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The two-component cold atom systems with anisotropic hopping amplitudes can be phenomenologically described
by a two-dimensional Ising-XY coupled model with spatial anisotropy. At low temperatures, theoretical predictions [Phys.
Rev. A 72 053604 (2005)] and [arXiv: 0706.1609] indicate the existence of a topological ordered phase characterized by
Ising and XY disorder but with 2XY ordering. However, due to ergodic difficulties faced by Monte Carlo methods at low
temperatures, this topological phase has not been numerically explored. We propose a linear cluster updating Monte Carlo
method, which flips spins without rejection in the anisotropy limit but does not change the energy. Using this scheme
and conventional Monte Carlo methods, we succeed in revealing the nature of topological phases with half-vortices and
domain walls. In the constructed global phase diagram, Ising and XY -type transitions are very close to each other and
differ significantly from the schematic phase diagram reported earlier. We also propose and explore a wide range of
quantities, including magnetism, superfluidity, specific heat, susceptibility, and even percolation susceptibility, and obtain
consistent and reliable results. Furthermore, we observed first-order transitions characterized by common intersection
points in magnetizations for different system sizes, as opposed to the conventional phase transition where Binder cumulants
of various sizes share common intersections. The critical exponents of different types of phase transitions are reasonably
fitted. The results are useful to help cold atom experiments explore the half-vortex topological phase.

Keywords: topological phase transition, Ising-XY model, Monte Carlo method, half vortex
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1. Introduction
In the 1970s, the topological phase and phase transitions

were proposed and described by the two-dimensional (2D) XY
model, which has broad applications including the description
of superconductivity in 2D films, 2D crystals, 2D magnets,
and various other systems.[1–4] This phenomenon eventually is
called the celebrated Berezinskii–Kosterlitz–Thouless (BKT)
transition, as referenced in Refs. [1,2]. The BKT transition
typically involves the unbinding of vortex–antivortex pairs on
a lattice.[5] An integer vortex is defined as a circulation of the
gradient of the angle θ of the standard XY spins, given by∮

∇θ ·dℓ= 2πn, where n is an integer.
In addition to integer vortices, there are many non-integer

vortices in topological phases, and the Ising transition emerges
in such systems. Usually, half-integer vortex emerges in cer-
tain generalized XY models that include terms like cos(2θi −
2θ j).[6] These half-integer vortices are accompanied by strings
or domain walls connecting pairs of them. The Ising phase
transition was observed due to the vanish of domain walls.[6]

The so-called fully-frustrated XY model,[7,8] and the equiva-
lent version, i.e., Ising-XY coupled model[9–11] also has in-
teraction between the domain wall and the vortex. Further-
more, the half-vortex and domain wall also exist in cold-atom
systems.[12]

Due to the very close proximity of Ising and XY phase
transitions and the presence of only one specific heat peak in
some cases,[9,10] distinguishing between the two phase transi-
tions is challenging.[13] Numerous research efforts have been
made to investigate the sequence in which these two types of
phase transitions occur, with higher computational accuracy,
using methods such as Monte Carlo (MC) simulations[14] or
tensor network methods.[15]

The Ising and XY transitions also occur in the coupled
Ising-XY model with spatially anisotropy.[12,16] This model
can be effectively derived from the two band Bose–Hubbard
model that describes quantum gases. The XY spins are ob-
tained through the mapping a† ≈ e−iθ , where a† (a) are the
creation (annihilation) operators.[12,16] This model was pre-
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dicted to have an interesting topological phase denoted as the
symbol B2. The phase is characterized by Ising and XY disor-
der, but 2XY (2θ1 +2θ2) order, where θ1(2) are the XY spins
of the layers, respectively.

However, it is difficult to simulate the model especially
at low temperatures. The difficulty is the non-ergodic prob-
lems in MC methods.[17] The B2 phase is predicted Ising
disordered,[16] but such disordered state cannot be reached if
the initial state starts from an ordered state with all spins point-
ing in the same direction. At lower temperature, when using
the Metropolis scheme,[18] the states become frozen in the en-
ergy local-minimum state and it is difficult to move the spins
across the excited state to global ground state. Meanwhile,
at low temperature, the Wolff cluster[19] becomes very large,
and fails to capture the true spin correlations, making cluster-
updating inefficient.

In this paper, we have introduced innovations in both the
method and the physics of the problem. Regarding the method,
we propose an MC scheme with line-shaped clusters, which
can be either vertical or horizontal. In the case of spatial
anisotropy limit, one can flip spins within the clusters without
rejection while keeping the energy invariant. This approach
ensures consistent results using different initial states. The re-
liability of our results is confirmed using the parallel temper-
ing (replica exchange MC) method.[20] Although the method
looks simple, our scheme serves as a valuable reference for the
study of other anisotropic models.[12,21]

Regarding the physical aspects, while the model Hamil-
tonian and the topological phase (B2) were initially proposed
in Refs. [12,16], our study has yielded distinct findings. These
findings are summarized as follows:

(I) Our useful simulations reveal the presence of the B2

phase by visualization of the strings and half vortices. In ad-
dition to the fact that χ = θ1 +θ2 is considered disordered,[16]

we propose that θ1 itself should also be disordered. The mag-
netization Mθ1(L) follows a different way with the size in
the topological phase (Ising disorder) and the high tempera-
ture disorder phase. Another advantage is that the location
of peaks in the distribution P(Mθ1) can be analyzed manu-
ally. This quantity and the quasi-one-dimensional pattern cor-
respond very well in the anisotropic limit.

(II) In contrast to the schematic phase diagram, the nu-
merical phase diagram shows two phase transition lines so
close together that they are almost indistinguishable with the
naked eye. The distance between the two phase transitions is
essentially on or less than the order of 10−2. For example,
in the isotropic limit, T Ising

c ≈ 1.361(1) and T XY
c ≈ 1.342(4)

are obtained. Approaching the anisotropic limit, the two
phase transition boundaries are also very close to each other.
These values are in line with the findings reported in previous
Refs. [13–15].

(III) We have uncovered a first-order phase transition,
which exhibits behavior distinct from that of systems with dis-
crete spin variables, as described in Ref. [22]. In typical cases,
a phase transition is identified by the intersection points of the
well-known Binder ratio for different system sizes.[23] How-
ever, in our study, it is noteworthy that the magnetizations of
different system sizes themselves share common intersection
points. This study provides a comprehensive understanding
of the Ising-XY model with spatial anisotropy through reliable
numerical investigations.

The outline of this paper is as follows. In Section 2, the
model and the predicted and simulated global phase diagram
are shown. In Section 3, the methods and various quantities
are described. The results are shown in Section 4. The nature
of the B2 phase and the phase transitions with other phases are
discussed in detail. Conclusion and discussion are made in
Section 5.

2. Vortex, model, and global phase diagram
This section introduces the definitions of vortices and

half-integer vortices, then describes the sources of Hamilto-
nian quantities for the specific spatially anisotropic coupled
Ising-XY model, and finally gives a schematic representation
of the phase diagram as well as numerical phase diagram ob-
tained from our simulations.

2.1. Vortex and anti-vortex

The integer vortices, half-integer vortices and mathemat-
ical descriptions are given here before the specific physical
models are presented. In Fig. 1(a), the integer vortex is shown.
Mathematically, it is defined by the four spins around a plaque-
tte �. The four spin angles θi, i = 1,2,3,4, can be restricted to
[−π , π] by ±2π . The sum of the differences between adjacent
spins is defined as 2πn = (θ2 −θ1)+ (θ3 −θ2)+ (θ4 −θ3)+

(θ1 −θ4). The 2πn is naturally equal to 0 if four values in the
brackets ( ) are in the range (−π,π]. However, whenever any
of these values in brackets exceeds the range, there is a possi-
bility of nonzero vorticity by the saw-tooth function, defined
by[24]

saw(θi −θ j) =


θi −θ j +2π, θi −θ j ≤−π,

θi −θ j, −π < θi −θ j ≤ π,

θi −θ j −2π, π < θi −θ j.

(1)

When using the configurations shown in Fig. 1(a) with
θ1,2,3,4 =−π/4, π/4, 3π/4, −3π/4, one can get ∆θi, j = π/2,
π/2, −3π/2, π/2, respectively. Without using the saw-tooth
function, the summation becomes ∑∆θi, j = 0. However, when
the saw-tooth function is employed, the summation results in
∑∆θi, j = 2πn, n = 1.

In Fig. 1(b), the angles are set to be θ1,2,3,4 =−π/8, π/8,
3π/8, −3π/8, respectively. This configuration results in an-
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gle differences of ∆θi, j = π/4, π/4, −3π/4, π/4. Using the
saw-tooth function with the modified bounding range (−π/2
, π/2], the summation yields ∑∆θi, j = 2πn, where n = 1/2.
In other words, the spin plaquette corresponding to the half-
vortex in the configuration {θi} is also the integer vortex pla-
quette corresponding to the {2θi} configuration.[25]

2

3

1

4

2

3

1

4

2

3

1

4

2

3

1

4

(a) (b)

(c) (d)

Fig. 1. Schematic diagram of vortices in a square lattice: (a) integer vor-
tex, (b) half-integer vortex, and (c) integer anti-vortex, (d) half-integer
anti-vortex. The blue line is the domain wall between two spins in a
half-integer vortex with an angular difference close to π .

Note that the saw-tooth function is used to detect the pres-
ence of half-vortices rather than causing them, indicating its
independence from the physics of the Ising-XY model.

2.2. Models

The two component Bose–Hubbard model,[12,16,26] which
describes cold atoms with px and py orbitals, can be mapped to
the double-layer XY model.[16] The Hamiltonian of this model
is composed of three terms: H = Hup +Hdn +Hupdn, where
Hup, Hdn, and Hupdn represent the interaction of spins within
the upper layer, within the lower layer, and between the two
layers, respectively. These terms are given by

Hup = ∑
i, j

[
−Ja cos

(
∇xθi, j,1

)
− Jb cos

(
∇yθi, j,1

)]
,

Hdn = ∑
i, j

[
−Jb cos

(
∇xθi, j,2

)
− Ja cos

(
∇yθi, j,2

)]
,

Hupdn = ∑
i, j

[
γ cos

(
2θi, j,1 −2θi, j,2

)]
. (2)

Here, Ja, Jb, and γ represent the interaction strengths. The
indices, denoted as i and j, vary from 1 to L during the sum-
ming, where L represents the size of the square lattice. Ad-
ditionally, the total number of XY spins in the upper (lower)
layer is N = L× L. θi, j,1(2) represents the XY spin variables
on the lattice site (i, j) at the upper (lower) layer. The expres-
sions of Eq. (2) are not artificially created Hamiltonians as the
Bose–Hubbard model can describe real quantum gases. It is
proposed that the XY spins between the two layers are perpen-
dicular to each other.

To account for this perpendicular alignment, the Ising
variable σ is introduced, satisfying the relation

θ2 = θ1 +σπ/2. (3)

One substitutes this relation into the Hamiltonian, disregard-
ing the constant term Hupdn = −γN, where N also represents
the number of spin pairs between the two layers. The model
thus obtained is the Ising-XY model with spatial anisotropy,
given by the following equation:

H = ∑
i, j
−(Jb + Jaσi, jσi+𝑥, j)cos(θi, j −θi+𝑥, j)

+∑
i, j
−(Ja + Jbσi, jσi, j+𝑦)cos(θi, j −θi, j+𝑦), (4)

where θ ∈ [−π,π], and the angular difference ∆θ = θi, j −
θi+𝑥, j does not rely on the saw-tooth function. This function is
specifically employed for detecting vortices but does not mod-
ify any expression in the Hamiltonian. σi, j represents the Ising
spin variables on the lattice site (i, j), and σi, jσi+𝑥, j represents
interactions along the x direction. In particular, θ1 denotes the
spin angle in the bilayer XY model before the mapping, and
θ denotes the spin angle in the Ising-XY model after the map-
ping Eq. (3).

2.3. Phase diagram

Figure 2(a) shows the schematic phase diagram of the
model in Eq. (4).[16] It contains the four phases A, B1(2), C,
and D. The phase diagram is symmetric about the Ja = Jb

axis in the plane Ja/T − Jb/T . In order to demonstrate the
configurations of each phase, the gray square represents the
upward-oriented Ising spin (σi = 1), while downwards spins
are represented by the color white (σi = −1). The red arrows
indicate the XY spins θ1 in the upper layer. The green arrows
indicate the XY spins θ2 in the lower layer.

Figure 2(b) illustrates two typical configurations in the B2

phase as illustrated in Refs. [16,27]. The vertical dashed red
line denotes the domain wall of the XY spin θ1, while the XY
spin in the other layer, θ2 exhibits domain walls in the horizon-
tal direction through Eq. (3). The main characteristic of the B2

phase is the absence of Ising order (sum of Ising variables) due
to the presence of numerous domain walls in the actual sim-
ulations. Similarly, the long-range XY spin order, as seen in
the configurations of χ = θ1 + θ2, is also expected to be dis-
order due to the domain walls for the XY spins. However, it
is predicted that the B2 phase exhibits ordered for the configu-
ration of 2χ = 2θ1 +2θ2. To provide a clearer understanding
of the above terminology, let us consider the following exam-
ple. Suppose there are two spins with opposite orientations on
each side of the domain wall, i.e., θi, j −θi+1, j ≈ π , according
to Ref. [16], doubling each angle magnifies the angular differ-
ence to 2π , i.e., 2θi, j −2θi+1, j ≈ 2π . Consequently, for spins
pointing in opposite directions, doubling their angles results in
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them becoming identically oriented. The above analysis also
applies to the domain wall in the x direction for θ2 (not shown).
In summary, the phase B2 is predicted to behave in both Ising
and XY (χ = θ1 +θ2) disorder but 2XY (2χ) ordered.

Ising line
BKT line

Jb/T

Ja/T

(a)

(b)

(c)

Fig. 2. (a) Schematic phase diagram of the model in Eq. (4) and (b) typical
configurations {θ1} and {θ2} of the half vortex in the phases B1 or B2 pre-
sented by Ref. [16]. (c) Typical configurations of the phases A, D, and C.
Red arrows mean the XY spins θ1, gray and white squares represent the Ising
spins (σ = 1 and −1). The XY spins θ2 can be obtained by the mapping in
Eq. (3).

Figure 2(c) depicts configurations of the phases A, D, and
C, respectively. The phase A corresponds to an ordered con-
figuration of both Ising and XY spins, the phase D exhibits the
Ising order but XY disorder, and the phase C represents disor-
der in both Ising and XY spins. The order parameters for these
four phases are listed in Table. 1.

Table 1. Different phases and their order parameters.

Phases/orders A C D B1 B2

Ising order
√

×
√

× ×
XY order (χ)

√
× × × ×

2XY order (2χ)
√

× ×
√ √

Moreover, in the thermodynamic limit, L → ∞, we pro-
pose that Mθ also tends to 0 in the B2 phase. However, the
behavior of Mθ (L) as a function of L exhibits distinct trends in
the B2 phase and the high-temperature disorder C phase. This
is discussed in more detail in Subsection 4.3.

In Fig. 3, we obtain the global phase diagram by the nu-
merical MC method. In the plane Ja/T –Jb/T , as shown in

Fig. 2, the topology of the phase diagram is consistent with
the results predicted by the theory. The phase diagrams still
have the A, B1 (B2), C, and D phases.

However, as presented by the numerical simulation re-
sults, the Ising and XY phase transitions are very close to each
other. The change in the sequence of the Ising and XY phase
transitions is confirmed. It is difficult to distinguish the two
phase transition lines with the naked eye, and for this reason
we have drawn enlarged pictures in certain areas, which are
placed in the two insets. One inset shows the positions of the
A, D, and C phases. The other inset shows the positions of the
A, C, and B2 phases. In the regime Jb/T = 0.1, Ja/T = 1.5–
2.7 marked by green in Fig. 3, first order transitions are found.
Other details such as the snapshots of the B1(2) phases are dis-
cussed in Section 4.

J
b
/
T

Ja/T

Ising

XY
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0.72
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First order
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1 2 4

3.083.043.00

A

D

C

C

A

B2

Fig. 3. Global phase diagram obtained by the MC method. The first-order
phase transitions are found in the regime of Ja/T = 1.5–2.7. The insets
are to make the phase transition boundary visible to the naked eye.

3. Methods and observed quantities

In order to construct the global phase diagram, we sim-
ulate the model in the various values of Jb/Ja. We primar-
ily employ the Metropolis–Wolff algorithm in the regime of
Jb/Ja ∈ [0.2,1], while for the regime where Jb/Ja < 0.2, we
utilize the Metropolis–Wolff–Line algorithm. The results ob-
tained through this approach have been cross-validated using
the parallel tempering (PT) MC method.[20]

3.1. Line-shaped cluster-updating method

3.1.1. The energy-constant updating with line-shaped
cluster

The basic idea of the line-shaped cluster MC is as follows.
In the parameter limit Jb = 0, one can flip randomly without
rejecting the spins within the clusters as the energy does not
change. The energies of the configurations in Figs. 4(a) and
4(b) are the same by substituting Jb = 0 into Eq. (4).
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(a)

(c)

(b)

(d)

Fig. 4. Schematic diagram of line-shaped cluster update: (a)–(b) update
along the x direction with flipping only the Ising spins; (c)–(d) update
along the y direction, flipping both the Ising spins and rotating the angle
of the XY spins 180∘.

Similarly, in the second line of Eq. (4), in the y direction,
one rotates the XY spins with angles π simultaneously. To fix
the energy term in the x direction, one has to flip the Ising
variables simultaneously. Specifically, this can be illustrated
by the following equation:

Jaσi, jσi+𝑥, j cos(θi, j −θi+𝑥, j)

≡ Ja(−σi, j)σi+𝑥, j cos([θi, j +π]−θi+𝑥, j). (5)

The advantage of this scheme is that there is no probability of
rejection, and it can help us to explore the B2 phase at Jb = 0
very well.

3.1.2. The updating of a line-shaped cluster with
changes in energy

In the parameter regime Jb ̸= 0 but very close to 0. One
can use the Metropolis method to accept or reject the flip of
the spins in the above line-shaped clusters defined as follows:

∆E1 =
L

∑
i=1

∑
y=−1,1

2Jbσi, jσi, j+𝑦 cos(θi, j −θi, j+𝑦),

∆E2 =
L

∑
j=1

∑
x=−1,1

2Jb cos(θi, j −θi+𝑥, j),

paccept =

{
exp(−β∆E1) (Fig. 4(a) → Fig. 4(b)),
exp(−β∆E2) (Fig. 4(c) → Fig. 4(d)). (6)

In the above equation, paccept is acceptance probability,
∆E1 and ∆E2 are energy differences by fliping the clusters
along x and y directions respectively. In the real simulation,
we perform L times in each MC step to select the directions of
the line clusters, which are oriented either horizontally or ver-
tically with a probability of 0.5 and then try to flip the spins
within the clusters.

3.1.3. One MC step with three kinds of updating

In the real simulation, in one MC step, we use three
kinds of updating at the same time. These updates include the

line-shaped cluster updating, the Metropolis algorithm,[18] and
the Wolff clustering algorithm.[19] The constant-energy flips,
without rejections, sample a subset of phase space confined
to a constant-energy surface. Therefore, we let the configura-
tions jump out of the subset of energy constants with the help
of the Metropolis and Wolff algorithms. The idea of mixing
up different algorithms is used in other references.[17,28,29]

3.2. Parallel tempering method

Parallel tempering (PT) is a simulation technique that en-
hances the efficiency of MC sampling methods,[20] especially
useful in spin-glass systems.[30–32] It is particularly effective
for systems with complex energy landscapes, where traditional
sampling methods may get trapped in local minima. The basic
idea behind the PT method is to simulate multiple replicas at
different temperatures simultaneously. Each replica represents
a copy of the system with the same set of spins but at a differ-
ent temperature. The acceptance probability of an exchange
between neighboring replicas satisfies

p = min
(

1,exp
[
(Ei −E j)

(
1
Ti
− 1

Tj

)])
, (7)

where Ti( j) represents the temperature of the replica, and Ei( j)

is the energy at temperature Ti( j). In the actual simulation, we
set the temperature range to cover both sides of the phase tran-
sition. This approach allows the low-temperature system to
feel the influence of the high-temperature system and ensures
that the system explores the entire energy landscape, including
the local energy minimum.

Time

(a)

(b)

5 MC steps

5 MC steps

5 MC steps

5 MC steps

5 MC steps

5 MC steps

5 MC steps

5 MC steps

Fig. 5. Parallel tempering involves multiple processes, each denoted
as Ti where i = 1,2, . . . , representing replicas at different temperatures.
(a) The independent relaxation for each replica, (b) the process of ex-
changing replicas. Bidirectional arrows indicate successful replica ex-
changes, and red arrows indicate that 5 MC steps are simulated between
exchanges.

The two stages of the PT method are described in detail.
In Fig. 5(a), taking Jb = 0 for example, for the relaxation stage,
250 discrete temperatures are uniformly taken in the range
[0,1]. In each Ti, 5× 105 relaxation MC steps are performed,
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and one MC step consists of Wolff–Metropolis–Line updates.
In Fig. 5(b), during the exchange stage, 2.5×106 MC updates
are performed for each Ti. Every 5 MC steps, configurations
at each Ti are attempted to be exchanged with configurations
at neighboring temperatures Ti−1 and Ti+1 with the acceptance
probability given in Eq. (7). The bidirectional arrows indicate
successful replica exchanges.

3.3. Algorithmic verification

In Fig. 6, we compare the effects of the combination of
different methods at low temperatures and in the anisotropic

limit. There are three methods in total, one of which is a pure
Wolff–Metropolis method. In certain cases, if the Wolff clus-
ter is large, the MC algorithm may fail to meet the ergod-
icity condition. In such situations, several Metropolis-type
updates can be employed to address this issue. The second
method is the Wolff–Metropolis–Line method, and the third
is the Wolff–Metropolis–Line–PT method. The three methods
utilize different initial configurations, random or all the same,
i.e., marked by “RS” and “GS”. With parameters L = 24,
Jb = 0, T = 0.3, for the distribution of the energy and Ising
magnetization are measured.
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Fig. 6. Distribution of energy P(E) and magnetization P(MI) for different methods and different initial configurations. (a) The same P(E) by
three methods with two different initial configurations. (b) P(MI) by the Wolff–Metropolis method, (c) P(MI) by the Wolff–Metropolis–Line
method, and (d) P(MI) by the Wolff–Metropolis–Line–PT method.

In Fig. 6(a), the distribution of energy P(E) is the same
for all methods with different initial states. The energy prob-
ability distributions are identical in all cases, but the magneti-
zation probability distributions are different in Fig. 6(b), indi-
cating that sampling does not traverse the global configuration
space well, and only samples certain degenerated states of the
energy state.

As seen in Fig. 6(c), the Wolff–Metropolis–Line method
allows a high degree of overlap between P(MI) obtained from
the two different initial states. The minor deviation observed
between the two distributions is primarily caused by fluctu-
ations. Finally, in Fig. 6(d), the Wolff–Metropolis–Line–PT
method confirms the convergence of the distribution P(MI),
so there is reason to believe that better global sampling is
achieved.

3.4. Observed quantities

(i) Both the BKT and Ising phase transitions can be de-
scribed by the magnetic order parameters, defined by the Ising

and the XY magnetization defined as

MI =
1
N

〈∣∣∣∑
i

σi

∣∣∣〉, (8)

Mθ =
1
N

〈√√√√(
∑

j
sinθ j

)2

+

(
∑

j
cosθ j

)2〉
, (9)

where σ =±1 represents the Ising spin, and N represents the
total number of lattice sites. Mθ is used to define the BKT
phase transition with respect to θ , similarly, Mχ and M2χ can
be defined as magnetization order parameters by the variables
χ and 2χ . In the calculations of Mχ and M2χ , neither χ nor
2χ is subject to regulation by the saw-tooth function. This is
because the quantities Mχ and M2χ are employed for detect-
ing magnetism, not vortices. Note that θ2 = θ1 +σ(π/2), and
χ = θ1 +θ2.

(ii) The Binder cumulant[23,33] for the Ising and XY vari-
ables are defined as

U2 =
n+2

2

(
1− n

n+2
R2

)
, (10)
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where n = 1 for the Ising variables, n = 2 for the XY variables,
and R2 is Binder ratio[34,35] defined as

R2 = ⟨M4⟩/⟨M2⟩2. (11)

(iii) Specific heat and susceptibilities. We intro-
duce corresponding susceptibilities for all order parameters
(MI,Mθ ,Mχ ,M2χ ),

χs =
1

kBT
(⟨M2⟩−⟨M⟩2), (12)

and the specific heat CV ,

CV =
1

kBT 2 (⟨H
2⟩−⟨H⟩2). (13)

(iv) The spin stiffness ρs is defined as follows:[33]

ρs =
1

Nd
[⟨H⟩−β (⟨I2

x ⟩+ ⟨I2
y ⟩)], (14)

where β is the inverse temperature, N is the total number of
spins, d is the dimension, and Ix, Iy defined as

Ix = ∑
⟨i, j⟩x

(Jb + Jaσi, jσi+𝑥, j)sin(θi, j −θi+𝑥, j), (15)

Iy = ∑
⟨i, j⟩y

(Ja + Jbσi, jσi, j+𝑦)sin(θi, j −θi, j+𝑦). (16)

(v) The bond’s order in x and y directions

Bondx = ∑
⟨i, j⟩x

σiσ j, Bondy = ∑
⟨i, j⟩y

σiσ j, (17)

where are useful to characterize the melting Ising domain
walls.

(vi) The percolation susceptibility[36] S2 is defined as

S2 = L−2
〈Nc−1

∑
i=1

n2
i

〉
, (18)

where ni denotes the number of Ising spins in the Ising clus-
ters. Meanwhile, one removes the cluster containing the high-
est number of sites during the summing.

4. Results
In this section, we give numerical results in detail. We

first scan the phase diagram along the Ja = Jb diagonal cut in
Subsection 4.1, then we scan the regimes Jb ≪ Ja in Subsec-
tion 4.2. The signature of Mθ is also analyzed carefully in
Subsection 4.3. The regimes of first order transition is con-
firmed in range about Ja/T ∈ (1.5,2.7) in Subsection 4.4. At
Ja/T = 3.5, the phase transition and Ising type universality
between A–B2 phase are discussed in Subsection 4.5.

4.1. Phase transitions between the phases A–D–C along
Jb = Ja

In this section, we calculate the critical points of the Ising
transition and the XY transition at isotropic parameters Jb = Ja

and verify that the XY transition occurs earlier than the Ising
transition from low to high temperatures. It is understandable
that if the Ising spins emerge as a domain wall, the interac-
tion (1 + σiσ j) = 0, so the algebraic order of the XY spins
can only exist before the Ising transition or both the XY and
Ising transitions occur at the same time. In addition, in the
coupled system, we also confirm the universalities by data col-
lapse method on the data with different sizes.
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↩.

↩.

↩.

ln
<M

θ
>

T/TXY
c

M
θ
T

L
1
/
8

(a)

(b)

(c)

(d)

↼T↩Tc ↽L/vI 

Fig. 7. The results along the cut Ja = Jb. (a) The crossing points of UI occur at T Ising
c ≈ 1.361(1), (b) the crossing points of Mθ L1/8 occur at

T XY
c ≈ 1.342(4). (c) Data collapse of UI, (d) lnMθ versus lnL.
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In Fig. 7(a), along the diagonal cut Ja = Jb in the phase
diagram, we scan the temperature in the range T ∈ [1.34,1.38]
with lattice sizes L = 24, 32, 48, 56, 96, 128. With the in-
crease in temperature, the Ising Binder cumulative UI overlap
at T I

c ≈ 1.361(1) for different lattices. At critical regimes, the
cumulative moments of the magnetization satisfy the follow-
ing scaling relationship:[23,37]

⟨Mk⟩L = L−kβ/νℱ
(

T −Tc

Tc
L1/ν

)
, (19)

where ℱ is a scaling function. When T = Tc, the ratio R2 =

⟨M4⟩L/⟨M2⟩2
L is independent of L, and therefore the data UI

for different sizes cross at the critical point.
In Fig. 7(b), Mθ L1/8 versus T is plotted. The data from

different sizes also cross at T = Tc very well. The reason is
as follows. Firstly, the correlation length is proportional to
system size as

ξ (T )∼ L ∼
∣∣∣∣T −Tc

Tc

∣∣∣∣−ν

, (20)

and then

Mθ ∼
∣∣∣∣T −Tc

Tc

∣∣∣∣β ∼ L−β/ν . (21)

Using the critical exponents β = 1/8 and ν = 1, the data of
Mθ L1/8 cross at the same point for different sizes. Mθ L1/8 is a
very good order parameter to locate the BKT phase transition
point T XY

c ≈ 1.342(4).
To further confirm the Ising transition, we also re-scale T

as (T − Tc)L1/ν , and the data overlap very well as shown in
Fig. 7(c). For the XY transition, letting k = 1 in Eq. (19), one
can get ⟨Mθ ⟩L ∝ L−1/8. Using the log–log plot, the slope is
−1/8 as shown in Fig. 7(d).

4.2. Snapshots, and phase transition between the phases
B2–C with Jb ≪ Ja

Figure 8 plots typical snapshots in the B2 phase (Jb/Ja =

0), showing the configurations of θ1, σ , χ , and 2χ . The gray
squares indicate σ = 1, and the white squares indicate σ =−1,
and the arrows indicating XY spins.

We observed only domain walls inside the B2 phase and
the half-integer vortex is observed near the transition point be-
tween the B2 and C phases. In Fig. 8(a), θ1 (red), and σi are
shown. θ2 is not shown for clarity purposes, but it can be ob-
tained by Eq. (3). Along different directions of the domain
wall, the angle θ1 occurs a π-flip along the Z2 domain wall
in the y direction, while there is no domain wall along the x
direction. Conversely, θ2 has a π-flip along the domain wall in
the x direction, while there is no in the y direction (not shown).

Figure 8(b) shows the configuration of χ = θ1+θ2. It can
be seen that the χ angle inside each shaded block is opposite

to the surrounding neighboring spins. There are domain walls
in both the x and y directions. Therefore, Mχ = Mθ1+θ2 ≈ 0
is disordered. Although the actual value in the figure is finite
at Mχ ≈ 0.079, it is found to be zero in the subsequent finite
size scaling. In Fig. 8(c) the configuration of 2χ = 2θ1 +2θ2

is shown. For 2χ , the domain wall hardly appears anymore,
and all the spins point approximately the same way, i.e., 2χ is
ordered. In the configuration, the actual value is M2χ ≈ 0.998.

(a1) θ1,σ (a2) θ1,σ

(b1) χ,σ (b2) χ,σ

(c1) 2χ,σ (c2) 2χ,σ

Fig. 8. Snapshots for {θ1, σ , χ , 2χ}. Left column: Ja = 1, Jb = 0,
T = 0.01 in the B2 phase. Right column: Ja = 1, Jb = 0, T = 0.375
near the transition point. The Arrows indicate the XY spins, and the
shaded squares indicate the Ising spins σi = 1, and the white squares
indicate σi = −1. (a) The snapshots of {θ1} and {σ}. The domain
walls of θ1 (red) form straight lines aligned in the y direction while
the Ising domain walls are represented as closed rectangles. (b) The
snapshots of χ = θ1 +θ2 clearly reveal the disorder in χ with the mag-
netization Mχ ≈ 0.079 (left) and Mχ ≈ 0.006 (right). (c) The snapshots
of {2χ} demonstrate the ordered phase, with M2χ ≈ 0.998 (left) and
M2χ ≈ 0.367 (right, near the critical point).

Let us mathematically illustrate the 2χ order, that is, the
equality of 2χi, j and 2χi+𝑥, j for two neighboring sites. From
the configuration depicted in Fig. 8, when the Ising variables
satisfy σi, jσi+𝑥, j = 1(−1), the XY spin variables then satisfy
∆θi,i+𝑥 = 0(π). Due to the strong interaction γ in Eq. (2), the
XY spins θi, j,1 and θi, j,2 between the upper and lower layers
are perpendicular to each other, i.e., θi, j,2 = θi, j,1 +σi, j(π/2).
Therefore, the difference between 2χi, j and 2χi+𝑥, j should be

∆2χi,i+𝑥 = 2(χi, j −χi+𝑥, j)

= 2
[

θi, j,1 +θi, j,1 +σi, j
π

2
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−θi+𝑥, j,1 −θi+𝑥, j,1 −σi+𝑥, j
π

2

]
= 4(θi, j,1 −θi+𝑥, j,1)+π(σi, j −σi+𝑥, j)

= 4∆θi,i+𝑥+π(σi, j −σi+𝑥, j). (22)

When ∆θi,i+𝑥 = 0 and σi, j = σi+𝑥, j, it leads to ∆2χi,i+𝑥 = 0.
Similarly, ∆θi,i+𝑥 = π and σi, j = −σi+𝑥, j, it follows that
∆2χi,i+𝑥 = 4π ± 2π ⇒ 0. The same derivation can also be
applied in the y direction. Therefore, B2 phase has 2XY -order.

Thus, the existence of the B2 phase is confirmed and the
problem becomes how to determine the phase transition point.
Firstly, we try to understand the phase transition by the excita-
tion of the topology. For simplicity, the picture with only one
domain wall and one excited vortex pair is discussed in terms
of free energy. Mean while, supposing the position of domain

wall is fixed, and therefore the entropy should be ln1 = 0. For
one domain wall, the free energy is

FDW = E −T S ≃ JbLd −T ln1 = JbLd, (23)

where Ld is the length of domain-wall, such as the blue line
in Fig. 8(b). With the increasing of the temperature, a pair
of half-vortex and anti-half-vortex emerges, and the new free
energy becomes[16]

F = FDW +Fvortex−pair = JbLd +C1lnLd −T lnLd, (24)

where lnLd and C1lnLd are the entropy and energy of the vor-
tex pair,[38,39] respectively. By solving for F ≤ FDW, the rough
phase transition temperature T can be obtained.
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Fig. 9. The quantities for the XY variables at Ja = 1, Jb = 0, and T XY
c ≈ 0.3250(1). (a) Specific heat CV , (b) magnetization Mχ , (c) magnetization M2χ ,

(d) the density of half-integer vortex (e) the spin stiffness ρs (f) extrapolation to obtain the phase-transition point.

More accurate phase transition points still need to be de-
termined by physical quantities calculated by numerical meth-
ods. Figure 9(a) shows the specific heat CV in the range
T/Ja ∈ [0,1] while Jb = 0. Using data for sizes L = 16–48 it
has been shown that, the non-divergent behavior of the specific
heat peaks indicates the presence of the BKT phase transition.

As predicted, in both the B2 and C phases, χ is disordered
(Mχ = 0, L → ∞) as shown in Fig. 9(b). However, obtaining
such data in agreement with expectations is quite challenging.
First, the phase transition point corresponds to a very low tem-
perature, around Tc ≈ 0.34. Traditional cluster methods such
as the Wolff algorithm are inefficient in this mixed system. As
introduced in Subsection 3.3, a combination of various meth-
ods including the Metropolis, Wolff, line-shaped cluster, and
PT methods, is used to obtain results consistent with expecta-
tions.

In order to obtain the phase transition point, we ana-
lyze the signal of 2χ . The first quantity of interest is M2χ as

shown in Fig. 9(c). In the low-temperature phase with T < Tc,
M2χ > 0 and continuously changes smoothly to 0. This sug-
gests that when we magnify the angle by a factor of two, the
2χ ordered state is found from the χ disordered configuration
and remains stable in the thermodynamic limit.

Additionally, we assess the density of half-integer vor-
tices, as shown in Fig. 9(d). In the low-temperature phase, the
density of half-integer vortices is zero. Near the critical point,
T ≈ T XY

c , half-vortex excitation is observed. This consists
with the observations from the pure XY model,[40] where vor-
tex excitation is typically observed at temperatures T ≈ T XY

c .
In the high-temperature phase, numerous half-vortices become
excited, resulting in a non-zero density. Experimentally, the
vortex distribution can also be observed.[41,42]

In addition, inspired by the formula for the superfluid
density of isotropic systems given in the literature,[33] we de-
rive an expression for the spin stiffness in the anisotropic case
as shown from Eq. (14) to Eq. (16). Within the BKT theory,
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spin stiffness exhibits a universal jump at Tc,[43]

ρs =
2

ν2π
Tc, ν = 1/2. (25)

The line 8T/π , the spin stiffness data ρs of various sizes in
Fig. 9(e) intersect at the location of the jump Tc ≈ 0.325(5)
and the fitting T XY

c (L) versus L−1 is shown in Fig. 9(f).
Next, the phase transition is analyzed from the perspec-

tive of the Ising variables. Due to the numerous domain walls
in both the B2 and C phases, the Ising variables are disordered.
Clearly, in Figs. 10(a) and (b), MI is zero as L → ∞. The av-
erage bonds in both directions, described in Eq. (17), are also
zeros. However, we see the phase transition signal in terms
of the Binder cumulant UI corresponding to the Ising variable
as well as the percolation susceptibility S2 in Figs. 10(c) and

10(d). In the C phase, the shape of P(M) should be Gaussian
as shown in Fig. 10(e). Due to the relations∫

∞

−∞

M2 1√
2π

e−M2/2 dM = 1, (26)∫
∞

−∞

M4 1√
2π

e−M2/2 dM = 3, (27)

we can get UI =
3
2

(
1− 1

3 ⟨M
4⟩/⟨M2⟩2

)
→ 0.[23] In the B2

phase, characterized by the quasi-exponential distribution
P(M) = λ e−λ |M| as shown in Fig. 10(f), we can get UI < 0.
The change in UI from 0 to less than zero reflects the phe-
nomenon of phase transition. Usually, a negative peak of
UI represents a first-order phase transition.[23] A negative UI,
without a negative peak, is not indicative of a first-order phase
transition.
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Fig. 10. The quantities for the Ising variables (Ja = 1, Jb = 0). (a) Magnetization MI, (b) the bonds order Bondsx,y, (c) binder cumulant UI, and (d) the
percolation susceptibility S2. (e) Distribution of MI in the C phase, (f) the distribution of MI in the B2 phase.

4.3. Signatures of our proposed Mθ

In this subsection, we list the behaviors of physical quan-
tity Mθ , in different phases, as shown in Fig. 11. Because the
variables for our numerical simulation are XY spins on one
layer θ and Ising variable σi, one might ask whether or not the
magnetization Mθ is 0, except that Mχ is zero in phase B2.

In Fig. 11(a), Mθ versus T is plotted. In the thermody-
namic limit, it is not difficult to understand that Mθ is zero
in the disordered C phase. The B2 phase has no χ-order with
Mχ = 0. Additionally, it exhibits no θ -order with Mθ = 0.

Next, we analyze Mθ through the probability distribution
P(Mθ ) as shown in Fig. 11(b) at Jb/T = 0. The distribution of
Mθ has many discrete peaks. The horizontal coordinates cor-
responding to these peaks can actually be calculated manually.
As shown by the red arrows in the snapshot in Fig. 8(a), these
arrows are almost identical in the vertical direction, i.e. the
stripe pattern. Therefore, we simply pick one of the rows of

spins to analyze.
The first peak corresponds to a horizontal coordinate of 0,

which represents the configuration of the system where there
are L/2 up spins and L/2 down spins. In this case, the prob-
ability P(Mθ = 0) is proportional to the coefficient CL/2

L . For
the second peak, there are L/2+1 up spins and L/2−1 down
spins. Taking L = 56 for example, the location is (29−27)/56
and its probability proportional to 2CL/2−1

L . Thus the ratio of
the areas of the two peaks is CL/2

L : 2CL/2−1
L = 0.5208, which

coincides with the results of the MC simulation. We also ex-
amine the results at other sizes and other peaks and the con-
clusions remain the same. The peaks at different positions
can precisely reflect the excellent ergodic capability of our
method.

In fact, these highly degenerate states are caused by do-
main wall excitations without cost energies. By analyzing
the first line in Eq. (4), in the x direction, for the two most
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neighboring spins, there are two possible states. One state is
σi, jσi+𝑥, j =−1 and θi+𝑥, j = θi, j +π , and each term involved
in the summation in the first line of Eq. (2) becomes

Ex = −
(
Jb + Jaσi, jσi+𝑥, j

)
cos(θi, j −θi+𝑥, j)

= −(Jb−Ja)cos(−π) = Jb − Ja. (28)

The other state is σi, jσi+𝑥, j = 1 and θi+𝑥, j = θi, j. And each
term involved in the summation in the first line of Eq. (2) be-
comes

E ′
x = −

(
Jb + Jaσi, jσi+𝑥, j

)
cos(θi, j −θi+𝑥, j)

= −(Jb+Ja)cos(0) =−Jb − Ja. (29)

For Ja ≫ Jb = 0 or Ja ≫ Jb > 0, Ex is equal or very close to E ′
x.

Thus, any combinations of the number of Ex and E ′
x counter-

parts are energy-equivalent. The analysis of the interaction in

the y direction is similar. Totally speaking, when domain walls
appear, the configurations do not have Ising-order or XY -order
but instead have 2XY -order.

In both the B2 and C phases, as the system size approaches
infinity in the thermodynamic limit, Mθ converges to 0, but it
varies with size in different ways. In Fig. 11(c), the plot shows
Mθ versus L−1 at T/Ja = 0.1 in the B2 phase. The data are
well fitted with the function 0.8007L−0.5078. In Fig. 11(d), in
the C phase, the plot of Mθ versus L−1 is well fitted with the
function 1.583L−1 and it decays faster.

In short, the phase B2 and phase C, although both have
no θ -order, have distinctly different patterns. In the B2 phase,
the pattern for θ (red arrows) appears striped, showing disor-
der only in the x direction. But in the C phase, the spins are
completely disordered, lacking any noticeable pattern.
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Fig. 11. The signatures where (Mθ = 0) occur in the thermodynamic limit. (a) Mθ versus T , (b) the probability distributions of Mθ for sizes
L = 56 when T/Ja = 0.1, panels (c) and (d) show Mθ versus L−1 at different phases.

4.4. First order transitions along Ja/T = 1.5–2.7

In the global phase diagram in Fig. 3, the regimes marked
in green represent first-order phase transitions. Two questions
need to be addressed. The first question is whether the Ising
first-order phase transition and the XY first-order phase tran-
sition occur with the same parameter? Second, what is the
signal for the first-order phase transition?

In the results shown in Fig. 12, it is observed that in the
region of the first-order phase transition, the phase transitions
for the Ising and XY variables still do not occur simultane-
ously. Fixing Ja/T = 2.5, MI and Mθ versus Jb/T are plotted
in the range of 0–0.08 and the zoomed range of 0.04–0.045.
Apparently, the intersection of MI lines of different sizes is
close to 0.0421(3) while the intersection of Mθ lines of differ-
ent sizes is close to 0.0428(3). Therefore, the two transitions
do not occur simultaneously. In this parameter interval, the
theoretical predictions[16] of the phase diagram structure and

the numerical experiments are in agreement.

In response to the second question, when testing the
Binder cumulant UI for different sizes, no intersection point
is found, but a negative peak is observed[23] (although not
shown). In Figs. 12(a)–12(d), it is intriguing to observe that
the magnetization curves, represented by MI and Mθ , for dif-
ferent system sizes intersect at the critical points. These inter-
sections are attributed to the symmetry breaking of continuous
variables.[22] In Figs. 12(e) and 12(f), the critical exponents
are obtained by using finite-size scaling:[44] ν ≈ 0.52(1) for
the Ising phase transition and ν ≈ 0.5(2) for the XY phase
transition. The values of the correlation length exponent ν are
either equal to or close to the theoretical value of 1/d = 0.5 for
the first-order phase transition.[22,45] More precisely, the value
0.52(1) is greater than 0.5 due to the effect of the so-called
weak first-order transitions.[45]
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Table 2. List of parameters and dimensions corresponding to the
double-peaked distribution in Fig. 13.

Ja/T L Jb/T (P(E)) Jb/T (P(MI)) Jb/T (P(Mθ ))

1.5 48 0.2600 0.2585 0.2580
1.5 72 0.2620 0.2610 0.2606

1.7687 48 0.1761 0.1761 0.1761
1.7687 72 0.1766 0.1766 0.1766

2.0 48 0.1188 0.1188 0.1184
2.0 72 0.1194 0.1194 0.1192

2.7 48 0.0360 0.0440 0.0370
2.7 72 0.0340 0.0360 0.0320

Furthermore, the distributions P(E), P(MI), P(Mθ ) are
plotted to check whether or not double peaks emerge. At
the beginning of the green line, with parameter Ja/T = 1.5,
the signatures of the double peaks are weak or even absent,
indicating a phenomenon known as pseudo first-order phase
transition.[46,47] As the system size increases, the two peaks in
the energy distribution approach each other, as illustrated in
Fig. 13(a).

In the regime Jb/T = 0.1, Ja/T = 2, and Ja/T = 1.7867
in Fig. 3, the signature of the first-order transition is the most
obvious. The evidence is that the double peaks emerge for
the distributions P(MI), P(Mθ ), and P(E) with L = 48, 72 as
shown in Figs. 13(b) and 13(c). In the end of the green line
Ja/T = 2.7, the double peaks of energy disappear. Although

both P(MI) and P(Mθ ) exhibit bimodal distributions, which
indicates energy degeneracy in the system or coexistence of
two phases in the system, it is still not possible to determine
whether a first-order phase transition occurs at this point.

It is worth noting that the double peaks observed in MI

and Mθ do not occur at the same parameter values of Ja/T
and Jb/T . There is a deviation between the parameters corre-
sponding to MI and Mθ for different system sizes. The specific
values of the parameters are listed in Table 2. The parameter
difference for MI and Mθ , obtained from the same lattice size,
indicates that the two phase transitions do not occur simulta-
neously.

4.5. Ja/T = 3.5, transitions between A and B2 phases

In Fig. 14, we explore the phase transition between the
A–B2 phase. By fixing Ja/T = 3.5 and scanning Jb/T , at this
point, we observed that both MI and Mθ for different sizes ex-
hibit common intersections, as reported in Ref. [22] recently.

The Binder cumulants UI and Uθ exhibit similar behav-
ior during the phase transition. By performing a data collapse
analysis for these two quantities, we plot UI and Uθ as func-
tions of (T −Tc)L1/ν , for different system sizes. Remarkably,
the data points for various sizes overlap with each other. This
observation indicates that the critical exponent of the phase
transition follows the Ising universal class with ν = 1.
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Fig. 14. Ja/T = 3.5: (a) MI versus Jb/T , (b) UI versus Jb/T , (c) Mθ versus Jb/T , (d) Uθ versus Jb/T , (e) UI versus (Jb/T − (Jb/T )c)L1/ν , (f) Uθ versus
(Jb/T − (Jb/T )c)L1/ν , where ν ≈ 0.5.

5. Conclusion
In this paper, we investigated the spatially anisotropic

Ising-XY models using our proposed line-shaped cluster-
updating MC scheme and other methods. Our method allows
for spin flips in clusters without rejection in the anisotropic
limit when Jb = 0, following the energy invariance principle.

Even at small but nonzero values of Jb, we can still perform
cluster-spin flips using the Metropolis algorithm. Our ap-
proach effectively addresses the non-ergodic challenges (see
Fig. 6(b)) faced by traditional MC methods in the anisotropic
limit with significant degeneracy and low temperatures. The
main findings of this study are as follows:
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(i) The nature of the B2 phase has been investigated in
depth. In the anisotropic limit, the B2 phase is Ising and
XY disorder, but 2XY order, meaning that the magnetizations
have the properties MI = 0, Mχ = 0, and M2χ ̸= 0. Further-
more, the distribution P(Mθ ) even can be analyzed manually
due to the XY spins exhibit a quasi-one-dimensional pattern.
Our proposed Mθ (L) in the B2 phase follows a scaling behav-
ior of Mθ (L) = 0.8007L−0.5078, while in the high temperature
disorder C phase, it follows a different scaling behavior of
Mθ (L) = 1.583L−1. We demonstrate that the superfluid den-
sity ρs scales as ρs = (2/ν2π)Tc, with the critical exponent
ν = 1/2.

(ii) In the constructed global phase-diagram, the two
boundary lines are very close to each other and differ signif-
icantly from the schematic phase diagram reported earlier. In
the isotropic limit, the critical points of the Ising XY phase
transitions have been identified at T Ising

c = 1.361(1) and T XY
c =

1.342(2), respectively. In the anisotropic limit, for example
Ja/T = 2.5, the critical points locate at Jb/T Ising

c = 0.0421(3)
and Jb/T XY

c = 0.0428(3).
(iii) In the parameter regions that deviate from the

isotropic limits, both phase transitions become first-order
phase transitions. Interestingly, MI and Mθ of different sizes
intersect at a point due to continuous symmetry breaking.[22]

These phenomena are determined by the double-peaked distri-
bution of the energy E and magnetizations MI and Mθ . Also,
the critical exponent ν is approximately equal to the inverse of
the space dimension, i.e., ν = 1/d.

Despite conducting numerous numerical simulations,
several open questions persist in this research. First, it re-
mains uncertain whether there are novel critical exponents,
particularly in the proximity of the first-order transition, as
discussed in Ref. [10]. Second, the applicability of the cou-
pled Ising-XY model extends beyond 2D lattice systems, po-
tentially revealing novel phenomena in three-dimensional sys-
tems, as explored in Ref. [16]. Furthermore, the direct inves-
tigation of the Bose–Hubbard model with px and py orbitals
holds promise for uncovering half-vortices.[16] Similar Hamil-
tonians have already been simulated directly, as referenced in
Ref. [48]. On the experimental front, the realization of a two-
component Bose–Hubbard system can be achieved using 87Rb
cold atoms in two different hyperfine states,[49,50] or through
an array of cavity polaritons.[51] These experimental avenues
provide exciting opportunities for further exploration in this
field.

Appendix A: Direct simulation of Eq. (2) for the
bilayer XY model

Equation (4) comes from the mapping of Eq. (2). In our
simulation, we directly use Eq. (2) and compare it with the
results from Eq. (4). This helps verify the accuracy of the
mapping. Transforming an equation can change its underlying
physics, so it is crucial to check if the angles between the two
layers are perpendicular, i.e., if equation (3) holds true or if
∆θi, j = θi, j,1 −θi, j,2 =±π/2.
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Fig. A1. The results of direct simulating Eq. (2). At different temperatures T = 0.01, 0.1, and 1, the ratios of ∆θ =±π/2 are estimated as functions of γ (a)
with parameters Ja = Jb = 1 and (b) with Jb = 0, respectively. The results of (c) UI and (d) Mθ with parameters Ja = Jb and γ = 109. (e) CV and (f) ρs with
Jb = 0 and γ = 109. Tc = 0.33(2) is obtained in panel (f).

In Fig. A1(a) with parameters Ja = Jb = 1 and (b) with
Jb = 0, the ratios of ∆θ =±π/2 are estimated as functions of
γ , respectively. At low temperatures, specifically when γ > 2,
the upper and lower neighboring spins are entirely perpendic-

ular to each other. However, at a temperature of T = 1, larger
values of γ are required, such as γ = 109. In Figs. A1(c)–
A1(d), for Ja = Jb = 1, using Eq. (2), we recalculated the
results for UI and Mθ , and observed that the critical points
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remain at T Ising
c = 1.361(1) and T XY

c = 1.342(2), which are
consistent with the results in Fig. 7. In Figs. A1(e)–A1(f), with
Jb = 0, we recalculated the values of CV and ρs, and found that
the critical point is still at T XY

c = 0.33(2), consistent with the
results T XY

c = 0.3250(1) in Figs. 9(e) and 9(f) within the error
bars.
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