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A redundant-subspace-weighting (RSW)-based approach is proposed to enhance the frequency stability on a time
scale of a clock ensemble. In this method, multiple overlapping subspaces are constructed in the clock ensemble, and the
weight of each clock in this ensemble is defined by using the spatial covariance matrix. The superimposition average of
covariances in different subspaces reduces the correlations between clocks in the same laboratory to some extent. After
optimizing the parameters of this weighting procedure, the frequency stabilities of virtual clock ensembles are significantly

improved in most cases.
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1. Introduction

Accurate and stable time and frequency standards are re-
quired in various fields, including satellite navigation, commu-
nication engineering, and geographic information science.!! 3!
Ensembles of atomic clocks are widely used to maintain their

2451 The ensemble time scale

performances on a time scale. !
plays a major role in time laboratories because it acts as a ro-
bust reference in measurements. 081 Usually, the noise char-
acteristics of different atomic clocks are assumed to be inde-

9-11 With the increasing demand for

pendent of each other.!
high-precision time services, this assumption should be care-
fully reconsidered and revised.

It is generally acknowledged that the frequency character-
istics of atomic clocks are easily affected by laboratory envi-
ronmental factors, such as temperature, humidity, and mag-
netic fields, owing to the presence of electrical and optical
devices. Output frequency signals generated in similar en-
There-

fore, certain correlations arise between the atomic clocks in

vironments inevitably contain similar fluctuations.

an ensemble, particularly for multiple clocks in the same

y.112-14] The existence of such correlations has led re-

laborator
searchers to explore how their effects on time-keeping can be
weakened or eliminated.!'>"'# An intuitive method is to use
a high-performance atomic clock as a reference. The perfor-
mance of this kind of clock is generally three times (and can
be up to 10 times) that of other atomic clocks. However, this
solution requires a new atomic clock, resulting in extra high
costs. Furthermore, when laboratory clocks are replaced with
high-performance atomic clocks, the problem of correlations
between clocks still occurs. An alternative solution is to make

a remote comparison among three or more time-keeping lab-
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oratories by using optical-fiber connection. This approach is
also very expensive and the maintaining of optical fiber equip-
ment and signal acquisition technology also causes additional
economic burdens. Obviously, a simpler and cheaper method
is needed to correct correlations between clock signals.

A covariance matrix intrinsically reflects correlations be-
tween measured data, and it is an improved strategy to un-
dermine correlations that elements on off-diagonal line of the
covariance matrix are reduced and elements on diagonal are
enhanced. In this study, atomic clocks used to produce a clock
ensemble time scale are numbered and combined into several
overlapping subsets. For each clock subset, a series of sub-
spaces is generated by a sliding overlapped window applied
to the clock output signals. The average covariance matrix of
the clock subset signals in the window is used as a modified
covariance matrix to calculate weights for the clock ensem-
ble time scale. The proposed method reduces the influence
of correlations between atomic clocks by using this modified
covariance matrix generated by the redundant subspace of the
clocks’ output signals. There are no external requirements for
improving the frequency stability of the clock ensemble time
scale.

2. Methods
2.1. Motivation

The weight-and-sum (WAS) method is a simple but
powerful technique used to join atomic clocks in a clock

5151 The residuals of these clocks, relative to a ref-

ensemble. |
erence clock, are directly weighted and summed such that the

clock ensemble time scale coming from different clocks is re-
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inforced with respect to noise. In theory, the frequency stabil-
ity of the clock ensemble time scale should outperform that of
any single atomic clock in the ensemble. The general defini-
tion of a WAS for the ensemble time scale is

M-1
2()="Y wi(t)xi(), (1)
i=0

where z(¢) is the output of the clock ensemble time scale, M is
the number of clocks, and w; (f) and x; (¢) are the weight and
residual relative to the reference of the i-th clock, respectively.
The weights are used to control the suppression of off-axis in-
terference. In matrix form, equation (1) can be written as

2(t)=w(t)'X (1), 2)

where wT = [wq (t)wy (¢)---war—1 ()], wis a column vector of
weights, T represents a transpose, and

xo(t)
X(t) _ xl.(t)
fo‘l(t)

Given that the residuals are time-dependent random variables,
an adaptive weight strategy known as the minimum variance
weighting (MVW) approach is used.!>!'®! This method in-
volves finding the weight w that minimizes the variance of z(t)
in Eq. (2). The variance of the WAS output for the clock en-
semble time scale in Eq. (2) can be expressed as

E{lz(0)P} = E{w(t) X(0)} =w(@®)'R(O)w(®), ()

where R = E{X(t)X ()"} is the spatial covariance matrix.
The minimum variance optimization can be formulated as

minw (1)'R (1) w (1), “)

subject to wla = 1, where o is a unit vector, a = [1, 1,..., I]T,
which represents the distribution of all clocks in the clock en-
semble. The solution of Eq. (4) is

Rt 'a
N )

5
oTR(t) o ©)

where R (1) is the inverse matrix of R (¢). If there are no cor-
relations between the measurements, R (¢) is a simple diagonal
matrix and the weights are simply given by

ri (1)

Mot
Y ori (1)
i=0

wi(t) = (6)

where w; is the weight of the i-th clock and r;; ' (¢) is the re-
ciprocal of the i-th clock’s variance. In the traditional method,
r;;' () is the reciprocal of the i-th clock’s Allan deviation in-
stead of the clock’s variance in a sample window. However,

when the residuals are correlated, this approach is no longer
accurate. The correlations can lead to a cancellation of the
residuals in the MVW method.!'? In this case, the contribu-
tion of the clock ensemble time scale is underestimated. Obvi-
ously, R(¢) is the key to resolving the correlations. The aim is
to modify R (¢) to make it more like a diagonal matrix, where
the correlations between atomic clocks can be effectively sup-
pressed or eliminated. the details of which are discussed in the
following subsection.

2.2. Redundant subspace

Theoretically, the ideal covariance matrix is a positive-
definite diagonal matrix, and the most troublesome one is neg-
ative values for non-diagonal elements. In the latter case, it is
difficult to eliminate the correlations in the covariance matrix.
On the one hand, it is easy to understand that the greater the
number of clocks, the more likely it is that there are negative
terms in the covariance matrix. On the other hand, the cor-
relation between any two clocks is negative, which is incon-
sistent with actual observations. Therefore, a redundant sub-
space weighting (RSW) procedure is proposed to use overlap-
ping clock subsets to obtain multiple smaller-sized covariance
matrices, thereby reducing the possibility of negative values.
Averaging the multiple covariance matrices helps each non-
diagonal element converge to a non-negative expected value.

Each clock subset defines a subspace, and each of the
overlapping subsets constitutes a series of redundant subspace.
The proposed operation for residuals from the clocks, de-
scribed in Refs. [17,18], is similar to the first step in the WAS
approach. The discrete vector is in the form of

Xi=| .| @

XM—1 [n]

This estimation can be expressed in a vector form as
2(n) =w' [l X [n], ®)

where w [n] = [wo [n]wy [n]---wpy—1 [n]]. Tt should be noted
that the weights are also time-dependent. In this work, the true
covariance matrix is replaced with an estimate of the average
form

Rl = L X0 T ), ©)

where N is the number of clock subsets. Each subset repre-
sents a subspace of the original residual vector space and X; [n]
is the I-th subset. X; [n] is given by

x; [n]

Xi41[n]

X] [I’l] = : P (10)

Xi41-1[n]
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where L denotes the size of a subset.

The residual statistics are time-independent, and tempo-
ral samples in a moving overlapped window can be used to
calculate covariance based on the ergodic hypothesis:

xi[n] =x[n—K)--x[n]---x[n+K]], (11)

which means that the window size is 2K + 1 temporal samples
for each subspace. Defining N =M — L+ 1, a schematic di-
agram is shown in Fig. 1. A sliding window is applied to all
clocks, and overlapping subsets define a series of redundant
subspace. Each subspace is an L x Q sample matrix that is
used to calculate an L x L covariance matrix.

Readings of hydrogen masers relative to reference

HM, I t
' |
HM, | I
| Sampling window
: |
| Moving I
HM, | I
Y _ __ ]
Window size: Q = 2K+1
Redundant-subspace of hydrogen masers
Subset 1 Subset 2 Subset N
HMy, HM;, ... HM, HM;, HM,, ... HM,, HMirz2, HMprp.1, ... HMyzg

Covariance
matrix

Covariance
matrix

X1, X2, - X[+1 ‘

Covariance

matrix ‘ XM-L-1, XM-L, = XM-1 ‘

|

~— —J L /

Mean of
all L*L covariance
matrixs

A 4

Weights of N sub-clock sets

\ 4

Clock ensemble time scale

Combining N subsets to clock ensemble time scale

Fig. 1. RSW method outline.

The general estimation of the covariance matrix with all
clock subsets is the average of all covariance matrices as fol-
lows:

1 M—-L

K —
R[n) = m/{;{{ l;) Xin—k X[ [n—k], (12)

Xi[n) = % [n] - Fpapi [n]]" (13)

Here, %, [n] = x; [1], and using R [n] = R[n] in Eq. (2), the esti-
mate for the total set as the average over the subsets is

1

M-L
A T g

=— X [n]. 14
)= gy L vl Xl (14)
It is important to note that although the covariance matrix and
w|n] are estimated from residuals indexed asn—K,...,n+K,
the amplitude estimate depends only on the instantaneous ob-

servation of the residual indexed as n.

In addition to overlapping samples used in Egs. (13) and
(14), what is more important is the overlapping atomic clocks
and the clock ensemble time scale Z[n] obtained by weighted
average according to w[n]. In other words, there are the
number of averaging operations in the samples and the num-
ber of averaging operations in clocks, and R[n] is a semi-
positive-definite matrix closer to an approximate diagonal ma-
trix, which can be used to suppress or eliminate the correla-
tions described previously.

2.3. Diagonal loading

An additional parameter can be introduced into Eq. (12)
to improve the stability of the calculation, and the associated
robust methods belong to the class of diagonal-loading tech-
nique. In diagonal loading, a small term is added to the di-
agonal of the covariance matrix in Eq. (12) before inversion,
i.e., R[n] is replaced with R[n] +¢€l, as can be seen by insert-
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ing a diagonal matrix into Eq. (12). The R [n] then becomes
a positive-definite matrix. In many cases, diagonal loading is
not necessary because R [n] is already a positive-definite ma-
trix. For the stability of the numerical calculation, it is seen
empirically that € in the diagonal loading is proportional to
the trace of R [n] and given by

14
e:ztr{R[n]}, (15)

where L is the dimension of R [n]. Consequently, € is propor-
tional to the average variance of the clock subset residuals.

3. Performance evaluation

Frequency stability is the key objective of a clock en-
semble time scale!!!"1%2%] and is used to evaluate the perfor-
mances of different weighting methods. To compare the pro-
posed technique with the classic MVW method, simulations
were performed following the method described in Ref. [14].

3.1. Simulated clocks

As shown in Ref. [14], the readings from atomic clocks
can be modeled as

1

x(1) = xo+y~t+§d-t2—|-u1 W (1)
t

e /0 Wi (s) ds, (16)

where x and y are the phase time and fractional frequency
of the clock, respectively, d represents the frequency drift of

the clock, W; and W, correspond to two independent, one-
dimensional standard Wiener processes (standard Brownian
motion). The values of W; and W, can be derived by using

wi(t) =w} (0)+N (0,5,-12-t;0,t) for W},
w2 (£) = w2 (0) + N (075i22-t;0,t) for W2.

The two terms containing these quantities represent different
types of noise. Whereas ; - W; () corresponds to white fre-
quency modulation (WFM) noise, and i - [; W2 (s) ds repre-
sents random walk frequency modulation (RWFM) noise. The
constants (; and u, are diffusion coefficients and provide the
intensity of each noise type. The default values of these pa-
rameters are listed in Table 1. Here, we ignore the effect of
correlations between clocks on clock frequency drift or aging.
The fractional frequency, y, of a clock with environmental in-
fluence is given by

ox(t+1)—x(1)

y(t) = +S8st- [T (1) =T (0)]

drT (v)
dt
+Su-[H (1) —H(0)],

+Su-[M (1) = M (0)]

+Spr*
(I7)

where x is the original phase time of the clock; 7 is the time
interval, which is set to 1 s; 7, M, and H are the temperature,
magnetic field, and relative humidity of the ambient environ-
ment of the clock, respectively.

Table 1. Typical values of parameters related to Wiener processes, noise, and environmental sensitivities.

Name Parameter Typical value
Initial phase time of each clock i X0 0
Initial fractional frequency of each clock i y 1.0x 10714
Frequency drift or aging of each clock i d 0
“Speed” of the Brownian motion Wl-l 5l-l
“Speed” of the Brownian motion W? 87 3
Diffusion coefficients of frequency modulation noise I 8.8 x 10714
Diffusion coefficients of random walk frequency modulation noise 153 5.6x 10718
Static temperature SsT —5%x10715 /°C
Dynamic temperature Spr —1x1071/(eC-s71)
Magnetic field Sm 8 x 10716 /uT
Relative humidity Su 2% 10’16/%
(a) HM relative to another (b).\ HM relative to another
10-13 BN uncorrelated HM | = 10-13 correlated HM ]
g N 2 I\
= =
2 4 g i
; g
4 4 4
= <
5 =
< 1p-14 \i ; 12 I 10-14 !\I E’%\f/{ i
— \}/
102 103 104 10° 106 102 103 104 10° 106

Averaging time (s)

Averaging time (s)

Fig. 2. Frequency stabilities of simulated HMs. (a) Allan deviation of HM relative to another uncorrelated HM (HM-1 relative to HM-20 as a
reference). (b) Allan deviation of HM relative to another correlated HM (HM-2 relative to HM-1 as a reference).
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Twenty hydrogen masers (HMs) were simulated accord-
ing to Eq. (16). Then, 10 of these clocks (HM-1 to HM-10;
group 1) were further modeled according to Eq. (17), on the
assumption that they are in the same environment or have some
correlation between them. All the simulation parameters in
Egs. (16) and (17) are listed in Table 1. The remainders of
the clocks (HM-11 to HM-20; group 2) were modeled without
any environmental parameters and, therefore, were uncorre-
lated with each other. Here, to match a realistic situation, the
simulated data were sampled every 5 min. Figure 2 shows
the frequency stability of a simulated clock relative to another
HM, expressed by using the Allan deviation. The reference
HM was either uncorrelated or correlated to the HM measure-
ment. The rest of the clocks show similar performance because
the differences in the simulation parameters were minor.

3.2. Clock ensemble

The proposed technique was applied to three ensembles
of the simulated atomic clocks described in the previous sub-
section. The first ensemble A was relatively small and con-
tained six clocks: three correlated clocks are group 1 and three
uncorrelated clocks from group 2. The second ensemble B was
intermediate in size and consisted of 10 clocks: five correlated
clocks are from group 1 and five uncorrelated clocks from
group 2. Finally, the third ensemble C was relatively large
and contained 20 clocks: 10 correlated clocks are from group
1 and 10 uncorrelated clocks from group 2. When a subset of
clocks was collected, the first clock in the subset was treated
as a reference. Therefore, there were two scenarios: one was
that the reference was a correlated clock and the other was that
it was an uncorrelated clock. Experiments were conducted on
all three ensembles for both scenarios and, therefore, on all six
possibilities.

In the proposed method, the clocks are divided into sub-
sets, and a sliding window traverses the data in steps and as-
signs weights to the data for each clock for estimation. Some
key parameters, such as the number of subsets and the length
and step size of the sliding window, could affect the results.
Here, we used a consistent sampling interval of 5 min. There-
fore, different combinations of parameter values were tested
and tuned to better understand the approach.

3.2.1. Relatively small ensemble of six clocks

Using HM 4, to HMue and taking the correlated clock
HM,; as a reference, the classic inverse-variance weighting
method is oftensuperior to the proposed technique most of the
time (see Fig. 3). However, using HM4; to HMyus and tak-
ing the uncorrelated clock HM ¢ as a reference, the proposed
technique with N = 3 clock subsets outperforms the MVW
method when taking the uncorrelated clock as a reference and
when 7 > 3.8 x 10* s as shown in Fig. 4.

10-13 T T T T
() S
: \ -
Q
e
B \ ]
£ 10 \
E
:C‘ —— MVW method
—o— RSW method with b
3 sub-clock sets
10-15 -
0 102 103 104 105 106
Averaging time (s)
10-13 : : : :
(B) e
- \.\l i
Q
=
g l\!\ ]
,.g 1014 \;\f(
= ]
<
i —a— MVW method
—— RSW method with g
3 sub-clock sets
10-15
102 103 104 105 106

Averaging time (s)

Fig. 3. Allan deviation of weighted HM» to HM g, relative to the cor-
related reference HMp, for different lengths of sliding window. RSW
with N = 3 clock subsets. (a) Window size Q = 55 min (11 sample
points). (b) Window size Q = 305 min (61 sample points).

10-13 _ ' ' '
(a) e
: \\.\ -
o
2
ks N 1
g 10-u i
- J
= —=— MVW metho
< —— RSW method with \ = |
3 sub-clock sets
~15
1075 02 10° 10 10° 10°
Averaging time (s)
1013 T T T T
(b)
g \\.\ -
o
2
8 )
> ]
S 101 4
o
© it ]
= —=— MVW method
< —e— RSW method with =7 |
3 sub-clock sets

10-15
102 103 104 105 106
Averaging time (s)

Fig. 4. Allan deviation of weighted HMa; to HMjys, relative to an
uncorrelated reference HM g, for different lengths of sliding window.
RSW with N =3 clock subsets. (a) Window size Q = 55 min (11 sample
points). (b) Window size Q = 305 min (61 sample points).

The average performance improvement for different com-
binations of window sizes and for different reference groups
were calculated and compared. Ten different sets of atomic
clocks were randomly and independently generated to calcu-
late the average performance improvement (API), which is
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given as follows:

i deVMVW TJ) — adevrsw (Tj)

- adevmvw (7;)

API = , (18)

where adevpvw (7;) and adevrsw(T;) are the Allan deviations
of the classic inverse-variance weighted method and the pro-
posed technique, respectively. The improvements for all pos-
sible T values were then averaged and the amount of T was
represented by J. This improvement was calculated for two
different window sizes, Q = 55 min and Q = 305 min.
During several experiments, when the window size Q de-
creases, there was often a higher average performance im-
provement and standard deviation of this improvement. The
performance improvement was also greater when taking an un-
correlated clock as the reference instead of a correlated clock.
When taking a correlated reference clock, the average perfor-
mance improvement values were —3.71% and —6.01%, re-
spectively, for window sizes of Q = 55 min and Q = 305 min.
Meanwhile, the average performance improvement reached
3.66% and 2.25% for an uncorrelated reference clock for the

same window sizes.

3.2.2. Intermediate ensemble of 10 clocks

Figure 5 shows the Allan deviation of 10 weighted HMs.
Here we discuss the influence of a different number of clock
subsets N on the performance of the method. The proposed

10-13 T T T T
——MVW method
(a) —o—RSW method with
7 sub-clock sets T

—4—RSW method with
5 sub-clock sets

ANt
A

102 103 10% 105 106
Averaging time (s)

10—13 T T T T
(b) ——MVW method

—o— RSW method with

7 sub-clock sets

—4—RSW method with
5 sub-clock sets

N A
N1

102 103 10 10° 106
Averaging time (s)

Allan deviation

10714

10—14

Allan deviation

Fig. 5. Allan deviation of weighted HMp; to HMpg relative to an uncor-
related reference HMp for different lengths of sliding window. RSW
with N = 7 clock subsets (red line), N = 5 subsets (blue line). (a) Win-
dow size Q = 55 min (11 sample points). (b) Window size Q = 305 min
(61 sample points).

technique tends to outperform the MVW method when 7 >
3.8 x 10* s, with a window size of Q = 55 min or Q = 305 min
for both N =7 and N = 5, and when taking an uncorrelated
HM as the reference. The average performance improvement
is compared for different reference groups, window sizes, and
numbers of subsets. The average performance improvement
reached 1.86% when T > 3.8 x 10* s

3.2.3. Relatively large ensemble of 20 clocks

Figure 6 presents the Allan deviations of 20 weighted
HMs. The proposed technique outperforms the classic inverse-
variance weighted method most of the time when 7 > 3.8 x
10* s for window sizes Q = 55 min and Q = 305 min. The
average performance improvements are compared for differ-
ent reference groups, window sizes, and numbers of subsets.
When Q = 55 min and N = 10, the average performance im-
provement is 1.65%. The performance differences fall within
0.5% for other parameter combinations.

10-13 T T T T

\ (a)
o \.\' J
Q

e
8 I\I\
>
—14
_g 10
o —#—MVW metho
é} —— RSW method! with
< 15 sub-clock sets
—4—RSW method with
10 sub-clock sets
10-15 -
102 103 104 105 106
Averaging time (s)
10-13 . . . .

\ (b)
~ ]
Q
3
é 10-14 ’\!\
= —#—MVW method \ -
g —— RSW method with
< 15 sub-clock sets l

—A—RSW method with
10 sub-clock sets
10-15 —
102 103 104 10° 106

Averaging time (s)

Fig. 6. Allan deviations of weighted HM¢; to HMcj9 relative to
an uncorrelated reference HMcyo for different lengths of sliding win-
dow. RSW with N = 15 subsets (red line), N = 10 subsets (blue line).
(a) Window size Q = 55 min (11 sample points). (b) Window size
Q =305 min (61 sample points).

From Subsection 3.2.1 to Subsection 3.2.3, it is a certain
that the local environment is one of the main reasons affect-
ing the performance of the clock ensemble time scale. Firstly,
over a relatively small-time scale (Q chosen from [55 min,
305 min]), the influence of the local environment can be re-
garded as constant, thereby resulting in an interval correlation
between clocks lasting several hours. When time moves to the
next period, the local environment itself changed such as the
alternation of day and night. In the next period, the clock en-
semble time scale also moves to another state, resulting in the
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interval correlations for another period. Therefore, Q in each
relatively small period is reasonable to eliminate part of the
correlations between multiple clocks. On the contrary, if the
time interval is large (such as a few days or longer), correla-
tions could become nonlinear and difficult to be represented
by the covariance matrix, because the influence of the envi-
ronment on the clocks themselves will produce a small time or
phase shift. Secondly, it can be seen in Figs. 5 and 6 that the
stability of the clock ensemble controlled by the RSW method
is better than by the MVW method when 7 > 3.8 x 10* s, and
this performance is shown under the condition of different sub-
sets in the clock ensemble. In the case of a large number of
subsets, the frequency stabilities for some averaging time have
slight fluctuations due to greater uncertainty.

4. Discussion

The above section describes in detail a method of using
redundant subspace to address the inaccurate estimation of
time scales caused by correlations in atomic clock ensembles.
Given the simulated clock residuals, the influences of choos-
ing different combinations of clock subsets, reference clocks,
numbers of subsets, and other parameters on the results are
now discussed and analyzed.

Overall, when an irrelevant clock is selected as a ref-
erence for the time scale, the present technique provides an
improvement over the conventional method based on Eq. (6).
This advantage could be increased and made more stable with
the selection of more suitable values of parameters including
the number of clocks, the number of subsets, and the window
step size. On the contrary, the details of the relevant clock
selected as a reference for the time scale are also shown and
compared with MVW in Subsection 3.2.1. Theoretically, such
a comparison is meaningless because it could not give actual
Allan deviations due to the correlation between the HMs. As
proof of concept, the simulation study is to prove that such an
operation will not bring any improvement in frequency stabil-
ity.

Compared with classic MVW method, RSW shows an
average performance improvement in frequency stability rel-
ative to averaging time that exceeding 10* s. Although the
RSW herein shows only slight improvement in the simulation
clocks’ data in long term, it is highly compatible with the cor-
relation according to simulation conditions in Ref. [14].

The limitation of RSW is that the covariance matrix based
on simulation clocks’ data cannot directly reflect the correla-
tions in short-term due to the fixed conditions (for example,
magnetic field parameters, temperature parameters, humidity
parameters). As mentioned in Subsection 2.3, € theoretically
is equivalent to adding an extra white noise into the data. For
the simulation data, the Allan deviation does not differ by

added &, whose value is always small and substantially un-
changed because of the fixed simulated parameters in Table 1.
When correlation clocks are used as reference clocks, changes
in the clock itself will affect the entire clock group, while when
uncorrelation clocks are used as reference clocks, the factors
affecting the clock group are usually only related to the en-
vironment. And different reference clocks (whether they are
correlation clocks or uncorrelation clocks) introduce different
noise and have different effects on the results. In addition, the
proportion of irrelevant clocks in clock ensemble determines
the limitation of RSW performance improvement from theo-
retical view. If most of the clocks are irrelevant, the correla-
tions among the clocks could be weakened due to the related
clocks being rare and their influence on the covariance matrix
being negligible. In other words, this does not affect the appli-
cation of the conventional method to an ensemble with a few
relevant clocks. As mentioned above, according to simulation
conditions, half the proportion of related clocks in an ensemble
may be an acceptable boundary value for using the proposed
method. There are no more experiments on simulation data,
such as adjusting proportion of related clocks, to demonstrate
higher performance improvement of the proposed method, be-
cause this is not much meaningful for practical applications.

In the actual usage scenario, all clocks are generally
housed in the same environment, which allows them to be re-
lated in theory. On the other hand, the physical environment
of each laboratory is always different, and there is no reason
to think that simulated conditions can be equivalent to spe-
cific real environmental conditions. Such differences dictate
that correlation between clocks depends on real environmen-
tal conditions, which may be manifested in both the long and
short term.

The RSW is definitely effective for a clock ensemble with
short term correlation. If the correlation between clocks is pre-
dominantly manifested in long term, effectiveness of the pro-
posed method depends on the noise introduced by the method
itself, the noise brought by correlation, and complexity of real
environmental conditions.

5. Conclusions

A technique has been presented to partially eliminate the
correlations in an ensemble of atomic clocks and improve the
frequency stability of the clock ensemble time scale by using
a redundant subspace method. By selecting appropriate pa-
rameters of RSW method, it is found that in most cases, the
frequency stability can be significantly improved compared
with the MVW method. Through the superimposition aver-
age of different subspace covariance matrices, the redundant
subspace approach is shown to partially reduce the influence
of the correlations between atomic clocks induced by the local
environment on the frequency stability of the clock ensemble
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time scale. Experimental verification is achieved for virtual
clock ensembles. The results show that the proposed technique
can reduce the frequency instability of the clock ensemble time
scale for a certain proportion of related clock sets.
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