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Dynamical modeling of neural systems plays an important role in explaining and predicting some features of bio-
physical mechanisms. The electrophysiological environment inside and outside of the nerve cell is different. Due to the
continuous and periodical properties of electromagnetic fields in the cell during its operation, electronic components in-
volving two capacitors and a memristor are effective in mimicking these physical features. In this paper, a neural circuit is
reconstructed by two capacitors connected by a memristor with periodical mem-conductance. It is found that the memris-
tive neural circuit can present abundant firing patterns without stimulus. The Hamilton energy function is deduced using
the Helmholtz theorem. Further, a neuronal network consisting of memristive neurons is proposed by introducing en-
ergy coupling. The controllability and flexibility of parameters give the model the ability to describe the dynamics and

synchronization behavior of the system.

Keywords: memristor, neuronal model, energy, synchronization

PACS: 05.45.Pq, 05.45.Xt, 05.45.Gg

1. Introduction

Activities in biological systems cannot work without
energy.!!) The generation of electrical activities in a neural
system composed of neurons and synapses is energetically a
costly process.!>3 The metabolic energy is used to maintain
the signaling activities of neurons. Many neurons in the brain
present extremely complicated firing patterns, including spik-
ing, bursting, and chaotic firing.!*-%! Neuron models have been
proposed to reproduce the dynamical firing patterns of real
neurons, but it is difficult to characterize the energy required
to maintain and transmit these electrical activities.

In recent years, several investigations have been reported
that have tried to solve the energy function of neural systems.
The neuronal model is constructed by considering membrane
features involving the ionic channel effect.!”) The membrane
mechanism is associated with an action potential. The sam-
pled time series from the membrane are obtained using patch
clamp technology. Based on these biophysical essences, many
interesting neural models can describe a relationship between
the observed sampling data and biophysical mechanisms. In-
deed, biological neurons are regarded as a variety of electric
components, such as memristor.!®~'3] The neural circuit with
abundant functions and behavior is reconstructed by connect-
ing with different electric components.!'*-2!l Indeed, the firing
behavior of a neuron is related to the gradient distribution of an
electromagnetic field, induced by exchanging and transporting
intracellular and extracellular ions with concentration diver-
sity. Based on the biophysical motivation, a kind of neural
model with electromagnetic effects has been proposed and in-
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[1021-24] According to a non-smooth

feedback strategy, a Filippov hybrid neuron model with elec-

vestigated in recent years.

tromagnetic induction can show sliding mode dynamics and
coexisting attractors.!>>! A Hindmarsh—Rose neuron model is
improved by introducing magnetic flux and electric field vari-
ables, and the model has abundant dynamics and is applied in
image encryption.?®! Neuronal models with electromagnetic
induction play a significant role in exploring nonlinear dynam-
ics and biophysical mechanisms.

From an energy perspective, neural models with elec-
tromagnetic effects have also been investigated. According
to the Helmholtz theorem, relationships between firing pat-
terns and energy are found by using numerical computation

27-32

methods. ! The energy consumption of the Hindmarsh—

Rose neuron during its signaling activity can be evaluated by
calculating the energy function.** The neural networks based
on the different neurons can show collective behavior and

(34351 Synchronization behavior in the

[18,36-39]

functional properties.
neuronal network is identified by the energy function.
And desynchronization is found in coupled neurons with en-
ergy diversity.[*") Complex firing patterns are triggered in an
isolated neuronal model subjected to an external stimulus with

32,41

higher energy density.*>#!1 Collective dynamical behavior is

triggered in neuronal networks involving memristive effects,
local heterogeneity, and energy flow.[28:42-43]
To downplay inessential details and emphasize critical

5,141 nonlinear oscillators and circuits are proposed to

feature
mimic or reproduce neuron-like behavior and functions.*”]

From the viewpoint of biophysical science, the neural response
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to the combined influence of electrical, magnetic, and mechan-
ical fields is inextricably linked to exchange and transporta-
tion of ions between intracellular and extracellular compart-
ments. It is demonstrated that a sensor with biocompatible
traits detects time-varying magnetic fields generated by action
potentials.[*8] The modelling of a neural system with electro-
magnetic induction is necessary to explore and explain neu-
ral biophysical mechanisms of the rich and complex emergent
behavior. The latest work on memristive circuits can present
electrical activities under a periodical external stimulus.[>!
However, neural systems without periodical stimulus can also
show abundant electrical activities. Thus, the memristive cir-
cuit without stimulus is further improved, based on the mem-
ristive membrane with periodical ionic exchange. Better abun-
dant dynamical patterns are demonstrated in this model. The
Hamilton energy function is deduced using the Helmholtz the-
orem. Further, we develop a network composed of memristive
neurons and coupled with the Hamilton energy function. The
signal transmission between neural systems requires energy
consumption. The energy function can affect the synchroniza-
tion behavior in the memristive neural network.

The rest of this paper is organized as follows. In Sec-
tion 2, the neural circuit involving memristive membranes is
proposed. We find an energy function for the neural circuit
based on Hamilton’s theory. In Section 3, we analyze the dy-
namical behavior in the single neuronal circuit. Further, syn-
chronization is investigated in a network composed of neu-
ral circuits under energy coupling. The conclusion is given in
Section 4.

2. Model description and method
2.1. Modelling of memristive neural circuit

To explore the dynamics and complex behavior in neu-
ral systems, many mathematical models and physical circuits
have been proposed. A neural circuit with memristive mem-
branes was constructed using two capacitors, a memristor, an
inductor and a nonlinear resistor. A schematic diagram of a
single neuron with memristive membranes and a correspond-
ing neural network is presented in Fig. 1.

Based on Kirchhoff’s theorem, the equation of the above
circuit in Ref. [22] is described as follows:

dvi

Cig =In(9) — Ing,
G2 = (9 +ir (1)
LYy R

dr

where V| and V, denote the voltage of two capacitors, and iy,
represents the current of an inductor, as shown in Fig. 1(a).
Here, Ci, G, and L are the two capacitances and the in-
ductance, respectively. In a cell, there are two sides to

form a physical field. According to the investigation, the

ionic channels of the neural system belong to the memristive
system.[39%1 Here, I);(¢) represents the memristive mem-
brane current. Based on the generalized definition of mem-
ristive systems, it is defined as

d 1
Ly=M(9)(Va—V1), M@)i]i((f)pﬁn (p‘ZQ)’
do Vo =V, .
E = V2=V

Here, ¢ is magnetic flux, and M(¢) is the mem-conductance.
The mem-conductance is a periodical function, and it is em-
ployed to characterize induced time-varying electromagnetic
fields via the continuous and periodical diffusion and ex-
change of intracellular and extracellular ions. To conveniently
compare two memristors with different mem-conductance
from Ref. [22] and this paper, let V, — V| be equal to V =
Acos(2mft).
conductance in Ref. [22] is solved as

By integrating the state variable, the mem-

2

M(9) = a+b4;‘7f2 sin® (27 ft). 3)

Meanwhile the mem-conductance in this paper is obtained as

Asin(27f1) ) .

27TfpVQC2 @)

M(9) = 3 sin

Thus, the mem-conductances of two memristors have different
odd and even, as shown in Figs. 1(c) and 1(d). The current via

the nonlinear resistor in Ref. [22] is described as

&)

\‘j\@/
DVA DVA

<

0.16 = 1.0
C
d
0.14 05 (d) \
5 0.12 I~
= S o0
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0.08 —0:5
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Fig. 1. (a) A schematic diagram of a neural circuit with a memristive con-
nection. A memristor is used to connect two capacitors. The left branch is
an inductor in parallel with the capacitors and the right branch is a nonlinear
resistor. (b) Schematic blocks of a chain network composed of the memris-
tive neurons. The relationship between the mem-conductance and voltage of
the memristor in Ref. [22] (c) and this paper (d) when the input voltage is
loaded as V = Acos(2.07 /7). The parameters are selected as A =1, f = 0.1,
a=0.07,0=003,C;=1,Vy=1,andp = 1.
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According to Ref. [22], these physical variables can
be changed into dimensionless variables by employing scale
transformation as

V V. )
x:iv y:727 Z:ﬂv (P: ¢ ?
Vo Vo \% pV0C2 6)
_ L 4CQ g Q. PRG
CpGy’ c’ L’ "L

This memristive neuron in Fig. 1(a), using the above scale
transformation, is rewritten as

%—a sin@(y —x) + xj

dT_ (py X X 3 I

y .

— =sm@x—y)-+z,

it ¢(x—y) o
d_ g

dT_ y 7727

do _

dT_y xa

where a, B, and 1 are the parameters selected with suitable
values, which can make this model reproduce similar burst-
ing, spiking, and even chaotic patterns. The occurrence of
the memristive term is introduced into the neural circuit to de-
scribe the time-varying electromagnetic field induced by con-
tinuous and periodical diffusion and exchange of intracellular
and extracellular ions.

2.2. Modelling of memristive neuronal network

The network of the reciprocally coupled memristive neu-
ral model is proposed, and its equation is
3
. . X3
&= 0| sin @iy —xi) +xi— = |,
Yi = sin@i(x; — yi) + 2 + gexi LkijF (H; — 0), ®)
J

¢ =—PByi—nz,

Qi =yi — X,
where x;, y;, z;, and ¢@; are the state variables for the ith mem-
ristive neuron, respectively, and I = 1,...,N. Here, k;; is
the connectivity matrix, such as a chain in this case, and j
is the number of other neurons. Here, g. is the coupling
gain. For the neural circuit, the partial energy of the system
is stored in these electric components, including the capac-
itor, and induced. Meanwhile, the resistor consumes Joule
heat. Information transmission between two systems needs
physical field energy. Thus, the coupling effect is dependent
upon the energy of the system. The physical field energy is
described by an equivalent Hamilton energy H. In Eq. (8),
F(H — o) = tanh(H — o) is the nonlinear coupling effect as-
sociated with energy. Here, o is the threshold of the energy
level. Specifically, the energy of the system reaches a thresh-
old value, and the electrical activities can be transferred around
elements. The parameters are selected as o = 1.0, § = 3.0,
n =1.0,0=1.56, and g, = 0.0.

2.3. Energy aspect of isolated model

Inspired by the procedure reported in detail in Refs. [50,
51], the Hamilton energy function of nonlinear oscillators can
be obtained. The nonlinear oscillators can be described by

X =f(X) = fo(X)+ fa(X), ©)
where X is an n-dimensional vector and f(X) is the velocity

vector field. Based on a generalized Hamiltonian form, Eq. (9)
can be rewritten as

= fe(x,3,2,0) + fa(x,,2,9). (10)

S e =

Based on the stored energy of the capacitor and inductor and
the inner energy of the memristor, the energy function can be
expressed as

1 1 1 , 1

where LIy is regarded as a magnetic flux unit. Based on

Egs. (11) and (6), the energy function is rewritten as

1
H= W
OV,
1, 1, 1, 1 ,
— 2 (y— .2
5q° T3 +2ﬁz +2(y x)@sin(@). (12)

Further, the time derivative of the energy along a trajec-

tory is written as

1
0 o 0 «a o
—a 0 B -1 Yy
= . . (1
fc(%)@&‘P) O _ﬁ O O lz ( 3)
—a 1 00 B

According to Eqgs. (10) and (12), the energy derivate is written

as
fa(x,y,2,0)
2 1
21X Y —X
o (1 . x) 0 0 0 "
X
X y
= 0 y 000 i . (14)
0 0 —fn 0 B°
0 0 0 0 (y—x)sin(@)

According to Ref. [22], the same energy function in
Eq. (11) is obtained using the Helmholtz theorem.
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2.4. Equilibrium analysis

To obtain the equilibrium points of the system, let X =
y =2z = ¢ = 0; then, the equilibrium point (x*,y*,z*, ¢*) =
(0,0,0,7) can be solved, where ¥ is any real number. It is
worth pointing out that the memristive neuron has infinite
equilibrium points relative to the initial value of the magnetic
variable. To further analyze the stability of the equilibrium
points, the Jacobian matrix of the system of equations is solved

as
l—asiny oasiny 0 O
siny —siny 1 O
J= 0 B -n 0 (15)
-1 1 0 0

Ap = asiny+siny+n+1>0,

Then, the characteristic polynomial is rewritten as

F) = A+ AL +AA% +A3L + 44 =0, (16)
where
Ay =oasiny+siny+n+1,
Ay =B+ (an+n—1)siny—n, an

Az =B (asiny—1)—nsiny,
As=0.

According to the Routh—-Hurwitz stability criterion, when

A — oasiny+siny+n+1 PB(asiny—1)—nsiny
2 1 B+(an+n—1)siny—n
= (a+1)(an+n—1)sin*y+ (an*+n*+B— )siny+n(B—n—1)+2B >0,
osiny+siny+n+1 PB(asiny—1)—nsiny 0
Az = 1 B+(on+n—1)siny—n 0
0 asiny+siny+n+1  PB(asiny—1)—nsiny

the solutions of Eq. (7) are stable. The numerical integrations
for the neural circuit and neuronal network are used by the
standard fourth-order Runge—Kutta method. 3!

3. Results
3.1. Dynamics and energy of the memristive neural circuit

In this section, we investigate the complex dynamical be-
havior in a memristive neural circuit by changing two key pa-
rameters (@ and ). The bifurcation diagram, average firing
rate, and average Hamilton energy are depicted in Fig. 2.

Figure 2 shows the comparison of the transition among
complex behavior when parameters o and f are controlled
separately. The dynamical evolution is obtained by recording
the maximum value corresponding to each parameter. The fir-
ing pattern transition can be identified by the average firing
rate. The energy change is dependent upon firing patterns.
The bursting and chaotic dynamics of the neural system have
been demonstrated by observing diagrams of the time—voltage
series in experiments. Thus, the diagram of the time—voltage
series of the memristive neural circuit is numerically described
in Fig. 3.

Figure 3 shows that periodical bursting and chaotic firing
of the memristive neural circuit are observed when changing
the value of o when the other parameters, 8 and 7, are set as
0.71 and 0.01, respectively. It is worth pointing out that the
memristive neural circuit is bistable when the initial values are

(B(asiny—1) —nsiny)((a+1)(an +n —1)sin’ y+ (an’*4+n>+ B — )siny+n(B—n —1)+2B) >0, (18)

\
different, as shown in Figs. 3(b) and 3(c) or 3(e) and 3(f). At

the origin point, the circuit is eventually in a continuously sta-
ble state. To better display the complex dynamical behavior of
the model, the bifurcation series diagram of the maxima volt-
age (xpeax) and average energy when changing the parameter
o at fixed B = 2.0, 3.0, 3.5, and 4.0, respectively, are plotted
in Fig. 4.

4
(a)
3
) 2ﬁ
1
0

-2, 1 ) 3 0.5 T 2 3 4 5
@ B
0.4 8 14 @ 7
1.2 6
c
0sf © 6 —
= 10 5
w 0.2 4 % “~ 0.8 1 =
T 06 S
0.1 2 7
0.4 2
% 1 2 3 201 5 5 4 5
a B

Fig. 2. (a) and (c) The bifurcation diagram and energy diagram for the
memristive neural system with the increasing parameter o while fixed
at B =0.71. (b) and (d) The bifurcation diagram and energy diagram
for the memristive neural system with the increasing parameter § while
fixed at o = 3, respectively.

Figure 4 shows that the memristive neural circuit can
present abundant dynamical behavior when increasing the
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value of o under the four different § values. The average  erage frequency and energy changes are shaking in intensity
frequency and energy changes are also relatively gentle when ~ when the chaotic state is triggered in the model without exter-

the model belongs to periodical activity. Meanwhile, the av-  nal stimulus.
3 4 1.0
(a) (b) (c)
2 0.5
2
8 8 0 g 0
1
—2 —0.5
0 —4 -1.0
900 920 940 960 980 1000 900 920 940 960 980 1000 0 200 400 600 800 1000
T T T
3.0 1.0
(d) ()
25 0.5
2.0
8 8 0
1.5
1.0 —0.5
0.5 -1.0

—4 —2 0 2 4

Yy
Fig. 3. The dynamical behavior of a memristive neural circuit. (a), (b) The time sequence and (d), (e) the corresponding y—x phase orbit
when the initial value is (1.5, —0.2, 0.1, 0.2) and the parameter is selected at & = 1.0 and 3.0, respectively. (c) The time sequence and (f) the
corresponding y—x phase orbit are plotted when the initial value is (0, 0, 0, 0), while the other parameters are selected as § =0.71 and 1 = 0.01.

0 200 400 600 800 1000
Y

4 4
3 (=) | 3
21 2 )
i1 : i i H
8 & & B
0 0
—1 -1
20 1 i 5 -2
« « «
0.6 8 0.8 8 0.5 8 0.8 8
(e) (f) (g) (h)
s 6_ 06 6 04 6 . 06 6 _
’ s L 03 s s
- 42 = 04 42 4 2 =04 4 2
0.2 = g 02 = =
2 0.2 ’Jz ol 2
0 0

0.2 k”\ 2
) 0

0 0 0 )
0 1 2 3 4 5 0 1 2 3 4 5 00 1 2 3 4 5 0 1 2 3 4 5
e} « « «
Fig. 4. The bifurcation diagram and energy change diagram for the memristive neural circuit with the increasing parameter . (a)-(d) The peak
value of x and (e)—(h) the corresponding energy change diagram when the parameter is selected at § = 2.0, 3.0, 3.5, and 4.0, respectively.
3.0 3.0 3.0 3.0
a) (b) (c) ECY
2.5 2.5 2.5 2.5
2.0 2.0 2.0 2.0
8 1.5
1.5 ; 8 1.5 4 1.5
Lo 1.0 1.0 1.0
: 0.5 0.5 0.5
0.5 8
900 920 940 960 980 1000 00 920 940 960 980 1000 800 920 940 960 9801000 800 920 940 960 980 1000
T T T T
3.0 2.5 3.0 3.0
©) 2.5 250 1
2.5 2.0 : :
] 2.0 2.0
2.0 1.5
8 " s 15 s 1.5
L5 1.0 1.0 1.0
1.0 0.5 0.5 0.5
. 0 0
050 2 4 70 5 0 5 10 10 =5 0 5 10
z z z z

Fig. 5. The dynamical behavior of a memristive neural circuit. (a)—(d) The time sequence and (e)—(h) the corresponding z—x phase orbit when
the parameter is selected at § = 2.0, 3.0, 3.5, and 4.0, respectively, while the other parameters are selected as & = 1.0 and ) = 0.01.
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Tpeak

@
1.0
_ 1.5
1.0 5% B
o |
= 08 42 o« 1.0 2
= 05 =
0.6 3 2 S
05~
0.4 2
R T R B R ST & 5 1 3
8 B

Fig. 6. The bifurcation diagram and energy change diagram for the whole
system with the increasing parameter 3. (a), (b) The peak value of x and (c),
(d) the corresponding energy change diagram when the parameter is selected
at oo = 1.0 and 3.0, respectively.

Figure 5 shows the dynamical behavior of the memristive
neural circuit when changing the value of § while o and n
are fixed as 1.0 and 0.01, respectively. To further investigate

lb.

'
‘ °."

T

the effects of changes in parameter § on dynamical behavior,
a bifurcation diagram and average energy change diagram for
B are shown in Fig. 6 when another parameter « is fixed. Fig-
ures 6(a) and 6(b) respectively show the peak value of x when
parameter f3 is modulated while o = 1.0 and 3.0, respectively.
It is found that the memristive neural circuit has multi-period
firing patterns.

3.2. Synchronization of memristive neuronal network

The neural network is composed of the basic building
blocks of neurons. The signal propagates within neurons cou-
pling with electrical and chemical synapses. However, at the
network level, information flowing or propagating among the
intricately connected neurons still needs to be characterized.
The memristive neuronal network is coupled by introducing
the energy. We explore the dynamics of the network composed
of 20 nodes by changing the coupling gain. The spatiotempo-
ral dynamics and time series are depicted in Fig. 7.

2.5

0“‘ "
Mt

L ‘” )
'

Il

20 40 60 80 100
T

3.0
2.5
2.0

s 15
1.0
0.5

0
0 200 400 600 800 1000 0
T

200 400 600 800 1000 0

0 200 400 600 800 1000

T

Fig. 7. The spatiotemporal patterns and time series of the memristive network with different values of parameter g.. The parameter is selected
at g = 0.0, 0.1, and 1.0, respectively, while the other parameters are set as @ = 1.0, § = 0.71, and 6 = 0.0.

C
2.5 20( ) 2.5
2.0 2.0
"I 'l '|l*H ]
15 TSR W1 5
%10l 1
(3
,HlHillillnlwl'
0.5 ||‘|'|H‘|“‘|H"|““|l‘ 0.5
| | | |
[ TP S YRR R Y ) |"|||l|||l|||'|l'l!‘
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100
T T
(d) (f)
3.0 3.0 .
2.5 2.5
2.0 2.0
g 1.5 8 1.5 8
1.0 1.0 1.0
0.5 0.5 0.5
90200 400 600 800 1000 Y0200 400 600 800 1000 00 200 400 600 800 1000

T

T

Fig. 8. The spatiotemporal patterns and time series of the memristive network with different values of parameter 6 = 1, 1000, and 3000,
respectively, while the other parameters are controlled at a = 1.0, f = 2.0, and gc = 0.2.
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Figure 7 shows that the spatiotemporal patterns are
changed from synchronization into desynchronization in a net-
work composed of memristive neural circuits under energy
coupling. Almost all the models are periodically firing in
Fig. 7(d), and the network presents a tidy pattern, as shown
in Fig. 7(a). But the behavior of the network demonstrates ir-
regular changes and chaotic evolution synchronously, when g
increases to 0.1 and 1.0 in Figs. 7(b), 7(e) and 7(c), 7(f), re-
spectively. Specifically, the network becomes desynchronized.

In Fig. 8, we investigate the synchronization dynamics
in the network consisting of the memristive neural circuit by
changing the values of 6 while fixing the values of «, g,
and . In Fig. 8, it is demonstrated that under the modula-
tion of 6, the network tends to be synchronized in Figs. 8(b)
and 8(c). The nonlinear coupling successfully reconstructs the
synchronization evolution of neural signals and also improves
the understanding of the influence of single neurons on firing
behavior. To process information effectively, coupling models
associated with energy are well proposed, and memristive neu-
rons tend to fire together in spontaneous activation when the
stored energy in the coupling achieves a threshold. Based on
the model associated with energy, the neural dynamical mod-
els are appropriate for depicting the complex and abundant fir-
ing spatiotemporal patterns.

4. Conclusion

Models of memristors are frequently used to construct
neural circuits with firing patterns similar to biological neu-
rons. Two capacitors and a memristor are connected to build
a neural circuit. The neural circuit can characterize complex
electromagnetic fields induced by bidirectional propagation
and periodical exchange of ionic currents. By considering the
controllability and flexibility of the cell membrane, the mem-
ristive system is employed to mimic its characteristics in neu-
ral circuits. The relationship between firing patterns and en-
ergy is identified by the Hamilton energy function. Further,
the neuronal network is coupled by a new scheme associated
with energy function. Identical neurons can reach synchro-
nization at sufficiently large values of the coupling gain. This
biophysical neuron with appropriate regulation of parameters
is suitable for predicting and studying self-organization and
energy balance in neural networks.
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