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As a branch of quantum image processing, quantum image scaling has been widely studied. However, most of the
existing quantum image scaling algorithms are based on nearest-neighbor interpolation and bilinear interpolation, the quan-
tum version of bicubic interpolation has not yet been studied. In this work, we present the first quantum image scaling
scheme for bicubic interpolation based on the novel enhanced quantum representation (NEQR). Our scheme can realize
synchronous enlargement and reduction of the image with the size of 2n× 2n by integral multiple. Firstly, the image is
represented by NEQR and the original image coordinates are obtained through multiple CNOT modules. Then, 16 neigh-
borhood pixels are obtained by quantum operation circuits, and the corresponding weights of these pixels are calculated by
quantum arithmetic modules. Finally, a quantum matrix operation, instead of a classical convolution operation, is used to
realize the sum of convolution of these pixels. Through simulation experiments and complexity analysis, we demonstrate
that our scheme achieves exponential speedup over the classical bicubic interpolation algorithm, and has better effect than
the quantum version of bilinear interpolation.

Keywords: quantum image processing, image scaling, bicubic interpolation, quantum circuit
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1. Introduction
Quantum computing[1] is a novel computing paradigm

proposed by Feynman in 1982, which utilizes the principles of
quantum mechanics and exploits quantum superposition, en-
tanglement, and coherence to achieve quantum parallel com-
puting. Quantum computing has shown remarkable advan-
tages over classical computing in some areas. In 1994, Shor
proposed a quantum integer factorization algorithm[2] that can
crack the widely used RSA encryption scheme in polynomial
time. In 1996, Grover proposed a quantum search algorithm[3]

that brings a second acceleration to unstructured data search.
It can be seen that the powerful parallel computing power of
quantum computing far exceeds that of classical computers.

Quantum image processing (QImP) is an emerging dis-
cipline that combines mathematics, computer science, and
graphics to address two issues: quantum image representation
(QImR) and quantum image processing algorithms. Storing
classical computing images in a quantum computer is known
as quantum image representation. In 2003, Venegas-Andraca
and Bose[4] proposed the qubit lattice representation method,
which is similar to classical methods in that images are stored
as matrices and each qubit stores only one pixel. This is
the first attempt at quantum image characterization. Then,
The real ket representation method using quantum superpo-
sition states for storage was proposed by Latorre[5] in 2005.

In 2011, Le et al.[6] proposed a flexible quantum image rep-
resentation (FRQI), which stores color information as angles
and coordinate information in an n-qubit sequence. In 2013,
Zhang et al.[7] proposed a new enhanced quantum represen-
tation (NEQR), it stores grayscale information in qubits as bi-
nary strings. Although more qubits are used, NEQR solves the
problem of FRQI’s inability to accurately measure grayscale
information within a finite number of times and is convenient
for color operation. However, NEQR can only store square
images of size 2n × 2n, and to address this issue, Jiang and
Wang[8] proposed an improved new enhanced quantum repre-
sentation (INEQR) in 2015, which can store non-square im-
age of size 2n1 × 2n2 . In the same year, Jiang et al.[9] further
proposed a generalized quantum image representation (GQIR)
that can represent images of arbitrary size.

On the basis of the quantum image representation,
many quantum image processing algorithms have been
proposed, such as geometric transformation,[10] image
scaling,[8,9,11–18] edge detection,[19] image filtering,[20] image
watermarking,[21] feature extraction,[22] and image segmenta-
tion.[23] Among them, image scaling is one of the most com-
monly used and basic operations in image processing, which
can adjust the size of digital image. Interpolation methods
are used to create new pixels when scaling up images or to
delete redundant pixels when scaling down images. Com-
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mon interpolation methods include nearest-neighbor interpo-
lation, bilinear interpolation and bicubic interpolation.[24] So
far, nearest-neighbor interpolation and bilinear interpolation
are mainly used to achieve quantum image scaling. In 2015,
Jiang and Wang[8] proposed an integer ratio scaling circuit
based on INEQR and nearest-neighbor interpolation, which is
the first quantum image processing algorithm that can change
the size of an image. In the same year, they also proposed an
integer ratio scaling circuit based on GQIR.[9] In 2017, Zhou
et al.[12] improved FRQI and proposed a nearest-neighbor in-
terpolation circuit for color images, and Zhou et al. first imple-
mented bilinear interpolation based on NEQR.[13] Therefore,
quantum image scaling algorithms based on bilinear interpo-
lation have been widely used[14–18] in recent years. However,
no quantum image scaling algorithm based on bicubic interpo-
lation has been proposed yet. In this work, a bicubic interpo-
lation algorithm is proposed based on NEQR for the first time
to fill the gap in its quantum version. This algorithm enables
integer multiple scaling of square quantum images with su-
perior visual fidelity over quantum bilinear interpolation, and
achieves an exponential advantage over classical cubic convo-
lution interpolation in terms of computational complexity.

The rest of this paper is organized as follows. In Sec-
tion 2, the theoretical basis is introduced. In Section 3 the
relevant quantum modules are presented, and the complete im-
age scaling circuit design using bicubic interpolation is given
in Section 4. In Section 5 the complexity of the entire circuit
is analyzed and comparisons are made. In Section 6 the sim-
ulation experiment is carried out and the experimental results
are analyzed. Finally, some conclusions are drawn from the
present study and future work is also mentioned in Section 7.

2. Theoretical basis
This section mainly introduces the theoretical back-

ground of our work, including the quantum image represen-
tation method, the bicubic interpolation algorithm used, and
the adaptations for the quantum version.

2.1. Novel enhanced quantum representation (NEQR)

In 2013, Zhang et al.[7] proposed the NEOR for an image
of size 2n× 2n, with a grayscale range of 2q. The NEQR is
described as follows:

|I〉= 1
2n

2n−1

∑
Y=0

2n−1

∑
X=0
| f (Y,X)〉|Y X〉= 1

2n

2n−1

∑
Y=0

2n−1

∑
X=0
⊗q−1

i=0 |c
i
Y X 〉|Y X〉,

(1)

where

f (Y,X) ∈ {0,1, . . . ,2q−1};
|cY X 〉= |c0

Y X c1
Y X . . .cq−1

Y X 〉, ci
Y X ∈ {0,1}, (2)

|Y X〉= |Y 〉|X〉= |y0y1 . . .yn−1〉|x0x1 . . .xn−1〉;
yi,xi ∈ {0,1}. (3)

The | f (Y,X)〉 is the grayscale information, with q qubits, and
|Y,X〉 is the position information, with 2n qubits. The NEQR
requires q+ 2n qubits to represent all the image information.
Figure 1 shows a grayscale image of size 2× 2 with a pixel
grayscale range of 255 and its corresponding quantum expres-
sion. It requires 8 qubits to represent the grayscale information
and 2 qubits to represent the position information.





/     
⇁↼>Ä>⇁>Ä>

I>/    ↼>Ä>⇁>Ä>⇁>Ä>⇁>Ä>↽



( ( ↼>Ä>⇁>Ä>

Fig. 1. An example of 2×2 image and its NEQR.

2.2. Cubic convolution interpolation

In classical image processing, bicubic interpolation is one
of the most commonly used interpolation methods. Compar-
ing with nearest-neighbor interpolation and bilinear interpo-
lation, the image effect obtained by bicubic interpolation is
good, but the time complexity of the algorithm also increases
correspondingly. The bicubic interpolation method used in
this work is based on the cubic convolution interpolation in
Ref. [24], which is the most commonly used image scaling
algorithm.

In cubic convolution interpolation, the interpolation in the
vertical dimension and in the horizontal dimension can be sep-
arated. The interpolation function can be decomposed as fol-
lows:

I′ = S(I,rx,ry) = Sy(Sx(I,rx),ry) = Sx(Sy(I,ry),rx), (4)

where I′ is the interpolated image, S is the scaling function, I
is the original image, and ry and rx are the vertical scaling ratio
and horizontal scaling ratio, respectively. The function S can
be decomposed into Sy and Sx, which are the vertical scaling
function and horizontal scaling function. The principles of Sy

and Sx are exactly the same and can be interchanged. There-
fore, no matter which dimension the interpolation function is
performed in first, the final interpolated image result is exactly
the same.

In the interpolation process of image scaling, for an orig-
inal image I of size H×W and an interpolated image I′ of size
H ′×W ′, the correspondence between the coordinates of the
interpolated image (Y ′,X ′) and the coordinates of the original
image (Y,X) is shown in Eqs. (5) and Fig. 2. By mapping to
the original image coordinates, the corresponding 16 neigh-
borhood pixel values can be obtained as shown in Eq. (7).

X =

⌊
X ′× W

W ′

⌋
, Y =

⌊
Y ′× H

H ′

⌋
, (5)

w =
W
W ′

X ′−X , h =
H
H ′

Y ′−Y, (6)
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𝐵 =


f (Y −1,X−1) f (Y −1,X) f (Y −1,X +1) f (Y −1,X +2)

f (Y,X−1) f (Y,X) f (Y,X +1) f (Y,X +2)
f (Y +1,X−1) f (Y +1,X) f (Y +1,X +1) f (Y +1,X +2)
f (Y +2,X−1) f (Y +2,X) f (Y +2,X +1) f (Y +2,X +2)

 . (7)

We define matrices 𝐴 and 𝐶 as the vertical scaling func-
tion matrix and horizontal scaling function matrix respectively,
as shown in below:

𝐴= [S(1+h),S(h),S(1−h),S(2−h)], (8)

𝐶 = [S(1+w),S(w),S(1−w),S(2−w)]T, (9)

The pixel value in (Y ′,X ′) of the interpolated image can
be expressed as follows:

f ′(Y ′,X ′) =𝐴 ·𝐵 ·𝐶 =
2

∑
i=−1

2

∑
j=−1

(Y + i,X + j)

×S(|i−h|)S(| j−w|). (10)

According to Ref. [24], the convolution kernel of the cubic
convolution function is shown below:

S (x) =


1− (a+3)x2 +(a+2)|x|3, 0≤ |x| ≤ 1,
−4a+8a|x|−5ax2 +a|x|3, 1 < |x| ≤ 2,
0, 2 < |x|.

(11)

In image processing, a is often taken as −0.5. At this
time, the convolution kernel of the cubic convolution function
can be transformed into Eq. (12), and the corresponding func-
tion graph is shown in Fig. 2. The corresponding weight matri-
ces 𝐴 and 𝐶 in the y direction and x direction can be obtained
through this convolution kernel formula. Substituting 𝐴 and
𝐶 into Eq. (10), the pixel values of the interpolated image can
be obtained as follows:

S(x) =


1− 5

2
x2 +

3
2
|x|3, 0≤ |x| ≤ 1,

2−4|x|+ 5
2

x2− 1
2
|x|3, 1 < |x| ≤ 2,

0, 2 < |x|.

(12)

X↩

Y↩

Y⇁
↼Y⇁↪X↽

↼Y↪X⇁↽

↼Y⇁↪X⇁↽

↼Y↪X↽

↼Y ′↪X′↽

Y⇁

Y

X⇁ X⇁X

h
w

Fig. 2. Mapping relationship and neighborhood pixels of coordinates in
two images.

2.3. Preparation of quantum image processing algorithm
based on NEQR

Since the quantum image representation used in this paper
is NEQR, which can only represent square images, and most
quantum reversible circuits currently only support positive in-
teger operations. In order to facilitate the implementation of
the quantum bicubic interpolation, it is necessary to transform
the above formula in Subsection 2.2 so that the quantum image
scaling circuit can be implemented using quantum reversible
circuits.

For an original image I of size 2n × 2n, the size of the
interpolated image is 2n+m×2n+m. Obviously, the scaling ra-
tio is 2m. The coordinate mapping relation between the in-
terpolated image and the original image can be derived from
Eqs. (5) and (6) as follows:

X =

⌊
X ′

2m

⌋
, Y =

⌊
Y ′

2m

⌋
, (13)

w =
X ′

2m −X , h =
Y ′

2m −Y. (14)

Next, we consider the negative numbers that will appear in the
calculation process, and transform the formula to make the fi-
nal result the same. The pixel values in matrix 𝐵 must be pos-
itive integers. According to Fig. 3, if x ∈ (1,2), then S(x)< 0,
that is, the values of 𝐴[0,0], 𝐴[0,3], 𝐶[0,0], and 𝐶[3,0] are
negative and the values of other elements are positive. Hence,
to avoid multiplication operations between positive numbers
and negative numbers in Eq. (10), we simplify the operations
into the addition and subtraction of the outcomes of four ma-
trix multiplications as indicated in Eq. (15).

f ′(Y ′,X ′) = 𝐴1 ·𝐵1 ·𝐶1 +𝐴2 ·𝐵4 ·𝐶2

−𝐴1 ·𝐵2 ·𝐶2−𝐴2 ·𝐵3 ·𝐶1, (15)

where

𝐴1 = [S(h),S(1−h)],

𝐴2 = [|S(1+h)|, |S(2−h)|], (16)

𝐶1 = [S(w),S(1−w)]T,

𝐶2 = [|S(1+w)|, |S(2−w)|]T, (17)

𝐵1 =

[
f (Y,X) f (Y,X +1)

f (Y +1,X) f (Y +1,X +1)

]
, (18)

𝐵2 =

[
f (Y,X−1) f (Y,X +2)
f (Y +1,X) f (Y +1,X +2)

]
, (19)

𝐵3 =

[
f (Y −1,X) f (Y −1,X +1)
f (Y +2,X) f (Y +2,X +1)

]
, (20)

𝐵4 =

[
f (Y −1,X−1) f (Y −1,X +2)

f (Y +2,X) f (Y +2,X +2)

]
. (21)
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Equations (15)–(21) ensure that there is no negative number
operation in the entire calculation process. The formula is then
simplified to eliminate any decimals in the operation.

↩ ↩   
x

↩.



.

.

.

0.8

1.0

1.2

S
↼x
↽

Bicubic interpolation kernel (a=-0.5)

Fig. 3. Schematic diagram of cubic convolution kernel function.

Only matrices 𝐴 and 𝐶 need to be analyzed. Since ma-
trices 𝐴 and 𝐶 are the same except for parameters, we only
analyze the changes in 𝐴 as shown in Eq. (22) and matrix 𝐶

is similar.

𝐴 = [S2(1+h),S1(h),S1(1−h),S2(2−h)]

=

[
2−4(1+h)+

5
2
(1+h)2− 1

2
(1+h)3,

1− 5
2

h2 +
3
2

h3,1− 5
2
(1−h)2 +

3
2
(1−h)3,

2−4(2−h)+
5
2
(2−h)2− 1

2
(2−h)3

]
=

[
− 1

2
h(h−1)2,

1
2
(h−1)(3h2−2h−2),

−1
2

h(3h2−4h−1),
1
2

h2(h−1)
]
. (22)

By expanding w and h 2m times, we obtain y and x respec-
tively:

x = 2mw = X ′−2mX , y = 2mw = Y ′−2mY,

y,x ∈ [0,2m). (23)

In the matrix, the values of h and w may not be integral,
but y and x must be integral. Equations (10) and (15) are then
processed as follows:

f ′(Y ′,X ′) = 𝐴 ·𝐵 ·C

=
1

26m (2×23m𝐴) ·𝐵 · (2×23m𝐶)

=
1

26m+2

{
23m+1𝐴1 ·𝐵1 ·23m+1𝐶1

+23m+1𝐴2 ·𝐵4 ·23m+1𝐶2

−23m+1𝐴1 ·𝐵2 ·23m+1𝐶2

−23m+1𝐴2 ·𝐵3 ·23m+1𝐶1
}
. (24)

Let

𝐴′1 = 23m+1𝐴1 = [(2m− y)(22m+1 +2m+1y−3y2),

y(22m +2m+2y−3y2)], (25)

𝐶 ′1 = 23m+1𝐶1 = [(2m− x)(22m+1 +2m+1x−3x2),

x(22m +2m+2x−3x2)]T, (26)

𝐴′2 = |23m+1A2|= [y(2m− y)2,y2(2m− y)], (27)

𝐶 ′2 = |23m+1C2|= [x(2m− x)2,x2(2m− x)]T. (28)

According to Eqs. (25)–(28), the final result can be expressed
as Eq. (29). Now, it can be ensured that all operations involve
only positive integers.

f ′(Y ′,X ′) =
1

26m+2 ( f ′1(Y
′,X ′)+ f ′3(Y

′,X ′)

− f ′2(Y
′,X ′)− f ′4(Y

′,X ′))

=
1

26m+2 (𝐴
′
1 ·𝐵1 ·𝐶 ′1 +𝐴′2 ·𝐵4 ·𝐶 ′2

−𝐴′1 ·𝐵2 ·𝐶 ′2−𝐴′2 ·𝐵3 ·𝐶 ′1). (29)

3. Quantum modules
3.1. Multiple CNOT module

The multiple CNOT module[13] replicates n-qubit num-
ber |X〉 = |xn−1 . . .x1x0〉 to |0〉⊗n by using n CNOT gates. Its
quantum circuit is shown in Fig. 4.

Fig. 4. Circuit of multiple CNOT module.
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3.2. Quantum operation ΩY,X

The function of the quantum operation[7] is to set the
pixel value at position (Y,X) in the quantum image. The
quantum circuit is shown in Fig. 5. For more information

ΩY↪X

>⊗q

X>

Y >

CY,X>

f↼Y ,X)

Y>

X>

q

n

n

Fig. 5. Circuit of quantum operation.

about quantum operation ΩY,X , please refer to Ref. [7].

3.3. Adding one module U1 and subtracting one module
U2

The function of the adding one module[25] (U1) is to add
one to xn−1xn−2 . . .x1x0 only when xn−1xn−2 . . .x1x0 6= 1, oth-
erwise it does not change.

The function of the subtracting one module (U2) is to sub-
tract one from xn−1xn−2 . . .x1x0 only when xn−1xn−2 . . .x1x0 6=
0, otherwise it does not change.

U1 and U2 are shown in Eqs. (30), (31), and Fig. 6.

U1|xn−1 . . .x1x0〉=
{
|xn−1 . . .x1x0 +1〉, xn−1×·· ·× x1× x0 6= 1,
|xn−1 . . .x1x0〉, xn−1×·· ·× x1× x0 = 1, (30)

U2|xn−1 . . .x1x0〉=
{
|xn−1 . . .x1x0−1〉, xn−1×·· ·× x1× x0 6= 0,
|xn−1 . . .x1x0〉, xn−1×·· ·× x1× x0 = 0, (31)

where n is an integer greater than 1 and x0,x1 . . .xn−1 ∈ {0,1}.

U1

U2

Fig. 6. Circuit of U1 module and U2 module.

3.4. Quantum adder module

The addition of n-qubit X and Y is performed by the quan-

tum adder (QA) module.[26] Its quantum circuit is shown in

Fig. 7. It consists of quantum Fourier transform (QFT), ro-
tation module, and inverse QFT (IQFT). It requires only one
auxiliary qubit for addition, improving computational perfor-
mance.

R
QA

I

Q

F

T

Q

F

T

X>

Y>

X>

X⇁Y>

Fig. 7. Circuit of QA module.
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3.5. Reversible parallel subtractor module

A reversible parallel subtractor (PS) module is imple-
mented by a reversible half subtractor (RHS) and n− 1 re-

versible full subtractors (RFSs). The function of n-qubit X
minus n-qubit Y is implemented. Figure 8 shows the detailed
circuit of the PS module. For more detailed information, refer
to Refs. [27,28], please.

R

H

S

R

F

S

R

F

S

R

F

S

Y>

X>

X>

X↩Y>
PS

Fig. 8. Circuit of PS module.

3.6. T-count multiplier module

The T-count multiplier (TM) module performs the multi-
plication of n-qubit X and Y . The inputs of the module are the
multiplicand |X〉 and the multiplier |Y 〉, both of which are n
qubits. The output of the module is the product |P〉 of |X〉 and
|Y 〉 on the right side. The TM module consists of Toffoli gate
array and Ctr-Add circuit.

X>

Y>

n

n
TM

P>

Fig. 9. Simplified circuit of TM module.

Figure 9 shows the simplified circuit of the TM module.
For more detailed information, readers can refer to Ref. [29],
please.

3.7. Multiply by 2 module and divide by 2 module

The function of the multiply by 2 module[30] is to dou-
ble the value of a non-negative integer, that is, to imple-
ment |X〉 → |2X〉,where |X〉 = |xn−1 . . .x1x0〉. This module
can be implemented by continuous exchange between adjacent
qubits. Before performing the operation, an auxiliary qubit
needs to be added at the highest position to store the infor-
mation of the original highest qubit xn−1. The result of the
multiply by 2 module transformation is obtained as follows:
|2X〉= |xn−1 . . .x1x00〉.

The function of the divide by 2 module is to halve the
value of a non-negative integer. The change in quantum state
before and after the unitary operation is |xn−1xn−2 . . .x1x0〉 →
|0xn−1xn−2 . . .x1〉. According to the characteristics of binary,
moving each qubit to the right in turn and setting the highest
position to 0 can achieve this module.

The circuit of the multiply by 2 module and the divide by
2 module are shown in Fig. 10.

Fig. 10. Multiply by 2 module and divide by 2 module.
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To implement multiplication by 2m or division by 2m

based on the multiply by 2 module and the divide by 2 mod-
ule, most of the current quantum image processing papers ei-
ther connect m divide by 2 modules in series or use a quantum
divider module directly, but both methods are highly complex.
We have modified the multiply by 2 module and divide by 2
module mentioned above to implement multiply by 2m mod-
ule function and divide by 2m module function directly. The
circuit is shown in Fig. 11.

In the multiply by 2m module, to prevent qubit from over-
flowing, m qubits need to be added before the start of the cir-
cuit. Then the exchange gates in the figure are followed in turn

to exchange qubits, with an interval being m. To enlarge an n-
qubit number, n exchange gates are required. In the exchange
process, each state change is

|0〉⊗m|xn−1xn−2 . . .x0〉 → |xn−1〉|0〉⊗m|xn−2 . . .x0〉 → ·· ·

→ |xn−1xn−2 . . .〉|0〉⊗m|x0〉 → |xn−1xn−2 . . .x0〉|0〉⊗m. (32)

Similarly, in the divide by 2m module, the state change
is|xn−1xn−2 . . .x0〉|0⊗m〉 → |0⊗m〉|xn−1xn−2 . . .x0〉. Due to the
reversibility of quantum computing, swapping the input state
and output state of the multiply by 2m module can also achieve
the function of divide by 2m module.

Fig. 11. Multiply by 2m module and divide by 2m module.

MP1

MP2

Fig. 12. Matrix preparation circuit.
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3.8. Quantum matrix multiplier module

The convolution operations are implemented by replac-
ing the complex arithmetic module with the quantum matrix
multiplier in Ref. [31].

3.8.1. Matrix preparation module

Before performing matrix operations, the weights and
neighborhood pixel values obtained through the above quan-
tum modules need to be prepared into the matrix. The matrix
representation used is as follows:

|T 〉= 1
√

2
M+N

M−1

∑
Y=0

N−1

∑
X=0
|tY X 〉|Y X〉. (33)

As can be seen, this expression is similar to the GQIR or
NEQR quantum image representation of quantum image rep-
resentation. A circuit for preparing the quantum matrix can be
easily designed based on the preparation of GQIR. Since this
work only involves 1× 2 matrices, 2× 2 matrices and 2× 1
matrices. We only employ matrix preparation modules MP1
and MP2 to generate a 1×2 matrix [S1,S2] and a 2×2 matrix
[C1,C2;C3,C4] respectively. The circuit is shown in Fig. 12.

3.8.2. Quantum matrix multiplier composition module

The quantum comparator[32] (CMP) is used to compare
two binary numbers a and b. The outputs are two 1-qubit val-
ues, which indicate the comparison results. The change of the
output result state is as follows:

|ab00〉 → |abc1c2〉, (34)

c1c2 =

 10, a > b,
01, a < b,
00, a = b.

(35)

The element-wise multiplication of two matrices is per-
formed by the matching member multiplication module (MS).
The results obtained by the MS module are accumulated step
by step by the superposition state quantum adder module
(ASS). Figure 13 illustrates the simplified circuits for these
modules. The quantum matrix multiplier is described in detail
in Ref. [32].

4. Quantum circuit realization of image scaling
4.1. Quantum image scaling-up scheme

Now, we suppose that the original image size is 2n× 2n

and the interpolated image size is 2n+m×2n+m, where n,m >

0. According to the content described in Subsection 2.3, the
entire circuit can be divided into the following steps.

Step 1 Map the position information (𝑌 ′,𝑋 ′) of the
interpolated image to the position information (𝑌 ,𝑋) of
the original image

The Y ′, X ′, Y , and X can be represented by the following
expressions:

|Y ′〉= |Y ′n+m−1 . . .Y
′
m . . .Y ′1Y ′0〉,

|X ′〉= |X ′n+m−1 . . .X
′
m . . .X ′1X ′0〉,

|Y 〉= |Yn−1 . . .Y1Y0〉,

|X〉= |Xn−1 . . .X1X0〉. (36)

According to Eq. (13), it can be obtained that the high
n qubits of (Y ′,X ′) correspond to (Y,X), and n CNOT gates
are used to copy the high n qubits of the interpolation coor-
dinates to obtain the mapped original image position informa-
tion. Then, y and x correspond to the low m qubits, and m
CNOT gates are used to copy the low m qubits. The circuit is
shown in Fig. 14.

CMP

ASS

MS

Fig. 13. Quantum matrix multiplier composition module.

Fig. 14. Circuit of coordinate mapping.

Step 2 Obtain all the weight information in the 𝑌 and
𝑋 directions

To obtain 𝐴′1, 𝐴′2, 𝐶 ′1, and 𝐶 ′2 in Eqs. (25)–(28), y and
x need to be substituted to obtain the weight information 𝐴y
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and 𝐶x in the Y direction and X direction respectively. The el-
ements of the matrices 𝐴y and 𝐶x are given by the following
equations:

𝐴y =
[

y(2m− y)2,(2m− y)(22m+1 +2m+1y−3y2),

y(22m +2m+2y−3y2),y2(2m− y)
]
, (37)

𝐶x =
[
x(2m− x)2,(2m− x)(22m+1 +2m+1x−3x2),

x(22m +2m+2x−3x2),x2(2m− x)
]T
. (38)

The elements in 𝐴′1, 𝐴′2, 𝐶 ′1, and 𝐶 ′2 are obtained by

extracting the corresponding elements from the two matrices
given above. The values of the four elements in 𝐴y are shown
by taking y for example. The calculation circuit is shown in
Fig. 15.

The calculation method of 𝐶x is similar, except that the
input parameter changes from y to x. According to the convo-
lution kernel function diagram as shown in Fig. 3, |S(x)|<= 1.
Then, after scaling up |𝐴| and |𝐶| by 23m+1 times, the max-
imum element value in Eqs. (37) and (38) is 23m+1, and only
3m+2 qubits are needed for representation.

P
S

T
M

T
M

T
M

Q

A

T

M

Q

A

T

M

Q

A

P

S

P

S

T
M

y↼m↩y↽>

y↼m↩y↽>

↼m↩y↽↼m⇁⇁m⇁y↩y↽>

y↼m⇁m⇁y↩y↽>

m↩y>

m⇁y>y>

y>

m⇁y>

y>

Ay[]

Ay[]

Ay[]

Ay[]

Τ2

Τ2m⇁

Fig. 15. Weight calculation circuit.

It should be noted that when performing multiplication
operations, the numbers of the input qubit and the output qubit
must be equal, so the numbers with fewer digits need to be
padded with zeros at high digits. As a result, the final output
result may have more digits, which is inevitable. Fortunately,
the qubit values above the 3m+ 2 qubits must be zero, so we
can simply replicate the lowest 3m+2 qubits when generating
the quantum matrix. The circuit is shown in Fig. 15. And as
shown in Fig. 16, the simplified circuit is referred to as the AC
module.

AC

Fig. 16. AC module.

Step 3 Obtain the 16-neighborhood information in the
area where the original image position is located

Bilinear interpolation only requires four neighboring pix-
els, so it directly copies the position information using mul-
tiple CNOT modules. However, bicubic interpolation needs
16 neighboring pixels, which would increase the number of
qubits significantly if each quantum operation ΩY,X is copied.
Here we note that the input coordinates |Y X〉 are still |Y X〉

after processing by the quantum operation ΩY,X . This means
that these two input parts can be reused, equivalent to auxil-
iary qubits in quantum computing. Figure 17 shows the full
quantum neighborhood pixel extraction circuit, consisting of
16 quantum operations.

Figure 18 depicts the simplified quantum circuit, denoted
by Ω16.

Regarding the processing of boundary pixels, if the calcu-
lated (Y,X) is a point on the boundary, then there will be null
values around it. Here, the points that exceed the boundary
are set to be equal to the nearest boundary point adjacent to
them. It can be implemented by using the U1 module and the
U2 module.

Step 4 Prepare weight information and neighborhood infor-
mation into 8 matrices and perform matrix multiplication

Taking the matrix multiplication of f ′1 (Y
′,X ′) =𝐴′1 ·𝐵1 ·

𝐶 ′1 for example, the remaining three matrix multiplications are
also in this mode. First, its structure is analyzed. Matrix multi-
plication is a 1×2 matrix 𝐴′1 multiplied by a 2×2 matrix 𝐵1

to obtain a 1×2 intermediate matrix 𝐺, and then this interme-
diate matrix is multiplied by a 2× 1 matrix 𝐶 ′1 to obtain the
final result. However, in the process of processing, since the
1× 2 matrix 𝐺 can be regarded as a vector with 2 elements,
𝐺 ·𝐶 ′1 can be regarded as two arrays with two elements mul-
tiplied. Instead of using matrix multiplication, in Ref. [23] a

040302-9



Chin. Phys. B 33, 040302 (2024)

simplified array multiplication method is used, and the quan-
tum preparation process of 1× 2 arrays and matrices are also
the same. Therefore, the entire circuit can be divided into two
parts. The first part completes 𝐴′1 ·𝐵1 and generates an inter-
mediate result 𝐺 and the second part treats 𝐺 and 𝐶 ′1 as arrays

to achieve array multiplication. It should be noted that when
preparing weight information into a quantum matrix, only the
lower 3m+ 2 qubits need to be copied by using a 3-CNOT
gate because all digits higher than 3m+2 are 0. The circuit is
shown in Fig. 19.

ΩY↩X↩

ΩY↩↪X

ΩY⇁↪X⇁

ΩY⇁↪X⇁

ΩY↪X

U2

U2

U1

U1

U1

U1

Y↩>

X↩>

X⇁>

X⇁>

f↼Y↩↪X↩↽

f↼Y↩↪X↽

f↼Y⇁↪X⇁↽

f↼Y⇁↪X⇁↽

CY⇁↪X⇁>

CY↩↪X>
CY↩↪X↩>

>⊗q

CY⇁↪X⇁>

CY↪X>

f↼Y↪X↽

Y⇁>

Y⇁>

>⊗q

>⊗q

>⊗q

>⊗n

>⊗n

>⊗n

>⊗n

X>

Y>

>⊗n

>⊗q

>⊗q

Fig. 17. Neighborhood pixel extraction circuit.

Ω

Y>

X>

Fig. 18. Simple neighborhood pixel extraction circuit.

C

M

P
C

M

P

M

S

A

S

S

A

S

S

M

S

A

S

S

M

M

X′>

H′>

X>

Y>

bH′Y′/>
gH′Y ′>

bX′/>
gX′>

cW>

>

>

>

>

W>

H>

aH>

bYX>

X>

Y>

cW>

W>

H>

aH>

bYX>

fX>

fHY> dX>

D

D

D

G⇀C′G/A⇀C′

Fig. 19. Matrix operation circuit.

040302-10



Chin. Phys. B 33, 040302 (2024)

AC

AC

MP2

MP2

MP2

MP2

QA

P

S

MP1

MP1

MP1

MP1

QA

M

M

M

M

M

M

M

M

Step 1 Step 3

Step 2

Step 4 Step 5

Ω16

Y>

X>

bYX>

Y>

X>

bYX>

Y>

X>

bYX>

Y>

X>

bYX>

÷2m⇁

CY⇁↪X⇁>

CY⇁↪X↩>

CY⇁↪X⇁>

CY↪X⇁>

CY↪X>

cW>

cW>

W>

W>

aH>

aH>

H>

H>

CY⇁↪X>

CY↪X↩>

CY↪X⇁>

CY↩↪X↩>

CY↩↪X⇁>

CY⇁↪X⇁>

CY⇁↪X↩>

CY⇁↪X⇁>

CY↩↪X⇁>

CY↩↪X>

CY⇁↪X>

Ay[]

Ay[]

Ay[]

Ay[]

Cx[]

Cx[]

Cx[]

Cx[]

Fig. 20. Quantum image scaling-up scheme.

Step 5 Obtain the pixel intensity values of the inter-
polated image 𝐼 ′

By the above steps, the matrix multiplication results of the
four matrices in Eq. (29) are obtained as f ′1(Y

′,X ′), f ′2(Y
′,X ′),

f ′3(Y
′,X ′), f ′4(Y

′,X ′). Then quantum adders and quantum sub-
tractors are used according to the formula, and finally we can
obtain the pixel value intensity f ′(Y ′,X ′) at position (Y ′,X ′)
by using the divide by 26m+2 module. The complete circuit is
shown in Fig. 20.

4.2. Quantum image scaling-down scheme

When shrinking quantum images, because this paper is
based on NEQR, it can only be shrunk by integer. According
to the coordinate mapping formula, the values of the h and w
are both zero, so 𝐴= [0,1,0,0], 𝐶 = [0,1,0,0]T. At this time,
f ′(Y ′,X ′) =𝐴 ·𝐵 ·𝐶 = f (Y,X). In this case, there is no need
to perform calculations like in the case of quantum scaling-up
circuit. The quantum circuit is shown in Fig. 21.

Ω16

>⊗q

X′>

Y ′>

f↼Y ′,X′)>/f↼Y↪X↽>

f↼Y ′,X′)

Y>

X>

q

n

n
Um

Um

Fig. 21. Quantum image scaling-down scheme.

It should be noted that in this bicubic interpolation
method, when the shrinkage ratio is an integer, the scal-
ing algorithm is the nearest-neighbor interpolation algorithm.
Therefore, the designed circuit is also equivalent to the
nearest-neighbor interpolation, which is determined by the
formula of cubic convolution itself. When performing inte-
ger scaling in practice, classical image processing needs to
use other scaling algorithms more suitable for integer scaling,
which is not involved in this work.

5. Network complexity analysis
Quantum circuit complexity, unlike its classical counter-

part, is primarily determined by the number of elementary
gates, consisting of CNOT gates and arbitrary 2× 2 unitary
operator, each with a unit time complexity.[34] In this section,
the complexity of each module and the entire circuit is ana-
lyzed and compared with the counterparts in previous work.

5.1. Complexity analysis of each module

Multiple CNOT module In order to duplicate n qubits,
n CNOT gates are required, with a circuit complexity being
O(n).

𝑈1 module and 𝑈2 module Both use roughly the same
elementary quantum gates, consisting of an n-CNOT gate,
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a CNOT gate, a Toffoli gate, and (n− 2) m-CNOT (m =

3,4, . . . ,n) gates. It is known that an m-CNOT gate is com-
posed of 2m− 1 Toffoli gates and a CNOT gate.[34] In sum-
mary, the above circuit is composed of 6n2 + 7n− 18 CNOT
gates, with a circuit complexity being O(n2).

Quantum operation 𝛺𝑌 𝑋 For a grayscale image with
a grayscale range of 2q and a size of 2n×2n, a single quantum
operation ΩY,X

[7] has a network complexity of O(q ·2n).
Arithmetic module According to Refs. [26–29], the PS

module has a circuit complexity of O(n), while the QA module
and the TM module have a complexity of O(n2) each.

Multiply by 2 and divide by 2, multiply by 2𝑚 and
divide by 2𝑚 modules For an n-qubit number, only n
swap gates are needed, a swap gate is composed of 3 CNOT
gates.[34] Hence, these modules have a circuit complexity of
O(n).

Matrix preparation module We only analyze the net-
work complexity of the 1× 2 and 2× 2 matrix preparation
modules. If all elements to be prepared in the matrix are n-
qubit numbers, then the MP1 module requires 2n Toffoli gates
and the MP2 module requires 4n 3-CNOT gates. Therefore,
the network complexity of the matrix preparation module is
O(n).

Matrix multiplication calculator module AC Refer-
ence [31] gave a time complexity of O(MS logN) for multi-
plying two matrices of size MN by NS. However, the matrix
size is very small in this work. In this case, the network com-
plexity within the matrix regarding the size of the numbers
needs to be considered . Herein the range of numbers in the
matrix is assumed to be 2q.

CMP module According to Ref. [32], for comparing two
n-qubit numbers, the circuit complexity is O(n2).

ASS module For a quantum superposition state with
n elements, the ASS[33] module has a circuit complexity of
O(log(n)). The circuit complexity of the ASS module is re-
lated to array size logarithmically, but also to the range of el-
ement values. For a quantum superposition state with a value
range of 2q, the network complexity is O(q).

MS module For performing MS module operations on
two q-qubit numbers, the MS module consists of one multi-
plier module[35] and n SS modules. The module circuit com-
plexity is O(q3).

5.2. Complexity analysis of quantum image scaling-up
scheme

Step 1 Obtain position mapping: 2(n+m) CNOT gates
are required, with a circuit complexity of O(m+n).

Step 2 Obtain weight information: An AC module has 12
multiple CNOT gates, 3 PS modules, 3 QA modules and 6 TM
modules. The circuit complexity of 12 multiple CNOT gates
is O(m+m+m+m+m+1+m+m+1+m+1+2m+2m+

m+2m+2m+2)≈O(m). Then, the network complexity of 3
PS modules is O(m+2m+2m+2) ≈ O(m) and the network
complexity of 3 QA modules is O((2m)2 +(2m+2)2 +(2m+

2)2)≈ O(m2). Finally, the time complexity of the 6 TM num-
ber multiplication modules is O((m+1)2 +(2m+2)2 +m2 +

(2m)2 +(2m+2)2 +(2m+2)2)≈ O(m2).
Therefore, the circuit complexity of the entire weight cal-

culation module AC is O(m2). To obtain eight weights, two
AC modules are required to calculate the weights in the y di-
rection and x direction, respectively.

Step 3 Acquiring neighborhood information: A neigh-
borhood information acquisition module requires four U1

modules and two U2 modules, the circuit complexity is
O(6n2). The six multiple CNOT gates have a complexity of
O(6n). Additionally, 16 quantum operation circuits are re-
quired. Hence, the overall network complexity of this step
is O(6n2 +6n+16q ·2n)≈ O(n2 +qn).

Step 4 Calculate the result of each matrix: There are four
2× 2 matrix preparation circuits with a complexity of O(4q)
and four 1× 2 matrix preparation circuits with a complexity
of O(4(3m+ 2)). Four CNOT gates and 4(3m+ 2) multiple
CNOT gates have a circuit complexity of O(4(3m+ 2)+ 4).
There are also four MM modules in the end, and the MM
module is analyzed below. Firstly, X , W , H, Y are all sin-
gle qubits. aH and cW are weights with 3m+ 2 qubits. bT X

is a pixel value occupying q qubits. Then the time complex-
ity of two CMP modules is O(1). The input qubits of the MS
module must be equal. Let α = max(3m+2,q), so the circuit
complexity of the first MS module is O(α3) and each output
qubit number of the first MS module must be 2α . The circuit
complexity of the second MS module is O((2α)3). The cir-
cuit complexities of the first two ASS modules are both O(2α)

and the circuit complexity of the last ASS module is O(4α).

Hence, the overall complexity of the circuit for this step is
O(4(3m+2)+4q+4(3m+2)+4+α3+(2α)3+2α+4α)≈
O(α3).

Step 5 Get the final result: This step has two QA mod-
ules, a PS module and a divide by 26m+2 module. The circuit
complexity is O((4α)2 +(4α)2 +4α +4α)≈ O(α2).

In summary, the overall complexity of the quantum image
scaling-up circuit is given below:

O(m+n+m2 +n2 +qn+α
3 +α

2)≈ O(n2 +qn+α
3). (39)

5.3. Complexity analysis of quantum image scaling-down
scheme

Compared with the scaling-up circuit, the scaling-down
circuit is much simple and only requires a quantum operation
ΩY,X with a complexity of

O(q ·2n+2n)≈ O(qn). (40)
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5.4. Complexity discussion

Table 1 shows the comparison of time complexity among
different scaling methods applied to a quantum image of size
2n× 2n and gray scale range 2q. Obviously, compared with
classical image scaling based on bicubic interpolation, our
scheme has achieved exponential acceleration. Moreover, it
has lower complexity than Zhou et al.’s quantum bilinear in-
terpolation image scaling method based on NEQR.

A circuit with cubic time complexity is designed to calcu-
late the pixel values for the quantum scaling-up circuit. How-
ever, limited by the complexity of bicubic interpolation itself,
a large number of quantum modules are also required, which
leads to a very complex final circuit that needs a lot of auxil-
iary qubits. Although this is currently unavoidable, we are still
trying to minimize the number of auxiliary qubits as much as
possible.

Table 1. Comparison of complexity among several image scaling methods.

Method Time or circuit complexity

Classical bicubic interpolation O(22n)

Zhou et al.’s[13] quantum bilinear interpolation O(2n+3)

Our quantum bicubic interpolation scheme O(n2 +qn+α3)

6. Simulation-based experiments and analysis
In this section, the cubic convolution interpolation

method proposed in this paper is compared with the
nearest-neighbor interpolation method[11] and the bilinear
interpolation[13] method. Because current physical quantum
computers lack universality and quantum computing virtual
machines cannot support many qubits, a series of simulation
experiments are carried out in the MATLAB R2018b environ-
ment for evaluation. Among them, complex vectors represent
quantum states and unitary matrices represent unitary transfor-
mations.

6.1. Image scaling-up simulation

A 64× 64 Lena grayscale image is chosen as the orig-
inal image for the quantum magnification circuit simulation
experiment as shown in Fig. 22(c). We use three interpola-
tion methods to magnify it by integer multiples of 2 and 4,
respectively. The magnified images are displayed in the fig-
ure. It can be seen that the bilinear interpolation and bicubic
interpolation in Figs. 22(d), 22(e) and 22(f), 22(g) are sub-
jectively significantly better than the nearest-neighbor inter-
polation in Figs. 22(a) and 22(b). Additionally, for Fig. 22(f)
versus Fig. 22(d), Fig. 22(g) versus Fig. 22(e), the former has
less jagged edges, smoother image, and better effect than the
latter.

6.2. Image scaling-down simulation

For image scaling-down, due to the limitation of the
method used in this paper,[24] the integer scaling ratio is equiv-

alent to the nearest-neighbor interpolation. We compare it di-
rectly with nearest-neighbor interpolation. A 128× 128 Lena
image is selected as the original image and shrunk twice as
shown in Fig. 23. It can be seen that figures 23(b) and 23(c)
have the same effect.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Fig. 22. Simulated image scale-up by using different interpolation method.
(a) Nearest (128×128), (b) nearest (256×256), (c) original (64×64), (d) bi-
linear (128×128), (e) bilinear (256×256), (f) bicubic (128×128), (g) bicubic
(256×256).

(a)

(b) (c)

Fig. 23. Simulatied image scale-down using different interpolation
methods: (a) original (128× 128), (b) nearest (64× 64), (c) bicubic
(64×64).

6.3. Comparison of peak signal-to-noise ratios (PSNRs)

It is noted that our comparison is based on human visual
perception, which can be subjective. To provide a more ob-
jective assessment of the image scaling performance, we use
the peak signal-to-noise ratio as a metric. PSNR is a widely
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adopted measure of image quality in image processing. It is
defined for two images of size 2n×2n as follows:

PSNR = 20 · log10(MAXI/
√

MSE), (41)

MSE =
1

22n

2n−1

∑
i=0

2n−1

∑
j=0

[I(i, j)−K(i, j)]2, (42)

where MAXI represents the maximum pixel value in the im-
age, which is usually 255, and MSE denotes the mean squared
error between the original image I and the interpolated image
K. The higher the PSNR value, the lower the distortion of K
is.

The PSNR is a common metric for measuring the recon-
struction quality of lossy compressed images. It should be
noted that the calculation of PSNR requires two images of
equal size. Therefore, before computing the PSNR, the in-
terpolated image needs to be rescaled inversely proportional to
its original size. The algorithm proposed in this work performs
integer scaling on quantum images, which preserves their orig-

inal pixels. Unlike other methods, our algorithm does not in-
troduce blurring or distortion when scaling up and then scaling
down an image, making PSNR an unsuitable metric for eval-
uation. Instead, we scale down and then scale up an image to
measure the quality of our algorithm. Despite the increased
distortion and reduced PSNR caused by this process, our re-
sults show that our quantum bicubic convolution interpolation
algorithm outperforms other quantum interpolation methods.

Using different quantum interpolation methods, we first
scale down the original image of size 128× 128 by a fac-
tor of two and then scale them up by the same factor. Fig-
ures 24 and 25 both show the comparison between the orig-
inal image and the interpolated image, and Table 2 lists their
PSNR values. The results demonstrate that our proposed quan-
tum cubic convolution interpolation method outperforms the
nearest-neighbor interpolation in terms of both visual quality
and PSNR. Moreover, our scheme achieves higher PSNR than
quantum bilinear interpolation, although the visual difference
is subtle.

    

(a) (b) (c) (d)

Fig. 24. Lena and images interpolated by using different quantum image processing methods: (a) original, (b) nearest, (c) bilinear, (d) bicubic.

(a) (b) (c) (d)

Fig. 25. Peppers and images interpolated by using different quantum image processing methods: (a) original, (b) nearest, (c) bilinear, (d)
bicubic.

Table 2. PSNR (dB) results for interpolated images produced by us-
ing nearest-neighbor bilinear method and bicubic interpolation method.
Labels (b), (c), and (d) are interpolated images in Figs. 24 and 25.

Original image
PSNR(dB)

(b) (c) (d)

Fig. 24(a) Lena 21.3759 25.5749 25.7742
Fig. 25(a) Peppers 21.0604 25.4882 25.9290

7. Conclusions and prospects

In this work, a bicubic interpolation algorithm based on
NEQR is proposed for the first time. Moreover, a circuit based
on quantum matrix multiplier is designed to calculate the pixel
values of the interpolated image by implementing the matrix
multiplication operation of eight weights and sixteen neigh-

borhood information. We analyzed and simulated our scheme
and showed that it has cubic complexity, achieving an expo-
nential speedup over classical image scaling. The simulation
results also demonstrate better performance than those from
the nearest-neighbor interpolation method and bilinear inter-
polation method proposed by previous researchers.

This work also has some limitations, which are the direc-
tions for our future work:

(i) Due to the characteristics of NEQR, our method only
supports integer scaling ratios for image enlargement and re-
duction. We plan to generalize our algorithm to other quantum
representations such as GQIR and FRQI in the future.

(ii) Since the convolution kernel used will cause most of
the weights to be zero when shrinking by an integral multiple,
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the shrinking circuit is equivalent to the nearest-neighbor in-
terpolation, and the final result is not satisfactory. Therefore,
designing a quantum circuit suitable for integer multiple re-
duction by using a proper convolution kernel is also our next
goal.

(iii) Too many auxiliary qubits are used by our algorithm,
especially in the weight calculation module and matrix opera-
tion module. This problem is currently unavoidable and lim-
ited by the development of quantum computing modules. Our
circuit has been optimized as much as possible and will be
further improved in the future.
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