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We show that the nonlinear stage of the dual-wavelength pumped modulation instability (MI) in nonlinear Schrodinger
equation (NLSE) can be effectively analyzed by mode truncation methods. The resulting complicated heteroclinic structure
of instability unveils all possible dynamic trajectories of nonlinear waves. Significantly, the latticed-Fermi—Pasta—Ulam
recurrences on the modulated-wave background in NLSE are also investigated and their dynamic trajectories run along
the Hamiltonian contours of the heteroclinic structure. It is demonstrated that there has much richer dynamic behavior, in
contrast to the nonlinear waves reported before. This novel nonlinear wave promises to inject new vitality into the study of

ML
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1. Introduction

In the past, modulation instability (MI) has been ex-
tensively studied in many areas including Bose—FEinstein

31 nonlinear fiber optics!!

condensate,!!"?! hydrodynamics, !
and plasma physics,P! etc. Tt is associated with the growth
of perturbated on a continuous-wave background,[® and
is also the key mechanism in the development of a va-
riety of complex patterns, such as Akhmediev breathers
(ABs),["1 Fermi-Pasta-Ulam (FPU) recurrences,[!%12! su-
perregular breathers,!'*-15] Kuznetsov—Ma breathers,[10:17]
and rogue waves.!'8211 Through linear stability analysis, MI
in the initial stage reflects the exponential growth of the spec-
tral sideband perturbation until MI enters a nonlinear stage
when the growth reaches saturation, and the wave dynam-
ics exhibit a complex frequency conversion process. >3] The
multi-wave truncation method?*27! (MWT) has been used to
analyze the dynamics of MI in various systems, including bire-
fringence fibers,>>?8! the dispersion-oscillating fibers,!?%-30]

22

the pure-quartic dispersion systems,[?”! and the dissipative

systems.>1-33] The method only considers the interaction be-
tween the pump and the first-order sidebands, and ignores
the influence of the higher-order sidebands. The heteroclinic

34

structure**! (i.e., Hamiltonian contour line on the phase-space

plane) obtained by the mode truncation method reveals all pos-
sible dynamic trajectories of nonlinear waves.

MI can exist not only on the aforementioned plane
the modulated-wave

wave background, but also on

d.[3-371 Modulated wave is equivalently viewed

backgroun
as the superposition of two plane waves of different fre-

quencies. In general, the coupled nonlinear Schrodinger
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equation (CNLSE) is used to describe the perturbation of
dual-wavelength pumps case.*8] However, the MI of dual-
wavelength pumps described in CNLSE does not intuitively
reflect dual-wavelength characteristics, and some specific
physical phenomena are lost by neglecting the four-wave mix-
ing term in the process.

In this paper, we address this issue and comprehensively
analyze the MI of dual-wavelength pumps by using NLSE
with an approximate stationary solution, representing a mod-
ulated wave. Firstly, the linear stage of MI is analyzed by
linear stability analysis. Subsequently, a complicated hetero-
clinic structure is obtained by the MWT method. We also show
that different FPU recurrences are separated by separatrix on
the heteroclinic structure. In addition, we report the occur-
rence of latticed-FPU patterns excited on the modulated-wave
background in NLSE.

2. Physical model and linear stability analysis

The propagating dynamic of light is governed by the fol-
lowing dimensionless NLSE:
oy 10%y )
i2r 4 =0 1
18z+28t2+|W|w ; (1)
where y is the normalized field. z and ¢ are normalized dis-
tance and time, respectively.

It is well known that the nonlinear process of energy
exchange between four equidistant and symmetric frequency
components of the field in NLSE can be solved exactly by Ja-
cobi elliptic functions.!*®! In this paper, when the frequency

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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difference of the dual-wavelength is large enough, it is fea-
sible to approximate the elliptic-function solution as a cosine
function, which is convenient and effective to analyze the MI
of dual-wavelength. It reads

Wo(z,1) = V2Pcos(aot) exp i9(2)], )

in fact, it is an approximate stationary solution. P is the to-
tal power of two plane waves. The phase shift is given by
¢(z) =0.5(3P — w})z, where £y denote the center frequency
of the two plane waves. It is important to note that @y should
be large enough so that the two wavelength pumps are not lo-
cated with each other’s MI gain region (i.e., @y > j:(P)l/z).
Figure 1(a) shows the stable transmission of Eq. (2) for the
case wy = 5.

The stability of stationary solution is examined by in-
serting in Eq. (1) the ansatz y = /P/2exp(iont +i¢)(1 +
ay) ++/P/2exp(—iwpt + i9)(1 4+ ay), where a is a pertur-
bation at modulational frequency @ and wavenumber K of
the form a; = {€;; exp[i(Kz — wt)] + €jpexp[—i(Kz — or)]}
with j = 1, 2. Then, through linear stability analysis, we ob-
tain the dispersion relation K = +o[w? + (0?/4) — (P/2) £+
(@*@d —2w3P + P?)'/?]'/2. The instability gain can be ob-
tained by g(®) = 2Im(K). Figure 1(b) displays the MI gain
spectrum (only the first branch is shown), where the gain ex-
ists only if |®| < Gmax = [(2P — P?)/@3]'/?. Both the max-
imum gain value and the frequency range increase with an
increase in the power P and pump frequency . When
® = [(P—0.5P?)/®(]'"/?, the gain reaches the maximum, and
the frequency domain diagram of the perturbation of the dual-
wavelength pump is shown in Fig. 1(c). The theory result can
be examined in the experiment by modulating the intensity of
two CW lasers with different wavelengths and coupling them
into a segment of optical fiber for transmission.
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Fig. 1. (a) Temporal evolutions of the total intensity |yp|> with @y = 5.
(b) MI gain spectrum profile for Eq. (1) at wy = 4. (c) Schematic repre-
sentation of MI produced by dual-wavelength pump (dashed vertical lines
label the first-order sidebands, @ stands for modulation frequency). Here,
pP=1.

3. Multi-wave truncation model and heteroclinic
structure

Although linear stability analysis can be used to predict
the initial stage of instability, it could not provide any further
insight into the long-term behavior of the system. However,
important insights into dynamics can be gained by using the
MWT method. Here, only dual-wavelength pumps and their
respective £1 order sidebands are considered, with frequen-
cies @y, +wy—®, and +wy + o, respectively. The two sets
of nonlinear local waves with different frequencies have the
same evolution properties except for the different group ve-
locities. Therefore, based on the physical process of dual-
wavelength pump propagation, we construct the breather so-
lution of Eq. (1), which has a unique form as follows:

W(Z7t) = M(ZJ*Z(DO)eXp(inI)

+u(z,t +zep) exp(—iwpt), (3a)
with
P . n . .
u(z,t) = \/;{\/ 1 —nexp(igo) + \/:exp(l(ot—l- igp)
n . .
+\/;exp(—1a)t+1(p1)}7 (3b)

where Eq. (3a) describes the dynamic process of cross-phase
modulation of dual-wavelength pumps by a simple expres-
sion. u(z,t) is the wave function obtained by dual-wavelength
pumps under the relatively stationary coordinate of their prop-
agation when the group velocity is zero. @y(z) and @4(z) are
the pump and sidebands phases, and 1(z) is the total power
of the first-order sidebands. Assuming the total power frac-
tion of the field in Eq. (1) is equal to 1, it is convenient to
define the sidebands fraction 1 and pump fraction 1 — 7. @ is
the critical frequency, which is the crossed point of the stable
branch of A¢. = /2 (black solid line) and the unstable branch
of ne = 1 (red dash line) as shown in Fig. 2(a). The frequency
o is henceforth limited to w, < ® < Wmax to effectively pre-
vent higher-order MI from occurring. Substituting Eq. (3) into
Eq. (1), the Hamiltonian form of the nonlinear wave evolution
is obtained as follows:
JoH . OH

ma ¢:%7 (4a)

n=—
e %n[_wz +PO(2)] + %pn(l —1)cos(2A¢)0(z)

- %Pn%(z), (4b)

where the dot denotes derivation with respect to z and
AP = (@1 + @2 —2¢p)/2 is the effective phase. Q(z) =
1 + 2cos(Qwanz) and S(z) = (3/2) + 4cos(2omyz) —
cos(4wayz). It is evident that the Hamiltonian function H ex-
hibits periodic behavior, indicating that it is not a conserved
quantity. As a result, it is unable to construct a phase space
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diagram for H. To resolve the problem, we take the average of
H. The average Hamiltonian H reads

H= —%nw2+ %Pn + %Pn(l —1)cos(2A9) — %Pnz. (5)

The average Hamiltonian A can be described as contours
on the (A¢,n) phase plane as shown in Fig. 2(b), where all
possible dynamic trajectories of MI at frequency w are given.
Obviously, the contours of H have a heteroclinic structure, and
there is a separatrix (see the closed black line in Fig. 2(b)) that
divides the phase plane into regions of inner and outer orbits.
The evolution of MI can be comprehensively analyzed from
the phase plane portrait of H.

@107~ r— A, = 0,7
—Ap,=%7m/2
.= 0
1=ene=1
= 0.5 !
0 :
0 0.5 “e 1.0 1.5

Angular frequency w

Fig. 2. (a) Stationary sideband fraction 1 of stable (solid lines) and unsta-
ble (dash and dash-dotted lines) branches versus @ beyond @,. (b) Average
Hamiltonian contours on the phase plane (A¢,n) for @ = 1. The black
curve is heteroclinic separatrix with 1. = 1, dividing the phase plane into
two different domains. Here, P = 1, wy = 4 and @, = (P/2)"/2.

Equation (5) has four groups of stationary points
(A@e,Me) (solutions of dn/dz = dA¢/dz = 0) correspond-
ing to four eigenmodes. Figure 2(a) shows the bifurcation
diagram, i.e., the value 7 of the stationary points versus fre-
quency @. In the gain range that we have studied, only hete-
roclinic separatrix with stationary points 1. = 0 is considered.
In this case, the heteroclinic structure follows the well-known
structure of the integrable NLSE. 2534 Hence, we have disre-
garded the two stationary points of (Age, ) = [7/2,20?/P]
and (Ade,Ne) = [0.5cos ™! (—(w?/P) —0.5), 1]. There are only
two stationary points directly related to the heteroclinic struc-
ture here.

One of the group stationary points of (A¢e,ne) = [0 or
n, —(2w?/7P) + (4/7)] corresponds to the maxima of H.
This eigenmode is stable because the contour of A shrinks to
the point (A¢e,ne) when the Hamiltonian A reaches its ex-
treme value. The red solid line in Fig. 2(a) gives the rela-
tionship between the sideband fraction 1. and modulation fre-
quency . Only if the input condition satisfies H (A@e,Ne) =
(0*/14P) — (@?/2) + (2P/7), it will evolve asymptotically
toward such eigenmode.

Another group stationary points of (A@e,Ne) =
[+0.5cos ™! (—(@w?/P) — 1),0] suggest unstable eigenmodes
and turn out to be the bottom vertexes of the contour A in the
frequency range of @ < @Wmax, Which agrees with the MI gain
bandwidth from linear stability analysis. It is worth noting that
the contour of H = 0 composes the heteroclinic separatrix, on
which the latticed ABs can be excited. Strictly speaking, only

if the input condition satisfies H (Ao, 7o) = 0, the nonlinear
wave evolution pattern of Eq. (3) belongs to the latticed ABs.
However, the interaction between the dual-wavelength pumps
induced by the cross-phase modulation, results in the gener-
ation of extra optical waves. As a consequence, the latticed
ABs cannot be excited and can only obtain FPU recurrence
evolution, as shown in Fig. 3(a).
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Fig. 3. Latticed ABs recurrent evolution through numerical integration of
Eq. (1) with o = 0.01. Panels (a) and (b) show the temporal and spectral
evolutions of the total intensity |y(z,7)|?. Panels (c) and (d) show the cor-
responding projections of Eq. (1) (green dash-dotted line), Eq. (4a) (red
solid line), and Eq. (5) (black dotted lines) on the phase plane (A¢,n) for
() Agp =0 and (d) A¢y = /2. Here, P=1,0p =4, and 0 = 1.

4. Latticed-Fermi-Pastel-Ulam recurrences

The bifurcations illustrated in Fig. 2 have a profound in-
fluence on the long-term evolution of the nonlinear wave in
Eq. (1). In order to show this, we numerically integrate Eq. (1)
by taking the modulated dual-wavelength pumps as the initial

condition
v(0,1) = \/ﬁcos(wot)[\/l—no+ No/2exp(ior +iAdy)
+ no/Zexp(—ia)t+iA¢0)], (6)

where 7 is the initial sidebands fraction, and A¢y is the over-
all initial effective phase Agy = A (0).

Next, we illustrate the nonlinear wave evolutions and dy-
namic trajectories inside and outside the heteroclinic separa-
trix for @ > w.. Because there is no essential difference in the
latticed ABs patterns we obtained under two different initial
effective phase conditions, only one of the recurrent regimes
is shown in Figs. 3(a) and 3(b), where A¢yp = 0. However,
the projection of Eq. (1) evolved onto the phase space reveals
very different behaviors for the two initial effective phase con-
ditions. Figures 3(c) and 3(d) depict their dynamic trajectories
with the initial phases of Agy = 0 and A¢y = /2. All three
trajectories are obtained in the numerical results from Eq. (1)
(green dash-dotted line), Eq. (4a) (red solid line) and Eq. (5)
(black dotted lines), respectively. One can see that the numer-
ical results by Eq. (4a) are significantly different from those

030502-3



Chin. Phys. B 33, 030502 (2024)

by Eq. (5) induced by neglecting the four-wave mixing pro-
cess. The dynamic trajectory obtained by integrating Eq. (4a)
oscillates with the evolution of z. Meanwhile, Eqgs. (4a) and
(1) also exhibit deviations due to the neglect of higher-order
sidebands.

Theoretically, the above Figs. 3(a) and 3(b) behaviors cor-
respond to different spatiotemporal evolution. To prove it, un-
der such an input condition of Eq. (6), we utilize the split-step
Fourier transform method to implement the numerical integra-
tion of Eq. (1). Then, we filter the spectrum of y(z,7) to ob-
tain the optical-wave evolution of u(z,#). Actually, in order to
extract u(z,t) from Eq. (3), we perform a coordinate transfor-
mation on it. Finally, we obtain the unshifted and staggered
FPU recurrences under two initial phase conditions, as shown
in Fig. 4. Figure 4(a) shows that the FPU recurrence drift is
caused by the Kerr nonlinear effect. This phenomenon arises
from the acute variation in the nonlinear refractive index of
the medium under the nonlinear superposition of two optical
intensities. Furthermore, the two patterns shown in Fig. 4 cor-
respond to the orbit in Figs. 3(c) and 3(d), respectively.

(a)
0 0 0
2.0
0
g g g [E
1.
0 0
8 8 &8
0 0 10
t

3

2
n

1

—10

—-10

Fig. 4. Two types of FPU evolutions through numerical integration of
Eq. (1) with initial effective phases: Agy = 0 (unshifted) (a) and A¢g = 7/2
(staggered) (b). The above temporal evolution of the intensity is |u(z,t)|?.
All parameters are the same as in Fig. 3.

5. Conclusion

We study numerically the nonlinear stage of the modu-
lation instability of the dual-wavelength pumped in the frame-
work of the nonlinear Schrodinger equation. It is interesting to
note that, NLSE has an approximate stationary solution which
is linearly superimposed by two plane wave solutions. The
existence condition of the solution is given and confirmed by
numerical simulation. Dramatically, we show that the latticed-
FPU recurrences can be excited on the modulated-wave back-
ground in NLSE. These results further enrich the types of non-
linear local waves. From our work, we hope to further broaden
and deepen the understanding of MI.
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