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Starting with a decomposition conjecture, we carefully explain the basic decompositions for the Kadomtsev—
Petviashvili (KP) equation as well as the necessary calculation procedures, and it is shown that the KP equation allows
the Burgers—STO (BSTO) decomposition, two types of reducible coupled BSTO decompositions and the BSTO-KdV de-
composition. Furthermore, we concentrate ourselves on pointing out the main idea and result of Bicklund transformation
of the KP equation based on a special superposition principle in the particular context of the BSTO decompositions. Using
the framework of standard Lie point symmetry theory, these decompositions are studied and the problem of computing the

corresponding symmetry constraints is treated.

Keywords: Kadomtsev—Petviashvili (KP) equation, decomposition, Biacklund transformation, symmetry re-
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1. Introduction

Nonlinear systems, fundamental to mathematical physics,
often display intricate behaviors due to the interconnectedness
of their components. One such behavior is the violation of the
linear superposition principle, a foundational concept in lin-
ear systems. However, research has demonstrated that many
specific nonlinear systems adhere to the superposition princi-

[1=10] This balance in nonlinear

ple under certain conditions.
effects is attributed to the interactions between multiple non-
linear terms present in the system.[11-14]

In the context of a linear system, the presence of linear
superposition implies a corresponding decomposition for the

[15-17] of eigenvalue

system. Furthermore, the nonlinearization
problems of an integrable system inherently provides a decom-
position for the original system. This observation suggests
that, due to the presence of nonlinear effects, it is reasonable to
consider decompositions directly for an integrable system, po-
tentially revealing certain superpositions. A recent study!'8!
adopts this approach, applying it to the B-type Kadomtsev—
Petviashvili equation hierarchy, where various linear super-
positions can be derived from appropriate decompositions for
that nonlinear system.

This paper investigates a fascinating phenomenon where
certain types of nonlinear systems, specifically the potential
Kadomtsev—Petviashvili (KP) equation (#, = v — KP equa-
tions for v)

Usr + Unprere + OUlly + 3'}’2’/‘_\)}' =0, (D

where 7 is a nonzero constant can be decomposed into either
a Burgers—Sharma—Tasso—Olver (BSTO) system or a potential

fCorresponding author. E-mail: reyuansar@icloud.com
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KdV system. Further arguments also reveal the relation be-
tween those decompositions and the Bécklund transformation
of the KP equation.

The remainder of this paper is divided into two sections.
The first section outlines the process of constructing various
decompositions of the potential KP equation and presents a
Bécklund transformation theorem by some special decomposi-
tions; such a transformation leads to the desired superposition.
The second section revisits these specific decompositions and
examines the corresponding symmetry reductions.

2. Solution theorems

The recent seminal work!!8! introduces a so-called for-
mally variable separation approach (FVSA). This method gen-
erally offers a means to decompose a (2+ 1)-dimensional non-
linear system, even in the absence of lax pairs.[!%20]

Specifically, for any (2 + 1)-dimensional nonlinear sys-
tem with its solution w(x,y,t), it is reasonable to conjecture
formally that w possesses some decompositions as follows:

{ wy :F(W»WXanxy-“vax) ) )
Wy = G(W7WX7WXX7 ce 7an) )
where the consistency condition

Wyt — Wry = 0 (3)

is satisfied. Here, we use abbreviations w, = dw, Wy, =
?W, ..., Wy = 0"w for positive integer m. To derive the spe-
cific forms for such decompositions, we require them to be
consistent with the original nonlinear system.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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To construct the decomposition of the potential KP equa-
tion, we apply the FVSA to Eq. (1) as described above. The
following theorems summarize the results.

Theorem 1 Let v be either a solution of the BSTO equa-
tion system

Yy + v+ (v—Cr)vy =0,
v+ [4vxx+6(v—C1)vx+(v—C1)3 —0, @&

X

where C| is an arbitrary constant, or a solution of the potential
KdV system

Py —Civy +C =0,

Vi 43V 4 v +3CH, +C3 =0, (5)
where Cy, C;, and C3 are arbitrary constants. Then u = v is a
solution of the potential KP equation (1).

Proof First we directly substitute the formal decomposi-
tion (2) into the potential KP equation (1) and the additional
consistent condition (3). After some calculations, it is found
that m and n are related with n = 2m — 1 and m has to be fixed

as m = 2. Thus, the formal decompositions of the potential KP
equation now become

{My = F (u,ux, )
Uy = G(uvuxaux%u)ﬁ) .

(6)

Substituting the reduced decomposition (6) into Eq. (1),
it is found that

& (3PR+Ge +1)+W (&880 &) =0, (D)

where W = W (&, &;,&,,&3) is a complicated &4-independent
function. Here &, = u,,, for convenience. Obviously, the co-
efficient of &, must be vanished, and the only possible form of
G reads

G=3PFE—&+Gi (E.6.8). ®)

where G| = Gy (&, &1, &) is an arbitrary function independent
of &3 and &4. With this condition (8), Eq. (7) now becomes
_(53)2372F§2F5252 +63 (672F51F52)
+§3Gl§2 +Wl (50751752) = 07 (9)
where W) =W (&, &1, &) is a &3-independent function. Van-
ishing the coefficients of 532 and &;, respectively, yields
F(80,81,82) = F1(&0,81) &2+ H (&,81) (10)
Gi(%.61,8) = — ()37, Fi — &6V He, Fy
+G2(80,61) - (11)

Here the functions F; = Fy (&),&;), H = H (&), &), and G, =
G; (&o, &) are all dependent at most on &y and &;.

Furthermore, by substituting Eq. (6) and the relations
mentioned in preceding paragraph into the consistent condi-
tion Eq. (3), we obtain that

3¢ (1 —72F12) (5117150 +§2Flgl>
+W2 (80,81,62,83) =0. (12)

Observe that Fj is independent of &, it follows by the elimi-
nation of the coefficients of £4&, and £,&; for Eq. (12) that

Fi (&,&) =C1, (13)

for an arbitrary constant Cj.

We now turn back to Eq. (12) with a substitution of
Eq. (13). The result can be expressed by nine determined
equations as follows:
Hegg, =0,
—3C Y’ Hg, e, =0,
3Y2C12H51§1 +3He g, =0,
6Y’CiHg, + 37 H, +Ga, +68 =0,
3¢ ’)/2C1H‘§0€0 —|—3§172H§051 +3}’2H€0H+ élGZ‘;‘o =0,
381 Hy ¢, +37/26‘1]_151511151 +3YZC%H50~51 +3Hge, —6C1 =0,
3§1YZC%H50§1 _3§1H§0§1 +372C1H§l
+67/2C%H50 + §1G2§1 +6&,C; =0,
§He 0, — 36TV CiHey e He, — 361 Y HE He,
—|—3§]’)/2C]H§O§OH— 351’)/2C|H§0 —3’)/2H§1H§0H
—§1H§0G2€] +H§OG2 —HG;50 =0,
3512[_]505051 + 351V2C1H§1§1H~§0 - 3§1YZC1H~§051H§0
—3&1 Y CiHg,g, + 381 Hy g, — 661 H, —37°H,
+3Y’CiHy,g, H — 12Y°CiHg, Hg, — Hy, Go, —C1Ga, =0.

The calculations would be trivial and yield two distinct alter-
natives in general, where the specific forms of H and G, read

H(£0,&1) =5 (Ci—&)é1,

i (14)
G2 (&,81) = —3|(C1 = &) +2& | &,
{H(‘ﬁowﬁl) :%(Cléﬁ-cz)a (15)
G2 (&0,&1) = —3E —3CHE +Cs.

BSTO system (4) is produced by Eq. (14), and potential KdV
system (5) is produced by Eq. (15), with all necessary equa-
tions we obtained before, respectively, as desired.

The former part Eq. (4) of this theorem aligns with the
result obtained by Liu for the KP equation.*! In fact, these
two equations correspond to the well-known Burgers equation
and the Sharma-Tasso—Olver (STO) equation,*>->! respec-
tively. The latter part Eq. (5) of this theorem is associated with

a (2+ 1)-dimensional potential KdV system.[?6-7]
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For certain valid reasons, we may recast the FSVA
method in a more general form that also considers some unde-
termined Bécklund transformations for the potential KP equa-
tion (1). Let u and v both be solutions of the potential KP
equation (1) and suppose that u and v satisfy the following
two decompositions:

Uy = F (Lt, Uy, UDx, Vs vav3x) 5 (16)
U = G (u7 Ux, U2x, U3x, V, Vi, V2x, V3)C) ’
Vy:M(u7uxaMZXaV7VX7v2x); (17)
Vi = N(uﬂ/tx’ U2x, U3, V, VX7V2X7V3X) )
with the consistent condition
Uy — Upy = Vyt — Vty =0. (18)

Such decompositions of u# and v provide us with the following
two theorems.

Theorem 2 Let v be a solution of the potential KP equa-
tion (1) with the BSTO decomposition (4) in Theorem 1. If u
meets either the variable coefficient BSTO system

Yty — ey — (U — Co)ux + [(u— C2) (v —C1)], =0,
U+ |due +6(u—v+Cp —Co) uy

+W—v+C -G} +(v—01)’| =0, (19)

X

where C; is an arbitrary constant, or the variable coefficient
BSTO system

Yuy + it + (u+Co) uy — [(u+C) (v+C1)],
42V, +2vv, = 0,

u; + {4uxx—|—6(u—v—C1—|—C2)ux+(u—v—C1—|—C2)3
TG +12(80—C) (e ) =0, 20)
X

where C, is an arbitrary constant, then u is a solution of the
potential KP equation (1).

Proof For proving this theorem, we may just assume that
v meets Eq. (4) in Theorem 2. Again u,,, and v,, are simply
abbreviated by &, and n, for positive integers m and n. First
we substitute Egs. (16) and (17) to potential KP equation (1)
and consistent condition (18), together with our assumption.
By the elimination of the coefficients &, and 14, it leads to six
alternatives. But if we get rid of the cases which eventually
indicate again Eq. (4) or Eq. (5), only two different options
remain. Namely,

(i) F= %+Fl (0, &1,M0,M1,M2)

G=—-4&+Gi(&,&1.8,m0,11,1m2),
(i) F= %+Fl (&0.&1,m0,M1,m2),
G= _463 +6,}/F1n2 ns +Gl (5()’5]’52’"07”15772) . (21)

Substituting the above two equations into potential KP
equation (1) and consistent condition (18), respectively. After
some cumbersome (but similar to what we did in the proof of
Theorem 1), the results ensure straightforwardly that Egs. (19)
and (20) are the desired decompositions.

We can verify the integrability for these two variable
BSTO systems in the sense of the existence of lax pairs.

28,29]

As being related to the Cole—Hopf transformation! u=

2(Iny),, one can easily calculate to obtain the weak lax triple
of Eq. (19) as follows:

1

=S -2y,

Vs

1
YWy = WXX+(C1_C2_V+)~)WX+E(C2—),)VI[/7

Yy = _4Wxxx_6(cl _C2_V+)‘)WXX
—3(C1—C—v+A)

3
—E(Cz—k)(2C1—Cz—v+l)vl//, (22)

where A is the spectral parameter. The weakness of lax triple
here means that the variable coefficient BSTO system (19) can
be produced by the consistency condition

W — Wil [22) = (W — Wiyl [ (22) = [Way — Wha] | (22) = 0. (23)

Note that spectral function y must satisfy the specific restric-
tion (22) in this event. Furthermore, a strong lax triple of
Eq. (19) also exists and possesses the form

1
Lw=wx+5(u+l)w,

MY =YYy — Yo — uly — % (v=C1+Co)u—C] v,
NY = Wi + 4 + 61 + 3 (? +2u,) W,
+% (v—Ci+C) (1 +2u) + (v—C1 +C2)*u
o) (v—zcl+c2)v] V. (24)

One can directly obtain the variable coefficient BSTO sys-
tem (19) by the compatibility condition

[LvM]:[MvN]:[N7L] =0, (25)

in which the linear operators L, M, and N are defined by
Eq. (24). Such a relation does not rely on the specific form
of the spectral function .39

Similarly, Eq. (20) possesses the weak lax triple

(w=1)y,

YWy = Y+ (C1 = Cr+v—2) Y

Yy =

NI —

1 2
—&—E(sz—v —2vx+?w) v,
Vi :_4Wxxx+6(cl_c2+v_l)l//xx
—3(C1—Cr+v—2A)

030201-3
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_ [% (Cr+2)(2C1 — Cr+v—A)v
3001 (P +2u) v, 26)

where A is the spectral parameter. And the strong lax triple
has the form of

1
Ly =yt )y,
My = Y‘Vy+‘lfxx+”‘l’x
1
~3 [2vxf(v+C1 —Cz)quvszgv] v,

NY = W, + 4 Wy + 66Uy, +3 (u2 +2uy) Y

3
_ E[4vxx—|—4(\/—cl)VX—Z(V—FCl —Cz)ux
—(u—v+GC)(u—-2C+C)v
—(C1=C) (u—C1+GCo)u)y. 27)

The variable coefficient BSTO system (20) can be obtained
by the compatibility condition (25) together with Eq. (27) di-
rectly.

Theorem 3 Let v be a solution of the potential KdV sys-
tem (5) in Theorem 1. If u meets the variable coefficient BSTO
system

Yty + ey + (U= Ca)uy — [(u — Cq) (v 4+ C1)],

FWy+ v +C =0,

e+ [4uxx+3vxx+6(u—v—cl )+ (u—v—C —c4)3L
+3C) (Crve —2v) +3v24+C3 = 0, (28)

where Cy is an arbitrary constant, then u is also a solution of
the potential KP equation (1).

Proof Let v, as introduced in Eq. (17), be the solution of
Eq. (5). Then a repeat of the procedure that was used to prove
Theorem 2, would finally give Eq. (28), as desired.

System (28) is also an integrable system. The correspond-
ing weak lax triple possesses the following form:

V=5 (u—21)v,
YWy =~V + (Cr+ Ca+v—2) i

| —

1 1
3 <vx+C4v+ ivz 7LVC2x> v,

Yy = _4Wxxx+6(cl+c4+v_)t)ll/xx
—3(C1+Cs+v—21) "y,
3
+§{—vm—i—(Cl+C4—l)(C1+C4+v—/l)v

C
—q (C1v72vx)f/v dx+ o +ix] v, (29)
where A is the spectral parameter. And if an additional restric-

tion C3 = —3CC; is accepted, we then have a strong lax triple

for Eq. (28) as follows:
1
Ly =y, + (”+)“) v,
1
My = Yy + Yy +uly — 3 [vx—(Cl +Cs+v)u
1,
+ EV —|—C4v—C2x} W,
NY = Y, + 4y + 6uyy +3 (u2+2ux) Wy
3
—f[vxx—Z(v+C1+C4)ux

2
—2C|VX(V—M+C] —|—C4) (V+C| —|—C4)Lt

—(C1+Cy) V- (2C) +C4) Cyv

—f-i-/vdx—— V. (30)

Without loss of generality, one can validate the aforemen-
tioned three theorems directly by substituting them into the
potential KP equation, respectively. These theorems all yield
Bicklund transformations for the potential KP equation (1).
As a corollary of the above theorems, we can generally formu-
late the following theorem.

Theorem 4 (Bicklund transformation theorem) Let u and
v be functions satisfying the coupled equations system

Yu—v),—(u+v),—(u—v)(u—v),—Cu—v), =0,
{003 43 ) 43 [ v), + (w=v)| 9} (u =)

+3}/(M+V)xy+3C{[C+2(M— V)} (I/l— V)x+ (u+v)xx} = 07
(€29)

in which C is an arbitrary constant. Then u is a solution of the
potential KP equation (1) iff v is a solution of the potential KP
equation (1).

Proof The idea is to consider the combination of Egs. (4)
and (19). Suppose that both u and v meet Eq. (31). By sub-
stituting Eq. (31) into potential KP equation (1) directly, one
can check that if u is a solution of Eq. (1), then so is v. The
converse is immediate by symmetry.

This theorem is the same as the result obtained by
Chen,B! Levi,[32331 ¢t al. 1t indeed indicates a simple su-
perposition principle for the potential KP equation. Precisely
speaking, consider four distinct solutions ug, u;, uz, 112, and
up; for Eq. (31) with

¥ (u1 —uo)y — (w1 + o) — (w1 — uo) (u1 — uo)

—C1 (u1 —up), =0, (32)
¥ (U2 — Ml)y —(uz+uy),, — (w12 —uy) (i —uy),

—C (w12 —uy), =0, (33)
¥ (u2 — o)y — (u2 + o) — (u2 — uo) (u2 — uo)

—Cy (up — uo)x =0, (34)
¥ (w21 —u), = (w1 +u2) = (w21 — ua) (21 — u2),

—Ci (u1 —up), =0. 35)

030201-4
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According to the Bianchi’s permutability theorem,** we have
here that u17 = up; = u3. By some suitable linear combinations
for these four equations, it follows that

2(u2 — ul)xx =0, [(u2 —u; —Cy +C2) (I/tl +uy —uy— u3)] .
(36)
Consequently, we calculate by integrating Eq. (36) with re-

spect to x once to obtain a desired explicit superposition for-
mula for the potential KP equation as follows:

uz = —uo+u1+u2+2[ln(u1 —ur +Cy —Cz)]x

F(y,1)

—_—, (37)
uy—up+C — QG

where F = F (y,t) is a function preserving the latter equation
in Eq. (31). Indeed, we can similarly consider the correspond-
ing t-parts for Egs. (32)—(39), i.e.,

{8, +97 +3 (ur +up)y +3 {(m +uo), + (1 — uo)z} ax}

x (u1 —ug) + 3y (u1 +uo),,

+3C1 {[C1 +2 (u1 —uo)] (w1 —uo), + (u1 +uo) .} =0, (38)
{a,+a3 +3(us 1)y +3 {(u3 +up),+ (u3 —ul)z} ax}

X (uz —ur) +3y(uz +ur),,

+3C{[Co+2 (u3 —u1)] (uz —ur)  + (uz +u1),, } =0, (39)
{8, +07 +3(ua+up),, +3 {(Mz +up), + (U2 — MO)Z} ax}

X (uz —uo) + 3y (u2 +uo),,

+3C{[Co+2 (u2 — uo)] (u2 — ug) , + (u2 + o), } =0, (40)
{8, + 02 4+3(us +uz), +3 {(m +u), + (3 — uz)z] 8x}

X (uz —uz) +3y(uz +uz),,

+3C1 {[C1 +2(uz —u2)] (w3 —u2), + (w3 +uz),,.} =0. (41)

We combine these equations in the same way as the y-parts
and the result shows that F' must meet the constraint

1
F- (uzful)x+§(u1 —ur +C *Cz)

1
X (2ug — uy —ur — Cy —C2)+§F] —0. (42

With the superposition principle (37), we can now con-
struct a series of novel solutions for the potential KP equation

(b) t=40

0
Y

in a remarkably straightforward manner. More precisely, if
we have three solutions ug, u1, and up for Eq. (1) such that
ug and u; are solutions for the coupled equation system (31)
with parameter C = Cj, and that uy and u, are solutions for
the coupled equation system (31) with parameter C = C,, then
Eq. (37) provides a new solution for Eq. (1) distinct from the
three initial solutions.

Next, we will apply this superposition principle to derive
some novel solutions for the potential KP equation. Observe
that with the trivial solution v = 0, Eq. (31) reduces to Eq. (4).
Therefore, it is convenient to consider, for example, any two
solutions u; and u, for Eq. (4) with up = 0. From this, in or-
der to find some solutions for the potential KP equation (1), it
suffices to apply Eq. (37) to solutions of Eq. (4).

For instance, the standard truncated Painlevé
method!?>?3] reveals that Eq. (4) has the following multiple
soliton solution:

v=2In(¢),, @3)

where ¢ takes the form of
N
0= 1+Zexp (kix+riy— ot + &), (44)
i=1

with the wave numbers k;, r;, the frequencies ;, and the orig-
inal positions &;. We can also confirm that the dispersion rela-
tions here satisfy that

2
r= M o—ak, i=1,...N. (45)
Y

To utilize Eq. (37), we initially set ug = 0. Let u; be a single-
soliton solution (taking N = 1 in Eq. (44)) with wave num-
ber ki and let up be a two-soliton solution (taking N =2 in
Eq. (44)) with wave numbers k> and k3, respectively. Then we
must have that both C; and C; in Eq. (37) are zero because of
the fact that these two solutions should satisfy Eq. (4) since
up = 0. In this situation, it follows that the superposition u3
obtained from Eq. (37) remains a solution for the potential KP
equation (we here take the arbitrary function F to be zero).
Figure 1 shows a specific instance with the parameters setting:
ki =-05,k =02,k3=04,& =0,& =5, & =10, and
Y = 1, at different times.

(c) t=80

0.5
0
—0.5
100 100
z 0 x
—100 _
y 100

Fig. 1. These three pictures are all obtained by the parameters setting k; = —0.5, k = 0.2, k3 =04, & =0, & =5, & =10, and y = 1, but

occur at distinct time.
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3. Symmetry reduction

In the preceding section, we obtain three specific novel
decompositions for the potential KP equation (1) (i.e., those
three variable coefficients systems in Theorems 2 and 3). They
are all integrable systems because of the existence of lax
triples. In this section, we study the symmetries of these three
systems, and give the corresponding symmetry constraints, re-
spectively.

Recall that a symmetry o of a partial differential equation
system

P(xivuxﬂuxixj"”) =P(u) =0,

can be defined as a solution of its linearized equation

d
Po= EP(M +€0)|e=0 =0,

which means that the system is invariant under the transforma-
tion

Uu—u+é€o,

with an infinitesimal €.

We start with the variable coefficient system (19) in which
v agrees with Eq. (4). The corresponding symmetry of this
system is

which should satisfy the following equations:

Oy + Y0, + (v—C1) 6y +v,0" =0,

46), +0; +6(v—C1) 0l +3 [(v—cl)2 +4vx} oM
+6[(v—=C))vy+vy]0" =0,

—oy +yoy —[(u—v+C —C) 0" +[(u—C2)o"], =0,
40k, +6(u—v+C —C) ok +of (46)
B3lu—vrc—c)?- 2vx+4ux} o

+3[(u—C) (2v—u—2C1 +C3) — 2uy) o)

+6[(u—v+C1 —C2) (ty — vy) + Uy O
—6[(u—v+C1—C)uy— (u—Cy) vy +uy o’ =0.

According to the standard Lie point symmetry method,?>-37]

we may assume that the general Lie symmetries possess the
form

Gu = é(x,y,t,u,v)ux+T[(x,y,t,u,v)uy
+ (X, v, t,u,v)uy — r(x,y,t,u,v),
oV =& (x,y,t,u,v)ve+n(x,y,1,u,v)vy
+ T,y 1, u,v)ve — r(x,y,t,u,v),

(47)

where £,1,7,r and s are functions to be determined with re-
spect to {x,y,z,u,v}. We next substitute them into the original

symmetry Eq. (46). With some complex but straightforward
calculations, one can obtain that

c
ol = (—3c|t+cs)ut + (—c1x+ iyy +C4> Uy

+ (—=6Ycat —2c1y+c3)uy —c1 (u—Ca), 48)

c
6" =(-3cit+cs)vi+ <—c1x—|— iyy +C4> Ve

+ (=6ycat —2c1y+c3)vy—[c1 (v—C1) + 2],

where ¢; (i = 1,2,3,4,5) are all arbitrary constants.
To obtain the corresponding symmetry reductions, we
consider the symmetry constraint equation

o= <GV) =0.
c

Or equivalently, to solve the characteristic equations

dt dx
—3c1t+c5 - —cix+ Yy lery+ey
dy
- —6Ycot —2c1y+c3
du dv

ct(u—C) c(v—Ci)+ey
The result shows that there are four special cases
(i)cl 750,0220,03 =0,C4=0, andcs ZO;
(i) c1 =0,¢#0,¢3=0,c4 =0, and ¢c5 # 0;
(iii))c; =0,¢3=0,¢c3=0,¢c4 #0, and ¢5 = 0;
(iv)c1=0,¢3=0,¢3#0,¢c4 =0, and c5 = 0.
The first case gives a so-called scaling symmetry, which
leads to four group invariants as

a= yxfz, b= tx73,

U(a,b) = (u—Cy)x, V(a,b)=(v—-C))x, (49)
and hence we conclude that the group invariant solutions for

the system of Egs. (4) and (19) possess the form

Fla,b Gla,b
uzcz+¥, v=cl+¥, (50)

where F and G are undetermined functions with respect to the
group invariants a and b as shown in Eq. (49). Note that it
doesn’t matter what the specific value we select for ¢y, the in-
variants a and b will eventually be of such forms. The decided
procedure for the specific forms of F' and G can be completed
by substituting Eq. (50) into the original system Eqgs. (4) and
(19). The result shows that F and G must satisfy the following
equations:

8YGaa + 12YG b +8G2a” + 18G2a” 424G, Gpab

+ [-2G*a+ (8a—2y) G+ 12Y] G,

+(=3G*b+12Gb+1) G, — G* +2G* =0,

18YFypb* + 129Fab + 12F,Gpa’b + 24F, Fya*b

+8F,Gpa’ + 18F,Gpab® + 12F,G,a’b + | — 2 (F? — G*) a?

+2(2Ga+4a—Yy)Fa+2(2a+7y)Ga+2y(4a—7)|F,

030201-6
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+[—3F%ab+6(Ga+2a—y)Fb—3G*ab+6(a+7y)Gb
+36Yb+a|F, +8F2a® +2F (F +2) Ga*
+[F?a+(-3Ga—2a+2y)F +G*a—2(a+2y)G—4y|F
+3F (Fa+2a+2y)Gyb+ 18F2ab* = 0.

For the second case, one can easily see that it is related to

a rotation group. And some similar arguments show that the
corresponding group invariant solution is of the form

u=F(a,b), v=t+G(a,b), (&28)
where a and b read
a:—3yt2—y, b:—2t3—}/71yt—|—x,

if ¢, and ¢5 have both been set to 1 for convenience. And the
constraint equations, obtained by substituting Eq. (51) into the
system of Egs. (4) and (19), read as

a

4}/ng+2G§+2}/(G—C1)Ga+ [(G—C1)2+ 7/} G,+1=0,

—4yF,, +2F,Gy +2F7 —2y(F —G+C, — C) F,
+4Y(F — )Gy — (F — G2)* G,
a

+|(F-G+C —C)* + y} F,=0.

Case (iii) demonstrates the translation group on x, and
trivially indicates an uninteresting case that both u and v are
constants.

The remaining case (i.e., case (iv)) is related to the trans-
lation invariance with y. The result shows that u and v are
constrained to (1 + 1)-dimensional situation. In such a case,
we have that

u=F(x,t), v=G(x,1), (52)
and
G, +2G>+(C1 —G)*G, =0,
F+2F2+ |2G+ (F —G+C, —G)*| F;
—(F=C)*G,=0.

We next discuss the variable coefficient system (20) in
Theorem 2. Again, we can find that the symmetry of such a
system must follow the four equations:

Oy + 70y + (v—Ci) oy +v0" =0,

403+ 07 +6(v—C1) 0 +3 | (v=C1)* + 4w o
+6[(v—Ci)vi+vi] 0" =0,

O +20y +yoy +[(u—v—C +C) o],
—[(u—2v+GCy)0"], =0, (53)
40t + 1200, +6(u—v—C1+Cy) ok +12(v—Cy) o),
+0/'+3 {4ux —2n+(u—v—-C —&—Cz)z} o

=3 2uy —8vi+ (u—2v+C) (u—2C1 + )] o}
+6[(u—v—C1+GC) (ux — vy) + ] 6" —6[(u—v
—C1+C)uy— (u—2C, +Co) vy + Uy — 2vxx] o’ =0.

And after some complicated computation, the result shows that

c1X c3y
ol = (C1t+62)uz + (3 — 67}/2 +C5) Uy

cl(u=2C1+C)v+c3

(29 4t +
— Cc C Uy
3 3 4 ) Uy 3y

(54
cix ¢
o' =(cit+c)v+ <; — 637;4—6‘5) Vy
2c1y 2c0 (v=C1)y+c3
+<3+C3I+C4> vy + 67 )

where ¢; (i=1,2,3,4,5) are all arbitrary constants. Further-
more, it is clear that the above formulas, when set to zero, are
equivalent to the characteristic equations

dr 6y>dx 3dy
cit+co - 2Y2c1x — c3y + 6Y2%cs - 2¢1y+3c3t +3c4
3ydu
— (w—2C14+C)y—c3
6ydv

—261 (V—C1)7—6‘3'

The corresponding symmetry reductions need to be dis-
cussed in four different alternatives listed as follows:

1 c1#0,c2=0,¢3=0,c4 =0, and ¢5 = 0;

(i) c; =0,¢c0#0,¢c3#0,c4 =0, and ¢5 =0;

(iii)) c; =0,¢3=0,¢c3=0,¢c4 =0, and ¢5 # 0;

(iv)c1=0,c=0,¢3=0,c4 #0, and ¢5 = 0.

For the first case, we solve the characteristic equations to
obtain that

F(a,b)

G(a,b
u=20,-Cy+ 10, (a,b)

v==Cr+ ; (55)
x

in which @ = yx~2 and b = tx3, are similar to the first case
we discussed in Eq. (4). The arbitrary functions F and G must
satisfy the following equations:
8YGaaa+ 12YG b + 8G2a* 4 18G3b?
+ [24Gpab —2G*a+2 (4a—7y) G+ 12Y] G,
+(=3G*h+12Gb+1) G, +2G* =0,
87 (Fua+ Gaa) a+ 12y (Fup + Gup) b+ 8F2a* + 18GEb*
+[24F,ab +8G,a* + 12Gyab — 2F*a+2 (2Ga+4a—y) F
—2G*a+2(2a+7) G+ 12Y]|F, + [12G,ab + 18G,b*
—3F?b+6(G+2)bF —3G*b+6Gb + 1] F,
+ [2F%a+4Fa—4y(G—3)] G, +3b(F +2)FG,
—[F?—=(3G-2)F+G*—2G|F =0.
For v in Eq. (55) should be certainly the solution of the BSTO

system (4) and u in Eq. (55) should be the solution of the vari-
able coefficient BSTO system (20).
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The above discussion is based on the scaling transforma-
tion as well as we see in the case of Eq. (4), and the conse-
quence seems to be similar except for the specific forms of F
and G. It is reasonable since the different parts between these
two theorems make certainly no formal effects on the scaling
symmetry.

For the remaining cases, we eliminate the scaling symme-
try. Case (ii) leads to the group invariant solutions related to
the rotation symmetry. For a special instance, let c; = c3 =1,
then the group invariant solutions possess the following forms:

t t
M——@+F(avb)» V*_a/—i_G(a’b)’ (56)

in which
3

t
=+

2
=t"—2y, b

672 +x (57)

To make it possible that u# and v are certainly the solutions
of the original Eqgs. (4) and (20), respectively, we substitute
Eq. (56) into these equations to obtain the implicit equations
for u and v, namely,

8YGu» +2G; +4y(G—C1) G,

1
R P

8Y(Fup+ Gap) +4Y(F — G —Cy +C2) F, +2GF,

+ {(F —G-C+G) - 1272] F,+2F?—8y(C; —G)G,

1
Gy—— =0.

—(F—2C,+G)?
( 1+C2) 3y

As for case (iii), we again obtain an x-translation-
invariant solution as trivial as the similar situation we dis-

cussed in Eq. (19). The last case (case (iv)) is related to the
|

c1x
3 3y

o'=(cit+c)u+ (

translation invariance on y-axis of the PDE systems (4) and
(20). It follows that

u=F(xt), v=_G(x,t), (58)

where F and G are arbitrary functions satisfying that

G +2G> +(C1 —G)* G, =0,
F+2F2+ [2GX+ (F-G-C +C2)2} F,

—(F=2C1+G)* G, =0.

Finally we consider Theorem 3. Assume similarly that
the symmetry of our system, Egs. (5) and (28), is of the form

o4
g = o]’

where 6" and ¢ are the symmetries, related to u and v, being
of the form (47), respectively. We first list the corresponding
symmetry equations for this system as follows:

Cl G; - ’}/G\‘)} = 07
0) +3 (20 +C}) 0} + 0L =0,

G)chx + G)Xx + ’)/0';,4 + [(u —v—C— C4) Gu]x
—[(u—v—=C4)0¥], =0,

(( , )0, (59)
40t . +30),+6(u—v—C;—Cy) 0. —6C 0y, + o
+3[4ux—2vx—|—(u—v—C1—C4) o
—32uy —2vy+ (u—v—2C, —C4) (u—v—=Cyq)] 0}

6+ (1 —v—C1 — Cy) (ux —v)] (6% — 6¥) = 0.

Again, by substituting Eq. (47) into the above equations, we
can obtain that

3

cC 2¢1 (3Cyt+
i 1y+cst+c4) ux+<1(17fy)+cs)uy

[2 (6C\Cot +4C3t +Cy —u) 1 + (x— 3C%t) c3 +6C6] Y+ (6Cac1 +Cicz)y

clx

3 3y

o’ (c1t+cz)v,—|—(

oy (60)

3

C 2¢1 (3C vt +
ci 1y+63t+c4)Vx+( c1 (3Ciyt Y)+c5> N

[2 (6C1C2t+4C3t7V) c1+ (X*3C%t) c3 +666] Y+ (6C2C1 +C1€3)y

6y

)

where ¢; (i = 1,2,3,4,5,6) are all arbitrary constants. To give the corresponding symmetry reduction, it is equivalent to solving

the characteristic equations

e 3ydx _ 3dy
cit+co  cyx—cCry+3yest +3ycs,  2cy (3C1yt+y)+3c5’
e 6ydu
cit+cy  [2(6C1Cot +4C3t +Ca—u)c1 + (x—3CH) 34606 | Y+ (6Cac1 +Cie3) y

6ydv

[2 (6C,Cat +4C3t —v)c1 + (x — 3C12t) c3+ 66‘6] Y+ (6Cac) —|—C16‘3)y.
030201-8
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It follows that four alternatives:
1) c1#0,c0=0,c3=0,¢4=0,¢c5 =0, and ¢ =0;
(ii)q ZO,CQ#O,C3750,C4=0,6‘5 20, andc6:0;
(iii)cl 20,0220,63 20,04750,05 Zo,al‘ldC5=0;
(iV)Cl 20,6‘220,63 20,C4=0,C5 #0,andc6:O.
(Note that with all ¢; (i = 1,2,3,4,5) being zero, the only
possible value for ¢ is also zero.)
The first case leads to some scaling invariance, which
gives that

C
u= C3t+%y+C4

_ 2 Cry
+t—§F<6C”’f y _3Gm-Cy Yx), 61)

)

1
t3 t3y

C
v:C3t+iy
Y
6C, yt — 3Cyt —Cry—
SRS TC] b b A e U b L) B ()
13 t3y

With a simple reword

6Cyt —
a:_w7 b—

2
13

3G —Ciy—yx
by

we now can give the constraint conditions for F and G as fol-

; (63)

lows:
3Gy +9G7 — Gpb— G =0,
—3Gppp — 12YF,, + 6 (F — G) Gy, + 6F2 — 3G>
~2(3YF +3YG +a) F, + [3 (F—G)*+6G, fb] F
—3(F-G)*G,—F =0.

For case (ii), similarly we obtain the reduction of # and v
(withcp =c3=1) as

u=H(x,y,t)+F(a,b), (64)
v=H (x,yt)+G(a,b), (65)
in which
(BCi—t)x  Ciy P
H(x,y,t) = — -
(x2,1) 6 6y 18’
a=y, b=r*—2x (66)

By substituting Eqs. (64) and (65) into the system described in
Theorem 3 directly, we obtain the constraints for F and G

P Gaaa +3C1 P G2 +3C17(C} —2C3) G

Cia b 3C2
+C =31+ ——-C——+=2)=0
1( 12 6y T2 Cf) ’

_,VSGaaa + SC%yFah - C12 {4YGa +Cl (F -G— Cl - C4)2

+2 (C?+c2)}Fb+2c1y2(F—G—2cl —C1)Gaa

e {cl (F—G—2C—Cy)?—C3— 2C2} YGa

—2C}y(F —G—C) —C4)F, +8CF? — C1 7G>
c
+71 (C}—2C) (F —G—Cy —Cy)?

3

+é [30? —12CG3C — (’; +6C3) c— 603] + %fl =0.
The remaining two alternatives lead to some translation invari-
ant solutions. For ¢4 # 0 (case (iii)), a trivial constant solution
would be obtained. For c¢5 # 0 (case (iv)), u and v are restricted
to be functions with respect to x and ¢. And if we take ¢s5 =1,
the result shows that

u=F(x,1), v=_G(x,t), 67)
with

Cx (3¢5 +CIC3—3C3)t
G c?

+C57

where Cs is an arbitrary constant, and

—-2C
Ft+2Ff+[ o

+(F—G—C)—C)*| F
1

+2C, (F—G—Ci —Cy)

2
G

—| =] —=C3=0.
(C1> }

4. Summary and discussion

This study offers a fresh perspective on the decomposi-
tions of the potential KP equation. The findings elucidate the
relationship between the potential KP equation, the BSTO sys-
tem, and the BSTO-KdV system. Our research establishes a
superposition principle for the solutions of the potential KP
equation, subject to a restriction associated with the BSTO de-
composition. With these decompositions, one can easily apply
the superposition principle to construct, for instance, a (1+2)-
soliton solution for the potential KP equation. Not only is such
a superposition feasible, but we can also consider an m-soliton
solution and an n-soliton solution, the sum of which remains
valid. Generally, it indicates that any solutions for the BSTO
system (4) can be amalgamated to derive a solution for the
potential KP equation.

The symmetry of the BSTO decompositions and the
BSTO-KdV decomposition is also examined. The correspond-
ing symmetry constraints are presented in Section 3. For most
nontrivial cases, the scaling symmetry plays a significant role.
These decompositions are all linked to some novel integrable
systems. Future research could further investigate the potential
applications of this solution in various domains of mathemati-
cal physics.
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