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Localized wave solutions and interactions of the (2+1)-dimensional
Hirota—Satsuma-Ito equation
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This paper studies the (2+1)-dimensional Hirota—Satsuma-Ito equation. Based on an associated Hirota bilinear
form, lump-type solution, two types of interaction solutions, and breather wave solution of the (2+1)-dimensional Hirota—
Satsuma—Ito equation are obtained, which are all related to the seed solution of the equation. It is interesting that the rogue
wave is aroused by the interaction between one-lump soliton and a pair of resonance stripe solitons, and the fusion and
fission phenomena are also found in the interaction between lump solitons and one-stripe soliton. Furthermore, the breather
wave solution is also obtained by reducing the two-soliton solutions. The trajectory and period of the one-order breather
wave are analyzed. The corresponding dynamical characteristics are demonstrated by the graphs.

Keywords: lump solution, rogue wave solution, breather wave solution, (2+1)-dimensional Hirota—Satsuma—

Ito equation
PACS: 05.45.Yv, 02.30.1k, 02.30.Jr

1. Introduction

In recent decades, nonlinear partial differential equations
(NPDEs) have found extensive applications in oceanography,
quantum mechanics, biology, and geology. Notably, ocean
represents a complex system, including ocean fluid dynam-
ics, wave dynamics, marine ecosystems, and so on. NPDEs
play a pivotal role in the field of marine science, with signif-
icant implications for navigation, coastal engineering, ocean
resource management, and fisheries, among others. For in-
stance, the Navier—Stokes equations!'! and the Korteweg—de
Vries equation[*-®! are employed via numerical simulations to
address practical issues by studying nonlinear internal waves.

In the field of nonlinear wave, finding various of local-
ized wave solutions of the NPDEs has been a focal point of
research for many scholars. Examples of such solutions in-

7-15 16-20]

clude soliton solutions,!”~1>! breather wave solutions,!

lump solutions,?'-2>! rogue wave solutions,?*>” and soliton—

[28,29

cnoidal wave interaction solutions. 1 In the ocean, lump

solutions are commonly used to describe phenomena such
as breaking waves in the ocean and sharp peaks in tides. ‘]
Breather wave solutions can be utilized to simulate and study
the long-lasting characteristics of waves, such as tidal waves
and internal waves. 3!l Currently, numerous methods for solv-
ing NPDEs have been developed, such as the Hirota bilin-
ear method,[*?! the Darboux transformation method,?3! the
inverse scattering transformation method,B‘” the Bicklund
transformation method. 13!

In 1981, Hirota and Satsuma introduced the Hirota—
Satsuma (HS) equation to model shallow water waves through
the Biicklund transformation of the Boussinesq equation. 6]

The HS equation provides a description of the propagation

fCorresponding author. E-mail: hwang @shmtu.edu.cn
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of unidirectional shallow water waves and the interaction be-
tween two long waves with different dispersion relations. The

HS equation reads
Up = Upyy + 3ulty — 3uyvy — Uy, Vi = —u, (D

which can also be written as the following Hirota bilinear
form:

(DD} — DDy —D2) f-f =0, 2

by using a transformation u = 2(Inf),,. As an integrable
(2+1)-dimensional extension of Eq. (1), the (2+1)-dimensional

Hirota—Satsuma-Ito (HSI) equation reads!37-3"]
Wy = Uy + 3utty — 3ux vy + Oy, Wy = —uy, vy=—u, (3)
with the following bilinear form
(DD} + DDy +aD?)f-f=0, 4)

where « is a real nonzero constant and the Hirota bilinear op-
erators D are defined as follows:

(DD} f - g)(x,y,1)
= (G — ) (9 —3y)" (9 — Ip)"
x flxy,t)g(x,y,1) S

Soliton solutions exhibit exponential localization along

¥=xy'=yt'=t"

specific directions and can be generated through the utiliza-
tion of Hirota bilinear forms. Compared to soliton solutions,
lump solutions exhibit localized and algebraically decaying
properties in all spatial directions. Constructing the lump solu-
tions of NPDEs by using Hirota bilinear forms or even gener-
alized bilinear forms!*"! is a hot topic. In recent years, sig-
nificant progress has been made in constructing lump solu-
tions for NPDEs based on the Hirota bilinear method. This

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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method was introduced by Ma in 2015, (211 and then further de-
veloped to find various of interactions solutions./*!! Breather
wave is a kind of important nonlinear localized waves that ex-
hibit periodic behavior which can be derived by using the com-
plexification method.!'-1%1 In this paper, the seed solution of
HSI Eq. (3) is introduced into the bilinear form of the HSI
Eq. (3), and then lump-type solution, interaction solutions, and
breather wave solution of the HSI Eq. (3) are studied.

The organization of this paper is as follows. Section 2
gives the lump-type solution via a quadratic function. Sec-
tion 3 gives the interaction solutions between lump solitons
and one-stripe soliton via combining quadratic functions with
exponential functions, whose interaction process produced the
fusion and fission. Section 4 gives the interaction solutions
between one-lump soliton and a pair of resonance stripe soli-
tons via a combination of positive quadratic function and a
hyperbolic cosine function. Section 5 gives the breather wave
solution via the complexification method. Section 6 makes the
conclusion.

2. Lump solution

In order to obtain lump solution to the HSI Eq. (3), we
first apply the following transformation:

u=up+2(In f), (6)
to transform HSI equation (3) into the bilinear form
(D3D, + 3uoDyD, + D> +DyD,)f - f =0, (7

where f is a real function, and ug serves as a seed solution for
arbitrary constants.
By taking function f as follows:

f=g"+h+a, (8)
with

g =a1x+azy+ast+ay,
h = asx+agy + art +ag,

where g; (1 <i<9) are real parameters to be determined. By
substituting Eq. (8) into Eq. (7), we have

_ oaz(azas — a%) — (3a§u0 +2asa700+ 3a%u0)a1

a»r =
? a3+ a3 ’
4o = — 3(a3 + a3)(a] +a3)(a1a3 + asar)
(a1a7 — azas)?a ’
g = X947 (ai —a3) — (2ara3 00+ 3a3up + 3d3ug)as
6 - b

2, 2
az+a;
which need to satisfy the following constraint conditions:

aja7 —azas £ 0, a(ayas +asar) <0, &)

to ensure that the corresponding solution f is analytic and pos-
itive.
Under the transformation (6), we obtain the following
lump-type solution:
1
u = up+ 7 [(g2 — 1?)(4a? — 4a?)
+ay(4ai +4a) — 16aiasgh). (10)

Clearly, it is found that solution (10) approaches 0 at infinity

Iim wu=0,
x24y2 500

when ug = 0. (11)

This result shows that the solution (10) is spatially localized
when uy = 0, and therefore it can be regarded as the lump-type
solution.

Bytakingm =-3, a=as5=a7=ag=1,a3 =a4 =2,
the lump-type solution (10) can be further concretized into the
following form:

"y M+ M, + M;

M, ; 12)

where

My = 324uy* 4 216udy’ (1 —2x— 2y + 1)
+72u3y? [4y2 +(—2t+6x—2)y
+3x(x—t— 1)+ (t+1)*+3],

M> = 12ufy[ — 8y® + (41 — 16x +4)y*
+ (= 1267 + (8¢ +8)x — 21 — 4t — 26)y
+(t—2x+ 1) (2% + (=2t = 2)x + 12 +2t +7)],

Ms = uo[16y* +32xy* + (3247 — 16x(r + 1)
+862 4+ 16t + 152)y* + (16x° — 16x*(t + 1)
+ (872 + 161 + 152)x — 48 — 48)y
+ (22 = 2x(t+ 1)+ 2420 +7)]
+32y(t —x+1)+48 — 165> + 16x(¢ + 1),

My = [18udy® + 6ugy(t —2x — 2y + 1) +4y?
Faxy+27 = 2x(1+ 1) +2 +2+7)°

By solving the system u, = 0, u, = 0, we obtained the
position of the lump wave as follows:

3 3 r 1
Therefore, the trajectory of the lump wave can be described as

X

= . 14
Y= 302 (14)
It is evident that there exist three extremum points of u
3 3 t 1
=(—ztup— = l,—=— 7) 1
(xu17yu1) ( Ztu() 2”0 +r+1, D) ) ) ( Sa)
3 3 1
=(—ztup— = -2, —=— 7) 1
(xu27y142) ( 2“"0 2“0 +1 ) D) ) ’ ( Sb)
3 3 t 1
(Xuz s Yuz) = (— EWO - EMO +f+4,—§ - 5)» (15¢)
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and the lump-type solution (12) has two troughs at points
(—%tuo — %uo—‘rt—z, —% — %) and (—%tuo — %u0+t—|—4, —% —
1), one peak at point (—3tug — 3up+¢+1,—4 — 1). The peak
of u has a value of up,.x, and two troughs of u with a same value
of upin as follows:

1
Umax = U + g, Umin = UQ — 6
The three images labeled (a), (b), and (c) in Fig. 1 and

Fig. 2 respectively depict the three-dimensional (3D) plots and

(16)

the corresponding density plots for the lump-type solution (12)
when ug = 0.3, r = —30, 0, 30. Figure 2(d) represents the tra-
jectory of the lump wave as it moves along y = —x/1.1.

When uy = 1, the trajectory of the lump wave changes to
y = x, while other characteristics are similar to those of Figs. 1
and 2, which are shown in Figs. 3 and 4. Through theoretical
analysis and graphical display, it is concluded that the seed so-
lution ug significantly influences both the extreme value and
the trajectory of the lump wave.

1.6{ (a)t=-30 164 (P t=0 164 (©)t=30
1.2 1.2 1.2 7
s 0.8 s 0.8 s 0.87
0.4 0.4 0.4 1
04 O--,\'\ O"V\,\
—50 o e T T T T 1 —50 T T T T T 50 | 3 T T T T 1

0 50 —40 © 40 0 50 —40 O 40 =20 0 50 _40 0 40
T Yy T Y T Y

Fig. 1. The 3D plots of lump-type solution (12) withup =0.3,a1 = -3, a =as=a7=as =1, a3 =as = 2.

100
50F
> > OF
_50 L
—100¢, L L R
200 600 1000 200 600 1000 —100 0 100
x x
Fig. 2. Corresponding density plots and path plots for Fig. 1.
2.4 2.4 1 2.4
{ (a) t=-30 (b) t=0 ] (¢) t=30
2.04 2.0 4 2.0+
3 1.6+ 3 1.64 3 1.6 1
1.2+ 1.2 1.2 4
0.8- ... S— 0.8 .. — 0,8-50\,\”7I I
=50 0 50 49 0 40 =50 0 50 49 0 40 =90 0 50 —40 0 40
T y T y T y
Fig. 3. The 3D plots of the lump-type solution (12) witha; = -3, up = =as =a7; =ag=1,a3 =as =2.
1200 1200 100 (g
1000 1000
800 50
= 600 = 600 = 600 = 0f
400 _sol
200
—100y . . .
1000 200 1000 200 600 1000 —100 0 100

600 600
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xT

Fig. 4. Corresponding density plots and path plots for Fig. 3.

3. Fusion and fission phenomena

In order to obtain the interaction solution between lump
solitons and one-stripe soliton for HSI Eq. (3), we consider the
function f in Eq. (7) to be

f=g*+h +kexp(kix+koy+kst) +ao, a7
with
g=aix+ay+ast+as, h=asx+agy+ast+as,

where a; (1 <i<9)andk, k; (1 < j<3) are real param-

040505-3
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eters that will be determined later. By performing symbolic ~ which must satisfy the following constraint conditions:
computation and directly substituting Eq. (17) into Eq. (7), the

19

following results are obtained: kiksarar 70, |aks| > lazki],
. to ensure that the corresponding solution f is analytic and pos-
_ _kalarks +agky) itive.
2
4kya; Under the transformation (6), we have

_ 3ar (a}k3 —3a3k} — 4a3uq) e arks

as , a3 =—]—, 1
4a% ki U = uy+ F {2kexp(k1x+kzy+ k3t) [2(61% + a%)
21,2 212 2
a7k 3ki (Batks — asky — 4azug) 2 2 o
as=———, d5=— 1 34/{; 1 =7 +ki(g"+h —|—a9)—4k1(a1g+a5h)]
3 347
202 2 202 12
A K kit (324 — a2 — 122up) +aai(h” —g" +ag) +4as(g” — " +ay)
ag=—og 2 k= 2 , (18) ~16ajasgh
kckia 4a ajasgny.
1397 7
400 400 400
350 s50p (P)E=—15 350
300 300 300
250 250 / 250
=200 = 200 = 200
150 150 150
100 100 100
50 50 50
100 200 300 400
x
400
350
300
250
> 200 =
150
100
50
100 200 300 400
x x x
Fig. 5. Fusion phenomenon of the solution (20) with ug =0.4,a; =a7=k=k3=1,a5s =2,a4=3,a3 =4, k; = —1.
300 300 300
250 250 250
200 200
> 150 > > 150
100 100
50 50
100 150 200 250 300 50 100 150 200 250 300 50 100 150 200
x T
300
250
200
> 150 B
100
50
50 100 150 200 250 300 50 100 150 200 250 300 50 100 150 200
xr x x

Fig. 6. Fission phenomenon of the solution (20) with ug =0.4, a1 =a7=k=k =1,a5s =2, a1 =3, a3 =4, k3 = —1.
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Figure 5 shows the dynamic performance of fusion phe-
nomenon. The dynamic plots associated with solution (20)
demonstrate that at = —25, both lump solitons and one-stripe
soliton exist simultaneously. As time evolving, the one-stripe
soliton moves faster than lump solitons. At r = 30, the one-
stripe soliton dominates and engulfs the lump solitons. It is
found that parameters k; and k3 have an important effect on
fusion and fission. In fact, fusion phenomenon occurs when
ky =—1, ks =1.
ks = —1.

It is evident from the Fig. 6 that at + = —30, one-stripe

In contrast, fission occurs with k£ = 1,

soliton exists. As time evolving, the one-stripe soliton under-
goes decomposition, ultimately resulting in the formation of
lump solitons and one-stripe soliton.

The aforementioned two phenomena exhibit similarity to
soliton fusion and fission, which have already been theoreti-

42431 The results in this part show that dy-

cally discovered. !
namic characteristics of the solution (20) fully indicate that
the interaction of lump solitons and one-stripe soliton can also

produce fusion and fission phenomena.

4. Rogue wave solution

To search for rogue wave solution from Eq. (7), we take
f as a combination of a positive quadratic function and a hy-
perbolic cosine function
f= g2+h2+kcosh(k1x+k2y+k3t) +ay, 21
where
g=aix+tay+ast+as, h=asx+asy+ast+as,

and a; (1 <i<9)andk, k; (1 < j<3) are parameters to be
determined. By substituting Eq. (21) into Eq. (7) and perform-
ing a direct calculation, we obtain the following result:

a1(9K3up +4a?) 3a1k3
Q=" F77 . a= ’
3k3 4ot
b () =60 (b) t=—-20

2.0

3 1.6
1.4

0 —50
50 50 T

Y

as(93up +40?) 3ask3
ag= - ar = ——
¥ 362 » YT e
(o e W@ rd)
3k3’ 8a? ’
400(27k3ug + 40>
ky = 2Tk -407) 22)
27k3
which needs to satisfy the constraint conditions
kzajaso 75 0, a9 >0. (23)

Under the transformation (6), we obtain the following so-
lution:

1
U= uy+ 7 {2kcosh(kix + kay + k3t)

X [k%(gz +h* 4ag) +2(at —i—ag)}
— 8kky(ga) + has) sinh(k1x + kpy + kat) — 16a asgh
+4a%(h2—g2+a9)+4a§(g2—h2+a9)}. (24)

The 3D plots in Fig. 7 displays the entire process of the
creation and disappearance of the rogue wave. When t = —60,
there are only two stripe solitons present. When ¢ = —20, one
of the stripe solitons generates a small wave packet. Imme-
diately after, when ¢ = 0, the amplitude and energy of the
Iump soliton reach its maximum values, and it is positioned
in the middle of the two resonance stripe solitons. As time
progresses, the lump soliton moves towards the other stripe
soliton and finally disappears, transforming into two resonance
stripe solitons.

The observations from Fig. 7 indicates that, except for
a specific time and fixed position, the presence of two reso-
nance stripe solitons prevents the occurrence of the lump soli-
ton. This suggests that the lump soliton can transform into a

high-amplitude rogue wave at a suitable time and location.

—50 —50
0 —50

50 50 %

0
50 50 %

0
Y

Fig. 7. Rogue wave phenomenon excited by solution (24) withug = =k3 =ag =1,a; = a9 =2, a4 = as = 3.
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5. Breather wave solution
It is well known that the two-soliton solution of HSI
Eq. (3) can be directly obtained via bilinear equation (7)
u=1up+2(Inf)xx,

f=1+exp(&1)+exp(&)+Anexp(&i+&), (25)

where

K = 3k + Ky — kokyma + K + Kms + (p1 — pa)?
K333k kz + Ky + kakymz + K&+ 133 + (p1 — p2)?

&iki<x+[)iy

A

r)+€ﬂ 1<i<2,  (26)

a
and m; = 4k§ +2p1 + p2 + uy, my = k% + p1 + p2 + 6up,
m3 = p1 +2p2 +9ug. Here k;, p;, éio (1 <i<2) are arbitrary
real-valued constants. Based on the complexification method,
suppose that

ki =ay +iby, ky =a; —iby,
pr=ci+idi, pp=ci—idy, & =0, &=0, (27
then we have
&i=& =R +il,
o — a?b? —3bt +a1bidy +3b3ci +9bug +d; 28)
7 @20 —3db +arbid) —3dic) — 9aPug+ d2’
where
1
R :Re(él) = E [a?(cly—kx) —a?b1d1y+a?Q2
+aiQ3+a1Q4 — b1d1 Qs),
1
I =Im(&) = a[b?(—cly—x)—b‘]‘aldly—&—b?Pl
—b%Pz + b1 P —a1d1P4], 29)
with
01 = af +a(2b} +2¢; + 6up) +4a1bd;

+ b} —b}(2¢1 + 6ug) + 6¢1ug + df +9ud,
0, = Zb%(cly—l—x) +2c1y(c1 + 3up) — at + 2¢1x + 6upx,
Q3 = byd; (4x —2b¥y +2c1y — 6upy),

Q4 = bi(c1y+x)
|

— b [2y(ct +3crug +2d7) + ot + 2¢1x + 6ugx]
+c1y(c? +6¢1ug +d? +9ud) + clx
+c1(— ot + 6ugx) — 3tuga + dix + udx,
Qs = biy—2biy(ci +3uo)
+y(ct + 6cruo +di +9up) + at,
P = —Za%(cly—&—x) +2c1y(c1 +3up) — at + 2c1x + 6upx,
P, = ayd;(4x+ Za%y +2c1y — 6ugpy),
Py = af(—c1y—x)
—ai[2y(ct +3ciug +2d7) + ot +2c1x + 6ugx]
—c1y(c3 4 6¢iug +d? 4+ 9ud) — ix
+c1 (ot — 6upx) + 3tugat — d?x — udx,
pa = djy+2a3y(c1 + 3up)
+y(ct+6c1ug +df +9uf) + at.

Under the conditions of Egs. (27)—(29), the breather wave
solution is u = ug + 2(In f) .y, and we have

F=1+42exp(Ry)cos(l}) + aj2exp(2Ry), (30)

from which the corresponding one-order breather wave solu-
tion of HSI Eq. (3) can be obtained.

The trajectory of the breather wave can be represented as
aline L on the (x,y)-plane for a specific time ¢, and it is defined
by

a?(c1y+x) — a?b1d1y+ai’Q2 —|—a%Q3

+a1Q4—b1d1Q5 =0. 3D

The period of u is T, = —27a; /(a? + b?)d; along the y direc-
tion and T, = 27 (ajc; — b1d; )/(a% + b%)dl for the x direction.
Then, the distance between the two most neighboring peaks in
up, can be expressed as follows:

T— 471'2((116'1 —bldl)z 4
(at +b7)%d}

47172a%
(af +b7)%d}

(32)

T represents the period of an one-order breather wave along
its trajectory. Furthermore, the forward speed of the one-order
breather wave is determined to be

o [a%ch +2a1bicy —d, (b% —2c)— 3u0)]

1%

Y7 dix[ad +2a3 (B + c1 + 3uo) + darbidy — 262 (c1 + 3ug) + (c1 + 3ug)2 + d2]

—2a1bja—d,a

Vy

~ diy[at 22 (D2 + c1 + 3ug) + 4arbrdy — 263 (c1 + 3ug) + (c1 + 3up)? +d2]

(33)

Here, v, and vy represent the velocities in the x direction and y direction, respectively.

Figures 8 and 9 demonstrate that the trajectory of the breather wave exhibits noticeable translational shifts, while the shape

and speed remain unchanged during the shifting process. From the results shown in Egs. (32), (33) and Figs. 8-11, we can

obviously reach the conclusion that the seed solution g only influences the speed of the breather wave but does not affect the

period.
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(b)t=0

Fig. 10. Breather wave excited by the solution u, with @ =1, a; =b; =0.2,¢; =0.5,d; = 1.2, up = 3.
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Fig. 11. The corresponding density plots for Fig. 10.

6. Conclusion

In this paper, with the help of the symbolic computa-
tion, the localized wave solutions of the (2+1)-dimensional
HSI equation have been obtained. Among them, the rogue
wave yielded by a lump soliton and a pair of resonance stripe
solitons, and the fusion and fission phenomena generated by
the lump solitons and one-stripe soliton. For the lump-type
solution, it has been determined that the seed solution ug in-
fluences both the extreme value and the trajectory of the lump
solutions. However, it only affects the speed of the breather

wave but has no impact on their period.
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