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Nonlinear interaction of head-on solitary waves in
integrable and nonintegrable systems

Shutian Zhang(张树甜), Shikun Liu(刘世鲲), Tengfei Jiao(矫滕菲),
Min Sun(孙敏), Fenglan Hu(胡凤兰), and Decai Huang(黄德财)†

Department of Applied Physics, Nanjing University of Science and Technology, Nanjing 210094, China

(Received 27 October 2023; revised manuscript received 4 January 2024; accepted manuscript online 12 January 2024)

This study numerically investigates the nonlinear interaction of head-on solitary waves in a granular chain (a noninte-
grable system) and compares the simulation results with the theoretical results in fluid (an integrable system). Three stages
(the pre-in-phase traveling stage, the central-collision stage, and the post-in-phase traveling stage) are identified to describe
the nonlinear interaction processes in the granular chain. The nonlinear scattering effect occurs in the central-collision
stage, which decreases the amplitude of the incident solitary waves. Compared with the leading-time phase in the incident
and separation collision processes, the lagging-time phase in the separation collision process is smaller. This asymmet-
rical nonlinear collision results in an occurrence of leading phase shifts of time and space in the post-in-phase traveling
stage. We next find that the solitary wave amplitude does not influence the immediate space-phase shift in the granular
chain. The space-phase shift of the post-in-phase traveling stage is only determined by the measurement position rather
than the wave amplitude. The results are reversed in the fluid. An increase in solitary wave amplitude leads to decreased
attachment, detachment, and residence times for granular chains and fluid. For the immediate time-phase shift, leading
and lagging phenomena appear in the granular chain and the fluid, respectively. These results offer new knowledge for
designing mechanical metamaterials and energy-mitigating systems.

Keywords: integrable system, nonintegrable system, granular chain, solitary wave
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1. Introduction
Nonlinear waves have been observed extensively in na-

ture, such as in oceans, plasmas, solid lattices, biolog-
ical molecules and optical systems.[1–6] A solitary wave
(SW) is unique because of its localization and stabiliza-
tion properties.[7,8] The classical Korteweg–de Vries (KdV)
equation, which is integrable, was first introduced to de-
scribe the traveling dynamics of SW in shallow water.[9] The
other known integrable equations have analytical SW solu-
tions, such as the sine-Gordon equation and the nonlinear
Schrödinger equation.[7] However, many nonlinear systems
admitting solitary waves (SWs), such as the granular chain
(GC) system and the Fermi–Pasta–Ulam–Tsingou system, are
nonintegrable.[10–13] In general, a SW with higher amplitude
has a larger wave speed for integrable and nonintegrable sys-
tems. For the former, increasing the amplitude of SWs can
decrease their width.[7] For the latter, Nesterenko first found
the existence of SWs in a sonic-vacuum GC whose width was
independent of the wave amplitude.[14] Following his pioneer-
ing work, a large number of activities involving SWs in GC
systems have been focused on the excitation of SWs, the re-
flection and transmission of SWs at an interface, and the in-
teraction of SWs.[15–31] Therefore, comparing the traveling
dynamics between integrable and nonintegrable systems is of
great significance.

Given the intrinsic characteristics of the interaction be-

tween the touching grains in GC systems, such as Hertzian
force for spherical grains, the key difference is reflected in
the interactions between the SWs compared with those in in-
tegrable systems. Experimental and numerical studies play a
great role because of the nonintegrability of the constitutive
equations.[16–18] To create a SW in a GC, a commonly used
method is an instantaneous impulse imparted on the sidemost
grain. Sen et al. found that the central grain remains static
in an odd chain, and oscillatory motions of the grains around
the center are observed, which leads to the formation of sec-
ondary SWs.[19–21] The occurrence of secondary SWs was
confirmed by experimental results.[23] To compare the differ-
ence between the collisions of SWs in integrable and noninte-
grable systems, Shen et al. directly introduced the analytical
solutions of SWs of the KdV equation and Toda lattice into the
GC.[24] In the integrable systems, the nonlinear collision effect
is observed, which leads to a phase shift appearing though the
SWs after the collision recover the amplitude and propagation
velocity of the incident SWs. The phase shift is also observed
in a nonintegrable GC system owing to a nonlinear collision.
However, the nonlinear scattering effect occurs, leading to the
generation of secondary SWs, and the amplitude of the SWs
decreases after the collision. Whether a phase shift is gen-
erated is still a controversial issue. Wang et al. employed
the KdV solution as the incident waves to study the collision
dynamics of head-on propagating solitary waves (HSWs) in
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a GC.[25] The simulation results indicated that the collision
of the HSWs does not influence the waveform and amplitude,
and no phase shift happens. In our previous study, the phase
shift arose after HSWs collided in a GC when the analytical
SW solution of the Toda lattice was used for incident SWs.[26]

Further results show that the collision of HSWs can be divided
into two processes: early incident collision and later separa-
tion collision processes. Lagging and leading phases are dis-
covered, respectively. The latter’s effect is stronger than the
former, resulting in a leading phase after the collision.

The collision dynamics of HSWs is also a critical topic
in integrable systems.[32–38] Taking continuous fluid as an ex-
ample, Su et al. carried out a third-order perturbation analysis
on the collisions of HSWs.[32] They found that an increase in
the amplitude of HSWs increases the immediate space-phase
shift (at the collision center) and the uniform space-phase shift
(far away from the collision center). When the HSWs are two
identical SWs, the collision dynamics of HSWs is found to be
equivalent to that of a single SW and a vertical wall.[37–42]

Cooker et al. explored the time-phase shift by introducing
the definitions of the attachment, detachment, and residence
times.[41] The results show that these characteristic times de-
crease with an increased amplitude of HSWs. Similar results
were reproduced in integrable plasma systems.[43–45] For the
collision of two identical HSWs, analytical and simulated re-
sults evidenced that increasing wave amplitude can increase
space-phase shift. The reported results have shown that the
collision dynamics of HSWs share a common characteristic,
that is, phase shift, in integrable and nonintegrable systems.
The SWs after the collision can recover their initial incident
waveform for the former. For the latter, the scattering effect
due to the nonlinear collision leads to secondary SWs, and the
amplitude of the SWs decreases after the collision. Therefore,
borrowing the theoretical analysis methods used in integrable
systems to describe the collision dynamics of HSWs in nonin-
tegrable granular chains (GCs) is of great significance.

This study explores the nonlinear interaction of two iden-
tical HSWs in a nonintegrable sonic-vacuum GC. The com-
plex collision process is elucidated using the theoretical anal-
ysis method in fluid. The structure of this study is as fol-
lows: Section 2 sets up the simulation model for an unpre-
compressed GC, Section 3 revisits the theoretical analysis of
the collision of HSWs in a GC and fluid, Section 4 presents the
simulation results and compares them with those in fluid (i.e.,
space-phase shift and time-phase shift), and Section 5 draws
our conclusions.

2. Simulation model
The discrete element method is used to explore the colli-

sion characteristics of HSWs in a one-dimensional monodis-
perse GC comprised of N spherical elastic beads with mass m

and radius R. The interaction between two neighboring beads,
without dissipation, is modeled by the Hertz potential[46]

U =

{
2
5 kδ 5/2, δ ≥ 0,
0, δ < 0,

(1)

where δ is the overlap deformation between touching beads
and k = E

√
2R/[3(1−σ2)] is the elastic coefficient, which re-

flects the material and geometric properties of the beads. E
and σ are the Young’s modulus and Poisson ratio, respec-
tively. In the simulation, an unprecompressed GC is con-
sidered, which is always called a sonic-vacuum GC. For the
touching beads, the equation of motion for bead i is given by

ms̈i = k
[
(si−1− si)

3/2− (si− si+1)
3/2
]
. (2)

Overdots denote time derivatives, and si is the displacement of
bead i from its equilibrium position.

In a simulation time step, the velocity Verlet algorithm
is used to solve Eq. (2). The integration time step is 10−8 s.
In each simulation run, the ratio of the instantaneous total en-
ergy to the initial total energy is monitored, which fluctuates
at the order of magnitude of 10−10. Smaller time steps can-
not make any significant improvement in the calculation ac-
curacy of numerical simulations. The material of the beads
is stainless steel, and its parameters are as follows: Young’s
modulus E = 200 GPa, Poisson’s ratio σ = 0.28, density
ρ = 7.9× 103 kg/m3, radius R = 2.5 mm. The number of
beads is N = 400.

To produce a SW, the leftmost bead of the GC is set to an
impulse velocity v0 and the others are zero.[16–18] The incident
impulse spreads in the GC after a certain traveling distance,
composed of a leading single right-traveling solitary wave
(RSW) and a train of following secondary waves. This study
examines the collision of HSWs by symmetrically placing two
identical SWs at the sides of bead 200, the centers of which
are located at bead 101 and bead 299, respectively. They are
named the right-traveling scattered solitary wave (RSSW) and
the left-traveling scattered solitary wave (LSSW), as shown in
Fig. 1. The collision center of the HSWs is located at bead 200
because of the identical symmetry of the RSSW and LSSW.
The study introduces ti as the arrival time when the contact
force Fi between bead i and bead i+1 reaches the maximum,
which is normalized by (k/m)−1/2 (2R)−1/4.

RSSW LSSW

i/

Fig. 1. Schematic view of the simulation model. The collision center is
located at bead 200, which is green. The red and blue solid lines are for
the right- and left-traveling scattered solitary waves, respectively. The
arrows stand for the traveling direction of the solitary waves.
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3. Theoretical analysis
In Nesterenko’s considerations, a theoretical solu-

tion of SWs is suggested using the long-wavelength
approximation.[10] Keeping terms up to the fourth order in spa-
tial derivatives for Eq. (2), a continuous equation is derived
using the strain ξ =−sx,[14]

ξtt = c2
{

ξ
3/2 +

R2

3

[(
ξ

3/2
)

xx
− 3

8

(
ξ
−1/2

)
ξ

2
x

]}
xx
,

ξ > 0, c2 =
2E

πρ(1−σ2)
=

k
m
(2R)5/2 . (3)

The constant c is of the same order of magnitude as the bulk
sound speed in the grains. A single hump of periodic solution
of Eq. (3) with a fixed width of five bead diameters describes
the proposed SW solution

ξ =

(
5V 2

s

4c2

)2

cos4
(

x−Vst√
10R

)
, (4)

where x is the laboratory coordinate and Vs is the SW speed
with a nonlinear dependence on the maximum bead velocity
vm,[10,14,47]

Vs =

(
16
25

)1/5

c4/5v1/5
m = 2R

(
4k
5m

)2/5

v1/5
m . (5)

Considering the spatial compactness of a single SW,
the quasi-particle model with 1.4m in mass and 1.4vm

in velocity has frequently been introduced to describe its
dynamics.[14,48–51] For the collision of two identical HSWs,
one SW is regarded as static and approached by the other at
the velocity of twice 1.4vm. According to elastic theory, the
time-phase difference is determined by the collision duration
time of a single SW colliding with a static one, minus the dura-
tion time of the nonlinear collision of two identical HSWs,[46]

∆tG = 0.4

(
5
√

2πρ

4
1−σ2

E

)2/5
R

v1/5
m

= 0.4
(

5m
8k

)2/5

v−1/5
m . (6)

For comparison purposes, we briefly revisit the nonlinear
collision characteristics of HSWs as described by the classical
KdV equation in shallow water, which has been analytically
solved,[52,53]

±ηt +

(
1+

3
2

αη

)
ηx +

β 2

6
ηxxx = 0,

α =
A0

h
, β = k0h, (7)

where x, t, and η are the dimensionless horizontal coordinate,
time, and free surface displacement. A0 and k0 are the charac-
teristic wave amplitude and wave number, and h is the water

depth. Equation (7) has an exact analytical solution in the SW
form

η = sech2

{√
3α

2β

[
x∓
(

1+
α

2

)
t
]}

, (8)

where the upper and lower signs denote the right- and left-
traveling SWs in Eqs. (7) and (8).

The reflection of a single SW at a vertical wall is equiv-
alent to the nonlinear collision of two identical HSWs in
fluid.[37–42] Similarly, such considerations are also used in
studies of the collision of HSWs in GCs.[19,20] Compared with
traveling a single SW, the collision of two HSWs in fluid leads
to a space-phase shift. When the two pieces of HSWs move
away from each other, the uniform space-phase shift is theo-
retically derived using third-order approximation[32]

∆xUn,R =

(
AL

3

)1/2(
1+

1
8

AL +
3
4

AR

)
, (9a)

∆xUn,L =−
(

AR

3

)1/2(
1+

1
8

AR +
3
4

AL

)
. (9b)

At the position of the collision center, the phase shift in space
occurs, defined as an immediate space-phase shift,

∆xIm,R =

(
AL

3

)1/2(
1+

1
8

AL +
23
4

AR

)
, (10a)

∆xIm,L =−
(

AR

3

)1/2(
1+

1
8

AR +
23
4

AL

)
. (10b)

The space-phase shift ∆x and wave amplitude A are reduced
by the water depth h. The subscripts R and L denote the right-
and left-traveling SWs, respectively.

For the collision of a single SW with a static wall, two
characteristic times, that is, the attachment time ∆ta = ta− t0
and the detachment time ∆td = td− t0, are two critical physical
quantities describing the collision dynamics. ta and td are when
the incident wave crest arrives and leaves the wall, respec-
tively. Under perfect reflection, the reflection is completed
instantaneously, meaning that ta and td collapse together. This
moment is the reference time point t0.[35,42] The characteristic
times can be written as[41]

∆ta = ta− t0 =
2√
3

(
−κA−1/2 +

1
8
(2−κ)A1/2

)
, (11a)

∆td = td− t0 =
2√
3

(
κA−1/2 +

1
8
(2+κ)A1/2

)
. (11b)

Using the attachment time ∆ta and detachment time ∆td, the
residence time ∆tr = td− ta is introduced to describe the dura-
tion of the collision,

∆tr = td− ta =
4κ√

3

(
A−1/2 +

1
8

A1/2
)
, (12)

where κ = tanh−1 (1/√3
)
. The turning time t ′0 is also directly

derived, which indicates the change time from the incident
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wave to the reflected wave. For the collision of two identi-
cal HSWs, the maximum collision force appears at the time of
t ′0. The time difference of t ′0− t0 is the immediate time-phase
shift at the position of the collision center of the HSWs,

∆tIm = t ′0− t0 =
1

2
√

3

(
A1/2 +

43
8

A3/2
)
. (13)

The time is normalized by
√

h/g, and g is the acceleration due
to gravity.

4. Simulation results and discussion
4.1. Dynamics of head-on collision

The time evolution of a single RSW and two pieces of
HSWs when the maximum collision forces reach beads 150,
190, 200, 210, 250, and 300 is plotted in Fig. 2 to understand
the collision dynamics of HSWs in a GC. In each simulation
run, the amplitude of the maximum force of the RSW fluctu-
ates slightly. In Fig. 2, the maximum forces and arrival times
of the RSSW and LSSW are completely symmetrical about the
central bead of 200. Thus, the following comparisons are only
performed on the results of the RSW and RSSW.

0

20

40

60

80
(a) (b) (c)

0 100 200 300 400
0

20

40

60
(d)

100 200 300 400

(e)

100 200 300 400

(f)

F
i 
↼N

↽
F

i 
↼N

↽

Fig. 2. Collision force as a function of bead number for a single right-
traveling solitary wave (blue lines) and head-on propagating solitary
waves (red lines) with impact velocity v0 = 1 m/s. Panels (a)–(f) show
snapshots of when the maximum forces reach beads 150, 190, 200, 210,
250, and 300, and the corresponding arrival times are recorded. The
data for the single right-traveling solitary wave are shifted by 40 N. The
arrows stand for the traveling direction of the solitary waves.

The simulation results indicate three traveling stages of
the two pieces of HSWs, namely, the pre-in-phase traveling
stage (pre-RSSW/pre-LSSW), the central-collision stage, and
the post-in-phase traveling stage (post-RSSW/post-LSSW). At
the pre-in-phase traveling stage, the RSSW travels freely in
the GC because the collision has not occurred yet. The max-
imum force and arrival time of the RSSW are equal to those
of the RSW shown in Figs. 2(a) and 2(b). When the central-
collision stage occurs, a clear nonlinear superposition of the
two pieces of HSWs is observed in Fig. 2(c), in which the
collision reaches its central point, bead 200. The collision be-
tween the HSWs yields a maximum force of 54.106 N, which
is less than twice that of the RSW. Furthermore, the colli-
sion decreases the arrival time for the RSSW (623.073), as

contrasted with the RSW (625.057). The leading-time phase
equals −1.984, which is just the immediate time-phase shift.
When the centers of two pieces of HSWs pass through each
other, the arrival time of the RSSW is smaller than that of the
RSW, as shown in Figs. 2(d), 2(e) and 2(f). The former are
685.963, 938.584, and 1254.364 for beads 210, 250, and 300,
respectively. The corresponding latter are 688.194, 940.743,
and 1256.429, respectively. With increased separation dis-
tance between the centers of the RSSW and LSSW, the two
pieces of HSWs stop interacting and reach the stable post-in-
phase traveling stage. In this stage, as shown in Figs. 2(e) and
2(f), the arrival time difference between the RSSW and the
RSW becomes a constant value. The leading-time phase in
the former is −2.159 and that in the latter is −2.065. In addi-
tion, two symmetrical secondary waves with tiny magnitudes
are observed, which have about 0.3% the energy of pre-RSSW
and pre-LSSW. An increase in calculation accuracy, such as
time step 10−9 s, cannot influence the lost energy stored in the
secondary waves.

Based on the discussion of the three traveling stages, the
final leading-time phase is generated in the central collision
stage. To explore the collision dynamics of this stage, the ar-
rival time is plotted as a function of the bead number around
bead 200, as depicted in Fig. 3. The arrival times of the
RSW and RSSW for beads 198 to 207 are given in Table 1.
The absolute value of ∆ti becomes larger from beads 202 to
207, but the absolute value of ∆ti − ∆ti−1 decreases. The
difference between ∆t207 and ∆t206 is less than 10−2, which
implies the central-collision stage is finished and the stable
post-in-phase traveling stage starts. As shown in Table 1,
the central-collision stage has an eight-bead width, namely,
199 ≤ i ≤ 206, for RSSW. Then the simulation results are fit-
ted using the least-square method, x+j = a+j t +b+j for the pre-
in-phase traveling stage (i < 199 for pre-RSSW or i > 201 for
pre-LSSW) and x−j = a−j t + b−j for the post-in-phase travel-
ing stage (i > 206 for post-RSSW or i < 194 for post-LSSW),
respectively, where the subscripts j = R,L represent the trav-
eling direction of the SWs. The fitting functions are x+R =

0.158385t + 101.00 and x−R = 0.158340t + 101.38 for pre-
RSSW and post-RSSW, respectively, in which the fitted propa-
gation velocities agree well with those of Eq. (5) (0.159631 for
pre-RSSW and 0.159584 for post-RSSW). The propagation
velocity of pre-RSSW is expected to be equal to that of RSW,
whereas the post-RSSW’s propagation velocity decreases ow-
ing to the collision of HSWs. The initial-space phase of x+R is
101.00 consistent with the beginning location of the RSSW.
The initial-space phase of post-RSSW, 101.38, is obtained
from the fitting result, and the leading-space phase is 0.38.
Similarly, the same fitting method is used for the LSSW, lead-
ing to symmetrical results of x+L = −0.158385t + 299.00 and
x−L = −0.158340t + 298.62 for pre-LSSW and post-LSSW,
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respectively. The collision of HSWs causes a decrease in
the propagation velocity of LSSW. However, the initial-space
phase, 298.62, is also obtained for post-LSSW, smaller than
the initial-space phase of pre-LSSW, 299.00. The correspond-
ing leading-space phase is−0.38, consistent with the result for
RSSW.

196 197 198 199 200 201 202 203 204

595

605

615

625

635

645

655

Fig. 3. The arrival time as a function of bead number near bead 200. The
same parameters are used as in Fig. 2. The red circles and blue squares are
for the trajectories of right- and left-traveling scattered solitary waves, respec-
tively. The fitting straight lines are obtained using the least-square method, in
which the red solid and blue dashed lines are for the right- and left-traveling
scattered solitary waves in the pre-in-phase traveling stage, respectively. The
red dotted and blue dash-dotted lines are for the right- and left-traveling scat-
tered solitary waves in the post-in-phase traveling stage, respectively. t0 and
t ′0 denote the simulation arrival times of bead 200 for single right-traveling
solitary wave and head-on propagating solitary waves, respectively. The fit-
ting curves are obtained by the third-order spline difference method, in which
the lower and upper curves are for the incident and reflection parts for the in-
teraction of a solitary wave with a vertical wall, respectively. ta and td are the
vertices of two fitting curves, and ∆ta and ∆td represent the attachment and
detachment times, respectively.

Table 1. The arrival times of single right-traveling solitary wave and right-
traveling scattered solitary wave for beads 198 to 207.

i ti,RSW ti,RSSW ∆ti = ti,RSSW− ti,RSW ∆ti−∆ti−1

198 612.430 612.430 0
199 618.743 618.732 −0.011 −0.011
200 625.057 623.073 −1.984 −1.973
201 631.371 632.271 0.900 2.884
202 637.685 635.826 −1.859 −2.759
203 643.998 641.946 −2.052 −0.193
204 650.312 648.153 −2.159 −0.107
205 656.626 654.422 −2.204 −0.045
206 662.939 660.718 −2.221 −0.017
207 669.253 667.025 −2.228 −0.007

In Fig. 3, an asymmetrical characteristic of the central-
collision stage is exhibited concerning bead 200 for HSWs.
The simulation arrival times of RSSW for beads 199 and 200
are less than those for RSW, which means the occurrence of
the leading-time phase. Conversely, the arrival time of RSSW
for bead 201 is unexpectedly extended compared with that of
RSW, which means a lagging-time phase. For bead 202 and
the latter beads of RSSW, a leading-time phase reappears, in
which the arrival time of RSSW is less than that of RSW. Thus,

the central-collision stage can be divided into two sub-stages
(i.e., the incident collision process and the separation collision
process). The former exhibits a compression process and the
latter an expansion process. The leading-time phase covers the
entire compression process and the latter half of the expansion
process, and the lagging-time phase only appears in the first
half of the expansion process. This collision characteristic is
the reverse of our previous observations for the collision of
HSWs, which may be due to the different systems selected
(the system in Ref. [26] is a compressed GC) or the different
kinds of SWs (the incident SW in Ref. [26] is the SW solution
of a Toda lattice). However, the leading-time phase is more
prominent than the lagging-time phase. A leading phase shift
of time occurs for the HSWs after the collision, consistent with
that in a compressed GC.

4.2. Space-phase shift

From the observations presented above, the nonlinear col-
lision of HSWs leads to leading phase shifts in time and space
though the amplitude of the propagation velocity of SWs de-
creases after the collision. To compare the space-phase shift of
HSWs in nonintegrable GCs and integrable fluid, we employ
the same analysis method used in fluid to obtain fitting func-
tions for pre-in-phase and post-in-phase traveling stages.[54]

The immediate space-phase shift at the collision center is cal-
culated by the difference in the intercepts of the fitting lines at
the arrival time of maximum collision force t ′0,

∆xIm, j =
(

a−j −a+j
)

t ′0 +
(

b−j −b+j
)
, j = R,L. (14)

The fitting results of RSSW and LSSW in Fig. 3 give the
same immediate space-phase shifts (i.e., ∆xIm,R = 0.3562 and
∆xIm,L =−0.3562).

We also conducted a series of similar simulations on the
collisions of HSWs with different amplitudes normalized by
2R. The immediate space-phase shift of RSSW against the
wave amplitude of HSWs is plotted in Fig. 4. Unexpectedly,
the immediate space-phase shift in the GC remains constant at
0.3563, whereas a monotonic increase is found in fluid. This
unique collision characteristic of HSWs in a GC can be reason-
ably explained using the quasi-particle arguments in Section 3.
The immediate space-phase shift is the product of the propaga-
tion velocity, given by Eq. (5), and the time-phase difference,
given by Eq. (6). The theoretical result is 0.3031, which does
not depend on the wave amplitude of HSWs. Moreover, three
stainless steel beads with R = 1.25 mm,2.5 mm and 5 mm and
one plexiglass bead with R = 2.5 mm are used in the simu-
lations. All results fall on the same straight line, with an av-
erage of ∆x̄Im,R = 0.3563. The parameters of the plexiglass
bead are as follows: Young’s modulus E = 71.7 GPa, Pois-
son’s ratio σ = 0.23, density ρ = 2.5×103 kg/m3, and radius
R = 2.5 mm.[30]
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Two determined factors for the space-phase shift after
collision are the immediate space-phase shift at the collision
center and the propagation velocity difference between RSW
and post-RSSW. When the collision of HSWs occurs in fluid,
the SWs can recover their original incident waveform after
the collision.[32–34,38] The uniform space-phase shift given by
Eq. (9) is only determined by the wave amplitude of HSWs, in-
dependent of the measurement position. However, for the case
of the GC, as observed in Fig. 2, the nonlinear scattering effect
in the central-collision stage leads to a decrease in the ampli-
tude of post-RSSW compared with that of RSW. In Fig. 4, the
results show that the wave amplitude of HSWs does not in-
fluence the immediate space-phase shift. On the other hand,
the post-RSSW travels stably at a lower propagation velocity
in the GC after the collision. Thus, the space-phase shift after
the collision is expected to decrease linearly with an increase
in the traveling distance of the post-RSSW, as confirmed by
the simulation results shown in Fig. 5 for impact velocities of
v0 = 0.1 m/s,1 m/s and 10 m/s.
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Fig. 4. Immediate space-phase shift of right-traveling scattered solitary
wave as a function of the wave amplitude of head-on propagating soli-
tary waves. The red circles, green squares, and blue diamonds are for
the stainless steel beads with radii of 1.25 mm, 2.5 mm, and 5 mm, re-
spectively. The purple pentagrams are for the plexiglass beads with a
radius of 2.5 mm. The black solid line is for the immediate space-phase
shift of fluid, given by Eq. (10).
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Fig. 5. Space-phase shift of right-traveling scattered solitary wave as
a function of bead location. The stainless steel bead radius is 2.5 mm.
The red circles, green squares, and blue diamonds are for impact veloc-
ities of 0.1 m/s, 1 m/s, and 10 m/s, respectively.

4.3. Collision characteristic time of HSWs

The above observations have demonstrated that the non-
linear scattering effect occurs in the central-collision stage for
GCs and fluid. The space-phase shift of the former is indepen-
dent of wave amplitude, whereas that of the latter increases
with the wave amplitude of HSWs. For complete compari-
son purposes, we next compare the characteristic time of the
central-collision stage for GCs and fluid. Theoretical results in
fluid from Eqs. (11) and (12), as well as the fitting results in the
GC, are shown in Figs. 6(a)–6(c). For the collision of HSWs
in the GC, the collision center is located at bead 200 due to the
symmetry of HSWs. Bead 200 stays stationary during the en-
tire collision process and can be regarded as an infinite-mass
bead at the center of a GC.[19,20] Similar to the fluid analysis,
the arrival time of bead 200 for RSW is chosen as the refer-
ence time point t0, which is the turning point between the inci-
dent and reflection waves in perfect reflection. The attachment
and detachment times are also introduced for the GC using a
similar analysis method to that in fluid (Eq. (11)) shown in
Fig. 3. The third-order spline difference method is used to fit
the curves to ensure that all the data except the result of bead
200 fall on the curves. The lower and upper curves represent
the incident and reflection parts for the interaction of a SW
with a vertical wall, respectively. ta and td are the vertices of
two fitting curves.

In Fig. 6(a), the attachment time ∆ta is plotted as a func-
tion of the wave amplitude of HSWs. Similar dependence is
observed for the fitting results in the GC and the theoretical
results in fluid predicted by Eq. (11a), both of which are neg-
ative values. Compared with perfect reflection, RSSW has a
larger propagation velocity, resulting in an earlier arrival time
at bead 200. Figure 6(b) plots the dependence of the detach-
ment time ∆td on the wave amplitude of HSWs. Similar results
are observed for the GC and fluid, which are positive values.
RSSW has a larger detachment time compared with the per-
fect reflection. In Fig. 6(c), the dependence of residence time
∆tr on the wave amplitude of HSWs is plotted, which is the
time difference between td and ta. The larger amplitude of
HSWs decreases monotonically the residence time in the GC
and fluid.

In Fig. 6(d), we plot the dependence of the immediate
time-phase shift ∆tIm on the wave amplitude of HSWs for the
GC and fluid. The reference time point is also placed at the
turning point of perfect reflection, as for those in Figs. 6(a)
and 6(b). The negative and positive values of ∆tIm denote that
the collision of HSWs leads to the leading- and lagging-time
phases, respectively. The smaller absolute value of ∆tIm means
that the collision of the HSWs approaches the perfect reflec-
tion. As shown in Fig. 6(d), ∆tIm increases with an increase in
the wave amplitude of HSWs for the GC and fluid. However,
an unexpected opposite result is observed, i.e., ∆tIm for the GC
is negative, whereas ∆tIm for fluid is positive. The collision of
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HSWs in the GC approaches the perfect reflection as the wave
amplitude of HSWs increases, while that for fluid is reversed.
This opposite result may originate from the difference in re-

search models: the GC model is a compressible Hertz system,
whereas the fluid is assumed to be incompressible in previous
studies.[32–35,38–42]
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Fig. 6. Collision characteristic time as a function of the wave amplitude of head-on propagating solitary waves. The stainless steel bead
radius is 2.5 mm. (a) Attachment time ∆ta; (b) detachment time ∆td; (c) residence time ∆tr; (d) immediate time-phase shift ∆tIm. The black
circles, squares, upward triangles, and downward triangles denote the results for the granular chain, respectively. The blue solid lines denote
the theoretical results for fluid. The dotted lines are guides for the eyes.

5. Conclusions
In this study, the nonlinear interaction of two identi-

cal head-on solitary waves is numerically simulated in a
sonic-vacuum granular chain, which is nonintegrable. The
phenomenological solution of solitary waves proposed by
Nesterenko is revisited, and the quasi-particle model is used
to describe the collision of solitary waves. We also revisit the
theoretical analysis of the classical Korteweg–de Vries equa-
tion in integrable fluid (i.e., phase shifts in space and time).
Similar analyses are performed on the simulation results of
granular chains, and the major findings are summarized as fol-
lows.

For the collision of head-on solitary waves in a granu-
lar chain, three stages are identified to describe the interac-
tion processes: the pre-in-phase traveling stage, the central-
collision stage, and the post-in-phase traveling stage. The soli-
tary waves can travel freely in the pre-in-phase and post-in-
phase traveling stages. The nonlinear scattering effect appears
in the central-collision stage, leading to a decrease in the am-
plitude of solitary waves.

The central-collision stage has an asymmetrical collision
characteristic, i.e., incident and separation collision processes,
which correspond to the compression and expansion processes
of solitary waves. In the entire compression process and the
latter half of the expansion process, the leading-time phase

occurs, and the lagging-time phase happens in the first half of
the expansion process. The accumulation result leads to lead-
ing phase shifts in time and space after the collision of solitary
waves.

In the granular chain, the immediate space-phase shift is
found independent of wave amplitude and material parame-
ters, which can be reasonably explained by the quasi-particle
model. The space-phase shift after the collision is only de-
termined by the measurement position rather than the wave
amplitude. The corresponding results are reversed in fluid. In
the former, the nonlinear scattering effect results in a decrease
in the amplitude of solitary waves. The solitary waves recover
their original incident waveform after the collision in the latter.

The attachment, detachment, and residence times de-
crease with the increasing amplitude of solitary waves for
granular chains and fluid. However, the opposite result oc-
curs for an immediate time-phase shift, i.e., a leading shift for
granular chains and a lagging shift for fluid.

The present work lends insights into the nature of solitary
wave interactions for nonintegrable granular chains by com-
paring the results with those of integrable fluid. This treatment
provides a powerful analysis method to measure a variety of
mechanical waves in integrable and nonintegrable systems ac-
curately. The unique interaction properties of solitary waves
in a granular chain stem from the special interaction between
grains. These innovative observations pave the way to design-
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ing energy-harvest and shock-protection devices.
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