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Ascertaining the influences of auxiliary qubits on the
Einstein—Podolsky—Rosen steering and its directions
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School of Electrical and Photoelectronic Engineering, West Anhui University, Lu’an 237012, China
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Einstein—Podolsky—Rosen (EPR) steering is an example of nontrivial quantum nonlocality and characteristic in the
non-classical world. The directivity (or asymmetry) is a fascinating trait of EPR steering, and it is different from other
quantum nonlocalities. Here, we consider the strategy in which two atoms compose a two-qubit X state, and the two atoms
are owned by Alice and Bob, respectively. The atom of Alice suffers from a reservoir, and the atom of Bob couples with a
bit flip channel. The influences of auxiliary qubits on EPR steering and its directions are revealed by means of the entropy
uncertainty relation. The results indicate that EPR steering declines with growing time ¢ when adding fewer auxiliary qubits.
The EPR steering behaves as damped oscillation when introducing more auxiliary qubits in the strong coupling regime. In
the weak coupling regime, the EPR steering monotonously decreases as ¢ increases when coupling auxiliary qubits. The
increases in auxiliary qubits are responsible for the fact that the steerability from Alice to Bob (or from Bob to Alice) can
be more effectively revealed. Notably, the introductions of more auxiliary qubits can change the situation that steerability
from Alice to Bob is certain to a situation in which steerability from Bob to Alice is certain.

Keywords: auxiliary qubits, EPR steering, directions, influence

PACS: 03.67.—a, 03.65.Yz, 03.65.Ud

1. Introduction

Over the years, more and more non-classical phenomena
have been revealed by investigating the quantum world. Rev-
elation of these non-classical phenomena has led to a deep
understanding of different quantum nonlocalities. Among
them is a phenomenon called spooky-action-at-distance.!-!
That is, if two entangled particles are possessed by Alice
and Bob, respectively, then Alice can immediately steer the
particle of Bob by executing a measurement on her particle.
This fascinating phenomenon is believed to be the origin of
studying Einstein—Podolsky—Rosen (EPR) steering (or quan-
tum steering). ! Subsequently, EPR steering was formally and
rigorously defined from quantum information tasks.!*! This
outstanding contribution is regarded as the beginning of theo-
retical and experimental explorations of EPR steering. ! Rel-
evant investigations involve the detection of EPR steering, the
concept of EPR steering, joint measurability and EPR steer-
ing, the application of EPR steering, and so on."3! The detec-
tion of EPR steering is an important topic and hotspot in the
field of EPR steering. One can use various steering criteria
to capture EPR steering, such as the full information steering

671 g steer-

criterion, ! linear and nonlinear steering criteria,!
ing criterion based on a geometric Bell-like inequality!®°! and
steering criteria of uncertainty relations.!'-1°! Based on the
detection of EPR steering, EPR steering has been used to as-
certain subchannel discrimination, temporal and channel steer-

ing, randomness certification, secret sharing and quantum key
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distribution. !

Recently, examinations of EPR steering in different sys-
tems have been conducive to the practical application of
EPR steering, and investigations have also helped to rec-
ognize the nonclassical traits of various systems, including
non-Markovian systems,!!”) non-Gaussian spin systems, '8!
atom systems, ') neutrino oscillations'?®! and quantum dot
systems.>!] In general, experimental realizations are impor-
tant for theoretical applications in quantum information. For
this purpose, relevant explorations of EPR steering have been
implemented using various experimental settings.?>?8] For
instance, in the optical non-Gaussian state, the relationship be-
tween remotely created Wigner negativity and EPR steering

1.1221 Wollmann et al. explored

was demonstrated by Liu et a
the robustness of EPR steering in optical systems.!!*! Consid-
ering an optical setting, Yang et al. experimentally realized the
observation of EPR steering via entanglement detection, [>6]
predicted EPR steering via quantum entanglement?’! and
also demonstrated complementarity relations between the EPR
steering criteria of optical systems.!”8! These efforts have
deepened our understanding of EPR steering and its appli-
cations in both theory and experiment. Of particular note is
that a unique characteristic of EPR steering is asymmetry (or
directivity),®! including one-way EPR steering and two-way
EPR steering.’] However, the investigations mentioned above
did not involve the asymmetry (or directivity) of EPR steering.

Fortunately, due to the nontrivial application of the
asymmetry of EPR steering in one-sided device-independent
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050304-1


https://doi.org/10.1088/1674-1056/ad1927
mailto:hyang@wxc.edu.cn
mailto:zhanggang@wxc.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 33, 050304 (2024)

quantum key distribution,®! observations of the asymme-
try of EPR steering have been gradually implemented in

For instance, optical systems,*! self-
[30]

different systems.
phase-locked optical parametric oscillators, dynamical
Casimir arrays,*!! high dimension systems,*?! modulated

[33] [34]

optomechanical systems, cavity magnonics, macro-

scopic hybrid systems,[*! and so on. Reservoir systems
are an important physical model, and the maximal-steered-
coherence of such systems can be controlled by quantum reser-
voir engineering.*®! In addition, maximal-steered-coherence
can be converted to quantum entanglement through opti-
mal incoherent operation and incoherent ancilla in reservoir
systems; 7 the results reveal the importance of active quan-
tum operations on the control of quantum nonlocalities in
reservoir systems. However, the influence of auxiliary qubits
on EPR steering and its directions in reservoir system is un-
known, and relevant investigations are still lacking.

Motivated by this, we consider the situation in which two
atoms compose a two-qubit X state, one of atoms couples with
a reservoir and the other one suffers from a bit flip channel.
We reveal the influence of auxiliary qubits on EPR steering
and its directions by using the entropy uncertainty relation.
The results indicate that EPR steering declines (it behaves as
damped oscillation) with increasing time ¢ if one introduces
fewer (more) auxiliary qubits in the strong coupling regime.
In the weak coupling regime, EPR steering monotonously de-
creases as f increases when coupling auxiliary qubits. The
increase in auxiliary qubits is responsible for the fact that
steerability from Alice to Bob (or from Bob to Alice) can be
more effectively captured. Furthermore, the introduction of
more auxiliary qubits can change the direction of EPR steer-
ing which can be detected through the entropy uncertainty re-
lation.

The structure of the paper is as follows. Section 2 briefly
describes the theoretical model. Section 3 characterizes the
EPR steering of a system via the entropy uncertainty rela-
tion. Under different parameters, the influences of auxiliary
qubits on EPR steering and its directions are uncovered in Sec-
tions 4-6. Finally, Section 7 summarizes some conclusions
that are drawn in this paper.

2. Theoretical model

We consider a model in which a common zero-
temperature reservoir independently influences a system of N
identical qubits (two-level atoms), and the N identical qubits
decouple each other. The total Hamiltonian is (7 = 1)[36]

Z 200 67 +Za)kc,tck
j=1 k

N
+L X (o

Fa+ Bl o ck) (1
j=1

For the j-th qubit, the lowering operator is 0; = (G;r)"' =
|0) (j| and Ey is the transition frequency between the ground
state and the excited state. B,g is the coupling strength between
the j-th atom and the k-th field mode. The k-th field mode has
frequency @y and ci (cZ) is the annihilation (creation) operator
of k-th field mode. Assuming B,f = Gy/ /N, an alternative set

of orthogonal basis can be defined by

1 Nl 2izml
=— 1
|(pl> \/ng’oexp < N ) |m+ >a
(I=0,1,....,N—1). )

The total Hamiltonian is/3¢
N—1

H =Y Z]¢;) (0] + Y oxciec
Jj=0 k

+Y (Gelgo) Ol + G0y (il c]). @)
k

This Hamiltonian means that the coupling between the reser-
voir and the system only includes the two-dimensional sub-
space of the eigenstate |@y) and the ground state |0). Thus,
the other N — 1 eigenstates (|@1),|®2),...,|@nx—1)) do not suf-
fer from the reservoir. Considering a system of N two-level
atoms, the initial state of the system is

N—1
=¢0(0)|0)s|0)s + Z E;(0

Jj=0

[w(0)) )@i)sl0s @)

|0)g (|0)g) is the vacuum state of the field (the ground state of

the system). The time-evolved state is/3!

N—1
[w(t)) = co(1)[0)s[0)g + Z%)Ej(f)f¢j>s|0>1a
=

+ Y Fe(0)|0)s 1) ®)

k

|14) is the state of the reservoir with single excitation in the k-
th field mode. Fi(r) and E;(r) are time-dependent coefficients.

dE
(ft(t) = —i&Ey(t —‘ZGka ©
dlzct(t) = —i@Fi(t) — iGEo(1). @

The remaining coefficients are controlled by dE;(r)/dr =
—iE(E;. The new coefficients E;(t) = e =0'E;(t) and Fi(t) =
ei“’k‘Fk(t) are introduced, and

dEy(t (E .
7£< ) _ —1) Gre! oW Fi(1), )
! x
dF(t .
7!1(;( ) __ iGye 10— £y (). ©)
Here, £;(t) = £;(0). Integrating Eq. (9) and substituting it into
Eq. (8), one can obtain[>®!

dEO / £ /, (10)
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with

7(1))(t7tl). (11)

fle—1")= /_i doX(w)e!®

The X () represents the spectral density of the reservoir
X(0) = Y |Gi*8(0— ax)
k

= NY |Bl*8(0— ) =NJ(0).  (12)
k

Here, we consider
1 }/()7(,2
27 (0 — @.)* + A2

and this is the Lorentzian spectral density of the reservoir (the

J(w) = (13)

central frequency of the reservoir is represented by @, the
spectral width is represented by A and the coupling strength is
represented by 7). Assuming @, = Zy, that is to say the qubits
are in the exact resonance condition with the cavity field, the

exact solution of Eq(t) is3!

Eo(t) = e M/2 [cosh (I; ) + & sin h( 5 )] Ey(0), (14)

with F = /A2 —2NyA. |y(r)) in Eq. (5) is rewritten as ¢!
lw(t)) = co(t)]0)s]0)g +,Z 301+ 1sl0)g
+2Fk )10)s] 1k)gs (15)
with
3,(t) \IFNZI (W)Em(t). (16)

Alice (A) and Bob (B) share two qubits (two-level atoms).
The atom of Alice (the atom of Bob) couples with the lo-
cal environment (is not subjected to the reservoir). Besides,
some atoms are introduced to the common reservoir, and they
couple with the reservoir. We assume that the first atom
(j = 1) (it can be excited) belongs to the system of Alice
and the remaining atoms (in their ground states) belong to
the auxiliary qubits.!3®] If the initial probability amplitudes
$1(0) =32(0) =
bility amplitude is So(¢) =

- [N=1
— —1=0t
plt) = e {N

—At)2
L Nr (cosh (?) +%sinh (F;)) } a7

0]

-+ = 3x-1(0) = 0, the dynamic of proba-
#2(1)30(0) with 3!

The single state of Alice is'®

A (PO +pf(0)(1 -
P ““( NONG

| 2

p(1) P (0)v/7
PAO)p(1) ) 18)

with p(r) = [(7)

3. Characterizing EPR steering using the en-
tropy uncertainty relation

More specifically, we consider the following scheme. A
two-qubit X state

1 3

P = 1 <I®I+U~U®I+I®w~a+ Zz,-m@c,-) (19)
i=1

belongs to Alice (A) and Bob (B). ¢ =

tor of the Pauli matrix, 7 is an identity operator, v = (0,0,v)

ti ="Tr (P/)\(Bo'i ® 0;)

(i =1,2,3) is the matrix element of the spin correlation ma-

trix. Considering a bit flip channel,3*!

(01,072,03) is the vec-
and w = (0,0,w) are Bloch vectors.

and the Kraus operators

arc

Ko(t):<\{)]; &) Kl(t):<\/10_—k \/lofk> 20)

This channel directly influences the atom of Bob pX;, and
does not affect the atom of Alice. Coupling between the atom
of Bob and the bit flip channel can lead to the information
stored in the system flowing from the system to the environ-
ment; thus it causes dissipation of the EPR steering of the sys-
tem. That is, the physical motivation for the coupling between
the atom of Bob and the bit flip channel is to accelerate the de-
generation of EPR steering. The atom of Alice directly inter-
acts with the reservoir mentioned above (together with N — 1
auxiliary atoms). Namely, if there are N atoms, one is sent to
Alice while the remaining atoms (N — 1 atoms) are treated as
auxiliary qubits. N = 1 corresponds to the absence of auxil-
iary atom. The physical motivation of the interaction between
the atom of Alice and the N — 1 auxiliary atoms is that auxil-
iary atoms can influence the flow of information between the
system and the reservoir, and give rise to the backflow of in-
formation from the reservoir to the system. This scenario can
lead to an increase in the EPR steering and also help us to ef-
fectively reveal and protect the EPR steering. The final state is

Pr, and the nonzero matrix elements of final state are

1

PF11 = 1{2+W(4k*2)
+p[v+w—1—2kw+t3(2k—1)]}a (21)
1

Pr2 = 1{2+W(2*4k)
+p[v—w—1+2kw+t3(l—2k)]}, (22)

1
pF33:—Zp[v+w—1—2kw+t3(2k—l)}, (23)

1
pF44:_ZP[V_W_1+2kW+t3(1_2k)]’ 24)

1
PF23 = PF32 = Z\/ﬁ(ll — 1ty +2kty), (25)
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1
PF14 = PF41 = Zﬁ(tl +13 —2kty). (26)

For Pauli operators o1, 0>, and 03, one can use the steer-

ing criterion from the entropic uncertainty relation!!!!

H(oP|o) +H(oy|03) + H(o%|03') > 2 27)

to verify the EPR steering from Alice to Bob for arbitrarily
two-qubit state p. H(Q|R) = H(por) — H(pr) is the con-
ditional entropy of the bilateral measurements. Here, pr =
Tro(por), H(p) = —¥;pilogpi, and p; = Tr(pM;) is the
probability of measurement outcome i for the observable M.
Violation of the inequality signifies that Bob can be steered by
Alice. Specially, for the two-qubit X state of Eq. (19), one can

use the violation of the inequality3%40]

B(pky) = X [ +1)log(1+1) + (1 1) log(1— 1)
i=1,2

—(1+v)log(14+v) —(1—v)log(l —v)
-l-%[(l+t3+v+w)log(l—|—t3+v—|—w)
+(1+—v—w)log(l+—v—w)
+(1—t3—v+w)log(l—t3—v+w)
+(1—t3+v—w)log(1—t3+v—w)] <2(28)

to detect the EPR steering from Alice to Bob. Therefore, for

the final state pg, we can use

A—B _
SAB — max {o, AT ) =2 22} 29)

IA*)B (pmax) _

to represent the steerability from Alice to Bob. 1478 (py.x) =
6839401 (pax is the maximally entangled state) is the normal-
ization factor. Based on the pg, we can derive

1
JA—B (Pp) = —— (IfﬁB _’_I?HB +1§\~>B

2log?2
FITR R, (30)
B =201 —11/p)log(1—11/p)
+2(1+11y/p)log(1 +11y/p)
+2(1 —t2y/p+2ktr\/p)log(l — t2/p +2kt2/P)
+2(1+12/p —2ktr/p)log(1l +12/p — 2kt2/P)
—2(2—=p+pv)log(2—p+pv)
—2(p— pv)log(p—pv), (31)
B8 = p[l — 13+ 2kt3 — v+ w — 2kw]
x log{p[l —t3 + 2kt3 —v+w — 2kw]}, (32)
578 = p[l +13 — 2kt — v — w4 2kw]
x log{p[l +13 — 2kts —v—w+2kw]|}, (33)

7B = {24 w(dk —2) + p[—1 — 13+ 2kt3 +v+w— 2kw]}

x log {24 w(4k —2)
pl—1—13+2kt3 +v+w—2kw] }, (34)
1278 = (24 w(2 —4k) + p[—1 413 — 2kt3 +v — w+ 2kw]}
x log {24 w(2 — 4k)
p[—1—|—t3—2kt3—|—v—w—|—2kw]}. 35)

Similarly, for a two-qubit X state, the violation of the in-
equality

Pap) = Y, [(1+1)log(1+1)+ (1 —1;)log(1—1)]
i=1,2

—(1+w)log(1+w)—(1—w)log(l —w)
+%[(1+t3 +v+w)log(l++v+w)
+(1+t—v—w)log(l+5—v—w)
+(1—t3—v+w)log(l—13—v+w)
+(1—n+v—w)log(l -3 +v—w)] <2 (36)

means that Bob can steer Alice.?**%1 Thus, the steerability
from Bob to Alice is

]BHA(p )—2
SBoA = 0, = 37
max{ 71B_>A(pmax) ) ) ( )
1
(Pr) 7210g2(1 +hL T+
+LTA TR, (38)
IB7A =2(1 —11/p)log(1 —11/p)

2(1+n1y/p)log(1+11/p)

2(1 —t2/p+2ktr\/p)log(1 —121/p+ 2ktr+/P)
+2(1+tyy/p — 2kts/P) log(1 + t1/P — 2ktr \/P)
—2(1+w—2kw)log(1 +w— 2kw), (39)

= —=2(1—w+2kw)log(1 —w—+2kw)
{24+ w(4k—2)
+pl—1—13+2kt3 +v+w—2kw|}
x log{2 +w(4k—2)
pl—1 — 13+ 2kt3 + v+ w— 2kw]}. (40)

IZB*}A

The difference between S8 and S8 is introduced by

SA _ SB%A _ SA%B7 (41)

which represents the degree of asymmetry between S and
SA=B in different orientations (namely, from Bob to Alice or
from Alice to Bob).

4. Revealing the EPR steering and its directions
under different values of ¢

To start with, we concentrate on ascertaining the influ-
ences of auxiliary qubits on EPR steering and its directions
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under different values of ¢. Figure 1 provides the EPR steering
with different 7 in the strong coupling regime (A =2, = 12).

SA*}B and SB~>A

One can demonstrate from Fig. 1(a) that
decline with increasing ¢ in the absence of auxiliary atoms
(N = 1), and finally reach zero at corresponding values of 7,
respectively. S* increases and then decreases as ¢ decreases.
Of particular note is that there is a yellow area in the Fig. 1(a)
in which $A7B = 0 and SB~A #£ 0 are obeyed. The results re-
veal that EPR steering from Bob to Alice can be demonstrated
via the entropy uncertainty relation in the yellow area, whether
Alice can steer Bob is unknown in this area. In the left region
of the yellow area of Fig. 1(a) SA7B #£ 0 and SB7A #£ 0, and
SA=B — §B=A — () is satisfied in the right region of the yellow
area. That is to say, the system can realize the both-way EPR
steering (i.e., Alice and Bob can steer each other) if the value
of ¢ locates in the left region of the yellow area (namely, small
t). The both-way steerability cannot be verified in the right
region of the yellow area (i.e., large ¢), and the region is very
large and extends to t — co. If one adds two auxiliary qubits
(N = 3) in Fig. 1(b), SB—=A and SA behave as damped oscil-
lations, which are different from those in Fig. 1(a). In addi-
tion, the yellow areas in Fig. 1(b) are very wide, implying that
Bob can steer Alice in most cases. The system is in the both-
way steerable state in the left region of the first yellow area,
and both-way EPR steering cannot be confirmed in the narrow
area between the two yellow regions in Fig. 1(b). If the auxil-
iary qubits increase to eight (N = 9) in Fig. 1(c), SA~B, sB=A
and S have oscillatory dynamics as ¢ continues to enhance.
The yellow region shrinks into two narrow areas, and steer-
ability from Bob to Alice (from Alice to Bob) can (cannot)
be demonstrated in the two regions. Remarkably, S4B =£ 0
and SBA £ 0 are obeyed in the very large region of ¢, ex-
cept for the two narrow yellow areas in Fig. 1(c). The results
indicate that the system can achieve both-way EPR steering
in the very large area of r when adding eight auxiliary qubits.
If one sets the number of auxiliary qubits to 15 (N = 16) in
Fig. 1(d), SA7B £ 0 and SB~A £ 0 can be observed for differ-
ent values of ¢, signifying that the both-way EPR steering of
the system can be detected via the entropy uncertainty relation.
The increase in auxiliary qubits is responsible for the results
that steerability from Alice to Bob or from Bob to Alice can
be more effectively revealed, especially for revealing the EPR
steering from Alice to Bob.

We change the state parameters v = 0.6 and w = 0.5 to
v = —0.6 and w = —0.5 in Fig. 2, and the influences of aux-
iliary qubits on EPR steering and its directions are different
from those in Fig. 1. To be clearer, S8 and SB~* in the
pink areas obey S4B =£ 0 and SB7A = 0, meaning that Al-
ice can steer Bob in the pink area; however, the steerability
from Bob to Alice is unknown. The results are opposite to
those in Fig. 1. In the left (right) area of the pink region of

Fig. 2(a), the system is in a both-way steerable state (the EPR
steering-unknown state). Compared with Fig. 2(a), although
the number of pink areas increases to six if N =5 in Fig. 2(b)
the area of the both-way steerable state significantly expands,
and more states can be revealed to be both-way steerable. If
one adds an auxiliary qubit to the six (N = 7) in Fig. 2(c), the
pink ranges further shrink, S4B - 0 and S84 £ 0 can be
observed in the broader region of . S4B £ 0 and SB~A #£ 0
are satisfied for all values of ¢ by setting N = 11 in Fig. 2(d),
and both-way EPR steering can be more effectively verified by
introducing more auxiliary qubits.

0.3 0.3

.%o (a) __gAoB %0 (b) =g

g 02 sEoA | B 0.2 S

2 \ ga 2 --S

o0t X\ @ 0.1

o =\ \ = \

@ \ Ea} \\‘ GNP S S S
o \ 0 "~

EPR steering
EPR steering

Fig. 1. EPR steering with respect to f when (A =2, 1 = 12): (a) N =1,
(b) N=3,(c) N=9, (d) N = 16. For all figures, t; = 0.7, t, = 0.9,
t3=-0.8, k=09, v=0.6 and w = 0.5. The 478 and SBA in the
yellow areas obey S4B = 0 and SB74A #£ 0.
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Fig. 2. The EPR steering with respect to t when (A =2,y = 12): (a)
N=1,(b)N=5,(c)N=17,(d) N =11. For all figures, t{ =0.7,, = 0.9,
t3=-0.8,k=0.9,v=—0.6 and w = —0.5. The S*~*B and SB~A in the
pink areas obey SA7B £ 0 and SB~A = 0.

Now, we investigate the effects of auxiliary qubits on the
EPR steering and its directions in the weak coupling regime
(A =12, =2). As found from Fig. 3(a), an increase in ¢

SA—)B SB—>A. SA—)B and SB—>A fi-

induces the decrease of and
nally disappear. S* increases and then decreases with increas-
ing ¢. One can only reveal the both-way EPR steering when ¢ is
small. The results are similar to those for the strong coupling
regime in Fig. 1(a). Notably, the yellow areas (S~ = 0 and
SB=A £ 0) expand to t — e when the number of auxiliary par-

ticles reaches 4 (N = 5) and 6 (N = 7) in Figs. 3(b) and 3(c).
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The steerability from Bob to Alice can always be witnessed
for different values of ¢, and the steerability from Alice to Bob
can only be captured at small z. Meanwhile, the phenomena of
damping oscillations of SA~B and SB~A vanish in Figs. 3(b)
and 3(c), which are different from those in the strong cou-
pling regime. The auxiliary qubit (N — 1 = 8) gives rise to the
complete satisfaction of SA7B £ 0 and SB~ £ 0 in Fig. 3(d),
manifesting that the system can achieve both-way steering.

0.3 0.3
2 &
£ 0.2 T 0.2
Q Q
% %
x 0.1 x 0.1
ay Ay
&} )
0 0
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Q Q
2 £
17 % -
e 0.1 x® 0.1
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Fig. 3. The EPR steering with respect to # when (A = 12,1 =2): (a)
N=1,(b)N=5,(c)N=7,(d)N=9. For all figures, t; =0.7,#, = 0.9,
t3=—0.8, k=0.9, v=0.6and w = 0.5. The S*~B and SB7A in the
yellow areas obey SA~B = 0 and $B~4 £ 0.

In Fig. 4, we set state parameters v = —0.6 and w = —0.5
for the weak coupling regime. It is revealed from Figs. 4(a)-
4(c) that SA7B £ 0 and SB~A = 0 are obeyed in the narrow
pink intervals (these results are different from those of v =0.6
and w = 0.5 in Figs. 3(a)-3(c)), in which one can only detect
EPR steering from Alice to Bob. The system is in the both-
way steerable state when the value of 7 is on the left of the
pink interval. Also, as N increases from 1 to 4, the pink ranges
inflate and also move toward the direction of large 7. Namely,
the tasks where Alice steers Bob or Bob steers Alice can be
achieved in the larger range of 7 by introducing more auxiliary
qubits. Finally, Alice and Bob can always steer each other if
one adds six (N = 7) auxiliary qubits in Fig. 4(d).
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Fig. 4. The EPR steering with respect to t when (A = 12,1 = 2): (a)
N=1,(b)N=2,(c) N=4,(d) N=7. For all figures, t; =0.7, 1, = 0.9,
t3=—0.8,k=0.9,v=—0.6 and w = —0.5. The S*~*B and SBA in the
pink areas obey SAB =£ 0 and SB~A = 0.

5. Uncovering the EPR steering and its direc-
tions with various values of N

In this section, we focus our attention on exploring EPR
steering with different values of N. The investigations of Sec-
tion 3 reveal that the both-way steerability can be realized at
small 7. Hence, figure 5 characterizes the dependence of the
EPR steering on N when considering ¢ = 1. For the strong
coupling regime (A = 2,1 = 12) and (v = 0.6,w = 0.5) in
Fig. 5(a), SBA rapidly strengthens with N. Subsequently, an
increase in N induces the oscillatory enlargement of SB~4.
Compared with SB~2, one needs more auxiliary qubits to re-
alize 7B £ 0. For this reason, both-way EPR steering can
be uncovered with the help of more auxiliary qubits, and only
the steerability from Bob to Alice can be demonstrated by us-
ing fewer auxiliary qubits (the yellow region appears in the
region of small N). The degree of asymmetry (S*) between
§B=A and S4B first increases and then decreases with the os-
cillation. If one changes (v = 0.6,w = 0.5) in Fig. 5(a) into
(v =—0.6,w = —0.5) in Fig. 5(b), the characteristics of os-
cillatory enhancements of S4B and S8 are invariant. Of
particular note is that the directionality of the EPR steering
varies in Fig. 5(b). To be clearer, one can only use fewer aux-
iliary qubits to reveal EPR steering from Alice to Bob (the
pink areas appear in the area of small N).

Considering the weak coupling regime (A = 12,1 = 2)
in Figs. 5(c) and 5(d), the particularities of SA~B, §B=A and
SA are different from those of the strong coupling regime in
Figs. 5(a) and 5(b). $A~B and SB~” monotonously enhance
as N increases, and $2 monotonously increases or decreases
in Figs. 5(c) and 5(d). The yellow or pink region locates in
the region of small N, and only the EPR steering from Bob to
Alice (the EPR steering from Alice to Bob) can be witnessed
by employing fewer auxiliary qubits in Fig. 5(c) (Fig. 5(d)).
More auxiliary qubits are conducive to revealing the both-way
EPR steering of system.
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Fig. 5. The EPR steering with respect to N: (a) A =2, 1o = 12, v= 0.6,
w=05 b A=29=12,v=-06,w=-0.5, (c) A =12, p =2,
v=0.6,w=0.5;(d) A =12, % =2,v=—0.6, w=—0.5. For all figures,
t1=07,6b=09,13=—-08,k=0.9and ¢ = 1. The S8 and SB~* in
the yellow areas obey S4B = 0 and SB~A £ 0. The SA~B and S84 in
the pink areas obey SA 7B = 0 and S84 = 0.
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6. Disclosing the EPR steering and its directions
under different values of k

Here, we use auxiliary qubits to reveal the EPR steering
and its directions under different values of k. It is found in
Fig. 6 that the yellow regions locate in small or large values
of k, in which the EPR steering from Alice to Bob is unknown
and the steerability from Bob to Alice is confirmed. In the
left of the first yellow area (or in the right of the second yel-
low area) of Fig. 6(a), SA7B £ SB~A -£ 0 is obeyed, and the
system is in the both-way steerable state. In the area between
the two yellow regions, S4B = §B=A — ( is satisfied, and
both-way EPR steering is uncertain through the entropy un-
certainty relation. As demonstrated from Figs. 6(b)-6(d), the
increase in auxiliary qubits (N —1 =35, 11 and 19) leads to
the phenomenon that the yellow areas shrink and move to-
ward the direction of k£ = 0.5. As a consequence, the intro-
ductions of more auxiliary qubits can help us to reveal more
steerable states from Alice to Bob or from Bob to Alice under
various values of k. Of particular note is that the steerability
near k = 0.5 cannot be ascertained by coupling more auxiliary

qubits.
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Fig. 6. The EPR steering with respect to k when (A =2,y = 12): (a)
N=1,(b)N=6, (c) N=12, (d) N =20. For all figures, r; = 0.7,
$p=09,13=—-08,1=02,v=0.6 and w=0.5. The S*B and B4
in the yellow areas obey S4B = 0 and $B74 +£ 0.

If one sets v = —0.6 and w = —0.5 in Fig. 7, the results
will reveal characteristics that different from those in Fig. 6.
In the two pink areas (S*~B £ 0 and S84 = 0) of Fig. 7(a),
the steerability from Alice to Bob can be captured through the
entropy uncertainty relation; whether Bob can steer Alice is
unknown. The results are different from those in Fig. 6(a).
Moreover, the pink regions of Fig. 7(a) are significantly nar-
rower than the yellow areas of Fig. 6(a), and the pink regions
are further away from k = 0 and k = 1. One can more effec-
tively verify that the system is both-way steerable in the cases
of v=—0.6 and w = —0.5 by setting N =1 (i.e., the absence
of auxiliary atoms). Assuming one increases N from 10 to
40, the pink regions shrink when N = 10 in Fig. 7(b) and van-
ish when N = 20 in Fig. 7(c). It deserves to be emphasized
that there are two yellow regions (SAB = 0 and S84 £ 0)

in Fig. 7(d) if N = 40. One can only reveal the EPR steering
from Bob to Alice; whether Alice can steer Bob is uncertain.
The results are different from those in Figs. 7(a) and 7(b). That
is, the increase of auxiliary particles (N — 1 = 39) changes the
direction of the EPR steering that can be detected under dif-
ferent values of k via the entropy uncertainty relation (i.e., it
changes the case that the steerability from Alice to Bob is cer-
tain in the pink areas of Figs. 7(a) and 7(b) into the case that
the steerability from Bob to Alice is certain in the yellow areas
of Fig. 7(d)). These results cannot be revealed in Figs. 1-6.
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Fig. 7. The EPR steering with respect to k when (1 = 2,9 = 12): (a)
N =1, (b) N=10, (c) N =20, (d) N =40. For all figures, t; = 0.7,
tp=09,1=-08,1t=02 v=—0.6 and w = —0.5. The S4B and
SB=A in the yellow areas obey SA~B = 0 and §B7A £ 0. The S4B and
SB=A in the pink areas obey SA7B £ 0 and SB~4A = 0.

Now, our attention is confined to exploring the EPR steer-
ing with different values of k for the weak coupling regime
(A =12,% = 2) in Figs. 8 and 9. By comparing Fig. 8(a)
(or Figs. 8(b)-8(d)) with Fig. 6(a) (or Figs. 6(b)-6(d)), one
can conclude that the results in the weak coupling regime
are similar to those in the strong coupling regime. The dif-
ference between Fig. 8(a) (or Figs. 8(b)-8(d)) and Fig. 6(a)
(or Figs. 6(b)-6(d)) is that the yellow areas are narrower and
closer to k = 0.5 in Fig. 8(a) (or Figs. 8(b)-8(d)). The results
imply that one can capture more steerable states in the weak
coupling regime by coupling auxiliary particles.
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Fig. 8. The EPR steering with respect to k when (4 = 12, = 2): (a)
N=1,(b) N=6, (c) N =12, (d) N = 20. For all figures, #; = 0.7,
$p=09,13=—08,1=02,v=0.6 and w=0.5. The $*~B and B4
in the yellow areas obey SAB = 0 and SB74A #£ 0.
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In the final stage, figure 9 provides the dependence of
EPR steering on k for (v = —0.6,w = —0.5) in the weak cou-
pling regime (A = 12,9 = 2). The two pink areas are very
narrow in Fig. 9(a), and EPR steering from Alice to Bob (from
Bob to Alice) is certain (uncertain) in these regions. Mean-
while, the ranges of the both-way steerable states (on the left
of the first pink area or on the right of the second pink area)
in Fig. 9(a) are more expansive than the corresponding ranges
in Fig. 7(a). By introducing more auxiliary particles, the pink
regions disappear if N = 7 in Fig. 9(b), and the yellow regions
appear if N = 18 and N = 30 in Figs. 9(c) and 9(d). In other
words, the introductions of more auxiliary particles changes
the situation that steerability from Alice to Bob is certain in
the pink areas of Fig. 9(a) into a situation where the steerabil-
ity from Bob to Alice is certain in the yellow areas of Figs. 9(c)
and 9(d). Moreover, compared with the pink areas of Fig. 9(a),
the yellow areas of Figs. 9(c) and 9(d) are further far away
from k = 0 and k = 1. That is, more both-way steerable states
are revealed by adding more auxiliary particles.
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Fig. 9. The EPR steering with respect to k when (A = 12,y = 2): (a)
N=1,(b)N=17,(c) N=18, (d) N =30. For all figures, t; = 0.7,
=09, =-08,¢=02v=—0.6and w= —0.5. The $*~B and
SB=A in the yellow areas obey S8 =0 and S84 £ 0. The $A B and
SB=A in the pink areas obey SA~B £ 0 and SB~4A = 0.

7. Conclusions

Assuming Alice and Bob share a two-qubit X state, and
the two-qubit X state is composed of two atoms. The atom of
Alice suffers from the reservoir and the atom of Bob couples
with the bit flip channel. We reveal how the auxiliary qubits
influence the EPR steering and its directions by means of the
entropy uncertainty relation. The results indicate that SA—B
and SB~A quickly decrease (behave as damped oscillations)
as t goes if one introduces fewer auxiliary qubits (more auxil-
iary qubits) in the strong coupling regime. Considering state
parameters (v = 0.6,w = 0.5), there are many yellow areas in
which $A47B = 0 and §B7A £ 0 are satisfied. The steerabil-
ity from Bob to Alice can be revealed via the entropy uncer-
tainty relation; whether Alice can steer Bob is uncertain. If
(v=—0.6,w=—0.5), S*7B £ 0 and SB7A = 0 are obeyed in
the pink ranges, and one can only verify the EPR steering from

Alice to Bob in these ranges. The yellow areas and pink areas
can be eliminated by coupling more auxiliary qubits, and the
tasks that Alice steers Bob or Bob steers Alice can be more
effectively achieved by adding more auxiliary qubits. In the
strong coupling regime, the increase in auxiliary qubits is re-
sponsible for the enhancements of S4B and SB~A with the

SAHB and SB%A

characteristic of oscillation. By contrast, the
monotonously increase with increasing N in the weak cou-
pling regime. In the strong coupling regime or weak coupling
regime, both-way steerability cannot be verified by coupling
more auxiliary qubits if the value of the channel parameter k
is in the vicinity of 0.5. The yellow regions or pink regions
appear near k = 0 and k = 1, and these areas shrink and move
toward the direction of k = 0.5 as N increases. That is, the
introductions of more auxiliary qubits can be used to reveal
the EPR steering in a wider interval of k. The system is in the
both-way steerable state (SA7B # 0 and SB7A £ 0 are satis-
fied) if the values of k locate in the left intervals of the first
yellow or pink areas (or in the right intervals of the second
yellow or pink areas). Of particular note is that increases in
N can change the scenario that the steerability from Alice to
Bob is certain in the pink intervals into the scenario that the
steerability from Bob to Alice is certain in the yellow intervals
if (v=-0.6,w=-0.5).
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