPMe model is reduced by using both transfer functions and truncation techniques
and merged with Arrhenius equations for thermal effects. The polarization voltage drop is then modified through the use of
test data because its original model is unreliable theoretically. Finally, the coupling-model parameters are extracted using
genetic algorithms. Experimental results demonstrate that the proposed model produces average errors of about 42 mV
under 15 constant current conditions and 15 mV under nine dynamic conditions, respectively. This new electrochemical-
thermal coupling model is reliable and expected to be used for onboard applications.

Keywords: lithium-ion batteries, order-reduced electrochemical models, SPMe, thermal-coupling model,
transient polarization voltage drop
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1. Introduction
It is crucial for a lithium-ion battery model to adapt to

working conditions including temperature and current varia-
tions with high real-time computational efficiency in onboard
applications. Electrochemical models of lithium-ion batteries
are widely recognized in industries due to their strong physical
characterization. These models primarily include the pseudo-
two-dimensional (P2D) model and its two simplified models,
namely the single particle model (SPM) and its electrolyte
dynamics enhanced model (SPMe). However, these electro-
chemical models face challenges, such as the large number
of parameters, tight coupling of variables, and difficulty in
solving partial differential equations, which limit their ap-
plicability in battery management systems (BMS). The bat-
tery electrochemical models can be reduced to three orders or
less.[1–8] The general order reduction methods include polyno-
mial approximation,[2,3,9,10] Padé approximation[4,11–13] and
residue grouping methods.[14,15] The main idea of polyno-
mial approximation is that the ion concentration obeys a poly-
nomial distribution inside the control volume. Therefore,
both volume averages and control points can be utilized to
make a mapping between polynomial coefficients and external
inputs.[1] This is a steady-state approximate spatial solution
method that satisfies the boundary conditions and mass conser-
vation of the lithium-ion diffusion equation.[2,3,9] However, it

remains limited in accounting for the time-varying characteris-
tics of battery systems.[2] The Padé approximation method ap-
proximates infinite-order analytical solutions as rational trans-
fer functions.[16] The higher the order of the approximate so-
lution, the more accurate it becomes, but it also requires more
computation. Since its reduction target needs to be determined
at the first step, there should be a trade-off between compu-
tation complexity and accuracy, which often needs repetitive
experiments that make the order reduction process more cum-
bersome. In the case of residue grouping methods,[14,15] they
expand the theoretical transfer functions of either solid or liq-
uid phases into the sum of an infinite number of first-order
transfer functions. Based on fitting in the frequency domain,
the integration and grouping of these first-order functions are
optimized to a finite-order function. Due to difficulty in solv-
ing the liquid phase diffusion equations, finite element meth-
ods are required.

The variable temperature presents another challenge for
the BMS. The operating temperature range for lithium-ion
batteries is typically between −20 ◦C and 60 ◦C,[17] with
the optimal operating temperature falling between 15 ◦C and
35 ◦C.[18] Elevated temperatures can accelerate battery side re-
actions, leading to material decomposition, the production of
flammable gases, and the risk of thermal runaway and self-
ignition.[19] Conversely, low temperatures can cause severe
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lithium plating, resulting in capacity degradation and inter-
nal resistance growth.[17] Therefore, it is essential for bat-
tery models to be enhanced by temperature. Battery thermal
models can be broadly categorized into numerical computa-
tion models, neural network models and lumped thermal pa-
rameter models. Numerical computation models include two-
dimensional[20] and three-dimensional thermal models.[21–26]

The battery’s structure, materials and physicochemical prop-
erties are used to comprehensively model the temperature dis-
tribution inside the battery. However, due to the anisotropic
temperature distribution of the battery, the heavy computa-
tional burden limits the microelement model’s applicability
to the BMS. The neural network thermal models[27,28] build
mapping among voltage, current and battery temperature using
neural networks and provide strong nonlinear approximation.
These heuristic models are short of physically meaningful pa-
rameters and their performance is seriously influenced by data
samples.

Lumped thermal models,[29–35] referred to as equivalent
thermal circuit models, simplify the battery’s thermal behav-
ior into circuits composed of thermal elements such as heat ca-
pacity and thermal resistance. These models usually disregard
temperature distribution inside the battery and treat the battery
as a uniform temperature whole. On the basis of the number
of heat capacity elements, the models are generally catego-
rized into first-order[31–35] and second-order equivalent ther-
mal circuit models.[29,30] These lumped models provide the
advantages of clear physical parameter significance, simplic-
ity and low computational costs, quite suitable for real-time
applications.

When electrochemical models are coupled with temper-
ature, there are two main aspects to be considered. First,
the battery temperature originates from the heat generated
by electrochemical reactions, and second, the parameters of
the electrochemical model change with temperature.[6,36–38]

Compared to isothermal electrochemical models, the thermo-
electrochemical models add a heat generation rate equation,
the Arrhenius equation, and the Nernst equation.[6] The heat
generation rate equation primarily includes the generation of
irreversible heat, reversible heat, phase-change heat and mixed
heat.[39] Due to the relatively minor impact of phase change
and mixed heat, the heat generation rate equation is often sim-
plified to the Bernardi heat generation formula.[29] The Arrhe-
nius equation describes the relationship between temperature
and model parameters such as diffusion coefficients and re-
action rates. The Nernst equation depicts the variation in the
electrode equilibrium potential with temperature.

In this study, we introduce an improved order-reduced
method for electrochemical models that can adapt to real-time
computation and temperature variation. Based on this, we
construct an order-reduced thermal-coupling SPMe model and

validate its accuracy under various temperatures and C-rate
conditions. We also theoretically demonstrate the inadequacy
of traditional models in accommodating real-world operating
conditions. The organization of this paper is as follows. Sec-
tion 2 provides a detailed explanation of the modeling of the
SPMe thermal-coupling model, Section 3 presents the experi-
mental setup, Section 4 conducts parameter identification and
Section 5 verifies the accuracy of the proposed model.

2. Modeling
2.1. Traditional SPMe model

By using the assumption of uniform reaction in the elec-
trode thickness direction, the SPMe model is simplified from
the P2D model.[40] Compared to the SPM model,[41,42] the
SPMe model enhanced by the electrolyte dynamics[1,12,43]

achieves a better performance balance between accuracy and
efficiency. It consists of five sets of equations, primarily in-
cluding lithium-ion mass transport equations of the solid and
liquid phases, liquid-phase potential equations, kinetic equa-
tions and terminal voltage equations.

1) Solid-phase lithium-ion mass transport equation

∂cs,±
∂ t

=
Ds,±

r2
∂

∂ r

(
r2 ∂cs,±

∂ r

)
, r ∈ (0,R±),

cs,±|t=0 = cs0,±,

−Ds,±
∂cs,±

∂ r

∣∣∣
r=R±

= 0,

−Ds,±
∂cs,±

∂ r

∣∣∣
r=R±

=∓ I
FAL±a±

,

(1)

where c denotes the concentration (mol·m−3), the subscript s
denotes the solid phase and ± indicates the positive and nega-
tive electrode. t denotes the time coordinate (s), D denotes the
diffusion coefficient (m2·s−1), r denotes the radial coordinate
in spherical coordinates (m) and R denotes the radius of spher-
ical particles (m). cs denotes the initial solid-phase concentra-
tion (mol·m−3), I denotes the magnitude of the battery current
(A), with a positive sign during discharge and a negative sign
during charging, and A denotes the electrode current collector
area (m2). F denotes the Faraday constant (96485 C·mol−1),
L denotes thickness, and a± denotes the specific surface area
(m−1)

a± =
3εs,±
R±

, (2)

where ε denotes the volume fraction.
Arrhenius’s formula is used to describe the effect of tem-

perature on the diffusion coefficient, as follows:

X = Xref exp
(

Ea,X

RgTref
−

Ea,X

RgT

)
, (3)

where X denotes a certain diffusion coefficient, Xref denotes
the value of X at the reference temperature Tref, Rg indicates
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the gas constant (8.314 J·mol−1·K−1), Ea,X denotes the activa-
tion energy of parameter X (J·mol−1) and T denotes the tem-
perature (K).

2) Liquid-phase lithium-ion mass transport equation
εe,±

∂ce,±
∂ t

=
∂

∂x

(
De,±

∂ce,±
∂x

)
∓

(1− t0
+)I

FAL±
,

εe,sep
∂ce,sep

∂ t
=

∂

∂x

(
De,sep

∂ce,sep

∂x

)
,

(4)

where x denotes the thickness direction coordinate (m), e de-
notes the liquid phase and t+0 denotes the migration coefficient.

The initial and boundary conditions are given by

ce,i|t=0 = ce0, i =±,sep,

−De,−
∂ce,−

∂x

∣∣∣
x=0

= 0,

−De,−
∂ce,−

∂x

∣∣∣
x=0

=−De,sep
∂ce,sep

∂x
|x=L− ,

ce,−|x=L− = ce,sep|x=L− ,

−De,sep
∂ce,sep

∂x

∣∣∣
x=L−+Lsep

=−De,+
∂ce,+

∂x

∣∣∣
x=L−+Lsep

,

ce,sep|x=L−+Lsep = ce,+|x=L−+Lsep ,

−De,+
∂ce,+

∂x

∣∣∣
x=L

= 0.

(5)

Considering the effect of volume fractions on diffusion
coefficients, it is written as

De,i = De× ε
Brugg
e,i , i =±,sep, (6)

where Brugg denotes the Bruggeman coefficient. The relation-
ship between the liquid-phase diffusion coefficient and tem-
perature is also described by Eq. (3).

3) Liquid-phase potential equation

φe|x=L−+Lsep+L+ −φe|x=0

= − I
A

(
L−
2κ−

+
Lsep

κsep
+

L+

2κ+

)
+

2RgT
F

(1− t0
+) ln

ce,+(L, t)
ce,−(0, t)

, (7)

where φ denotes potential (V) and κ denotes the liquid phase
conductivity (S·m−1).

4) Kinetic equation

η± =∓
2RgT

F
arcsinh

(
I

2AL±i0,±a±

)
,

i0,± = i0ref,±(1−θss,±)
0.5(θss,±)

0.5
(

ce0

ceref

)0.5

,

θss,± =
css,±

csmax,±
,

φs,± = η±+φe,±+U±(θss,±).

(8)

In the equation, η denotes overpotential (V), iref denotes the
reference exchange current density (A·m−2), and its tempera-
ture dependence is also described by Eq. (3), and θss indicates

the state of charge (SOC) of the solid-phase spherical parti-
cle surface. ceref is the reference liquid-phase concentration
(mol·m−3), css is the surface concentration of spherical par-
ticles (mol·m−3) and csmax is the maximum solid-phase con-
centration (mol·m−3). U± denotes the electrode equilibrium
potential function, and its temperature dependence is stated as
follows:

U± =U ref
± +(T −Tref)

∂U±
∂T

, (9)

where U ref
± is the value of U± under the reference tempera-

ture Tref and ∂U±/∂T is the electrode entropy heat coefficient
(V·K−1).

5) Terminal voltage equation

Vcell = φs,+|x=L−φs,−|x=0, (10)

where Vcell is the output voltage of the model (V).
By combining Eqs. (7) and (8) and considering the cur-

rent collector, Eq. (10) is expanded as

Vcell =U+(θss,+)−U−(θss,−)

−
2RgT

F
arcsinh

(
I

2AL+i0,+a+

)
+

2RgT
F

arcsinh
(

I
2AL−i0,−a−

)
− I

A

(
L−
2κ−

+
Lsep

κsep
+

L+

2κ+

)
+

2RgT
F

(1− t0
+) ln

ce,+(L, t)
ce,−(0, t)

,

i0,± = i0ref,±(1−θss,±)
0.5(θss,±)

0.5
(

ce0

ceref

)0.5

.

(11)

2.2. Battery thermal model

The temperature of an object depends on the heat source
and the heat transfer pathways. During the charging and dis-
charging processes, the current collectors and the battery tabs
have tiny resistance so that the primary heat source inside one
battery comes from the Joule heat and reaction heat generated
in the jelly. Once heat is generated, it can quickly transfer
to the aluminum case tightly contacted to the battery jelly and
then dissipate in the air via convective heat exchange. Because
aluminum has excellent thermal conductivity, the temperature
distribution on the battery case is assumed to be uniform.

A first-order equivalent thermal circuit model is built, as
shown in Fig. 1, wherein Tb denotes the average internal tem-
perature of the battery (K), Ts denotes the average surface tem-
perature of the aluminum case (K) and Tamb denotes the exter-
nal ambient temperature (K). q denotes the total heat genera-
tion rate inside the battery (W), Cb denotes the heat capacity
inside the battery (J/K), Rin denotes the average thermal re-
sistance from the battery’s interior to the aluminum casing’s
surface (K/W) and Rout denotes the convective heat resistance
from the aluminum case to the environment (K/W).
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Tamb

Tb Ts

q Cb

Rin

Rout

Fig. 1. First-order equivalent thermal circuit model.

The Bernadi heat generation formula is commonly used
to obtain the heat generation rate

q = I(Eoc−Vcell)− ITb
∂Eoc

∂T
, (12)

where Eoc denotes the open circuit voltage (V), a function of
SOC, and ∂Eoc/∂T denotes the heat coefficient of battery en-
tropy. During battery discharge, the current I is considered
positive, and the heat generation rate of q is also positive. The
battery SOC is defined as the ratio of the remaining capacity
and rated capacity of the battery

SOC =

(
1− Qdis

Qrated

)
×100%, (13)

where Qdis denotes discharge capacity (Ah) and Qrated denotes
the rated capacity (Ah).

In Fig. 1, one part of the heat generated inside the battery
is absorbed by the internal components of the battery, leading
to an increase in Tb. Another part dissipates into the environ-
ment through the internal thermal resistance of Rin, and the
external thermal resistance of Rout.

q =Cb
∂ (Tb−Tamb)

∂ t
+

Tb−Ts

Rin
, (14)

Tb−Ts

Rin
=

Ts−Tamb

Rout
, (15)

where Rout can be further described by Newton’s cooling for-
mula

Rout =
1

hAex
, (16)

where h denotes the convective heat exchange coefficient
(W·m−2·K−1) and Aex denotes the interface area (m2).

According to Eq. (15), Tb can be expressed as

Tb =
Rin +Rout

Rout
(Ts−Tamb)+Tamb. (17)

If both Rin and Rout are known, Tb can only be estimated by
measuring two temperatures of Ts and Tamb.

2.3. Improved transient polarization voltage drop formula

When the battery either discharges or is charged instan-
taneously, the transient polarization voltage drop of the tradi-
tional SPMe model is calculated as

Ud(I,SOC,T )

= IRΩ +
2RgT

F
arcsinh

(
I

I0ref,+(1−θss,+)0.5(θss,+)0.5

)
+

2RgT
F

arcsinh
(

I
I0ref,−(1−θss,−)0.5(θss,−)0.5

)
, (18)

where 
I0ref,± = 2AL±i0ref,±

(
ce0

ceref

)0.5

,

RΩ =
1
A

(
L−
2κ−

+
Lsep

κsep
+

L+

2κ+

)
,

θss,± = SOC×θs0,±+(1−SOC)×θs1,±.

(19)

However, this formula tends to produce considerable dis-
crepancies from the actual battery response. This issue will be
discussed in the following sections.

2.3.1. Problem of traditional transient polarization
voltage drop formula under different currents

When one battery maintains a constant temperature T
and a full charge, its parameters of Rl , T , I0ref,+(1 −
θss,+)

0.5(θss,+)
0.5 and I0ref,−(1−θss,−)

0.5(θss,−)
0.5 in Eq. (18)

are all definite values. In this case, there are two constants of
KT and IT 0,± defined as follows:{

KT = 2RgT/F,
IT 0,± = I0ref,±(1−θss,±)

0.5(θss,±)
0.5.

(20)

Consequently, the transient polarization voltage drop at
SOC=100% can be expressed by

Ud = IRl +KT arcsinh(I/IT 0,+)+KT arcsinh(I/IT 0,−). (21)

Herein, a transient internal resistance is noted by

Rd =
Ud

I

= Rl +
KT arcsinh(I/IT 0,+)+KT arcsinh(I/IT 0,−)

I
. (22)

There is an inference that Rd decreases with the increase
in I. The fact that the partial derivative of Rd with respect to I
is less than zero needs to be demonstrated. It is given by

∂Rd

∂ I
=

1
IT 0,+I

[
1√

(I/IT 0,+)2 +1
−

arcsinh(I/IT 0,+)

I/IT 0,+

]

+
1

IT 0,−I

[
1√

(I/IT 0,−)2 +1
−

arcsinh(I/IT 0,−)

I/IT 0,−

]
< 0,

I > 0. (23)

Due to

lim
I→0

∂Rd

∂ I
= 0, (24)

only the following inequality needs to be confirmed:

1√
x2 +1

− arcsinh(x)
x

=
x−
√

x2 +1arcsinh(x)
x
√

x2 +1
< 0,

x > 0, (25)
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which is

F(x) = x−
√

x2 +1arcsinh(x)< 0, x > 0, (26)

considering that

F(0) = 0, (27)

only the following inequality needs to be proved:

F ′(x) =−xasinh(x)/
√

x2 +1 < 0, x > 0. (28)

And so Eq. (28) is evidently valid.
Figure 2 shows the transient internal resistance variation

with current for the battery at full charge and a temperature of
30 ◦C. As observed in this figure, the transient internal resis-
tance fluctuates below 5 A. This may be attributed to external
factors impacting the transient polarization voltage at lower
currents. Beyond 5 A, the transient internal resistance remains
relatively stable, at around 6.5 mΩ. This indicates that the
transient internal resistance does not follow the monotonous
decrease pattern with increasing current as assumed in the
SPMe model. This problem is that the traditional transient
polarization voltage drop formula cannot accord with experi-
mental data. A possible reason for this discrepancy may orig-
inate from the hypothesis of uniform flux of the SPMe model
contradicting the micro-behavior of practical batteries.

T
ra
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si

e
n
t 

in
te

rn
a
l 
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e
 (

m
W
)

Current (A)

5.4
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6.2

6.4

6.6

6.8

10-1 100 101 102

Fig. 2. Relationship between transient internal resistance and current.

2.3.2. Problem of traditional transient polarization
voltage drop formula under different SOCs

When the temperature and current remain constant, the
transient polarization value in the SPMe model changes with

the discharge capacity of the battery, and the relationship can
be expressed as follows:

Ud =Ul +KT h(K+,θss,+)+KT h(K−,θss,−), (29)

where parameters Ul = IRl , KT = 2RgT/F and K± = I/I0ref,±
are both constant at uniform temperature. The function h(·)
means

h(K,x) = arcsinh
K√

x(1− x)
, K > 0, 0 < x < 1. (30)

The following context will explain the inadequacy of Eq. (29)
for the transient polarization voltage under different SOC for
the experimental battery. Table 1 lists the transient polariza-
tion voltages for different SOCs of the battery at discharge
currents of 15 A at 10 ◦C, 20 ◦C and 30 ◦C. It is evident
from the data that the polarization voltage varies similarly at
all three temperatures. Specifically, when the SOC is greater
than 46%, the transient polarization voltage remains relatively
stable, whereas it increases if the SOC is less than 46%. As-
suming that seven parameters of Ul , KT , K±, θs0,± and θs1,±
enable Eq. (29) to fit the transient polarization voltage data at
10 ◦C, it can serves as an example to illustrate the inadequacy
of Eq. (30) in fitting the transient polarization voltage under
various SOCs.

First, the nature of the function h(K,x) in Eq. (30) con-
cerning the variable x needs to be investigated. Figure 3 illus-
trates the variation curve of h(K,x) concerning x. Obviously,
h(K,x) monotonically decreases for x < 0.5, and monotoni-
cally increases for x > 0.5, with its minimum value occurring
at x = 0.5. In addition, it is notable that the rate of monotonic
decrease of h(K,x) becomes slower as x ∈ (0,0.5), while the
rate of monotonic increase becomes faster as x ∈ (0.5,1).

0 0.2 0.4 0.6 0.8
1.4

1.6

1.8

2.0

2.2

2.4

x

h
↼K

↪x
↽↪

 K
/



.

Fig. 3. The curve of function h(K,x) at K = 1.

Table 1. Transient polarization voltages of different SOCs at an excitation current of 15 A.

SOC (%) 100.0 93.24 86.5 79.7 73.0 66.2 59.5

T = 10 ◦C (mV) 119 120 120 119 120 121 118
T = 20 ◦C (mV) 91 92 92 92 92 93 93
T = 30 ◦C (mV) 73 73 73 73 73 73 73

SOC (%) 52.7 45.9 39.2 32.4 25.7 18.9 12.2

T = 10 ◦C (mV) 118 120 123 137 146 158 178
T = 20 ◦C (mV) 93 93 96 99 104 114 133
T = 30 ◦C ( mV) 73 73 74 77 78 81 89
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In other words, the first derivative of h(K,x) is equal to 0 at x= 0.5, and the second derivative of h(K,x) remains non-negative
for x ∈ (0,1), that is,

∂h(K,x)
∂x

∣∣∣
x=0.5

=
K (2x−1)

2x(1− x)
√

x(1− x)+K2

∣∣∣
x=0.5

= 0, (31)

∂ 2h(K,x)
∂x2 =

K
(

4K2 (x−0.5)2 + K2 +8x(1− x)
(
(x−0.5)2 +0.25

))
4x2 (1− x)2 (x(1− x)+K2)3/2 > 0. (32)

Equations (31) and (32) are evidently valid.
If the initial SOC of the negative electrode θs0,− is less

than 0.5, i.e., θss,−|SOC=100% < 0.5, θss,− will continuously
decrease as the battery SOC exceeds 46%. Thus, the pa-
rameter of KT h(K,θss,−) of the negative electrode gradually
increases. However, the overall transient polarization volt-
age remains unchanged. This indicates that the parameter of
KT h(K+,θss,+) of the positive electrode gradually decreases.
Furthermore, θss,+ gradually increases with the decrease in
SOC, indicating that θss,+|SOC<46% is less than 0.5. From
100% to 93.2% of SOC, the change in transient polarization
voltage could be neglected, leading to the following equation:

h(K+,θss,+)|SOC=100%−h(K+,θss,+)|SOC=93.2%

= h(K−,θss,−)|SOC=93.2%−h(K−,θss,−)|SOC=100%. (33)

From 93.2% to 86.5% of SOC, the change of transient po-
larization voltage could be almost negligible, leading to the
following equation:

h(K+,θss,+)|SOC=93.2%−h(K+,θss,+)|SOC=86.5%

= h(K−,θss,−)|SOC=86.5%−h(K−,θss,−)|SOC=93.2%. (34)

Using Lagrange’s mean value theorem, there are θ1,± and θ2,±
confirming that

θ1,+ ∈ (θss,+|SOC=100%,θss,+|SOC=93.2%),
θ1,− ∈ (θss,+|SOC=93.2%,θss,+|SOC=100%),
θ2,+ ∈ (θss,+|SOC=93.2%,θss,+|SOC=86.5%),
θ2,− ∈ (θss,−|SOC=86.5%,θss,+|SOC=93.2%),
0.5 > θ2,+ > θ1,+ > 0, 0 < θ2,− < θ1,− < 0.5,

(35)

resulting in

dθ+
∂h(K+,x)

∂x

∣∣∣
x=θ1,+

= h(K+,θss,+)|SOC=100%

−h(K+,θss,+)|SOC=93.2%,

dθ−
∂h(K−,x)

∂x

∣∣∣
x=θ1,−

= h(K−,θss,−)|SOC=100%

−h(K−,θss,−)|SOC=93.2%,

dθ+
∂h(K+,x)

∂x

∣∣∣
x=θ2,+

= h(K+,θss,+)|SOC=93.2%

−h(K+,θss,+)|SOC=86.5%,

dθ−
∂h(K−,x)

∂x

∣∣∣
x=θ2,−

= h(K−,θss,−)|SOC=93.2%

−h(K−,θss,−)|SOC=86.5%,

(36)

where

dθ+ = θss,+|SOC=100%−θss,+|SOC=93.2%

= θss,+|SOC=93.2%−θss,+|SOC=86.5% < 0,

dθ− = θss,−|SOC=100%−θss,−|SOC=93.2%

= θss,−|SOC=93.2%−θss,−|SOC=86.5% > 0,

(37)

and because ∂h(K,x)/∂x increases monotonically as x ∈
(0,0.5), remaining negative, the following equation can be ob-
tained from Eqs. (35)–(37):
(h(K+,θss,+)|SOC=93.2%−h(K+,θss,+)|SOC=86.5%)
> (h(K+,θss,+)|SOC=100%−h(K+,θss,+)|SOC=93.2%)> 0,
h(K−,θss,−)|SOC=93.2%−h(K−,θss,−)|SOC=100%
> h(K−,θss,−)|SOC=86.5%−h(K−,θss,−)|SOC=93.2% > 0.

(38)

Combining Eqs. (33) and (38), the following inequality can be
obtained:

h(K+,θss,+)|SOC=93.2%−h(K+,θss,+)|SOC=86.5%

> h(K−,θss,−)|SOC=86.5%−h(K−,θss,−)|SOC=93.2%. (39)

Obviously, Eq. (39) contradicts Eq. (34), indicating that
Eq. (29) cannot explain the phenomenon where the tran-
sient polarization voltage remains basically constant at SOC
> 46%. It can be demonstrated that, no matter what the SOC
value is, the θss is given by 0.5. The above contradiction
still exists. If we neglect K±, the transient polarization volt-
age would remain nearly constant with SOC, but by observing
Table 1, it is evident that the transient polarization voltage in-
creases as the SOC decreases below 46%. This suggests a
strong relationship between the transient polarization voltage
and SOC. In summary, Eq. (29) is not suitable for fitting the
transient polarization voltage data of the experimental battery
at different SOC values.

2.3.3. A novel fitted transient polarization voltage
drop formula

Considering the two issues related to current and SOC
variations, an improvement has been made for the transient
polarization voltage drop formula to conform to experimental
data. To create the relationship between the transient polariza-
tion voltage, SOC, and temperature, inspiration is drawn from
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the Arrhenius equation, leading to the following modification:

Ud(I,SOC,T ) = I×Rref(SOC)× exp
(

EaR

RgT
− EaR

RgTref

)
, (40)

where Rref (SOC) denotes the transient internal resistance
function varying with SOC at the reference temperature Tref

(K). EaR denotes the activation energy of the transient internal
resistance (J).

It can be observed that when the ambient temperature re-
mains stable at 30 ◦C and the battery is full, the transient inter-
nal resistance is about 6.5 mΩ, as shown in Fig. 2. In contrast,
the transient internal resistance in Table 1 is around 4.96 mΩ.
The reason for this difference is that the previous data were
collected nearly three months before the latter, during which
time the battery aged, resulting in increased internal resistance.
To adapt to the internal resistance changes caused by aging,
Eq. (40) needs further refinement. Specifically, when the bat-
tery starts discharging at an initial SOC of SOC1 and an initial
temperature of T1, with an excitation current of I1, a transient
polarization voltage of Ud = Ud1 is measured at the first sec-
ond, and the subsequent transient polarization voltage during
discharge is produced by

Ud,ol(I,SOC,T )

= I×Rref(SOC)× exp
(

EaR

RgT
− EaR

RgTref

)
× Ud1

Ud(I1,SOC1,T1)
. (41)

Hence, the terminal voltage expression of the SPMe model is
improved by

Vcell = U+(θss,+)|x=L−U−(θss,−)|x=0−Ud,ol(I,SOC,T )

+
2RgT

F
(1− t0

+) ln
ce,+(L, t)
ce,−(0, t)

. (42)

2.4. Order reduction of solid-phase lithium-ion mass
transport equation

Under constant current conditions, the time-domain an-
alytical solution of the solid mass transport equation can be
given by[44]

c̄s,± = ± I
3FAL±εs,±

{
3t +

5r2−3R2
±

10R2
±

τ±

− 2R±
r

[
∞

∑
m=1

sin(λmr/R)
sin(λm)

τ±,m exp
(
− t

τ±,m

)]}
, (43)

where

c̄s,± = cs,±− cs0,±, (44)

τ± =
R2
±

Ds,±
, (45)

τ±,m =
τ±
λ 2

m
, m = 1,2,3, . . . , (46)

where λm denotes the mth positive root of the equation λ =

tanλ . In addition, τ± satisfies

lim
m−>∞

m

∑
i=1

τ±,i =
τ±
10

. (47)

Since only the surface concentration of spherical particles
has a direct effect on the model output, the analytical solution
is given by

c̄ss,± = ± I
3FAL±εs,±

×
{

3t +2
∞

∑
m=1

τ±,m

[
1− exp

(
− t

τ±,m

)]}
. (48)

Equation (48) is truncated to an mth order function. Then we
have

c̄ss,± = ± I
3FAL±εs,±

×
{

3t +2
M

∑
m=1

τ±,m

[
1− exp

(
− t

τ±,m

)]}
. (49)

However, the final value of Eq. (49) differs from that of
Eq. (48), and after compensation, we obtain

c̄ss,± = ± I
3FAL±εs,±

{
3t +2

M−1

∑
m=1

τ±,m

[
1− exp

(
− t

τ±,m

)]
+

(
τ±
5
−2

M−1

∑
m=1

τ±,m

)[
1− exp

(
− t

τ±,M

)]}
. (50)

Equation (48) is conducted using the Laplace transform and
divided by I/s to yield the transfer function of the current I to
c̄ss,± as follows:

Gs,± = ± 1
3FAL±εs,±

{
3
s
+

1
5

M−1

∑
m=1

τ±,m
τ±,ms+1

+
λ 2

M
5

(
1−10

M−1

∑
m=1

1
λ 2

m

)
τ±,M

τ±,Ms+1

}
. (51)

According to Eqs. (3) and (45), the relationship between
solid-phase time constant τ±,m and T can be described by

τ±,m =
τref,±
λ 2

m
exp
(

Eas,±
RgT

−
Eas,±
RgTref

)
, (52)

where τref,± denotes the value of τ± under the temperature of
Tref. Eas,± denotes the corresponding activation energy.

To create a balance between numerical model accuracy
and computational efficiency, a third-order transfer function is
approximated by truncating Eq. (51):

Gs,± = ± 1
3FAL±εs,±

{
3
s
+

1
5

τ±,1
τ±,1s+1

+
1
5

τ±,1
τ±,1s+1

+

(
λ 2

3
5
−

2λ 2
3

λ 2
1
−

2λ 2
3

λ 2
2

)
τ±,3

τ±,3s+1

}
. (53)

Herein, θs0,± and θs1,± mean the solid-phase charge states
of the positive and negative electrodes at full charge and full
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discharge of the battery, respectively. Then, the battery capac-
ity of Qbat can be defined by

Qbat =±FAL±εs,±csmax,±(θs1,±−θs0,±). (54)

Combining Eqs. (8), (53) and (54), the solid-phase sur-
face state of charge θss,± can be written as

G1 =
θs1,±−θs0,±

3Qbat

{
3
s
+

1
5

τ±,1
τ±,1s+1

+
1
5

τ±,1
τ±,1s+1

+

(
λ 2

3
5
−

2λ 2
3

λ 2
1
−

2λ 2
3

λ 2
2

)
τ±,3

τ±,3s+1

}
. (55)

2.5. Order reduction of liquid-phase lithium-ion mass
transport equation

Using our previously published work,[45] the analytical
solutions to the liquid-phase mass transport Eqs. (4)–(6) under
constant current conditions are given by

c̄e = I p0(x)τe,m + I
∞

∑
i=1

pm(x)τe,m

[
1− exp

(
− t

τe,m

)]
, (56)

where 
c̄e = ce− ce0,
∞

∑
i=1

pi(x) = p0(x),
(57)

where pi denotes coefficients and τe,i denotes time constants.
However, the parameters of Eq. (56) are only valid under
isothermal conditions. Thus, the relationship between these
parameters and temperature is created, as shown in the follow-
ing sections.

From Eqs. (3) and (6), the relationship between the liquid-
phase diffusion coefficient and temperature is given by

De,i = Deref,i exp
(

Eae

RgTref
− Eae

RgT

)
, i =±,sep, (58)

where Deref,i denotes the value of De,i at the reference tem-
perature Tref, and Eae denotes the corresponding activation en-
ergy. Substituting Eq. (58) into the liquid-phase mass transport
Eqs. (4)–(6), the liquid-phase mass transport equations at the
reference temperature Tref can be yielded by



εe,±
∂ce,±

∂

[
exp
(

Eae

RgT
− Eae

RgTref

)
t
] =

∂

∂x
(De,±

∂ce,±
∂x

)∓
(1− t0

+)

FAL±

I

exp
(

Eae

RgT
− Eae

RgTref

) ,

εe,sep
∂ce,sep

∂

[
exp
(

Eae

RgT
− Eae

RgTref

)
t
] =

∂

∂x

(
De,sep

∂ce,sep

∂x

)
.

(59)

Equations (5) and (6) remain unchanged. Since Eqs. (5) and (6) are the analytical solutions to the equations under constant
current conditions, the analytical solution to Eq. (59) under constant current conditions is stated by

c̄eref =
Iτe,m

exp
(

Eae

RgT
− Eae

RgTref

)
p0(x)+

∞

∑
m=1

pm(x)

[
1− exp

(
−

exp
(

Eae

RgT
− Eae

RgTref

)
t

τe,m

)] . (60)

Then, the time constant τeref,m under Tref can be obtained
by

τeref,m = τe,m exp
(

Eae

RgTref
− Eae

RgT

)
. (61)

From Eqs. (60) and (61), it can be determined that the pa-
rameters of pm of Eq. (56) do not vary with temperature, while
the relationship between τe,m and temperature is expressed by

τe,m = τeref,m exp
(

Eae

RgT
− Eae

RgTref

)
. (62)

Similarly, the order-reduced technique is also applied to
the solid-phase reduction process and the mth-order reduced
transfer function from current to liquid-phase concentration
can be given by

Ge =
M−1

∑
m=1

pm
τe,m

τe,ms+1
+

(
p0−

M−1

∑
m=1

pm

)
τe,M

τe,Ms+1
. (63)

For the liquid-phase mass transport equation, the deter-
mination of each order transfer function relies on nine param-
eters, which makes it difficult to solve in practice. Herein, a
first-order transfer function approximation is employed to ob-
tain

Ge(x) =
p0(x)τe

τes+1
, (64)

where τe denotes an abbreviation of τe,1.
Assuming that the positive and negative poles of the liq-

uid phase are symmetric, we have{
ce,+(L, t) = ce0− c̄e(0),
ce,−(0, t) = ce0 + c̄e(0).

(65)

Then, the concentration polarization voltage drop of the liquid
phase in the model output voltage is written as

2RgT
F

(1− t0
+) ln

ce,+(L, t)
ce,−(0, t)

=
2RgT

F
(1− t0

+) ln
1−θe

1+θe
, (66)
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where θe denotes the normalized excess liquid concentration

θe =
c̄e(0)
ce0

. (67)

Finally, the transfer function from the current I to θe can be
expressed by

G2 =
1

Qe

τe

τes+1
, (68)

where

Qe =
ce0

p0(0)
. (69)

2.6. Order-reduced thermal-coupling SPMe model

Based on the above derivation, an order-reduced thermal-
coupling SPMe model can be constructed. The output voltage

equation of this model can be stated by

Vcell = U+(θss,+)|x=L−U−(θss,−)|x=0−Ud,ol(I,SOC,T )

+
2RgT

F
(1− t0

+) ln
1−θe

1+θe
. (70)

Herein, the transfer functions of θss,± and θe with respect
to current I are expressed by Eqs. (55) and (68). The specific
form of Ud,ol(I,SOC,T ) is given by Eq. (41). The temperature
T denotes the average temperature inside the battery and can
be calculated using Eq. (17),

T = Tb =
Rin +Rout

Rout
(Ts−Tamb)+Tamb. (71)

The needed identification parameters of the order-reduced
SPMe thermal-coupling model are tabulated in Table 2.

Table 2. The model parameters.

Thermal model Transient polarization Equilibrium potential Solid-phase Liquid-phase
parameters voltage parameters parameter polarization parameters polarization parameter

Rin,Rout Rref(SOC),EaR U ref
± ,∂U±/∂T,θs0,±,θs1,± τ±,Eas,± Qe,τe,Eae, t0

+

3. Experimental detials
3.1. Battery sample

The battery sample is an aluminum-shell prismatic
wound-type ternary lithium-ion battery. Due to their con-
venient pack design, aluminum-shell prismatic batteries are
commonly used in electric vehicles.[46–48] The battery spec-
ification is listed in Table 3 and its shape is shown in
Figs. 4(a)–4(c). In Fig. 4(b), the copper foil indicates the

Table 3. The battery parameters.

Parameters Values
Rated capacity (Ah) 37
Battery weight (g) 816
Battery size (mm) 148×27×92.4

Cut-off voltage (V) 2.8–4.2
Rated voltage (V) 3.65

Optimal operating temperature (◦C) 15–35

location where one temperature sensor is bonded to the battery
surface.

Fig. 4. The battery shape: (a) top view; (b) front view; (c) side view.

3.2. Experimental platform

The experimental setup was built as illustrated in Fig. 5.
Figure 5(a) shows the experimental equipment and instrument,
including a chamber, a charger and a FLUKE data logger.

Charge discharge
unit with its

control software

Temperature controlled
chamber

FLUKE temperature
acquisition system

(a) (b)

Fig. 5. Test bench: (a) equipment and instrument; (b) battery sample displacement.
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Figure 5(b) provides the displacement of the sample battery
inside the chamber. The battery rack is made of aluminum and
integrated with fans on both sides. There are four temperature
sensors, three each attached to the positive tab, negative tab,
surface central point, and one hung in the ambient air, respec-
tively.

This chamber can be used to set up a constant temperature
environment for the sample battery, the temperature of which
can be modified by using its control panel. Each fan speed can
change with its supply voltage for variable convective heat ex-
change on the battery surface. The control software on the up-
per computer is used to operate the charger for variable current
and voltage excitation to the sample battery. Simultaneously,
the battery current and voltage can be recorded on the upper

computer. The FLUKE data logger is used to record battery
temperature, current, voltage and ambient temperature.

3.3. Test profiles

Three values, 10 ◦C, 20 ◦C and 30 ◦C, are set for the
chamber temperature, respectively. There are five current val-
ues of 10 A, 20 A, 40 A, 80 A and 120 A for battery dis-
charge. In addition, there are three dynamic charge–discharge
cycles of the worldwide harmonized light vehicles test cycle
(WLTC), the new European driving cycle (NEDC), and the
dynamic stress test (DST) conducted on the sample battery,
respectively. Figure 6 illustrates the dynamic profiles used in
the experiments, where discharge and charge current are posi-
tive and negative, respectively.
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Fig. 6. The profile of dynamic conditions: (a) WLTC; (b) NEDC; (c) DST.

For convenient description in subsequent sections, there
is an abbreviation to denote the combination of the working
conditions. For example, the drive cycle of DST conducted at
20 ◦C is denoted as 20dDST. The constant discharge current
of 40 A and the temperature at 20 ◦C is denoted as 20d40A.

4. Parameter identification
4.1. Parameter identification of the thermal model
4.1.1. Identification methods

In the case of the battery cell sealed by the aluminum
shell, it is difficult to directly measure the internal temperature
of Tin. Equations (14) and (15) can be combined to eliminate
Tin.

q =Cb

(
1+

Rin

Rout

)
dTss

dt
+

Tss

Rout
, (72)

where Tss denotes the surface excess temperature

Tss =
Ts−Tamb

Rout
. (73)

The Laplace transform is conducted on Eq. (72) to produce the
transfer function from q to Tss

G(s) =
Tss(s)
q(s)

= Rout
1

τs+1
, (74)

where Tss(s) and q(s) denote the Laplace transform of Tss and
q, respectively. τ denotes the time constant

τ =Cb(Rout +Rin). (75)

The internal thermal resistance of Rin and thermal capacitance
of Cb are supposed constant. By setting up different exter-
nal convective environments, the external thermal resistance
of Rout,1 and the time constant of τ1 can be determined. Con-
sequently, Rin can be derived based on Eq. (75)

Rin =
τRout,1− τ1Rout

τ1− τ
,

Cb =
τ− τ1

Rout−Rout,1
.

(76)

The backward Euler algorithm is employed to discretize
the time-continuous thermal system at a step of 1 s. The opti-
mization objective function is designed to minimize the mean
squared error (MSE) between the predicted surface tempera-
ture and its actual measured values. The genetic algorithm is
applied to estimate thermal parameters.

4.1.2. Measurements of the open-circuit voltage and
entropy coefficient

The Eoc is a function of the battery SOC. Figure 7(a) il-
lustrates the current–voltage curve to identify the open-circuit
voltage at a temperature of 20 ◦C. Figure 7(b) shows the
curve fitted with the extracted open-circuit voltage points in
Fig. 7(a). The fitted expression for Eoc is given by

Eoc(SOC) =
0.595

e57.0x−56.9 +1
− 0.148

e18.2−21.6x +1
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− 0.996
e0.304−4.59x +1

+3.94. (77)

The entropy coefficient denotes the rate of the open-circuit
voltage with respect to temperature. It is necessary for the
battery at each set SOC to be rested at room temperature over
8 h until the terminal voltage is stable. Then, the chamber is
adjusted to a predesigned temperature. After that, the relation-
ship between the open-circuit voltage and temperature can be
observed, as shown in Fig. 8. Using tiny scales, linear func-
tions are used to fit the relationship between terminal voltage
and battery temperature. Herein, the line slope denotes the
battery’s entropy coefficient as listed in Table 4.

Table 4. Battery entropy coefficients at different SOCs.

SOC (%) 100 73 46 19
Entropy

−4.6×10−5 5.8×10−6 1×10−4 −8.3×10−5
coefficient (V·K−1)

It can be seen from Fig. 8 and Table 4 that the tempera-
ture has a tiny influence on the open-circuit voltage. For in-
stance, the maximum entropy coefficient listed in Table 4 is
1×10−4 V·K−1, indicating that a temperature change of 10 ◦C
results in only a 1 mV variation in the open-circuit voltage.

The generation rate of irreversible heat is much greater
than that of reversible heat. When a battery is discharging,
the difference between the open-circuit voltage and the ter-
minal voltage can result in a significant increase in the irre-
versible heat generation rate (HGR). However, as shown in
Table 4, the reversible HGR fluctuates between positive and

negative values, partially offsetting heat production. Further-
more, when the battery current increases, the ratio between the
irreversible HGR and the reversible HGR can increase. Hence,
the reversible HGR could be ignored and Eq. (12) is concisely
rewritten as

q = I(Eoc−Vcell). (78)
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Fig. 8. Battery voltage versus temperature: (a) SOC = 100%; (b) SOC = 73%; (c) SOC = 46%; (d) SOC = 19%.

4.1.3. Identification of thermophysical property pa-
rameters

The convective heat exchange on the battery surface can
be regulated by changing the voltage connected to the fans.
There are two voltages of 0 V and 12 V powered to the fans.

The curves of the HGR and temperature rise are shown in
Fig. 9. Figures 9(a) and 9(c) show the heat rates and fitted
curves, calculated using Eq. (78), under the conditions of 0 V
and 12 V, respectively. Figures 9(b) and 9(d) display the curves
of measurements and models of the temperature rise. As il-
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lustrated in Figs. 9(a) and 9(c), the HGR gradually tends to
become stable during charging and discharging, as the battery
temperature increases and approaches stability. The internal
resistance can change synchronously with temperature, subse-
quently directly influencing the HGR. Comparing Figs. 9(b)

and 9(d), the temperature is more stable when the fan voltage
is 0 V. This may be attributed to the airflow generated by the
fan at 12 V interfering with the airflow produced inside the
chamber, causing slight disturbances and minor temperature
fluctuations.
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The transfer functions of HGR with respect to the battery
temperature under two convective conditions are expressed by

G0 V =
0.3362

s/(1.5×10−3)+1
,

G12 V =
0.2712

s/(1.8×10−3)−3+1
.

(79)

Combining Eqs. (74) and (76), there are two thermophys-
ical property parameters of the battery that can be given by{

Rin = 0.0538 K ·W−1,

Cb = 1709.4 J ·K−1.
(80)

At the same time, the two external thermal resistances can
also be given by{

Rout,0 V = 0.3362 K ·W−1,
Rout,12 V = 0.2712 K ·W−1.

(81)

It is possible for the external thermal resistance to vary
under different operating conditions. Supposing that the in-
ternal thermal resistance and thermal capacitance remain con-
stant, the external thermal resistance is only related to the envi-
ronmental chamber temperature. Therefore, the chamber tem-
perature is set at 10 ◦C, 20 ◦C and 30 ◦C, respectively. A
constant current of 40 A is used to discharge the sample bat-
tery in order to correct the external thermal resistance. The

identification results are presented in Table 5. Thus, the model
predictions of battery temperature are plotted in Fig. 10. It
can be seen from the results that the presented thermal model
achieves a good performance.

Table 5. External thermal resistance identified at different temperatures.

Temperature (◦) 10 20 30
External thermal

0.4721 0.4818 0.3790
resistance (K ·W−1)
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Fig. 10. Prediction results of battery surface temperature at different
temperatures: (a) 10d40A; (b) 20d40A; (c) 30d40A.

4.2. Parameter identification of transient polarization
voltage drop

In Eq. (40), Tref is set by 293.15 K so that the fitting of the
data in Table 1 is given by

 Rref(SOC) =
(

9.19
e11.7SOC−0.482 +1

− 2.8
e1.78−0.484SOC +1

+6.69
)
×10−3, Tref = 293.15,

EaR = 19284.
(82)
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The fitting results, as shown in Fig. 11, indicate that the
overall fitting curves align with their evolution trend of the
polarization voltage. It is noteworthy that there is a slight
increase in the fitting error at a temperature of 30 ◦C and
SOC < 20%. This may be attributed to the relatively faster
decrease in internal resistance of the battery at higher temper-
atures.
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Fig. 11. Transient polarization voltage fitting curves at 15 A excitation
current.

4.3. Parameter identification of equilibrium potential

To obtain the parameters of U ref
± and ∂U±/∂T relative

to the positive and negative electrode equilibrium potential
functions, the open-circuit voltage of Eoc should be analyzed.
When the battery is reset, its terminal voltage of Vcell is equal
to Eoc,

Eoc(SOC) =U+(θss,+)−U−(θss,−). (83)

The relationship between θss,± and SOC is expressed by

θss,± = SOC×θs0,±+(1−SOC)×θs1,±, (84)

where θs0,± and θs1,± denote the electrode SOC when fully
charged and fully discharged, respectively. At a fully charge
state, most of the lithium ions are located inside the negative
electrode and a few are inside the positive electrode. Then, we
have {

0 < θs1,− < θs0,− < 1,
0 < θs0,+ < θs1,+ < 1.

(85)

In addition, according to Eq. (83), the relationship be-
tween ∂U±/∂T and entropy coefficient ∂Eoc/∂T can be pro-
duced by

∂Eoc

∂T
=

∂U+

∂T
− ∂U−

∂T
. (86)

Thereby, the difference in the electrode equilibrium po-
tentials is approximately equivalent to the change in the open-
circuit voltage when the battery SOC decreases. The mag-
nitude of the entropy coefficient for the positive and negative
electrodes is generally less than 1 mV/K in the literatures.[6,49]

Hence, the influence of the entropy coefficient is disregarded
in the model.

U± =U ref
± . (87)

The Eoc at 20 ◦C is used to determine U±. Due to the con-
fidentiality of the lithium-ion battery materials by the battery
manufacturer, we suppose that the negative electrode material
of this sample battery is graphite. Therefore, its equilibrium
potential function can be obtained by[50]

U−(θss,−)

= 0.3824e−665.8θss,− −0.03131tan−1 (25.59θss,−−4.099)

−0.009434tan−1 (32.49θss,−−15.74)

−1.0e39.42θss,−−41.92 +0.8493e−61.79θss,− +0.1493. (88)

Similarly, the θs0,± and θs1,± of the battery electrodes can
be given by[50]

{
θs0,− = 0.801, θs1,− = 0.043,
θs0,+ = 0.360, θs1,+ = 0.956.

(89)

When combined with Eq. (83), the positive equilibrium
potential function can be expressed by

U+(θss,+) = Eoc(SOC)+U−(θss,−)

=
0.481

e90.4θss,+−86.4 +1.0
− 0.911

e3.36−8.62θss,+ +1.0

+
0.0767

e30.1θss,+−25.3 +1.0
+4.04, θss,+ ∈ (0.360,0.956). (90)

Figure 12 shows the curves of Eoc, U+, U− and the ref-
erence positive electrode equilibrium voltage U+[Ref].[50] At
high SOC, the curve of U+ almost resembles that of U+[Ref].
At low SOC, they have significant differences. This discrep-
ancy may be attributed to the potential differences in the chem-
ical composition of the NCM electrode between the experi-
mental battery and reference sample. However, except for the
curve of U−, the other three curves for characterizing the po-
tential of the positive electrode tend to be closer.
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4.4. Solid–liquid phase polarization parameter identifica-
tion

Regarding the liquid-phase polarization process, θe

should lie within the range of (−1, 1) to make Eq. (42) mean-
ingful. For a constant current discharge, θe>0. From Eq. (68),
the expression of θe can be expressed by a function of time t

θe(t) =
Iτe

Qe
(1− exp(−t/τe)) , t ∈ [0, tL], (91)

wherein tL denotes the discharge duration. It is evident that
θe(t) increases as t increases. And θe(t) is less than 1 for
t ∈ [0, tL]. Then, there is a constraint that Qe should satisfy the
following inequality:

Qe ≥ Iτe (1− exp(−tL/τe)) . (92)

The relationship between Qe and τe can be confirmed us-
ing the data in Table 6, wherein the durations of constant cur-
rent discharges at three different temperatures of 10 ◦C, 20 ◦C
and 30 ◦C are listed. As the temperature increases and dis-
charge rates decrease, the discharge durations gradually be-
come longer. However, it is noteworthy that at 20 ◦C, the dis-
charge duration at 120 A constant current is longer than at
30 ◦C under the same conditions. It may be that the operat-
ing conditions of 30 ◦C at 120 A constant discharging causes
some internal damage to the battery.

The relationship between the minimum values of Qe and
τe is shown in Fig. 13, wherein the curve of “max” denotes
the maximum value of Qe corresponding to τe at these three
temperatures. It is denoted as f Qemin(τe). Consequently, an
inequality can be yielded by

Qe(τe)≥ f Qemin(τe). (93)

Table 6. Summary of constant current discharge durations (s).

Current 10 A 20 A 40 A 80 A 120 A
10 ◦C 12012 5558 2627 1163 301
20 ◦C 12323 5837 2677 1299 711
30 ◦C 13120 6367 2925 1376 443

The data acquired from three operating conditions of
10d40A, 20d40A and 30d40A are applied to extract the solid–
liquid phase polarization parameters. Herein, the MSE of the
terminal voltage is selected for the optimization objective. The
optimization problem can be described by

min fErr(τref,±,Eas,±,τeref,Eae,Qe)
= MSE10d40A +MSE20d40A +MSE30d40A,
s.t. τref,±,Eas,±,τeref,Eae,Qe > 0,

Qe ≥ f Qemin(τe),

, (94)

where MSE10d40A, MSE20d40A and MSE30d40A denote the
MSE values between the model-simulated voltages and actual
voltages. The model-simulated voltages are calculated using
Eq. (42).
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Fig. 13. The relationship between the minimum Qe values and τe at
different temperatures.

The reference temperature of Tref is 20 ◦C. The genetic
algorithm is conducted to obtain the values of the solid–liquid
phase polarization parameters as follows: Eas,− = 77783, Ea,+ = 8461.3, Eae = 37497,

τref,− = 6033.7, τref,+ = 2594.3, τeref = 8745.5,
Qe = 29.54,

(95)

where the relationship between the solid–liquid time constant
and temperature is stated by

τ−(T ) = 6033.7exp
[
77783(1/T −1/Tref)/Rg

]
,

τ+(T ) = 2594.3exp
[
8461.3(1/T −1/Tref)/Rg

]
,

τe(T ) = 8745.5exp
[
37497(1/T −1/Tref)/Rg

]
.

(96)

The ion migration coefficient of t0
+ is obtained from

Refs. [51,52], the value of which is equal to 0.3633. It should
be noted that the model solvers used in this section and the
next section are MATLAB-based.

5. Results and discussion
There are two parts, including battery temperature esti-

mation and the SPMe thermal-coupling model, to be validated
using the test data of the sample battery. It has been demon-
strated that the proposed order-reduced electrochemical model
has good capability in computing the solid-phase SOC and the
liquid-phase lithium-ion concentration, the results of which
are close to the finite element analysis.[44,45] Therefore, if the
model voltage approximates the experimental values, the po-
larization voltage calculation can be confirmed.

5.1. Estimation of internal battery temperature

The solid–liquid phase time constants, concentration po-
larization potential, and other physical quantities in the SPMe
model are functions of the average temperature of T inside
the battery. Thus, it is necessary to estimate T first. Using
Eq. (71), T can be calculated after Ts, Tamb, Rin and Rout are
either measured or extracted, respectively. Figures 14 and 15
give the results of the estimated battery temperature under var-
ious working conditions.
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Fig. 14. Estimation results of the internal average temperature of the battery under constant current conditions: (a) 10d10A; (b) 10d20A;
(c) 10d40A; (d) 10d80A; (e) 10d120A; (f) 20d10A; (g) 20d20A; (h) 20d40A; (i) 20d80A; (j) 20d120A; (k) 30d10A; (l) 30d20A; (m) 30d40A;
(n) 30d80A; (o) 30d120A.

Here, every estimated curve behaves consistently, slightly
higher than the battery surface temperature, and their temper-
ature difference is not greater than 1.5 ◦C. As the battery tem-
perature increases, these D-values also grow. The battery sur-
face directly exchanges heat with its ambient air, dissipates
heat more rapidly than the battery’s internal materials, and
leads to a lower surface temperature. The reason for the rela-
tively small D-values is that the internal thermal resistance of
the battery is so low that it transfers heat efficiently.
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Fig. 15. Estimation results of the average internal temperature of
the battery under dynamic conditions: (a) 10dWLTC; (b) 10dNEDC;
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5.2. Results analysis for thermal-coupling SPMe

Figure 16 presents a comparison between the simulation
and experimental results for the SPMe model under 15 con-

stant current discharge conditions (10 A, 20 A, 40 A, 80 A
and 120 A) at temperatures of 10 ◦C, 20 ◦C and 30 ◦C, re-
spectively. It also provides the corresponding error curves.
Figure 17 illustrates the comparison between the simulation
and experimental results for the SPMe model under nine dy-
namic discharge conditions (WLTC, NEDC and DST) at tem-
peratures of 10 ◦C, 20 ◦C and 30 ◦C, respectively. It also
shows the model error curves. Table 7 lists statistical data ob-
tained through the use of root mean square error (RMSE) and
mean absolute error (MAE) for the SPMe model excited by
the above 24 conditions, the information of which is provided
in Fig. 18.

In Fig. 16, under various constant current conditions, it
can be seen from the results that the errors between the simu-
lation and experimental results are small in the early to mid-
discharge phases and become larger in the later discharge
phases. For example, in the case of the constant current dis-
charges of 10 A, 20 A and 40 A, the voltage errors in the
early to mid-phase are almost less than 20 mV, while the er-
rors rapidly increase over 100 mV in the later phase, even
up to 250 mV. This may be attributed to severe and incon-
sistent polarization effects on the sample battery while deeply
discharging. However, excited by similar constant current at
25 ◦C, the proposed model produced better accuracy com-
pared to the conventional model.[53] At an 80 A constant dis-
charge, the model errors initially increase and then decrease,
the values of which are not greater than 80 mV. In the case of
a 120 A constant discharge, the model errors generally tend
to increase, possibly originating from increasing uneven dis-
tribution of ions at this long-time high-rate discharge.
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Fig. 16. SPMe calculation results under constant current conditions: (a) 10d10A; (b) 20d10A; (c) 30d10A; (d) 10d20A; (e) 20d20A; (f) 30d20A;
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Fig. 17. SPMe calculation results under dynamic conditions: (a) 10dWLTC; (b) 10dNEDC; (c) 10dDST; (d) 20dWLTC; (e) 20dNEDC;
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Table 7. The error of SPMe (mV).

10d10A 10d20A 10d40A 10d80A 10d120A 10dWLTC 10dNEDC 10dDST
RMSE 56.8 35.6 11.0 35.8 78.9 12.3 12.2 6.4
MAE 238.0 177.9 84.6 60.4 109.5 49.2 58.6 59.6

20d10A 20d20A 20d40A 20d80A 20d120A 20dWLTC 20dNEDC 20dDST
RMSE 60.8 43.9 6.8 19.0 54.9 18.9 11.7 15.0
MAE 224.2 178.9 57.1 34.5 92.3 82.5 25.0 61.2

30d10A 30d20A 30d40A 30d80A 30d120A 30dWLTC 30dNEDC 30dDST
RMSE 40.7 39.1 10.7 50.3 83.6 32.9 15.7 10.7
MAE 180.9 158.9 87.7 76.0 145.9 126.1 86.5 40.0
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Fig. 18. The overall error curves of the proposed SPMe model:
(a) RMSE; (b) MAE.

In Fig. 17, under the three dynamic conditions of WLTC,
NEDC and DST, most voltage errors are less than 20 mV.
However, the local maximum error points often coincide at
moments of rapid current changes, such as around 1000 s and
1600 s in the case of NEDC and WLTC, respectively. This
may result from substantial polarization effects on the internal
resistance caused by a sudden current.

As shown in Table 7 and Fig. 18, the model errors under
dynamic conditions are smaller than those under constant cur-
rent conditions. The average value of RMSE under dynamic
conditions is 15 mV, while it is 42 mV under constant cur-
rent conditions. This D-value may result from the cumulative
polarization effects under constant current excitation on the
sample battery. In addition, there are relatively large errors
observed at the end of discharge under the constant current
conditions of 10 A and 20 A. This can be attributed to a low-
rate current leading to a deep discharge of the sample battery,
as shown in Figs. 16(a)–16(f).

In summary, the results obtained under 24 different oper-
ating conditions demonstrate that the proposed SPMe thermal-

coupling model has a good estimation accuracy of battery ter-
minal voltage.

6. Conclusion

This study presents an order-reduced thermal-
electrochemical SPMe model validated by the use of test
data. First, a first-order equivalent thermal circuit model is
constructed to estimate the battery’s average temperature. Sec-
ond, through theoretical derivations, it is demonstrated that the
transient polarization voltage drop formula of the traditional
SPMe model is not suitable for various current excitation.
Then, a new empirical formula is proposed and can be used at
different temperatures. Finally, a third-order transfer function
and a first-order transfer function are created to characterize
the solid and liquid phases of battery electrodes, respectively,
reducing orders of the SPMe model. Moreover, the thermal
effect on the proposed model is implemented by applying Ar-
rhenius equations to make the model parameters variable with
respect to the working temperature.

The parameters of this new model are identified through
using a genetic algorithm. The model performance is vali-
dated by 24 discharge cycles, the sample battery of which is
placed in a chamber, at three constant temperatures of 10 ◦C,
20 ◦C and 30 ◦C, respectively. Under the constant current con-
ditions, the presented model has an average value RMSE of
about 42 mV of battery terminal voltage. In addition, under
three dynamic conditions, WLTC, NEDC and DST, the aver-
age RMSE value is about 15 mV of battery terminal voltage.

Future work will focus on mechanistic modeling of the
rapid increase in transient polarization voltage at low battery
SOC and efficiently extracting physical and chemical parame-
ters of actual batteries to verify the reliability of the identified
parameters.
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