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The spin superconductor state is the spin-polarized triplet exciton condensate, which can be viewed as a counterpart of
the charge superconductor state. As an analogy of the charge Josephson effect, the spin Josephson effect can be generated
in the spin superconductor/normal metal/spin superconductor junctions. Here we study the spin supercurrent in the Joseph-
son junctions consisting of two spin superconductors with noncollinear spin polarizations. For the Josephson junctions
with out-of-plane spin polarizations, the possible π-state spin supercurrent appears due to the Fermi momentum-splitting
Andreev-like reflections at the normal metal/spin superconductor interfaces. For the Josephson junctions with in-plane spin
polarizations, the anomalous spin supercurrent appears and is driven by the misorientation angle of the in-plane polariza-
tions. The symmetry analysis shows that the appearance of the anomalous spin Josephson current is possible when the
combined symmetry of the spin rotation and the time reversal is broken.

Keywords: tunneling junction, spin supercurrent, 0–π transition, anomalous spin Josephson effect
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1. Introduction
The exciton condensates are composed of the electron–

hole pairs which are charge neutral while their spin may ei-
ther be singlet or triplet.[1,2] The key issue to realize the
stable exciton condensates is to prevent the electron–hole
recombination.[3,4] Many strategies have been proposed to do
so, such as the exciton condensates realized in the double-
layer systems,[5–8] where two monolayers are spatially sepa-
rated by an insulator layer. The insulator is supposed to be
high enough to prevent the electron–hole recombination. Re-
cently, Sun et al.[9,10] suggested that the stable spin-polarized
triplet exciton condensates could be realized in the graphene
monolayer growing on a ferromagnetic material or under an
external magnetic field, where the electron-like spin-up states
are below the hole-like spin-down states,[9] which prevents the
electron–hole recombination and means the exciton conden-
sates in the ferromagnetic graphene system are stable. These
stable exciton condensates are termed as the spin superconduc-
tor states.[9,10] Analogous to the Andreev reflection in charge
superconductors,[11–16] Lv et al.[17] studied the Andreev-like
reflection in the normal metal/spin superconductor (NS) junc-
tions based on the ferromagnetic graphene, where an incident
spin-up electron is reflected as a spin-down electron and the
spin 2× (h̄/2) is injected into the spin superconductor. This
spin-flipped Andreev-like reflection leads to the spin current
when a spin voltage is applied across the junction.

Inspired by this, in this paper we investigate the spin

Josephson effect in the device consisting of two weakly cou-
pled spin superconductors with noncollinear spin polariza-
tions. Both the out-of-plane spin polarization configuration
and the in-plane spin polarization configuration are consid-
ered, as shown in Figs. 1(a) and 1(b), respectively. We show
that the repeated spin-flipped Andreev-like reflections at the
NS interfaces lead to the Andreev-like bound states, which are
responsible for the dissipationless spin supercurrent. This spin
supercurrent is driven by the macroscopic phase difference φs,
which origins from a spin current flowing through the junc-
tion under the drive of an external device or from a variation
of an external electric field thread the ring junction device.[9]

As the condensed electron–hole pairs in spin superconductors
are charge neutral, the charge current in our model is zero. For
the Josephson junctions with out-of-plane spin polarizations,
the possible π-state spin supercurrent can be generated due to
the Fermi momentum-splitting Andreev-like reflections at the
NS interfaces. The anomalous spin supercurrent is absent and
the phase of the spin supercurrent is determined by the Fermi
level and the junction length. For the Josephson junctions with
in-plane spin polarizations, the misorientation angle of the in-
plane polarizations acts as an effective superconducting phase,
leading to a finite spin superconducting current at zero phase
difference, which is termed as the anomalous spin Josephson
effect. Furthermore, the symmetry analysis shows that the ap-
pearance of the anomalous spin Josephson current is possible
when the combined symmetry of the spin rotation and the time

†Corresponding author. E-mail: zeng@ujs.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

037401-1

https://doi.org/10.1088/1674-1056/ad1982
mailto:zeng@ujs.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 037401 (2024)

reversal is broken.
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Fig. 1. Schematic of the spin Josephson junctions with the length of
the normal region being L. The red arrows denote the directions of the
spin polarization of the triplet exciton condensates. The red and blue
wavy lines denote the left-propagating spin-up electron and the right-
propagating spin-down electron, respectively. (a) The spin Josephson
junction with out-of-plane spin polarization. The spin polarization of
the triplet exciton condensate in the left spin superconductor is along
the z axis and the spin polarization of the triplet exciton condensate in
the right spin superconductor lies in the y–z plane with the polar an-
gle θm. (b) The spin Josephson junction with in-plane spin polarization.
The spin polarization of the triplet exciton condensate in the left spin su-
perconductor is along the x axis and the spin polarization of the triplet
exciton condensate in the right spin superconductor lies in the x–y plane
with the azimuthal angle ϕm.

The remainder of the paper is organized as follows. The
model Hamiltonian and the scattering approach are explained
in detail in Section 2. The numerical results and discussion are
presented in Section 3. Finally, we conclude in Section 4.

2. Model and formulation
2.1. Model Hamiltonian

The model Hamiltonian for the spin superconductor with
the spin polarization along z axis is given by[9,17]

ℋS =

(
ℋ0 +M ∆sτz

∆ *
s τz ℋ0 −M

)
, (1)

where M is the exchange split energy induced by the proximity
to an insulating ferromagnetic layer,[18,19] and ∆s is the spin
superconducting pair potential induced by the electron–hole
Coulomb attraction interaction.[9] The single-particle Hamil-
tonian ℋ0 reads[20,21]

ℋ0 = h̄vF(kxτx +ηkyτy)−µ, (2)

where η =+ (−) for K (K′) valley, vF is the Fermi velocity, µ

is the Fermi energy, kx (ky) is the wave vector in the x (y) di-
rection, and τx,y,z is the Pauli matrix in the pseudospin space.
For the spin superconductor with the spin polarization

𝑛= (sinθm cosϕm,sinθm sinϕm,cosθm), (3)

the Hamiltonian is given by

ℋS(𝑛) =ℛ𝑛ℋSℛ†
𝑛, (4)

where the spin rotation matrix is given by

ℛ𝑛 =

 cos
(

θm
2

)
τ0 e−iϕm sin

(
θm
2

)
τ0

e iϕm sin
(

θm
2

)
τ0 cos

(
θm
2

)
τ0

 , (5)

with τ0 being the identity matrix in the pseudospin space, θm

and ϕm being the polar angle and the azimuthal angle, respec-
tively.

We consider the spin superconductor/normal metal/spin
superconductor junctions in the x–y plane, where the spin po-
larizations of the two spin superconducting regions are non-
collinear, as schematically shown in Fig. 1. The junction is de-
scribed by the Bogoliubov–de Gennes (BdG) Hamiltonian,[22]

which is given by

ℋBdG =ℋL +ℋN +ℋR, (6)

where ℋL = ℋS(𝑛L)Θ(−x), ℋR = ℋS(𝑛R)Θ(x − L) and
ℋN =ℋS|∆→0Θ(x)Θ(L− x) with 𝑛L(R) being the spin polar-
ization for the left (right) spin superconductor and Θ(x) being
the Heaviside step function. The superconducting pair poten-
tial is ∆s = ∆ e−iφs/2 for x < 0 and ∆s = ∆ e iφs/2 for x > L,
where φs is the phase difference across the junction.

2.2. Transfer matrix

The scattering states of the spin superconductor with spin
polarization 𝑛 can be obtained by

ψ
(𝑛)
ςρ =ℛn


e i φs

2 e−i
ςρβρ

2 e i ργ

2

ςρ e i φs
2 e i

ςρβρ

2 e i ργ

2

e−i φs
2 e−i

ςρβρ

2 e−i ργ

2

ςρ e−i φs
2 e i

ςρβρ

2 e−i ργ

2

× e iςρkρ x+ikyy, (7)

where ς =+ (−) for the right (left) propagating states, ρ =+

(−) for the electron-like (hole-like) quasiparticles, the longitu-

dinal wave vector is kρ =
√
(−M+ iρ

√
∆ 2 −E2)2/h̄2v2

F − k2
y

with ky and E being the conserved transverse wave vector
and the incident energy, respectively, βρ = arctan(ky/kρ), γ =

arccos(E/∆) for E < ∆ and γ =−iarccosh(E/∆) for E > ∆ .
Due to the spin-flipped Andreev-like reflection at the NS

interface,[17] the incident and reflected states are connected by
ψσ̄ =𝒮ψσ with 𝒮 being the transfer matrix, ψσ (ψσ̄ ) being the
spin-σ (spin-σ̄ ) component in Eq. (7) (σ̄ ≡−σ ). The transfer
matrices at the left and right interfaces can be directly obtained
by matching the left and right propagating states in Eq. (7), re-
spectively, which are given by

𝒮ν =
e iϕν sin

(
θν

2

)
+ cos

(
θν

2

)
𝒮(0)

ν

cos
(

θν

2

)
+ e−iϕν sin

(
θν

2

)
𝒮(0)

ν

, (8)
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with ν = + (−) for the left (right) interface. 𝒮(0)
ν is the

Andreev-like transfer matrix for θm = 0, which is given by

𝒮(0)
ν = e−iφν

(
cosγ −iν sinγ

iν sinγ −cosγ

)
. (9)

In the normal region, the electron transfer matrix is read-
ily obtained by[23]

ℳ= Λ e ikLτzΛ , (10)

Λ =
1√

2cosα

(
e−iα/2 e iα/2

e iα/2 −e−iα/2

)
, (11)

where k = kF cosα is the longitudinal wave vector in the nor-
mal region with kF = µ/(h̄vF) being the Fermi wave vector
and α = arcsin(h̄vFky/µ) ∈ [−π/2,π/2] is the incident angle.

The total spin Josephson current density can be obtained
by[24,25]

j =−kBT ∑
n,ky

d
dφs

lndet
(
1−ℳ−1𝒮−1

+ ℳ𝒮−
)
, (12)

where kB is the Boltzmann constant, T is the temperature, and
the energy variable in the determinant is replaced by iωn with
ωn = (2n+1)πkBT (n ∈ Z).

3. Results
In the following calculations, we set ∆ = 1 meV as the

energy unit. The superconducting coherence length is ξ =

h̄vF/∆ ≈ 360 nm, which is set as the length unit.

3.1. Josephson junction with out-of-plane spin polariza-
tion

The Josephson junction with the out-of-plane spin polar-
ization is schematically shown in Fig. 1(a), where the spin po-
larization in the left superconducting region is along the z axis
and the spin polarization in the right superconducting region
lies in the y–z plane with the polar angle θm. The Andreev-
like transfer matrices at the NS interfaces are given by

𝒮ν =
1

cosθν cosφν + i sinφν

×
(

sinθν cosφν + cosγ −i sinγ

i sinγ sinθν cosφν − cosγ

)
, (13)

where ν = + (−) for the right (left) interface, θ+ = θm,
θ− = 0, and φ± =±φs/2. The Andreev-like bound states can
be found from the same determinant in Eq. (12), which are
given by

det
(
1−ℳ−1𝒮−1

+ ℳ𝒮−
)
= 0, (14)

leading to the Andreev-like levels∣∣∣∣E±
∆

∣∣∣∣=
√

Y 2 −2XZ ±
√

Y 2 −4Y 2Z (X +Z)
2(X2 +Y 2)

,

X = 2sin2
α − (3+ cos2α)cos(2kL),

Y =−4cosα sin(2kL),

Z = cos2
α
(

cosφs + cosθm cosφs + cosθm +2cos(2kL)−1
)
.

(15)

With the help of Eq. (12), the spin Josephson current density
at T = 0 K can be obtained by the φs-dependent Andreev-like
levels

j(φs) =− ∑
ℓ=±

∫
µW

2π h̄vF

dEℓ

dφs
cosα dα, (16)

where Eℓ is the positive root of Eq. (15) and W is the width of
the junction.

The supercurrent–phase relations at different θm are
shown in Fig. 2(a) for kFL = 0.1. The spin Josephson current
decreases with the increase of θm, and drops to zero when the
spin polarizations in the left and right superconducting regions
are antiparallel, i.e., θm = π . In this antiparallel configuration,
the spin polarizations of the spin-triplet electron–hole conden-
sations in the left and right spin superconductors are opposite,
the Andreev-like process between two NS interfaces can not
form a closed loop. Consequently, the φs-dependent Andreev-
like levels are absent, leading to the zero spin supercurrent.

For kFL = 2, the spin supercurrent is reversed and the
π-state Josephson junction appears, as shown in Fig. 2(b).
This 0–π phase transition is attributed to the Fermi-momentum
splitting Andreev-like reflections at the NS interfaces. At the
Fermi surface, the right-propagating spin-up electron with the
wave vector kF is converted into a left-propagating spin-down
electron with the wave vector −kF due to the Andreev-like re-
flection, leading to the wave vector difference ∆k = 2kF. An
additional phase shift 2kFL is accumulated in a closed Andreev
loop. The total scattering phase acquired by the electrons in
this closed Andreev loop is 2kFL ± φs − 2arccos(E/∆),[26]

which should be quantized according to the quasiclassical
Bohr–Sommerfeld quantization condition,[27,28] i.e., 2kFL ±
φs − 2arccos(E/∆) = 2πn (n ∈ Z). Consequently, the state
of the junction can be controlled by the phase factor cos(kFL).
The spin supercurrent can be expressed as j ∝ cos(kFL)sinφs.
For 2nπ +π/2 < kFL < 2nπ + 3π/2, the spin supercurrent is
reversed.

The critical spin current defined by jc = max | j(φs)| as a
function of the junction length L is shown in Fig. 2(c). Due
to the additional phase kFL, the critical spin current is pro-
portional to cos(kFL), which exhibits an oscillation behavior
as the junction length increases. For µ = 0.5∆ in Fig. 2(c),
the oscillation period can be estimated as TL = π/kF = 2πξ .
The critical spin current as a function of the polar angle θm

is shown in Fig. 2(d). The θm-dependent critical spin cur-
rent is symmetric due to the rotation symmetry, i.e., jc(θm) =

jc(−θm). The critical spin current reaches its maximum value
at θm = 0 and becomes zero at θm =±π .

037401-3
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Fig. 2. (a), (b) The current–phase relation for the Josephson junctions with the out-of-plane spin polarization. The red arrows indicate the
curves with the increasing deviation of the relative angles θm, which change from 0 to π with a step of π/4. (c) The critical spin Josephson
current density jc as a function of L for θm = 0.3π (solid) and θm = 0.8π (dashed). The Fermi level is µ = 0.5∆ . (d) The critical spin Josephson
current density jc as a function of θm for L = 0.1ξ (solid) and L = 1.5ξ (dashed). Both j and jc are renormalized by j0 = µ∆W/(2π h̄vF).

3.2. Josephson junction with in-plane spin polarization

The Josephson junction with in-plane spin polarization is
schematically shown in Fig. 1(b), where the spin polarization
in the left superconducting region is along the x axis and the
spin polarization in the right superconducting region lies in
the x–y plane with the azimuthal angle ϕm. The Andreev-like
transfer matrices are given by

𝒮ν =
−i e iϕν

sin(ϕν +φν)

×
(

cos(ϕν +φν)+ cosγ −i sinγ

i sinγ cos(ϕν +φν)− cosγ

)
, (17)

where ν = + (−) for the right (left) interface, ϕ+ = ϕm,
ϕ− = 0, and φ± = ±φs/2. The Andreev-like levels are given
by ∣∣∣∣E±

∆

∣∣∣∣=
√

Ȳ 2 −2X̄ Z̄ ±
√

Ȳ 2 −4Ȳ 2Z̄ (X̄ + Z̄)
2(X̄2 + Ȳ 2)

,

X̄ = 8(3cos(2kL)+2cos2α cos2(kL)−1),

Ȳ = 32cosα sin(2kL),

Z̄ =−4cos2
α
(
2cosϕm − cos2ϕm + cosφs

+2cos(ϕm +φs)+ cos(2ϕm +φs)

+4cos(2kL)−1
)
. (18)

The zero-temperature spin Josephson current obtained by
Eq. (16) is shown in Fig. 3(a) at kFL = 0.1. Due to the spin ro-
tation symmetry, the spin supercurrent for the Josephson junc-
tions with parallel in-plane spin polarization (ϕm = 0) is the
same as that for the Josephson junctions with parallel out-of-
plane spin polarization (θm = 0). For the antiparallel in-plane
polarization (ϕm = π), the spin Josephson current is absent due
to the absence of the φs-dependent Andreev-like levels.

For ϕm ̸= 0 and ϕm ̸= π , the anomalous spin Josephson
current j|φs=0 appears, as shown in Fig. 3(a). For simplicity,
we present the spin Josephson current for the one-dimensional
(1D) case with ky = 0

j1D ∝ cos(kFL)cos2
(

ϕm

2

)
sin(φs +ϕm) , (19)

which can imply the qualitative properties of the two-
dimensional Josephson junctions. Equation (19) shows that
the anomalous spin Josephson current at φs = 0 is proportional
to cos(kFL)cos2(ϕm/2)sinϕm. The spin Josephson current
can be reversed by the additional phase factor cos(kFL). For
kFL = 2, the reversed spin Josephson current obtained from
Eq. (16) is shown in Fig. 3(b).

ϕm=0

j c
/
j 0

j c
/
j 0

L=1.5ξ
L=0.1ξkFL=0.1 kFL=2 ϕm=0.3π

ϕm=0.8π

ϕm=0
0

1

2

0

1

2
(a) (b) (c) (d)

-3

0

3

j/
j 0

-3

0

3

j/
j 0

-2 0 2 -2 0 2 0 5 10 15
L/ξ

-1 0 1
ϕm/πφs/πφs/π

π π

Fig. 3. (a), (b) The current–phase relation for the Josephson junctions with the in-plane spin polarization. The red arrows indicate the curves
with the increasing deviation of the relative angles ϕm, which change from 0 to π with a step of π/4. (c) The critical spin Josephson current
density jc as a function of L for ϕm = 0.3π (solid) and ϕm = 0.8π (dashed). The Fermi level is µ = 0.5∆ . (d) The critical spin Josephson
current density jc as a function of θm for L = 0.1ξ (solid) and L = 1.5ξ (dashed). Both j and jc are renormalized by j0 = µ∆W/(2π h̄vF).

The critical spin currents jc as a function of the junction

length L and the azimuthal angle ϕm are shown in Figs. 3(c)

and 3(d), respectively. The L-dependent oscillation is de-

termined by the additional phase factor cos(kFL) due to the

Fermi-moment splitting. For a fixed L, the ϕm-resolved jc is
symmetric, as shown in Fig. 3(d).

The anomalous spin Josephson current j|φs=0 as a func-
tion of L is shown in Fig. 4(a). For ϕm = 0 and ϕm = π , the
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anomalous Josephson effect is absent. For ϕm ̸= 0 and ϕm ̸= π ,
j|φs=0 oscillates with the increase of L and has the same oscil-
lation period as jc. For µ = ∆ in Fig. 4(a), the oscillation
period is about πξ . j|φs=0 as a function of ϕm is shown in
Fig. 4(b). The ϕm-resolved anomalous spin Josephson current
is asymmetric and satisfies the relation

j|φs=0(ϕm) =− j|φs=0(−ϕm), (20)

due to the symmetry of the BdG Hamiltonian, which is ex-
plained in detail in Subsection 3.3.

L=1.5ξ
L=0.1ξ

ϕm=0.5π
ϕm=0,π

L/ξ ϕm/π
0 5 10 15

-1

0

1

j
φ
s=

0
/
j 0

j
φ
s=

0
/
j 0

-1 0
-1

0

1

1

(b)(a)

Fig. 4. (a) The anomalous spin Josephson current density j|φs=0 as a
function of L for ϕm = 0.5π (solid) and ϕm = 0,π (dashed). The Fermi
level is µ = ∆ . (b) The anomalous spin Josephson current j|φs=0 as a
function of ϕm for Lm = 0.1ξ (solid) and L = 1.5ξ (dashed). j|φs=0 is
renormalized by j0 = µ∆W/(2π h̄vF).

3.3. Symmetry analysis

The Hamiltonian of the spin superconductor with out-of-
plane spin polarization can be written as

ℋη

S = hη(k)+ℋ′(φs,θm), (21)

where η =± is the valley index, the k-dependent term hη(k)=
h̄vF(kxτx +ηkyτy) is the Hamiltonian of the pristine graphene
for the η valley and the k-independent term is given by

ℋ′(φs,θm) = M cosθmσzτ0 +M sinθmσxτ0

+∆ cosθm cosφsσxτz +∆ sinθm cosφsσzτz

−∆ sinφsσyτz. (22)

Under the time-reversal transformation, the Hamiltonian of the
pristine graphene remains unchanged

hη(k) → 𝒯 hη̄(−k)𝒯 −1

= h̄vF(kxτx +ηkyτy)

= hη(k), (23)

where η̄ = −η , 𝒯 = iσyτz𝒞 is the time-reversal operator
with 𝒞 being the complex conjugation. For the k-independent
Hamiltonian ℋ′(φs,θm), considering the combined symmetry
𝒫 = σy𝒯 with σy being the spin rotation symmetry and 𝒯 be-
ing the time-reversal symmetry, one finds that

𝒫ℋ′(φs,θm)𝒫−1 =ℋ′(−φs,θm). (24)

Due to the spin degeneracy in pristine graphene, hη(k) remains
unchanged under 𝒫 . Consequently, with the help of Eq. (6),
the BdG Hamiltonian for the Josephson junctions with the out-
of-plane spin polarization holds the relation

𝒫ℋBdG(φs,θm)𝒫−1 =ℋBdG(−φs,θm). (25)

The spin Josephson current density can be obtained via the
thermodynamic relation[29,30]

j(φs) =−kBT ∂φs lnTr[e−ℋBdG(φs)/kBT ]. (26)

By substituting Eq. (25) into Eq. (26), one finds that the spin
Josephson current holds the relation

j(φs,θm) =− j(−φs,θm), (27)

leading to the absence of the anomalous spin Josephson cur-
rent, i.e., j|φs=0 = 0.

For the spin superconductor with in-plane spin polariza-
tion, the Hamiltonian can be written as

ℋη

S = hη(k)+ℋ′′(φs,ϕm), (28)

with

ℋ′′(φs,ϕm) = M cosϕmσxτ0 +M sinϕmσyτ0

−∆ sin(ϕm +φs)cosϕmσyτz

+∆ sin(ϕm +φs)sinϕmσxτz

−∆ cos(ϕm +φs)σzτz. (29)

The symmetry 𝒫 is broken and the BdG Hamiltonian holds
the relation

𝒫ℋBdG(φs,ϕm)𝒫−1 =ℋBdG(−φs,−ϕm). (30)

With the help of Eq. (26), one finds that the spin Josephson
current holds the relation

j(φs,ϕm) =− j(−φs,−ϕm), (31)

leading to the presence of the anomalous spin Josephson cur-
rent. The anomalous spin Josephson current is an odd func-
tion of ϕm satisfying j|φs=0(ϕm) = − j|φs=0(−ϕm), as shown
in Fig. 4(b).

In fact, the anomalous Josephson effect is possible when
the symmetries 𝒯 , 𝒟 and 𝒫 are all broken,[31,32] where 𝒟 =

σyRxz𝒯 is another combined symmetry with Rxz being the mir-
ror reflection about the x–z plane. We note that the symmetries
𝒯 and 𝒟 are always broken in our model for both the out-of-
plane spin polarization and the in-plane spin polarization. The
combined symmetry 𝒫 plays a key role in our model: For the
Josephson junction with out-of-plane spin polarization, the ab-
sence of the anomalous spin Josephson current ( j|φs=0 = 0) is
protected by 𝒫 . For the Josephson junction with in-plane spin
polarization, the breaking of 𝒫 leads to the presence of the
anomalous spin Josephson current.
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4. Conclusions
To conclude, we theoretically investigate the spin Joseph-

son effect in the spin superconductor/normal metal/spin super-
conductor junctions, where the spin polarizations of the left
and right spin superconducting regions are noncollinear. For
the Josephson junctions with out-of-plane spin polarization,
the possible π-state spin supercurrent can be generated due to
the Fermi momentum-splitting Andreev-like reflection at the
normal metal/spin superconductor interface. For the Joseph-
son junctions with in-plane spin polarization, the anomalous
spin supercurrent appears and is driven by the misorientation
angle of the in-plane spin polarization. The symmetry analy-
sis shows that the appearance of the anomalous spin Josephson
current is possible when the combined symmetry of the spin
rotation and the time reversal is broken.
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