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Lai-Lai MiCK>EK), and Ju-Kui Xue(##H%)*

College of Physics and Electronics Engineering, Northwest Normal University, Lanzhou 730070, China
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Atomic interaction leads to dephasing and damping of Bloch oscillations (BOs) in optical lattices, which limits obser-
vation and applications of BOs. How to obtain persistent BOs is particularly important. Here, the nonlinear Bloch dynamics
of the Bose—Einstein condensate with two-body and three-body interactions in deep optical lattices is studied. The damping
rate induced by interactions is obtained. The damping induced by two-body interaction plays a dominant role, while the
damping induced by three-body interaction is weak. However, when the two-body and three-body interactions satisfy a
threshold, long-lived coherent BOs are observed. Furthermore, the Bloch dynamics with periodical modulation of linear
force is studied. The frequencies of linear force corresponding to resonance and pseudoresonance are obtained, and rich
dynamical phenomena, i.e., stable and strong BOs, drifting and dispersion of wave packet, are predicted. The controllable
Bloch dynamics is provided with the periodic modulation of the linear force.

Keywords: Bose—Einstein condensate, atomic interaction, Bloch oscillations

PACS: 03.75.Lm, 03.75.Mn, 05.45.Yv

1. Introduction

Bloch oscillations have been experimentally observed in
superlattice systems!!= such as Bose-Einstein condensate
(BEC) systems!*>! and optical lattices®~'%l under constant ex-
ternal force. If a perturbation is applied to the Bloch state of a
system, the Bloch wave of the BEC will suffer energy and dy-
namics instabilities.!! "!?] The instability can only occur under
certain condition, in which the interatomic interaction plays
an important role. Both theoretical and experimental results
show that the interatomic interaction has a strong effect on
the energy band structure and dynamical instabilities!'3! of
the atoms in the optical lattices. It is well known that the
atomic interaction leads to a dephasing and broadening of the
wave function in momentum space, which causes a damping
of the Bloch oscillations in coordinate space.!!*'8! The damp-
ing rate increases with the strength of atomic interaction. This
limits the application of Bloch oscillations (BOs), and how
to obtain persistent BOs is particularly important. However,
most of the current researches on this subject are limited to
the consideration of interatomic two-body interaction. In fact,
when the density of condensate is relatively small, the inter-
atomic distance is much larger than the distance scale of the
interatomic interaction, and the interatomic three-body inter-
action can be ignored. However, if the density of condensate
is larger, the interatomic three-body interaction will also play

[19-24] Even if the strength

a non-negligible role in the system.
of the three-body interaction force is small, it can have im-

portant effect on the properties of the condensate in the op-
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tical lattices, including the spatial modulation instability, >
the energy and dynamics instabilities,?®! the band structure

5,127 28

characteristics,!?”! the tunneling dynamics,!?®! and nonlinear

(29301 T the experiment, the strengths of both the

properties.
atomic interactions can be controlled by Feshbach resonance
technology, providing a highly controllable ideal experiment
platform for simulating condensed matter system. Then, if
both two-body and three-body interactions present, how will
the BOs in the one-dimensional optical lattices change? Can
we obtain persistent BOs with combined effects of two-body
and three-body interactions?

Further study shows that periodic linear force can also
cause oscillatory motion or spatial localization of particles in
periodic potential. This phenomenon known as dynamic lo-
calization is found within the framework of the tight-binding
approximation. *!l Later studies have been carried out in cold

§[32

atom systems in optical lattices!*?! for coherent control of

atoms!33

I and for achieving superfluid-Mott-insulator phase
transition. ** Dynamic localization also occurs in optical lat-
tice systems. 3> Periodic waveguide bending can simulate
time-periodic linear force acting on quantum particles. Dy-
namic localization provides more opportunities to control dy-
namics of particle than BOs under constant external forces.
Indeed, it can change the direction and average velocity of par-
ticles by changing the frequency of linear force. In contrast, a
constant force leads only to oscillatory dynamics, and the am-
plitude of the force affects only the amplitude and frequency

of the BOs. However, the nonlinear dynamic localization of
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BECs with both two-body and three-body interactions in deep
optical lattices under periodic linear force is still unclear.

To answer the above-mentioned questions, the nonlin-
ear Bloch dynamics of BECs with both two-body and three-
body interactions in one-dimensional deep optical lattices un-
der constant and periodic linear force are studied systemati-
cally by means of the mean-field theory and the tight-binding
approximation, combined with the variational principle. Un-
der the action of a constant linear force, we show that the
damping of BOs caused by two-body interaction plays a domi-
nant role, while the damping caused by three-body interaction
is weak. Furthermore, it is found that the persistent BOs can
occur when both the two-body interaction and the three-body
interaction exist at the same time and certain conditions are
met. Under the action of a periodic modulated linear force, it
is found that the system has rich Bloch dynamics, including
strong BOs with large amplitude, drift of Bloch wave packet
and significant dispersion of wave packet.

The organization of this paper is as follows: In Section 2,
a model of BECs considering two-body and three-body inter-
actions in inclined optical lattices is given and variational anal-
ysis is performed. In Section 3, the BOs of the system is an-
alyzed and the influence of parameters of system on the BOs
is discussed. In Section 4, we investigate the condition under
which BOs can be maintained for a long time. In Section 5,
the effective modulation of BOs under periodic linear force is
discussed. Finally, in Section 6, a brief summary is given.

2. Model and variational approach

The dynamical properties of BECs in optical lattices with
two-body and three-body interactions are considered. When
the optical lattices are deep enough, the dynamics of the sys-
tem with the presence of an external linear force can be de-
scribed by the following discrete nonlinear Schrodinger equa-
tion under the tight-binding approximation:

. J _
ihay, = — E(am+1 +am71)+g|am‘zam
—&—i|am|4am—|—Fmam7 (1

where J represents the tunneling coefficient between two ad-
jacent lattices, g represents the interatomic two-body interac-
tion, A represents the interatomic three-body interaction, F is
the constant external force, and a,, represents the amplitude
of the wave function of the condensate in the m-th lattice site.
The coupling of the two-body interaction g, three-body inter-
action i the constant force F, and the tunneling coefficient J
will have complex effect on the dynamics of the BEC, which
will be analyzed in detail in the following.

Using ¢ = [i/J]t to readjust time ¢ and dimensionless
Eq. (1), we can obtain

1
- E(am-H +ain—l) +g‘am|2am

iy, =

+)L|am|4am + Fmay,, )

where g = g/J, A = A /J, F = F /J. For current experiments,
a variational estimate gives that the dimensionless parameters
g~1,A~1,and F ~ 1.1141 Indeed, those parameters can
be tuned in a wide range. The external linear force F can be
adjusted by modulating the lattice potential.[*?! To avoid para-
metric and interband excitations, weak linear force is consid-
ered, i.e., F < 1. The strength of the atomic interactions can be
easily manipulated by the Feshbach resonance technology.*!]
As discussed in Refs. [42—44], the nontrivial three-body ef-
fects can be expressed in terms of a single parameter of the
hypervolume, and two-body interaction and three-body inter-
action with opposite signs in realistic van der Waals poten-
tial can be realized. Particularly, the independent controls of
the two-body and three-body coupling constants are realized
in a Rabi-coupled two-component BEC, allowing realization
of two- and three-body interactions with opposite signs. !
At the same time, using the Heisenberg equation of motion
iday,/dr = dH/da},, we can find the Hamiltonian of the sys-
tem corresponding to Eq. (2) as

1 * *
H=—3 Y (amhy oy + @yimt) + %Z am*

m m
A
+§Z|am|6+FZm\am|2. 3)

Next, we use the variational method 440

to study the in-
fluence of the coupling effect of system parameters on the dy-
namical characteristics of a BEC in one-dimensional optical
lattices. We consider the dynamics of the wave packet, so the

following normalized Gaussian trial wave function is used:
1
am(t) = RV2(z/2)1/4

m—E)2
S ipm-&) 412 -], @

where R(t) and 6(¢) represent the radius and the radius change

xexp[—

rate of the Gaussian wave packet, respectively, and &(¢) and
p(t) represent the center-of-mass position and momentum of
the wave packet, respectively. Substituting Eq. (4) into Eq. (3)
and the Lagrangian density L=1Y,, %(dmajl —apd;,) —H, we

can reach
: 1o ;) g
L=p& ——-R°6 —
pé A +e “cosp T,
21
———F —F¢, 5
3v/37R2 s )

where @ = 1/(2R?) + 8%R?/8. To obtain Eq. (5), we re-
place the sums over m in the Lagrangian with integrals. Solv-
ing the Euler—Lagrangian equation % a% = ‘3—2, the differential
equations of motion related to variational parameters ¢(t) =
p,R,E 5 can be obtained as follows:

p=-F, ©)
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R=6Re ®cosp, (7
é =e© sin p, ®)
. 4 2 16V/31
_ -0 2 8
0=—e cosp(6 —ﬁ)—l—ﬁﬁ-w. 9)
The effective Hamiltonian of the system is
_ g 21
H=—e%cosp+ + +F¢. 10
Provar v FE U0

The variational analysis with Gaussian ansatz (4) is
widely used in studying the dynamics of interacting Bose
gas. The variational analysis would be reasonable if the wave
packet keeps Gaussian-like shape. The reasonability of our an-
alytical results given by variational analysis will be confirmed
by rich numerical simulations of the full GP equation (1).
Based on the variational equations, when F' = 0, we set the
center of the wave packet at the origin of coordinate, that is,
&y = 0. At this time, using the stationary solutions ¢ = 0, we

can get & = 0, po = 0, which is the quasi-static state of the
system when the external linear force is zero. Equations (6)
and (8) respectively describe the temporal evolution of the mo-
mentum of the condensate and the velocity of the wave packet.
The BOs of the system is mainly controlled by Egs. (6) and (8).
In the following sections we investigate Bloch dynamics of the

system.

3. Bloch oscillation in tilted optical lattices

When F # 0, the optical lattices will be tilted, and p(¢) =
po — Ft can be obtained from Eq. (6). The external force will
make the condensates do BOs, but the equations controlling
the BOs are difficult to be solved analytically, so we use the
fourth-order Runge—Kutta method to solve Eq. (2) numeri-
cally. The results of numerical simulation under different pa-
rameters are shown in Fig. 1.

(a) g=04 =04
O L
w —8
|——F=01
—160  p_go
—F=0.3
(C) F=0.19g=04
ot
o —8( i A /\//‘
=0
g=0.2
—16F——g=04
g=0.6| |
1 1 1
0 900 0 300 600

t

Fig. 1. BOs under different parameters F, g, and A for R = 10.

As can be seen, the condensate exhibits an oscillatory
mode. In the absence of atomic interaction, the oscillation is
persistent and undamped [see Fig. 1(a)]. When the strength of
interaction is fixed, the amplitude of the BOs decreases with
the increase of the linear force F, and the frequency of the
BOs increases with the increasing F' [see Fig. 1(b)]. The inter-
atomic interactions have no effect on the frequency of BOs. It
is known that the interatomic interaction will cause the dephas-
ing and broadening of the wave function in momentum space,
which leads to damping of the BOs in coordinate space. The
damping rate increases with the strength of atomic interaction.
This law can be seen in Figs. 1(c) and 1(d). In addition, by
comparing Fig. 1(c) with Fig. 1(d), it can be found that the
damping rates of the two interactions on the BOs are different.
The damping rate of BOs is high due to the two-body interac-
tion g, while the damping effect of the three-body interaction

A on BOs is weak.

4. Long-lived BOs

As we mentioned above, the interatomic interactions
could damp the BOs. Can BOs be sustained for a long time
in the presence of interactions? Or, what is the condition for
BOs to last for a long time? In order to solve this problem,
we combine Egs. (6)—(10) and get the following equation of
oscillation for &:

2 ) (11)

8
2R 3/37R2

Equation (11) describes the standard damped harmonic oscil-

E+5xE+F2¢ :F(H—

lator, where F? is the restoring force term, which also indi-

cates that the natural period of the oscillation is 7z = 27 /F;

_ _ 8 431
X = 3/7k + Sxr2

represents the damping rate of BOs. It
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is obvious that the source of damping of BOs is the inter-
atomic interaction. For fixed total number of atoms, differ-
ent R means different effective atomic density, which is pro-
portional to 1/R. Hence, the wave packet width R modifies
the effective atomic interaction energy [this is clearly shown
in Eq. (10)], which results the modification of the damping
rate ¥. When R is fixed, Eq. (11) has an approximate so-
lution & ~ F~le~1/28? [cos(Ft)ffl?%%zt2 — 1], which shows
a damping oscillation. The damping rate is proportional to
x. From the expression of y, it can be seen that the ratio of

damping rate y, = % caused by two-body interaction to
damping rate Y3 = ‘;n% caused by three-body interaction is

% = @%R. When g ~ A, it is obvious that y,/x3 > 1
(R > 1), that is, the damping caused by two-body interaction
is much larger than that caused by three-body interaction. This
is what we observed in Fig. 1. If ¥ > 0, the oscillation will
stop in a very short time. When ) = 0, it means that there is no
damping and the BOs can be sustained for a long time. There-
fore, we can set ¥ = 0 to obtain the condition for maintaining

the long-lived BOs:
9v/7TgR+ 834 = 0. (12)

Figure 2 presents the phase diagram for maintaining a
long-lived BOs in the g—A plane given by Eq. (12). Inter-
atomic two-body interaction g and three-body interaction A
selected on the line satisfy y = 0, and the corresponding oscil-
lations can be sustained for a long time. Here g and A outside
the line satisfy ) > 0, and the corresponding oscillations will
be damped for a short time. Note that, if only two-body term
or three-body term presents, i.e., A = 0 or g = 0, the damping
rate will be proportional to g2 or A2. Hence, in this case, the
damping rate is independent of the sign of g or A.

0.4

0.2

—0.2

—0.4 L L L

Fig. 2. Phase diagram for maintaining the long-lived BOs in g—A plane.

In order to verify the accuracy of Eq. (2), the parameter
values corresponding to the points A, B, C, D, E, and F in
Fig. 2 are selected to numerical simulation of Eq. (2), and the
corresponding results are presented in Fig. 3. When the point
B or E is selected, the BOs have no tendency of damping, that

is, the BOs can be maintained for a long time, which is well
predicted by Eq. (12).

(a)
0F
-8
up
—16H—9g=01
——ge=—0.04 ¥ |
M—g=-0.15
—24 n 1 n 1 n
0 500 1000 1500
(b)
o
-8
up
_ 16l |—r=-03
—— A= —1.15
[|—A=-138
—24 L Il L
0 1000 2000

t

Fig. 3. BOs for parameters corresponding to the points (A, B, C, D, E,
and F) marked in Fig. 2: (a) A = 0.5, (b) g = 0.1. The other system
parameters are F' = 0.1 and R = 10.

5. Modulation of BOs

Assuming that the external force is not constant, we con-
sider a linear force that varies periodically F(r) = Fysin(wt +
@), where Fjy and ¢ are the amplitude and the initial phase, @
is the frequency, T = 27/ @ is the period. Under the action of
this external linear force, the variational equation of momen-
tum (6) becomes

p=—Fsin(ot+ @). (13)
Integrating the above formula, we get
K
P=po+50[cos(wt)—cos(p}. (14)

Substituting Eq. (14) into Eq. (8), we can obtain the dynamical
equation of the center-of-mass of the wave packet as follows:

. F 2
O - 0 0 }
= — ot — — . 15
é e = sin {po + —cos cos @ (15)

If the average velocity of the wave packet in a period T is
zero, then the condition will read

/{)Tédtzo.

In fact, when Eq. (16) is satisfied, dynamic localization of the

(16)

wave packet will occur,?!! then the shape of wave packet will
recover after each cycle, that is, there is no dispersion. From
Eq. (16), we can reach

sin (%Cos(pfpo) xJO(%) —0, (17)

where Jo(-) is the first kind of zero-order Bessel function.
When Eq. (17) is satisfied, the resonant frequency of dynamic
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localization @ = @y can be obtained. Setting Jo(Fy/®) = 0,
oy can be approximately provided by @ = Fy/v, where v| ~
2.405, v, & 5.520, etc., are of the zeros of Jo(v). When the
frequency is wy, the wave packet changes periodically in time,
i.e., a stable BOs occurs. Condition (17) is also satisfied in
the case (Fy/®)cos @ — po = n7, that is, the ® = @, = 1;‘;?;‘5 ,
with n being an integer. Here w, depends on the initial mo-

mentum po and the initial phase of the external force ¢, so
the oscillation of the wave packet at @ = w, will accompany
the effective dispersion. Thus the frequency , is not the true
resonant frequency corresponding to dynamic localization. To
distinguish it from @ = @y, we refer to ® = w, as the pseu-
doresonant frequency. When n = 0 and ¢ = 0, the initial mo-
mentum, the external linear force, and the pseudoresonant fre-
quency should satisfy @ = @, = Fy/po. When the values of
po and n are small, @; and w, alternate, that is, a pseudo-
resonance between the two resonances can exist.

In order to confirm the results predicted by the theory, the
parameter values of points A and E in Fig. 2 are selected, and
we perform the direct numerical simulations of Eq. (2). Here,
weset Fp =0.2and ¢ =0, i.e.,

F(t) = Fysin(wt). (18)

Figures 4 (the parameters corresponding point A in Fig. 2
are used) and 5 (the parameters corresponding point E in Fig. 2
are used) show the temporal evolutions for oscillatory mode
of a Gaussian wave packet under different frequencies of the
periodic linear force. Figures 4(a), 4(d), 5(a), and 5(d) show
the evolutions of the wave packet at the resonant frequencies.
At resonant frequencies, the dynamics of wave packets show

—32

0 200 400 0 200

t

strong BOs with larger amplitudes. At the pseudoresonant
frequencies [Figs. 4(b), 4(e), 5(b), and 5(e)], the dispersion
of wave packet occurs and we can see the obvious diffusion.
Figures 4(c), 4(f), 5(c), and 5(f) show the very obvious drift
of the wave packet at non-resonant frequencies. In this case,
Eq. (16) is not satisfied, such as fOT § dr < 0, the average ve-
locity of the wave packet in a period T is negative. Then, the
wave packet can not recover its initial position after each cy-
cle and has a drift towards —m direction. This results in the
drift of the wave packet at non-resonant frequencies. The res-
onance and pseudoresonance frequencies predicted by theory
are proved to be correct by numerical simulations. Comparing
Figs. 4 and 5, it can be clearly seen that due to the dephas-
ing, in Fig. 4 [where the condition (12) is not satisfied], the
wave packet will experience diffusion effect even at resonant
frequencies [Figs. 4(a) and 4(d)]. However, when the condi-
tion (12) is satisfied (Fig. 5), the dispersion effect is signifi-
cant suppression, especially at the pseudoresonant frequencies
[Figs. 5(b) and 5(e)]. Furthermore, comparing the dynamics of
wave packet at the first set of frequencies @, = Fy/Vv; (the first
rows in the Figs. 4 and 5) and the dynamics of wave packet
at the second set of frequencies @y = Fy/v» (the second rows
in the Figs. 4 and 5), we can see that the smaller the modu-
lation frequency is, the more complex the corresponding os-
cillatory mode works. The direction of movement of wave
packet changes more times in an oscillation period. Because
the wave packet oscillates and drags at the same time, the wave
packet drags more slowly at a smaller non-resonant frequency
[Figs. 4(f) and 5(f)]. The dynamics of wave packet is well
controlled by the periodic modulation of the external force.

|am|?
0.00

0.05

0.15

il

400 0 200 400
t

0.20

Fig. 4. Temporal evolutions of Gaussian wave packet: (a) ® = @ = Fyp/v; = 0.0832, (b) ® = @, = Fy/7 = 0.0637, (c) @ = 0.0450,
d) 0 = = Fy/v2 =0.0362, (e) ® = 0, = Fy/2m = 0.0318, (f) @ = 0.0250. The other system parameters are po =0, g = 0.1,

A =0.5,F =0.2,and R = 10.
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—15

0
200 400 0
t

o

w<wy, lam|?
0.00

0.02

IOAOQ

400 0 200 400
t

Fig. 5. Temporal evolutions of Gaussian wave packet: (a) ® = @, = Fp/v; = 0.0832, (b) ® = w, = Fy/7w = 0.0637, (c) @ = 0.0450,
d) 0 =, = Fy/v, =0.0362, (e) ® = ®, = Fy/2m = 0.0318, (f) ® = 0.0250. The other system parameters are po =0, g = 0.1,

A=-1.15F=0.2,and R = 10.

w=wy

(a)

—-30

30

400

W= Wp

30 gy
©)
15
—-20
0 —40
—15 —60
0 200 40

‘2
0.00

w<wn Iam

(c)

—80
0o 0 200 400

Fig. 6. The same as Fig. 5 but with g=0and A = 0.

To further confirm the affect of atomic interactions on
Bloch dynamics with a periodic external force, Fig. 6 shows
the results in a linear case. When the atomic interactions are
absent, the wave packet does persistent Bloch oscillation, and
the diffusion is very weak as the wave packet oscillating and
dragging. Especially, the dispersion effect at the pseudoreso-

nant frequency is significantly suppressed.

6. Conclusion

We provide a model to explore and manipulate the non-

linear Bloch dynamics. Considering both two-body and three-

body interactions, the nonlinear Bloch dynamics of BECs in
deep optical lattices under external linear force is studied ana-
Iytically and numerically. The destruction effects of two-body
and three-body interactions on Bloch dynamics are discussed.
The physical mechanism for maintaining long-lived BOs is
revealed. The atom—atom interactions cause the BOs to be
damped, while the damping rates of the oscillations are dif-
ferent for the two-body interaction and three-body interaction.
Interestingly, when the two-body and three-body interactions
satisfy a certain relationship, the long-lived BOs can be main-
tained. We also discuss the influence of the periodic modula-
tion of the linear force on the Bloch dynamics. Compared with
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the traditional BOs under a static linear force, the dynamic
localization under periodic modulated linear force provides
more ideas for controlling the particle dynamics. We provide
an efficient scheme to explore and manipulate the Bloch dy-
namics in a controllable way.
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