CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Anomalous spin Josephson effect in spin superconductors

Wen Zeng( ' 3¢) and Rui Shen(7t %)
Citation:Chin. Phys. B, 2024, 33 (3): 037401. DOI: 10.1088/1674-1056/ad1982
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Photoinduced valley-dependent equal-spin Andreev reflection in Ising superconductor

junction

Wei-Tao Lu(/5 14:¥%), Yue Mao(-E%), and Qing-Feng Sun(#M K )
Chin. Phys. B, 2023, 32 (10): 107403. DOI: 10.1088/1674-1056/aceee6b

Asymmetric Fraunhofer pattern in Josephson junctions from heterodimensional

superlattice V.S,

Juewen Fan(J5FE5E), Bingyan Jiang(YL T4 %), Jiaji Zhao(iX 5% %), Ran Bi(5E4R), Jiadong Zhou(Jfl & %), Zheng
Liu(XI#), Guang Yang(#)%), Jie Shen(¥Li%), Fanming Qu(Ji JLEA), Li Lu( & /7), Ning Kang (i T¢), and Xiaosong

Wu( R ZFHR)
Chin. Phys. B, 2022, 31 (5): 057402. DOI: 10.1088/1674-1056/ac5d30

Josephson current in an irradiated Weyl semimetal junction

Han Wang(E£ %) and Rui Shen(74 %)
Chin. Phys. B, 2021, 30 (7): 077406. DOI: 10.1088/1674-1056/ac0348

0-rt transition induced by the barrier strength in spin superconductor Josephson

junctions

Wen Zeng( ¥ ), Rui Shen(3L %)
Chin. Phys. B, 2018, 27 (9): 097401. DOI: 10.1088/1674-1056/27/9/097401

Novel O-rt transitions in Josephson junctions between noncentrosymmetric

superconductors

Jun-Feng Liu(X%=3), Huan Zhang(5KXK), Jun Wang (V£ %)
Chin. Phys. B, 2016, 25 (9): 097403. DOI: 10.1088/1674-1056/25/9/097403


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad1982
https://doi.org/10.1088/1674-1056/ad1982
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aceee6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aceee6
https://doi.org/10.1088/1674-1056/aceee6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac5d30
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac5d30
https://doi.org/10.1088/1674-1056/ac5d30
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0348
https://doi.org/10.1088/1674-1056/ac0348
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/9/097401
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/9/097401
https://doi.org/10.1088/1674-1056/27/9/097401
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/9/097403
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/9/097403
https://doi.org/10.1088/1674-1056/25/9/097403

Chin. Phys. B 33, 037401 (2024)

RAPID COMMUNICATION

Anomalous spin Josephson effect in spin superconductors

Wen Zeng(% 30)!>" and Rui Shen(JL Ff)>*

1 School of Physics and Electronic Engineering, Jiangsu University, Zhenjiang 212013, China

2Jiangsu Engineering Research Center on Quantum Perception and Intelligent, Detection of Agricultural Information, Zhenjiang 212013, China

3Nat1'ona] Laboratory of Solid State Microstructures and School of Physics, Nanjing University, Nanjing 210093, China

4Collaborative Innovation Center of Advanced Microstructures, Nanjing University, Nanjing 210093, China

(Received 7 November 2023; revised manuscript received 27 December 2023; accepted manuscript online 29 December 2023)

The spin superconductor state is the spin-polarized triplet exciton condensate, which can be viewed as a counterpart of
the charge superconductor state. As an analogy of the charge Josephson effect, the spin Josephson effect can be generated
in the spin superconductor/normal metal/spin superconductor junctions. Here we study the spin supercurrent in the Joseph-
son junctions consisting of two spin superconductors with noncollinear spin polarizations. For the Josephson junctions
with out-of-plane spin polarizations, the possible 7-state spin supercurrent appears due to the Fermi momentum-splitting
Andreev-like reflections at the normal metal/spin superconductor interfaces. For the Josephson junctions with in-plane spin
polarizations, the anomalous spin supercurrent appears and is driven by the misorientation angle of the in-plane polariza-
tions. The symmetry analysis shows that the appearance of the anomalous spin Josephson current is possible when the
combined symmetry of the spin rotation and the time reversal is broken.

Keywords: tunneling junction, spin supercurrent, O—7 transition, anomalous spin Josephson effect
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1. Introduction

The exciton condensates are composed of the electron—
hole pairs which are charge neutral while their spin may ei-
ther be singlet or triplet.['?) The key issue to realize the
stable exciton condensates is to prevent the electron—hole
recombination.>*! Many strategies have been proposed to do
so, such as the exciton condensates realized in the double-
layer systems,>~® where two monolayers are spatially sepa-
rated by an insulator layer. The insulator is supposed to be
high enough to prevent the electron-hole recombination. Re-
cently, Sun et al.[>!%1 suggested that the stable spin-polarized
triplet exciton condensates could be realized in the graphene
monolayer growing on a ferromagnetic material or under an
external magnetic field, where the electron-like spin-up states
are below the hole-like spin-down states,!”! which prevents the
electron-hole recombination and means the exciton conden-
sates in the ferromagnetic graphene system are stable. These
stable exciton condensates are termed as the spin superconduc-
tor states.”!91 Analogous to the Andreev reflection in charge
superconductors, =101 Ly er al.1'7) studied the Andreev-like
reflection in the normal metal/spin superconductor (NS) junc-
tions based on the ferromagnetic graphene, where an incident
spin-up electron is reflected as a spin-down electron and the
spin 2 x (%/2) is injected into the spin superconductor. This
spin-flipped Andreev-like reflection leads to the spin current
when a spin voltage is applied across the junction.

Inspired by this, in this paper we investigate the spin
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Josephson effect in the device consisting of two weakly cou-
pled spin superconductors with noncollinear spin polariza-
tions. Both the out-of-plane spin polarization configuration
and the in-plane spin polarization configuration are consid-
ered, as shown in Figs. 1(a) and 1(b), respectively. We show
that the repeated spin-flipped Andreev-like reflections at the
NS interfaces lead to the Andreev-like bound states, which are
responsible for the dissipationless spin supercurrent. This spin
supercurrent is driven by the macroscopic phase difference ¢s,
which origins from a spin current flowing through the junc-
tion under the drive of an external device or from a variation
of an external electric field thread the ring junction device. !
As the condensed electron—hole pairs in spin superconductors
are charge neutral, the charge current in our model is zero. For
the Josephson junctions with out-of-plane spin polarizations,
the possible 7-state spin supercurrent can be generated due to
the Fermi momentum-splitting Andreev-like reflections at the
NS interfaces. The anomalous spin supercurrent is absent and
the phase of the spin supercurrent is determined by the Fermi
level and the junction length. For the Josephson junctions with
in-plane spin polarizations, the misorientation angle of the in-
plane polarizations acts as an effective superconducting phase,
leading to a finite spin superconducting current at zero phase
difference, which is termed as the anomalous spin Josephson
effect. Furthermore, the symmetry analysis shows that the ap-
pearance of the anomalous spin Josephson current is possible
when the combined symmetry of the spin rotation and the time
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reversal is broken.
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Fig. 1. Schematic of the spin Josephson junctions with the length of
the normal region being L. The red arrows denote the directions of the
spin polarization of the triplet exciton condensates. The red and blue
wavy lines denote the left-propagating spin-up electron and the right-
propagating spin-down electron, respectively. (a) The spin Josephson
junction with out-of-plane spin polarization. The spin polarization of
the triplet exciton condensate in the left spin superconductor is along
the z axis and the spin polarization of the triplet exciton condensate in
the right spin superconductor lies in the y—z plane with the polar an-
gle 6. (b) The spin Josephson junction with in-plane spin polarization.
The spin polarization of the triplet exciton condensate in the left spin su-
perconductor is along the x axis and the spin polarization of the triplet
exciton condensate in the right spin superconductor lies in the x—y plane
with the azimuthal angle @p,.

The remainder of the paper is organized as follows. The
model Hamiltonian and the scattering approach are explained

in detail in Section 2. The numerical results and discussion are
presented in Section 3. Finally, we conclude in Section 4.

2. Model and formulation
2.1. Model Hamiltonian

The model Hamiltonian for the spin superconductor with
the spin polarization along z axis is given by!®!7]

. Ho+M Ast
HS( ArT, HO—M>’ M

where M is the exchange split energy induced by the proximity
to an insulating ferromagnetic layer,[!®1° and A is the spin
superconducting pair potential induced by the electron-hole
Coulomb attraction interaction.”) The single-particle Hamil-

tonian M reads2%-211

Ho = hvp (kT +NkyTy) — U, 2)

where 11 = + (—) for K (K') valley, vg is the Fermi velocity, tt
is the Fermi energy, k, (ky) is the wave vector in the x (y) di-
rection, and Ty, is the Pauli matrix in the pseudospin space.
For the spin superconductor with the spin polarization

1, = (8in Oy COS Py, SN Opy SiN Py, €OS Oy ) 3)
the Hamiltonian is given by

Hs(n) = RnHsRY, 4)

where the spin rotation matrix is given by
cos (97“’) To e i¥mgip (97‘“) T

Rn = ,
i0m o3 Om Om
e sin{ 5 ) To cos|{ 3" )T

&)

with 7y being the identity matrix in the pseudospin space, O,
and ¢p, being the polar angle and the azimuthal angle, respec-
tively.

We consider the spin superconductor/normal metal/spin
superconductor junctions in the x—y plane, where the spin po-
larizations of the two spin superconducting regions are non-
collinear, as schematically shown in Fig. 1. The junction is de-
scribed by the Bogoliubov—de Gennes (BdG) Hamiltonian, %?]
which is given by

Hpac = HL + HN +Hg, (6)

where Hy, = Hs(np)O(—x), Hr = Hs(nr)O(x — L) and
HN = Hs|a-00 (x)O(L — x) with ny g) being the spin polar-
ization for the left (right) spin superconductor and ® (x) being
the Heaviside step function. The superconducting pair poten-
tial is A, = Ae 1%/2 for x < 0 and A, = Ael®/2 for x > L,
where ¢; is the phase difference across the junction.

2.2. Transfer matrix

The scattering states of the spin superconductor with spin
polarization 72 can be obtained by

% P ey
el2e 172 el

% PP jor
gpelzel 2 el

9 _;sPhp
e 2e "z e

i% L i%be ey
Tel 7 e 12

(

n) {cpkprtikyy
Vep' =R x ! SPRPTIRY - (T)

_ikY

pY
2

spe”

where ¢ = + (—) for the right (left) propagating states, p = +
—) for the electron-like (hole-like) quasiparticles, the longitu-

(=) quasip g

(=M +ipVA?—E?)? /i*v} — k2

with k, and E being the conserved transverse wave vector

dinal wave vector is kp, = \/

and the incident energy, respectively, B, = arctan(ky/kp), ¥ =
arccos(E/A) for E < A and y = —iarccosh(E/A) for E > A.
Due to the spin-flipped Andreev-like reflection at the NS

[17) the incident and reflected states are connected by

interface,
Y5 = Sy, with S being the transfer matrix, Yo (Ys) being the
spin-o (spin-G) component in Eq. (7) (6 = —o). The transfer
matrices at the left and right interfaces can be directly obtained
by matching the left and right propagating states in Eq. (7), re-

spectively, which are given by
e!® sin (%V) +cos (e—zv) s

= cos (e—zv) + e~ i sin (%V) S‘<,0)

) ®)
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with v = 4 (—) for the left (right) interface. 850) is the
Andreev-like transfer matrix for 6, = 0, which is given by

©) _ —ig, [ cosy —ivsiny
Svi=e <iVSil‘l’)/ —cosy)' ©)

In the normal region, the electron transfer matrix is read-

ily obtained by!??!
M=AelflTA, (10)
A 1 e—ioc/Z eioc/2 "
= Vieosa \ w2 e ) (D

where k = krcos  is the longitudinal wave vector in the nor-
mal region with kg = pt/(hivg) being the Fermi wave vector
and o = arcsin(fivek, /1) € [—m/2,m/2] is the incident angle.

The total spin Josephson current density can be obtained
by 24251

j:—kBTZd(jP Indet (1-M"'ST'MS_),  (12)
n,ky s

where kg is the Boltzmann constant, 7 is the temperature, and
the energy variable in the determinant is replaced by i@, with
w, = 2n+ 1)wkgT (n € Z).

3. Results

In the following calculations, we set A = 1 meV as the
energy unit. The superconducting coherence length is & =
hvg/A = 360 nm, which is set as the length unit.

3.1. Josephson junction with out-of-plane spin polariza-

tion

The Josephson junction with the out-of-plane spin polar-
ization is schematically shown in Fig. 1(a), where the spin po-
larization in the left superconducting region is along the z axis
and the spin polarization in the right superconducting region
lies in the y—z plane with the polar angle 6. The Andreev-
like transfer matrices at the NS interfaces are given by

1
cos 0y cos @y +isin@,

« sin By, cos @, +cosy
isiny

—isiny
sin 6y cos ¢, — cos y> » (13)

where v = + (—) for the right (left) interface, 6, = 6y,
0_ =0, and ¢ = +¢;/2. The Andreev-like bound states can
be found from the same determinant in Eq. (12), which are
given by

det (1-M~'S'MS_) =0, (14)

leading to the Andreev-like levels

B

B \/Y2 —2XZ+\/Y2-4Y2Z (X +2Z)
==

2(X211?) ’

X = 2sin® o — (3 + cos2a) cos(2kL),

Y = —4cosasin(2kL),

Z = cos? (x(cos @s + cos Oy, cos @ + cos O, + 2 cos(2kL) — 1) .
(15)

With the help of Eq. (12), the spin Josephson current density

at T = 0 K can be obtained by the ¢;-dependent Andreev-like
levels

. uw  dE;
- d
J(9s) ZZ:L/Z”FWF 4, cosda

where Ey is the positive root of Eq. (15) and W is the width of
the junction.

(16)

The supercurrent—phase relations at different 6, are
shown in Fig. 2(a) for kgL = 0.1. The spin Josephson current
decreases with the increase of 6y, and drops to zero when the
spin polarizations in the left and right superconducting regions
are antiparallel, i.e., 6, = 7. In this antiparallel configuration,
the spin polarizations of the spin-triplet electron—hole conden-
sations in the left and right spin superconductors are opposite,
the Andreev-like process between two NS interfaces can not
form a closed loop. Consequently, the ¢s-dependent Andreev-
like levels are absent, leading to the zero spin supercurrent.

For kgL = 2, the spin supercurrent is reversed and the
m-state Josephson junction appears, as shown in Fig. 2(b).
This O—x phase transition is attributed to the Fermi-momentum
splitting Andreev-like reflections at the NS interfaces. At the
Fermi surface, the right-propagating spin-up electron with the
wave vector kg is converted into a left-propagating spin-down
electron with the wave vector —kg due to the Andreev-like re-
flection, leading to the wave vector difference Ak = 2kp. An
additional phase shift 2kgL is accumulated in a closed Andreev
loop. The total scattering phase acquired by the electrons in
this closed Andreev loop is 2kpL + ¢5 — 2arccos(E/A), 2%
which should be quantized according to the quasiclassical
Bohr—Sommerfeld quantization condition, [27.28] je., 2kpL +
¢s — 2arccos(E/A) = 2nn (n € Z). Consequently, the state
of the junction can be controlled by the phase factor cos(kgL).
The spin supercurrent can be expressed as j < cos(kgL) sin ¢s.
For 2nmw + 7 /2 < kgL < 2nmw + 37/2, the spin supercurrent is
reversed.

The critical spin current defined by j. = max|j(¢s)| as a
function of the junction length L is shown in Fig. 2(c). Due
to the additional phase kgL, the critical spin current is pro-
portional to cos(kgL), which exhibits an oscillation behavior
as the junction length increases. For u = 0.5A in Fig. 2(c),
the oscillation period can be estimated as Ty = 7/kg = 2n&.
The critical spin current as a function of the polar angle 6,
is shown in Fig. 2(d). The 6,-dependent critical spin cur-
rent is symmetric due to the rotation symmetry, i.e., jo(6y) =
Je(—6m). The critical spin current reaches its maximum value
at 0, = 0 and becomes zero at 6,, = +7.
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Fig. 2. (a), (b) The current—phase relation for the Josephson junctions with the out-of-plane spin polarization. The red arrows indicate the
curves with the increasing deviation of the relative angles 6y, which change from 0 to 7 with a step of /4. (c) The critical spin Josephson
current density jc as a function of L for 8, = 0.37 (solid) and 6y, = 0.87 (dashed). The Fermi level is 4 = 0.5A. (d) The critical spin Josephson
current density j. as a function of 6y, for L = 0.1& (solid) and L = 1.5& (dashed). Both j and j. are renormalized by jo = uAW /(27hvg).

3.2. Josephson junction with in-plane spin polarization

The Josephson junction with in-plane spin polarization is
schematically shown in Fig. 1(b), where the spin polarization
in the left superconducting region is along the x axis and the
spin polarization in the right superconducting region lies in
the x—y plane with the azimuthal angle ¢,. The Andreev-like
transfer matrices are given by

,iei(Pv
Sy=—"7—7—"-—
" sin(gy + 9v)
o cos (@y + ¢y) +cosy —isiny (17
isiny cos (@y + ¢y) —cosy )’

where v = + (—) for the right (left) interface, ¢, = @n,
¢_ =0, and ¢+ = +¢;/2. The Andreev-like levels are given
by

Ei| |V2—2%Z+\/V2—4V?Z(X +Z)
Al 2(X2+7?) ’
X = 8(3cos(2kL) +2cos2a cos> (kL) — 1),
Y =32cosasin(2kL),

7 = —4cos? 0 (2¢0s Py — coS 2, + cOs Py
+2¢c08(Pm + ¢s) +cos(2¢m + ¢s)

The zero-temperature spin Josephson current obtained by
Eq. (16) is shown in Fig. 3(a) at kgL = 0.1. Due to the spin ro-
tation symmetry, the spin supercurrent for the Josephson junc-
tions with parallel in-plane spin polarization (¢ = 0) is the
same as that for the Josephson junctions with parallel out-of-
plane spin polarization (6, = 0). For the antiparallel in-plane
polarization (¢, = 7), the spin Josephson current is absent due
to the absence of the ¢s-dependent Andreev-like levels.

For ¢ # 0 and @, # 7, the anomalous spin Josephson
current j|4—o appears, as shown in Fig. 3(a). For simplicity,
we present the spin Josephson current for the one-dimensional
(1D) case with k, =0

Jip o< cos (kgL) cos* (%) sin (ds + Q) , (19)
which can imply the qualitative properties of the two-
dimensional Josephson junctions. Equation (19) shows that
the anomalous spin Josephson current at ¢; = 0 is proportional
to cos(kpL)cos?(@m/2)sin@y. The spin Josephson current
can be reversed by the additional phase factor cos(kgL). For

krL = 2, the reversed spin Josephson current obtained from

~+4cos(2kL) — 1). (18)  Eq. (16) is shown in Fig. 3(b).
3 3
@) keL=0.1 (b) kel =2 (©) —4n=0.3n (d —L=0.1¢
21 _-4)0[[1:()'877- 21 _L:15£
T ™
= AEAL A=, LAL A s
3 7R 7| L\
) AN
Ym=0 em=0 /// \\
-3 " -3 . : 04= . =
—2 0 2 -2 0 2 0 5 10 15 —1 0 1
Bs/T os/T L/¢ om/ T

Fig. 3. (a), (b) The current—phase relation for the Josephson junctions with the in-plane spin polarization. The red arrows indicate the curves
with the increasing deviation of the relative angles @, which change from 0 to 7 with a step of 7/4. (c) The critical spin Josephson current
density jc as a function of L for ¢y = 0.37 (solid) and ¢y, = 0.87 (dashed). The Fermi level is 4 = 0.5A. (d) The critical spin Josephson
current density j. as a function of 6y, for L = 0.1& (solid) and L = 1.5& (dashed). Both j and j. are renormalized by jo = uAW /(27hvg).

The critical spin currents j. as a function of the junction = Fermi-moment splitting. For a fixed L, the @y-resolved j. is

length L and the azimuthal angle ¢, are shown in Figs. 3(c)
and 3(d), respectively. The L-dependent oscillation is de-
termined by the additional phase factor cos(kgL) due to the

symmetric, as shown in Fig. 3(d).

The anomalous spin Josephson current j|4—o as a func-

tion of L is shown in Fig. 4(a). For ¢y, =0 and ¢, = 7, the
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anomalous Josephson effect is absent. For ¢, # 0 and ¢y, # 7,
Jlos=0 oscillates with the increase of L and has the same oscil-
lation period as j.. For u = A in Fig. 4(a), the oscillation
period is about w&. j|o,—o as a function of ¢y, is shown in
Fig. 4(b). The ¢p-resolved anomalous spin Josephson current
is asymmetric and satisfies the relation

Jloe=0(@m) = —jlg;=0(—@m), (20)

due to the symmetry of the BAG Hamiltonian, which is ex-
plained in detail in Subsection 3.3.

1
(a) — M =0.57
= &
3 3
I 04 I
< <
= "
—1 —1
0 5 10 15 —1 0 1
L/¢ Om/™

Fig. 4. (a) The anomalous spin Josephson current density j|s—o as a
function of L for ¢, = 0.57 (solid) and ¢, = 0, w (dashed). The Fermi
level is t = A. (b) The anomalous spin Josephson current j|4,—o as a
function of ¢y, for Ly, = 0.1& (solid) and L = 1.5& (dashed). j|g,—o is
renormalized by jo = HAW /(27hvg).

3.3. Symmetry analysis

The Hamiltonian of the spin superconductor with out-of-
plane spin polarization can be written as

H = hy (k) +H' (95, 6m), 1)

where 1 = + is the valley index, the k-dependent term hy) (k) =
v (ky Ty + NkyTy) is the Hamiltonian of the pristine graphene
for the 7 valley and the k-independent term is given by

H' (s, 0m) = M cos 6,07y + M sin 6,0, Ty
+ A cos By, cos ¢ 0, T, + A sin 8, cos @0, T,
—Asin¢;0,7;. 22)

Under the time-reversal transformation, the Hamiltonian of the
pristine graphene remains unchanged

hy (k) — Thy(—k)T !

= hve(keTe + NkyTy)
= hy(k), (23)
where 1 = —n, 7 = i06,7,C is the time-reversal operator

with C being the complex conjugation. For the k-independent
Hamiltonian H'(¢s, 6), considering the combined symmetry
P = 0,7 with o, being the spin rotation symmetry and 7 be-
ing the time-reversal symmetry, one finds that

PH' (95, 0m)P " =H (— s, 0m). (24)

Due to the spin degeneracy in pristine graphene, &, (k) remains
unchanged under P. Consequently, with the help of Eq. (6),
the BAG Hamiltonian for the Josephson junctions with the out-
of-plane spin polarization holds the relation

PHpac(9s,0m)P " = Hpac(— s, Om).- (25)

The spin Josephson current density can be obtained via the
thermodynamic relation 2?31

Jj(@s) = —kpT g, InTr[e~*Bec(9s)/ks T (26)

By substituting Eq. (25) into Eq. (26), one finds that the spin
Josephson current holds the relation

j(‘Ps,em) = _j(_¢5aem)7 27

leading to the absence of the anomalous spin Josephson cur-
rent, i.e., jlg,—0 = 0.

For the spin superconductor with in-plane spin polariza-
tion, the Hamiltonian can be written as

HJ = hy (k) +H" (65, Pm), (28)
with

H' (95, Pm) = M c0S PO + M sin @ 6, Ty
— Asin(@Qy + ¢5) cos ¢ 0, T,
+ A sin( @ + @) 8in ¢, 6, T;
—Acos(Qm + ¢5)0. . (29)

The symmetry P is broken and the BAG Hamiltonian holds
the relation

PHpac (95, om)P " = Hpac(—0s, —Pm). (30)

With the help of Eq. (26), one finds that the spin Josephson
current holds the relation

J (s, Om) = —j(— P, —Pm), 3D

leading to the presence of the anomalous spin Josephson cur-
rent. The anomalous spin Josephson current is an odd func-
tion of @, satisfying j|g,—0(Pm) = —jlg;—0(—@m), as shown
in Fig. 4(b).

In fact, the anomalous Josephson effect is possible when
the symmetries 7, D and P are all broken,?!-3?! where D =
0,R;T is another combined symmetry with R, being the mir-
ror reflection about the x—z plane. We note that the symmetries
T and D are always broken in our model for both the out-of-
plane spin polarization and the in-plane spin polarization. The
combined symmetry P plays a key role in our model: For the
Josephson junction with out-of-plane spin polarization, the ab-
sence of the anomalous spin Josephson current (j|g,—o = 0) is
protected by P. For the Josephson junction with in-plane spin
polarization, the breaking of P leads to the presence of the
anomalous spin Josephson current.
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4. Conclusions

To conclude, we theoretically investigate the spin Joseph-
son effect in the spin superconductor/normal metal/spin super-
conductor junctions, where the spin polarizations of the left
and right spin superconducting regions are noncollinear. For
the Josephson junctions with out-of-plane spin polarization,
the possible 7-state spin supercurrent can be generated due to
the Fermi momentum-splitting Andreev-like reflection at the
normal metal/spin superconductor interface. For the Joseph-
son junctions with in-plane spin polarization, the anomalous
spin supercurrent appears and is driven by the misorientation
angle of the in-plane spin polarization. The symmetry analy-
sis shows that the appearance of the anomalous spin Josephson
current is possible when the combined symmetry of the spin
rotation and the time reversal is broken.
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