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Quantum Fisher information (QFI) associated with local metrology has been used to parameter estimation in open
quantum systems. In this work, we calculated the QFI for a moving Unruh—DeWitt detector coupled with massless scalar
fields in n-dimensional spacetime, and analyzed the behavior of QFI with various parameters, such as the dimension of
spacetime, evolution time, and Unruh temperature. We discovered that the QFI of state parameter decreases monotonically
from 1 to O over time. Additionally, we noted that the QFI for small evolution times is several orders of magnitude higher
than the QFI for long evolution times. We also found that the value of QFI decreases at first and then stabilizes as the Unruh
temperature increases. It was observed that the QFI depends on initial state parameter 8, and Fy is the maximum for 6 =0
or 6 = m, Fy is the maximum for = /2. We also obtain that the maximum value of QFI for state parameters varies for
different spacetime dimensions with the same evolution time.

Keywords: quantum Fisher information, parameter estimation, open quantum systems

PACS: 03.65.Yz, 06.20.—f, 03.65.Ta

1. Introduction

In the context of quantum measurements, the interaction
between the detector and the system being measured leads to
entanglement and information exchange. This results in the
system being detected becoming an open quantum system. 3!
In this context, the state of the detector is no longer described
as a pure state, but rather as a mixed state. The evolution of
the detector’s state is described by the master equation, typi-
cally in the Lindblad form.*3 During the process of quantum
measurement, interaction between the detector and the mea-
sured system causes dissipation and decoherence, leading to
the loss of coherence and information of the quantum system.
During the process of quantum measurement, the interaction
between the detector and the measured system causes dissi-
pation and decoherence. This leads to the loss of coherence
and information in the quantum system. Strategies have been
developed for quantum estimation by understanding the dy-
namics of open quantum systems. [*-11]

Accurately estimating parameters is a challenge, and im-
There
is a lot of research involved in improving parameter

proving measurement accuracy is a key objective.

estimation.['>18] Two methods have been proposed: opti-
mizing the measurement process or optimizing the detection
conditions. To enhance the measurement process, precise
measurement techniques are used, such as selecting accurate
and reliable instruments. Optimizing the detection condi-
tions involves identifying the best operating conditions under
which the parameter of interest can be measured with utmost

precision. '] This can be achieved by changing environmental
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parameters, preparing the optimal detector state, or controlling
the detection time. This work focuses on the second approach,
discussing the detection conditions for improving parameter
estimation from a theoretical perspective.

The concept of QFI is essential when discussing the ac-
curacy of parameter estimation. It has numerous applications
in both theoretical and experimental domains.?*-3 In recent
years, QFI associated with local operators has been employed
to parameter estimation in open quantum systems, such as
Unruh effect,®* entanglement, >>-2%! phase transitions,27-28]
etc. For instance, QFI has been employed to observe multi-
partite entanglement in Ref. [29]. Besides, it has been a di-
agnostic for the nature of the quantum state of the system in
a many-body quantum system in Ref. [30]. Additionally, it
has been suggested that QFI can be used as a probe for Unruh
thermality in Ref. [9]. Since QFI quantifies the precision of
parameter estimation, several research works have focused on
protecting the QFI of parameters in various ways.?!=33]

Quantum field theory commonly employs models that
describe how atoms interact with quantum fields. Among
these models, the Unruh—DeWitt detector is the most ba-
sic particle detector.!**! Initially proposed for studying the
Unruh effect, it shows that for a uniformly accelerated ob-
server, the vacuum of quantum fields in Minkowski space-
time is transformed into the thermal state.>>=37] The Unruh
effect reveals that “vacuum” and “particle” depend on the ob-
server. There are many applications in the model of Unruh—
DeWitt detector, such as the connection of measurement un-
certainty and quantum coherence for an inertial Unruh—-DeWitt
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detector, 38 the transition rate of the Unruh—-DeWitt detec-
tor in curved spacetime,*! entanglement dynamics and en-
tanglement harvesting for Unruh-DeWitt detector, [**#!1 and
more. Our research aims to explore the effect of Unruh tem-
perature on quantum estimation. Specifically, we will con-
sider the quantum estimation of the state parameter with an
Unruh—DeWitt detector in n-dimensional Minkowski space-
time and analyze the influence of Unruh temperature on the
QFI of state parameters. It is worth mentioning that the pre-
vious studies mentioned have primarily focused on state pa-
rameter estimation in 4-dimensional spacetime.!”-!*?] How-
ever, it has been observed that the response function of the
detector in vacuum varies depending on the number of space-
time dimensions.*>* In Ref. [9], the QFI is discussed as a
probe to detect the Unruh effect in n-dimensional Minkowski
spacetime. Effect of spacetime dimensions on quantum entan-
glement has been investigated in Ref. [45]. Inspired by these
works, we are interested in generalizing the investigation of
state parameter estimation to a more general case, namely a
quantum field in n-dimensional Minkowski spacetime.

This work is organized as follows. In Section 2, we in-
troduce the dynamical evolution of a two-level atom in the
framework of open quantum system. In Section 3, we review
the QFI for a single-qubit system. The dynamical evolution of
a two-level atomic probe in n-dimensional Minkowski space-
time is arrived in Section 4. In Section 5, we obtain the an-
alytical results of QFI for state parameter, and the discussion
on parameter estimation is provided. The summary and con-
clusions are given in Section 6. The units ¢ =/ = 1 are used
throughout this work.

2. The framework of open quantum system

A general parameter estimation consists of four pro-
cesses: the preparation of the probe, the evolution of the probe
state in the measured system, the measurement of the evolved
probe state, and the estimation of the measured parameters
from the measurement results. Here we use an Unruh—DeWitt
detector as a probe which is modeled by a two-level atom. The
detector is regarded as an open quantum system, which is cou-
pled to a massless scalar field in n-dimensional Minkowski
spacetime, and the Hamiltonian of the combined system reads

H= Hat0m+Hﬁeld+“Hint7 (1)

where the atomic Hamiltonian Hyom = (1/2) 0903, Hfielq is the
Hamiltonian of the scalar field. The interaction between the
detector and the field is represented by the interaction Hamil-
tonian

Hin = (G+ + G,)(P(x), (2

with 6, 6_, and wy being the atomic raising, lowering oper-
ators, and the energy level spacing of the atom respectively.

The dynamic map of the whole system is introduced in the
following. The state of atom—field combined system is approx-
imated as Poc(0) = P(0)atom ® Prield at the initial time T = 0,
where p(0)aom is the atomic initial state and pgelq represents
the state of quantum field. Then the total density matrix Prot
is described by the von Neumann equation in the interaction

picture as

dpro .
Pol®) _ i1H, puo(o)], G

where 7 is the proper time of the detector. By tracing over the
field on both sides of Eq. (3), one can obtain

d

Epatom(f) =—i rfield [H>ptot(f)]-

For weak coupling between the atom and the field and the
Markov approximation, the evolution of the system can be de-
scribed by a simplified dynamic Kossakowski-Lindblad mas-
ter equation*>!

dp

97 = " Haep(@]+LIp(T)], @

where

3
Llpl=Y C; Giji—%{GiGj,p} . 3)
ij=1

The density matrix of the detector is then governed by a mas-
ter equation in Lindblad form in Eq. (4), which represents a
dissipative evolution due to the interaction between the detec-
tor and the quantum fields, and C;; is the Kossakowski matrix.
Before giving the expression of C;;, the Wightman function of
scalar field should be introduced at

G* (x,x') = <<15(x)<15 (x')> , (6)

and the Fourier transform of the above Wightman function is

G(A)= /o:o dr e**G* (7). (7)
Then one obtains C;; as!”-$46!
Cij=Ay8,—iA g8z — Ay 8383, ®)
with
A+ =510(0) +G(-0))
A = 3[6(0)~G(-o)] ©)

By considering the effect of scalar field on the detector, the
effective Hamiltonian is derived as

1 h i
Hepr = 5?‘1963 =3 {(Do+ %[IC(—wo) —/C((Do)]} o3, (10)

where

N ()
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which is the Hilbert transform of Wightman functions.
After resolving the master equation (4) with a general ini-
tial state
ig .. 0 0
ly)=¢ 31n§\0>+cos§|1>, (11)
|

0 _
e *+7cos? T A45A7f+ (e~ —1)
p(t)= 1 i )
5 e—2A+‘L'+1.QT+1¢ sin O

For a two-level atomic detector, the density matrix can be ex-
pressed in a Bloch form as

1 3
p(0)=3(1+ L wi(v)a). 1%
i=1
Then the Bloch vectors @ = (o, @, @)T reads
(1) =sin@cos(QT+¢)e AT,
w(7) =sinOsin(Q7+ ¢)e_2A+T7
A_
o3(t) = cosfe T —T=(1—e ™). (14)

i
For a general initial state expressed in Eq. (11), the initial
Bloch vector is w = (sin@cos@,sinOsind,cosB). Assum-
ing the atom is considered as a closed system, the Bloch
vector of the state with atomic proper time T becomes w =
(sin @ cos(@ + wy7),sin Osin(¢ 4+ wyt),cos H). Due to the cou-
pling of the two-level atomic system with the quantum field,
the atom cannot be regarded as a closed system but an open
quantum system, thus influence of the quantum fields will be
encoded in the atomic state, and Bloch vector evolutes with
time has an exponential decay factor due to decoherence in
Eq. (14).

3. Quantum Fisher information for a single-
qubit system

One of the basic characteristics of QFI is that we can get
its Lower bound on the achievable mean-square error of the
estimated parameter. The unbiased estimator for the parame-
ter @ is called quantum Cramer—Rao (QCR) theorem, and the

QCR bound is given in the following inequality: 4741

1
AD > ——.
~ V/NFg
In Eq. (15), Fg is the QFI of @, and Fp = Tr[p(@)L(®)?],
where p(®@) = YN, pi|wi) (| is the density matrix of the
probe and L(@) is the symmetric logarithmic derivative, and

5)

N is the number of experiments. From Eq. (15), we obtain that
for a same N, the larger the QFI of the measured parameter,
the smaller the deviation of the true value of the parameter and
the measured value. Then the QFI can be read as[*8!
N 0 2
Fo=2Y [{Win|9ap )|

(16)
m,n pm+pn

where the state of this single qubit is determined by the pa-
rameter 6 and ¢. Considering the effect of quantum field on
quantum state, the density matrix p(7) evolving over time can

be expressed as

1672A+771.Q‘L'7i¢ sin @
12)
0 A_—A (
1 — e *+7cos? 5~ oA, a (e #+7 1)

\
With the expression of the Bloch vector in Eq. (13), the explicit

form of QFI for a single-qubit system can be further expressed
[50]
as

(w-dgw)?

2
|dpw|”+ —Jw?

Fp = 1
|aﬁ7w|27

lw| <1,
a7

lw|=1.

For the mixed state, we calculate the QFI of parameter @ by
the first line expression in Eq. (17), while for pure states, we
use the second line expression in the above equation. Due
to the interaction between the quantum system and the envi-
ronment, the quantum state generally takes a mixed state after
evolution, thus we will use the expression of QFI for the mixed
state in the following parameter estimation.

4. Dynamical evolution of an Unruh-DeWitt de-
tector in n-dimensional Minkowski spacetime

In order to arrive the dynamic evolution of a two-level
atom, we need to discuss specific trajectories. In this section
we will talk about the following uniformly accelerated trajec-
tory:

x°(7) =a 'sinhat, x'(1) =a 'coshat, x(t)= const.
(13)
In a free massless scalar field, the field function ®(x) is ex-
pended in n-dimensional Minkowski spacetime as

o) = [ el +a Ui 0}, 19)
and the positive field mode reads
U, = [29/((271')”71] -1/2 ei(qu]+lc~ac—!2kx0)7 (20)

where €2y, is the frequency, k is the wave number, and k is the
wave number in the x! direction, and Q7 = k7 + |k|?. The cre-
ation operator a,f and annihilation operator a; in Eq. (19) obey
the canonical communication relation [ak,az,] =51 (k—k').

For a detector with uniformly accelerated trajectory, the
Wightman function fulfills the KMS condition, i.e., GT(7) =
G*(t+1ipB), where B = 1/Ty, and Ty = a/(27) denotes the
Unruh temperature. Substituting Eqgs. (19) and (18) into the
definition of Wightman function, an analytical form is ob-
tained as

030307-3
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n(n—S)/2ﬁ3—n

Gn(an) =

with

[ —sinh(Ban/2),
Pnlm) = {Cosh(ﬁwo/Z),

r<”1+ﬁ“’°i>

2

Substituting Eqgs. (21) and (22) into Eq. (9), one can obtain the Kossakowski coefficients for massless scalar field

(n-5/2)57"
-
ar(2=
()
(n-5/2)B7"
A== r (’; -

n—1
ar{ —
(=)
where

n By .
r(2-14+2%
<2 T 1)

in Egs. (21), (23), and (24) represents the conventional
gamma function. From Euler’s reflection formula,®!! we have
IT(ix)|> = m/xsinh(7x), |T(1/2+ ix)|> = m/cosh(zx), and
recurrence relation I'(z + 1) = zI'(z).
Bloch vectors @ = (@;, @y, @3)T in n-dimensional Minkowski
spacetime as

Then we obtain the

(1) =sin@cos(QT+ ¢)e AT,
(1) =sinOsin(QT+ ¢)e H+aT,

Ay
@3(T) = cos G e MrnT _ TN (] _ g HaT),
+,n

(25)
|

2e M [(AZ —A2 ) eMinTcos? O+ (A, cos0 +A )7

Dy (an)
2m )| e Bav —(—1)w’ @D
if n is even, 22)
if n 1s odd.
2
1+ Bwoi) cosh(Bay/2), (23)
2%
2
14 132(7‘[’01) sinh(Ban/2), (24)

The information about the evolution of quantum states is en-
coded in Eq. (25), thus we can calculate QFI by using the
above Bloch vectors.

5. Discussion on quantum Fisher information

In this section, we will explore the behavior of QFI with
different dimensions, and analysis how spacetime dimension,
Unruh temperature and evolution time affect QFI, and then
analyze the estimated accuracy of the initial parameter estima-
tion via QFL.

5.1. Quantum Fisher information of parameter 6

By substituting Eq. (25) into Eq. (17), we obtain the ana-
Iytical results of QFI for state parameter 0 as follows:

Fo

It is interesting to find that Fy is independent of initial phase
parameter ¢ from Eq. (26). To analyze how spacetime dimen-
sion influences parameter estimation, we discuss several cases
with the dimensions n = 4,5,6,7. In the following context, we
would like to discuss the variation of QFI with several param-
eters, such as evolution time, Unruh temperature, and initial
state parameter.

As is shown in Fig. 1, the QFI exhibits a monotonically
decreasing behavior from 1 to 0 over time. For fixed Unruh
temperature 7y = 0.1,1,5, we find that the time it takes for
the QFI to decay from 1 to O varies significantly at different
Unruh temperatures. For example, for n = 5 the decay time
7 is around 100 for QFI to decay from 1 to 0 with 7y = 0.1,
while the decay time 7 is around 6 for QFI to decay from 1
to 0 with 7y = 1, and the decay time 7 is around 0.3 for QFI

A3, (2e#+07 4 c0s(20) + 1) +4A4 nA_ ,cos0 —2A% | (eHrn™— 1)

(26)

\
to decay from 1 to O with 7y = 5, which present that for dif-

ferent Unruh temperatures, the decay time differs by 3 orders
of magnitude. Hence the behavior of the QFI with evolution
time is strongly influenced by the Unruh temperature. We find
that for 7y = 0.1, in the case of high dimensions, the QFI of
state parameters is larger. However, with the increase of Un-
ruh temperature, the measurement advantage of high dimen-
sions gradually disappears, and the measurement accuracy in
the case of 4-dimensional spacetime is higher than other di-
mensions. When the Unruh temperature 7y and initial state
parameter 0 are the same, we find that the attenuation rate
of QFI corresponding to different dimensions over time is not
consistent, and even there is a big difference. Therefore, may

be we can distinguish different spacetime dimensions via QFIL.

030307-4
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0 0.5 1.0 1.5 2.0

T

Fig. 1. The Fy as a function of the evolution time 7 with fixed values of
the initial state parameter 8 = 0. We take @y = 1. From the top panel to
the bottom panel, as indicated in the figure, we take the Unruh tempera-
ture 7y = 0.1, 1, and 5 respectively.

Now we analyze the overall behavior of the quantum
Fisher information with respect to the Unruh temperature 7Ty;.
As is shown in Fig. 2, as the Unruh temperature Ty increases,
the value of the quantum Fisher information decreases appar-
ently at first, and then gradually trends to 0. As the Unruh tem-
perature increases, the thermal fluctuations cause a decrease
in the quantum Fisher information of the state parameter. As
the temperature increases to a sufficiently high temperature,
the quantum Fisher information reaches to a stable value. In
Fig. 2, we fixed 6 = 0, thus the above equation (26) can be sim-
plified as Fg = e ~*4+7. Then we obtain that there is a decay
rate factor in the expression of Fy. As the Unruh temperature
increases, the thermal fluctuations cause a increase of the de-
cay rate which is demonstrated by the factor A ,, thus cause
a decrease in the quantum Fisher information of the parameter

6. By comparing to different spacetime dimensions, we find

thatatt=1,3,5, Fg:7 > Fé’:(’ > ngs > Fé’:4 for small value
of Ty = 0.1, while we find that F§=* > F§=5 > Fy=6 > Fy~7

with a higher Unruh temperature.

1.0
4
0.8 —n=5
=n==6
\0.6 - 7
s
0.4
0.2
0
6 8 10
Tu
n=4
—n=>5
- =
=n="17

20 25 3.0

n=4
—_—n=>5

T =n=06
-n="7
1.5 2.0

Fig. 2. Fy as a function of the Unruh temperature 7y with fixed values
of the initial state parameter 6 = 0. We take @y = 1. From the top panel
to the bottom panel, as indicated in the figure, we take T = 1,3, and 5
respectively.

In Fig. 3, we can see that the quantum Fisher informa-
tion of the state parameter is dependent on 6 itself. The quan-
tum Fisher information is maximum for 8 = 0 (excited state)
or O = 7 (ground state), which highlights that these states
are highly sensitive to changes in the parameter being stud-
ied. When we compare the quantum Fisher information for
the same Unruh temperature, state parameter 6, and space-
time dimension, we find that the quantum Fisher information
for T =1 is over ten times higher than that of 7 = 5. Besides,
we also find that Fg‘:“ > ngs > Fé‘zﬁ > Fe":7 for the same
fixed state parameter 6, Unruh temperature Ty, and evolution

time T.
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Fig. 3. The Fy as a function of the initial state parameter 6 with fixed values of Unruh temperature Ty = 1. We take wy = 1. From the left panel to the right

panel, as indicated in the figure, we take 7 = 1, 3, and 5 respectively.

5.2. Quantum Fisher information of parameter ¢

The analytic expression of parameter ¢ is obtained after
calculation as

Fy = e *+%sin? . (27)

From the above equation, we find that Fy decays from 1 to 0

with increasing proper time for 8 = 7/2, and the decay rates

depend on the function 4A ,,. Besides, we obtain that Fy =0

when 8 = 0, 7, and here 8 = 0, w correspond to the initial ex-
cited state. Since the variation of QFI for parameters ¢ with
evolution time 7 and Unruh temperature 7y is similar to that
of the case of parameters 6 which we have discussed above,
then we will not analyze the variation of phase parameters with
time and Unruh temperature in detail. Here we just gives the
figures of Fy as a function of initial parameter 6.

0.6 0.14 0.04
v=1 n=4 012f =3 n=4 =5 _—
=3 n= 0.03 -
0.4 en=6{ 010 en=6 -
- n=7
0.08 - n=7 - n=
& &S ! = 0.02 n=1
0.06
0.2 e .,
',' \'s 0.04 001
N e 0.02
o ammmma A T N S L T
0 o= == T E e > & Yo 0 R T e o R o e e ! B e TR el B it P e e e
0 10 20 30 0 ) 20 30 0 0 50 =
4 % 0

Fig. 4. Fy as a function of initial state parameter 6 with fixed values of the Unruh temperature Ty = 1. We take @y = 1. From the left panel to the right

panel, as indicated in the figure, we take T = 1, 3, and 5 respectively.

As is shown in Fig. 4, it is obviously to see that the
value of Fy is the maximum for 6 = 7 /2, and it is the min-
imum for 6 = 0,7. When other parameters (Unruh tempera-
ture, initial parameter, and spacetime dimension) are the same,
only the evolution time is different, we find that the QFI for
T =1 is about one order of magnitude higher than the case of
7 = 5. For Unruh temperature Ty = 1, the initial state param-
eter 6 = /2 and the evolution time 7 = 1, 3,5, we obtain that
=t > Fy= > R0 > Ry~

6. Conclusions

We conducted a study on parameter estimation using lo-
cal quantum estimation. Our focus was on an Unruh—-DeWitt
detector as an open quantum system that interacts with a mass-
less scalar background in n-dimensional spacetime. The de-
tector’s dynamics are described by a Lindblad master equa-
tion that governs the evolution of its density matrix. We dis-
covered that the QFI of state parameters 6 and ¢ depends on
various factors, including evolution time, Unruh temperature,

and scalar field dimensionality. By studying the QFI’s behav-
ior under different parameters, we aimed to improve the accu-
racy of parameter estimation. Our results show that the QFI
exhibits a monotonically decreasing behavior over time, de-
caying from 1 to O at a varying rate in different Unruh tem-
peratures. It is observed that the QFI of the state parameter
depends on 8, and Fy is the maximum for 8 =0 or 6 = 7,
Fj is the maximum for 6 = /2. We also found that the at-
tenuation rate of QFI corresponding to different dimensions
over time is not consistent. This indicates that we may be able
to distinguish different spacetime dimensions using QFI. As
the Unruh temperature increases, the QFI value first decreases,
then gradually trends to 0. We attribute this trend to the ther-
mal fluctuations caused by the increasing Unruh temperature,
which makes the system more disordered, thus decreasing the
QFI of the state parameter. We also observed that the QFI
for small evolution time is about several orders of magnitude

higher than that of long evolution time.
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