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The explicit analytical solution of Rosensweig instability spikes’ shapes obtained by Navier-Stokes (NS) equation
in diverse magnetic field H vertical to the flat free surface of ferrofluids are systematically studied experimentally and
theoretically. After carefully analyzing and solving the NS equation in elliptic form, the force balanced surface equations of
spikes in Rosensweig instability are expressed as cosine wave in perturbated magnetic field and hyperbolic tangent in large
magnetic field, whose results both reveal the wave-like nature of Rosensweig instability. The results of hyperbolic tangent
form are perfectly fitted to the experimental results in this paper, which indicates that the analytical solution is basically
correct. Using the forementioned theoretical results, the total energy of the spike distribution pattern is calculated. By
analyzing the energy components under different magnetic field intensities H, the hexagon—square transition of Rosensweig
instability is systematically discussed and explained in an explicit way.

Keywords: ferrofluids, Rosensweig instability, hexagon—square transition
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1. Introduction

Ferrofluid is a novel stable colloidal solution composed
of nano-magnetic particles and non-magnetic carrier liquids.
The standard Rosensweig instability of ferrofluids is the pat-
tern of spikes emerging on the flat surface of ferrofluids under
the vertical external magnetic field H with the field intensity
greater than the critical field B..['#! There is a minimum re-
quirement for magnetization M. under the field of B, for the
spikes’ activation based on the theory of Rosensweig’s linear
stability analysis

2 1
M= — (1 + ) VPgo, (1)
Ho o
Ve Ht B JB

2

1o ) H’ ut:ﬁu

where the constant ¢ and p are the surface tension and density
of ferrofluids, respectively. The parameter g is gravitational
acceleration constant. The constants ry, U, and L are rel-
ative permeabilities calculated by magnetic field intensity H
and magnetic flux density B.

According to the superposition principle of magnetic
field, the critical magnetic flux density B, can be calculated
as follows:

B, = uo(H.+ M.). 3)

It is worth mentioning that the linear stability analysis requires
that the small perturbation of the magnetic field H. casted
on the steady flat ferrofluids surface. The small perturbation
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demonstrates a conclusion that the instability is correlated with
the wave number k. = \//W. [5] Therefore, the correspond-
ing wavelength A, = 27 /k. is introduced to illustrate the peri-
odic distance between adjacent spikes. There is a mysterious
paradox for us that the consecutive vertical external field es-
tablish discontinuous periodic peaks. The wave-like nature of
Rosensweig instability is persistently unexplained systemati-
cally by linear stability analysis theory.

Another interesting phenomenon is that the pattern of
spikes in Rosensweig instability exhibits unique hexagonal
and square patterns. >° The transition of hexagon—square pat-
tern was firstly predicted by Gailitis in 1977.12] The possible
explanation of the construction of hexagon pattern under a low
field intensity is the theory of “active ring” raised by Cao.l’!
The transition from hexagon to square under a large field in-
tensity could be attributed to the magnetic flux pinning effect
proposed by Kubstrup.!”) This kind of transition is thought to
be controlled by energy. Nonetheless, the nature of this transi-
tion is still unclear.

In this study, the key evidence of wave-like nature
of spikes are searched carefully. The control equation of
Rosensweig instability is established as well as the possible
solution of such an equation is raised. Regarding the theory
in this research, the wave-like nature of spikes in ferrofluids
is systematically discussed. The final special spikes in exter-
nal magnetic field with weak field intensity are determined
as cosine wave, which is corresponded to the results of lin-
ear stability analysis theory raised by Rosensweig.!! In con-
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trast, the form of spikes tends to be hyperbolic tangent form,
which is perfectly fitted to these uniform experimental results.
Based on the theoretical results, the hexagon—square transition
phenomenon of Rosensweig instability is systematically dis-
cussed, which is explained by the theoretical analysis of total
energy.

2. Results and discussion

2.1. Fundamental control equation of Rosensweig instabil-

ity

Ferrofluids are colloidal systems, which could be re-
garded as a kind of uniform liquid system. Therefore, the
Navier-Stokes (NS) equation is a prior equation governing the
balance of body force and the movements of liquid. In ad-
ditional to viscous force and gravity, the magnetic force part
should be taken into consideration. It is assumed that all the
changing of ferrofluids in magnetic fields are quite slow and
reversible. Therefore, this “quasi-static” approximation gives
a conclusion that the velocity of liquid is able to be neglected
(u ~0).13% The incompressible NS equation with viscosity n
can be expressed as

Ju

P =—p(wV)u-VptnViutfy, @)
V-u=0. (5)
Considering the magnetic part, the body forces can be ex-
pressed as
H
fo = —pge. + UoMVH — 1oV /0 Mdh. ©)

The ugMVH part is the Kelvin force resulted from the chang-
ing field. The uyV f({i M dh part is the magnetic pressure orig-
inated from the established magnetic field.

The pressure gradient part Vp is calculated by Young—

Laplace equation-%]

pP—p=0"K, )

where the surface parameter kK (sum of the principal curva-
tures) can be written as
\Y
K=V | —|. 8)
1+ (Vz)?

The parameter is defined as a single value of altitude z =
ZO(xay )

After inducing the Young—Laplace equation into the NS
equation, the synthetic NS equation of ferrofluids is

H 1
G-K+sz+pr=uo/0 Mdh+§qu,f, )

where M, is defined as the magnetization perpendicular to the
ferrofluids surface, which contributes to the magnetic pressure
jump of ferrofluids’ surface.

2.2. Experimental equipment

The stable ferrofluids with explicit physical-chemical
properties were obtained from the prior work.[1%12 As shown
in Fig. 1, the ferrofluids are placed into a uniform magnetic
field to observe the Rosensweig instability. For the purpose
of ensuring the magnetic field to be a uniform field, the large
coils with iron core and currents with strong field intensity are
established. The area of uniform field is as large as a circular
region with a diameter of 5 cm. The field intensity of magnetic
fields could be controlled by the currents in coils. The voltage
and currents could be controlled by 2 external DC power sup-
plies. The platform is kept parallel to the sea level to ensure
that gravity is parallel to the magnetic field.

Iron core

Fig. 1. Ferrofluids in vertical uniform magnetic field established by 2
coils.

2.3. Boundary shaping and potential well model

As depicted in Fig. 2, the Rosensweig instability of en-
gine oil based ferrofluids within square-shaped boundary con-
dition is observed. When the field intensity is lower than
12.7 mT, the spikes are not able to be established. If the field
intensity is increased to larger than 12.7 mT, the spikes show
up. This phenomenon proves that there is a critical field B,
which could be the threshold field intensity of Rosensweig in-
stability. Another result is that the peak distribution is reg-
ular hexagon. As the external field increases to 13.5 mT, a
larger hexagon distribution of spikes composed of the for-
mer hexagon and other 12 spikes are constructed. When the
field intensity increases to 15.5 mT, the spikes’ distribution
presents a standard square shape. This is evidence of the
hexagon—square transformation phenomenon. However, the
Rosensweig instability in a square-shaped container could not
provide the evidence of wave-like nature of Rosensweig insta-
bility in ferrofluids. In this study, one of target is to explain
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the hexagon—square transformation phenomenon through en-
ergy ways.

To convince the researchers of the wave-like nature of
Rosensweig instability in this study, the square-shaped con-
tainer is replaced by the triangle shaped container. When the
magnetic field intensity is increased to a certain valve, the
spikes distribution could follow the shape of container. As
shown in Fig. 3, the distribution of spikes follows the shape
of the container (a triangular distribution). In contrast, the
spikes follow a square distribution in a square container in
Figs. 2(c) and 2(d). Due to this “boundary shaping effects”,
the distribution patterns of spikes could be controlled by the
existence of boundary. It is concluded that the Rosensweig
instability could have wave’s properties (wave could shaped
by boundary conditions), which is highly consistent with the
finite square well model in quantum physics explained by
Schrodinger equation.!!3 The resultant wave patterns are con-
trolled by the boundary condition in potential well, which is
highly corresponded with experimental result in this study.
There must be a wave explanation of spikes’ distribution and
existence. Therefore, the focus is casted on the NS equation
of the results.

Fig. 2. Rosensweig instability of engine oil-based ferrofluids within square-
shaped boundary condition. Magnetic fields’ strength: (a) 12.7 mT, (b)
13.5mT, (c) 15.5 mT, (d) 22.0 mT.

Fig. 3. Rosensweig instability of engine oil-based ferrofluids within trian-
gle shaped boundary condition. Magnetic fields’ strength: (a) 14.5 mT, (b)
47.0 mT, (c) 69.0 mT.

2.4. Elliptical wave equation of ferrofluids

The NS equation in ferrofluids is presented as Eq. (9).
Here comes a definition of average magnetization: (!

Ja Mdh

M= )
Jal dh

(10)

Therefore, the interfacial pressure balance equation of fer-
rofluids can be written as

_
G~K+pgz+prf,quH—§yoMfl:0. (11)

Afterwards, the surface parament x in Eq. (8) are induced, and
the NS equation can be further manipulated as

o 8—2Z+a—22 + 4 pe— HMH — o2
axz ayz ng pr ‘U,() 2:“'0 n

az\* 27\
() () = 1

This equation is an elliptical partial differential equation,

which contains the wave properties of Rosensweig instability
that is simply constructed by continuous magnetic field and
stable ferrofluids. However, it is difficult to address the issue
of such a second order partial differential equation without any
assumption. The results of this NS equation are largely in-
fected by the boundary conditions. As shown in Figs. 2 and
3, the infinite plane model (low magnetic field intensity), the
finite square well and the finite triangular well present differ-
ent types of experimental results. It is important to define the
boundary condition to obtain a certain solution of this static
ferrofluids NS equation. Notably, the gravity and magnetism
are both forces with intrinsic energy, which could be regarded
as gravitational potential and magnetic energy.

Herein, the gravity and external pressure can be defined
as the potential of force casted on the ferrofluids

V(x,y) = pgz(x,y) + pr- (13)

Another definition of energy of magnetic field and magnetic
forces can be defined as

En (5,5) = HOMTH + 3 oM. (14)

The NS equation of ferrofluids in static magnetic field can fur-
ther be written as

oV2ie+(V—Ep)-\/1+(V2)* =0. (15)

The equation consists of elliptic wave part 6V?z and energy

term of (V —Ep) -
kinds of “wave—particle dualism” in Rosensweig instability of

\/1+ (Vz)%. These two parts reveal some

ferrofluids under the norm static magnetic field.

2.5. Perturbation of magnetic field in Rosensweig instabil-
ity
To solve the NS equation of Rosensweig instability under
weak magnetic field, the perturbation of the field is assumed.
There is a relationship that valid permanently

1<\/14(V2)? <|Vz|+1. (16)
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If the critical condition is put into consideration, a small per-
turbation could result in the tiny wave of Rosensweig instabil-
ity. As shown in Fig. 4, the perturbation of “tiny wave” only
appears under the external magnetic field intensity slightly
larger than the critical field strength H.. In this case, the height
variation of spikes could be very small, which leads to an esti-
mation based on Eq. (16)

1+ (V2 =~ 1. 17)

Herein, the NS equation of ferrofluids in static magnetic field
(Eq. (15)) can be deduced as follows:

oV?z+pgz—Em+p; =0. (18)

Considering the one-dimensional (1D) situation, the variant z
can be defined as a function F (x) determined by a univariant x

1= F(x). (19)
Therefore, F (x) satisfies the equation
A-F"(x)+B-F(x)+C=0, (20)

where A = 0, B=pg, and C = —E, + p;. Theoretically, the C
could be regarded as constant when the external magnetic field
could be regarded as approximately H, critical state. For pos-
itive A and B, this second-order ordinary differential equation
(ODE) has a general solution form

F(x) =Die™+Dye ™ +D;, 1)

where Dy, D,, D3, a, and b could be constant. Then we have
eax

[Di(A-a*+B) Dy (46> +B) B+ | | e | =0.22)
I

This NS equation is validated in any situations with any vari-
ant x. Herein, this result is deduced as

[abDﬂz[RE_g] (23)

Parameters Dy and D, are determined by the boundary con-
ditions. If the axis is placed at the center of spikes’ patterns,
the solution of spikes form F (x) is an even function according
to the experimental results in Fig. 2. Then D; = D, can be
obtained.

The general solution can be in the form of

F (x) = Dy -cosh(ax)+Ds

= chos< pgx) + M 24)
o P8

The results depicting the 1D wave function F (x) in perturba-
tion situation is a kind of cosine wave with a wave vector k of
ke = +/pg/ 0o, which is corresponded with the linear stability

analysis theory.[>-14-17]

Z

Rosensweig instability
H< H, no instability

H = H. critical state
H>H, instability

Small fluctuation

Enlarge /

)

T

Ferrofluids

Fig. 4. Perturbation of outer field in Rosensweig instability.

2.6. Rosensweig instability with large magnetic field

The perturbation condition of external magnetic field H =
H. + Hperurbation reveals the wave-like nature of Rosensweig
instability. However, the linear stability analysis theory could
only predict the Rosensweig instability when the external
magnetic field is not far greater than the critical field intensity
H.. According to the experimental results in Figs. 2 and 3, the
critical field intensity is 12 mT-14 mT, which is fitted to the
results of other researchers. >3 If the field intensity increases
above 20 mT, the perturbation model in linear stability analy-
sis theory is no longer applicable. It is necessary to establish a
new model to illustrate the Rosensweig instability accurately
in strong magnetic field.

According to Fig. 5, the spikes could become very sharp
(VZ could be very large) due to the increment of external field.
In this scenario, the new estimation based on Eq. (16) can be

1+ (V2)2 =~ |Vz. (25)

Hence, the NS equation of ferrofluids in static magnetic field
(Eq. (15) can be deduced as follows:

V%24 (pgz+ pr — Em) - V2| = 0. (26)

It is difficult to solve this partial differential equation (PDE)
directly. Instead, if the 1D condition simply is put into consid-
eration, the only variant x can determine the value of z

Z=F(x). (27)
Then
A-F"(x)+B-F (x)-F'(x)+C-F'(x) =0, (28)
where A =0, B=pg,and C = —Ey, + p;.

For positive A and B, this second-order ordinary differen-
tial equation (ODE) processes a general solution form

F)=C- \/gtanh (\% - \/f(x—l—Cz)) - %. (29)
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According to this result, the constants C; and C, are deter-
mined by different boundary conditions. Here is an interesting
result that the wave vector k of k. = 1/pg/0 is multiplied by
a constant C;/ V2. Tt indicates that the wave-like nature of
Rosensweig instability is influenced by boundary conditions,
which is observed by the experiments in Figs. 2 and 3. The
boundary condition can be very explicit that:

(i) Function F (x) can be defined as an even function.

(i1) The boundary condition is a kind of periodic bound-
ary condition.

(iii) The periodic boundary positions ought to be the
peaks or valleys of spike (the maximum or minimum value
of F (x)).

Based on the boundary conditions, the equation (29) can
be deduced as

F(x) = Cl-\/Ztanh (\%-\/Iztg()d—knk))

M’ (30)
P8
where |x| is the absolute value of x, n is an arbitrary integer
(n € Z), and A is the wave length of Rosensweig instability.
Taking the two-dimensional (2D) conditions into consid-
eration, the new wave function of Rosensweig instability is
presented as

F(x) = cl.\/ztanh (\%.\/?(\/WMAD

4 Em e 31)
pPg

To verify the validation of Eq. (31), the special Rosensweig
instability spikes patterns under large-field intensity are ob-
served and compared with the computational results obtained
from the theoretical results. The density p of ferrofluids in
this work is 1.346 g/cm3, the surface tension ¢ of ferrofluids
is 30.6 mN/m, the acceleration of gravity g is 9.8 m/s> and the
saturated magnetization M, of ferrofluids is 24.5 emu/g. As
presented in Fig. 6, the experimental results under norm mag-
netic field are carefully studied. As can be seen from Figs. 2
and 3, the critical field H, of our ferrofluids is approximately
12 mT-14 mT from results. Therefore, the applied magnetic
fields strengths in these experiments are increased to be greatly
larger than critical field H,. For a certain kind of ferrofluids,
the density p and surface tension ¢ are regarded as constants.
It is generally believed that the magnetization of a certain kind
of ferrofluids (saturated magnetization M is a constant) satis-
fied the Langevin magnetization, indicating that the magneti-
zation only relies on the external magnetic field (M = M(H))
when the temperature does not varied.!>!'®! In this case, the

magnetic energy En, only depends on the external field H.
From the experimental results, there are 3 kinds of spikes
phenomenon in this study. Figure 6(a) exhibits a kind of sym-
metric spikes upside and down. The central spikes exhibit

symmetric sharp spikes on the top of the roof and the down
floor. Firstly, it is supposed that the nA of central spikes po-
sition is 0. The side spikes next to the central spikes could
have a negative or positive value, nA (n € Z). If the magnetic
field intensity is not large enough, the magnetic energy Ep,
is less than the external pressure p; (Em < p;). In this case,
the separation of central spikes occurs. There is another spe-
cial condition that the magnetic energy Ey, is equal to external
pressure p; (Em = pr). The opposite central double spike can
be connected through a single point, which can be seen from
Fig. 6(b). If the magnetic energy Ey, is larger than outer pres-
sure pr (Em > pr), the opposite central double spikes can be
melted with each other as figure 6(c) depicted. The equation
obtained is perfectly fitted to this forementioned experimental
results.

Large magnetic field’s condition .
Sharp spikes

!

AZ HT
|

HT — X\ —I
Rosensweig instability of ferrofluids

Limit H—o

HT =X — Ferrofluids

Fig. 5. Rosensweig instability with large magnetic field condition.

Considering the wavelength part nA in Eq. (31), there is
an interesting result. If the n is enlarged from O to 1, the side
spikes show up around the central main spike, as presented in
Figs. 7(a) and 7(b). It can be seen from results that the am-
plitude A of side spikes is smaller than that of central spikes’
amplitude. This shrinkage of amplitude of side spikes is in-
duced by the fading magnetic field intensity from the central
spikes to margin spikes (the central magnetic field intensity is
larger than the margin magnetic field intensity). As depicted
in Fig. 7(c), the side spikes generated by the parallel magnetic
field between 2 central iron cores have an amplitude shrinkage
effect. From the results obtained from Figs. 6 and 7, it can be
concluded that the amplitude of spikes is controlled by exter-
nal magnetic field energy E, and the position of wave length
nA. There is a prerequisite that the magnetic field intensity
decreases from central position to margin. If the field intensity
is even from the center to the edge, each spike can be “central
spikes”. The amplitudes of spikes in this even field intensity
are equal to that of the amplitude of central spikes.
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Fig. 6. Central spikes of Rosensweig instability with norm large magnetic fields: (a) symmetric spikes upside and down, (Ep < p;); (b) funnel-
shaped spikes connected by 1 point, (Ey = pr); (¢) funnel-shaped spikes partially fused, (Em > p;). Up: experimental results. Down: Compu-

tational results.

Fig. 7. Central spikes and side spikes in Rosensweig instability with
norm large magnetic field condition: (a) experimental results, (b) cen-
tral peaks and satellite spikes, (c) spikes with different nA.

2.7. Energy stability of hexagon-square pattern transition
in Rosensweig instability

Before considering the factors that determine the spikes’
distribution patterns, it is important to determine the energy
part that forms the spikes. Part of energy is the potential of
repulsive magnetic forces of spikes. As shown in Fig. 8(a), it
is reasonable to regard a single spike as a single magnetic mo-
mentum. The potential of repulsive forces between 2 spikes is
defined as!!*-21]

_&(mrmz _3<m1-r>~<mz-r>)
4n r3 7
Hominy
BTN .
As presented in Figs. 8(b) and 8(c), the spike distribution of
hexagon pattern and square pattern follow a fixed pattern. It is

E =

believed that the repulsive potential decreases along with the
distance of the third power (E; «< 1/ ). Herein, the spikes
are regarded as on the concentric circles centered on a central

spike. The spikes on the same circle have the same distance
r between themselves and central spike. This study could in-
troduce a constant as coefficient to this infinite series, which
could have a similar form as Madelung constant.*?! There-
fore, the magnetic repulsive potential can be added on same
circle and evaluate it by several constants 3,

Homymy . Momymy
EI' = — —_— = — n —_—
X ax - (Zﬁ> am-A3

(Z#)

UoMZV?
where V is the volume of a single spike. The M is the satu-

207 33
4r- A3 33)

rated magnetization of ferrofluids. The wavelength A can be
calculated by the equation results. The constant 3, of different
patterns is presented in Table 1. It is believed that the constant
By decreases with increasing distance. It is enough to evaluate
the 6 circles close to the central spikes to estimate the infinite

o 6
series of the summarization of 3, (ﬁsum =Y B.=Y ﬁn)
1 1

n= n=
Table 1. The magnetic repulsive potential constant f,.
Bl ﬁZ B3 B4 ﬁS ﬁ6 ﬁsum

1.155 0.75
1.414 1

0.433
0.716

0.222
0.354

0.144
0.148

8.703
7.631

Hexagon 6
Square 4

Except for magnetic repulsive potential E;, the formation
of magnetic spikes Er and formation of external magnetic field
E}, are essential parts of energy:

Eh+Ef=// HBdv = poH(H + M;)V. (34)

The formation of external field (Ey, = yuoH 2y and the for-
mation of magnetic spikes (Ef = UgHMV') are both infected
by the external magnetic H and the volume of the single spike

034701-6
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V. When considering the occupied and unoccupied areas of
spikes in Figs. 8(b)-8(d), the formation part of energy should
be multiplied with the area utilization ratio R, to evaluate the

H
Ferrofluids 1

O o}

(d)

None occupation

energy density per unit area. For hexagon patterns and square
patterns, the area utilization ratios R, are 7/2+/3 and /4, re-
spectively.

(b) Third circle
O

O

Ra = Soccpation/stotal

R, (hexagon)=0.907

Spikes’ occupied area

R, (square) =0.785

Square pattern

Fig. 8. (a) Magnetization and repelling forces of neighbor spikes, (b) hexagonal distribution of spikes around central spikes, (c) square
distribution of spikes around central spikes, (d) the area utilization ratio R,.

The equation of spike surface is presented in Eq. (24).
The amplitude A of a single spike could be defined as!®3-23]

| b(14€)+1/b?(1+€)* +4ae
=e-

% ; (35)
2 2 2 2
B B_zBC ~ 1 f;zHc (36)

Cc C

Based on these studies, the constants a, b, and e are defined
as a = 0.00265, b = 0.00293, and e = 3.15 x 1074,[3823 re.
spectively. According to the experimental results, the criti-
cal magnetic induction B, is defined as 13 mT. The relative
permeability . of ferrofluids is persistently estimated as 1
(1 < yr < 1.05). Therefore, the magnetic field is limited by the
magnetization of ferrofluids. The approximation in Eq. (36)
frequently applies. The total energy Eiy is the sum of mag-
netic repulsive energy E; and formation energy of spikes Ef
and external fields E}, is

2y72
oMV
Eot = — sum'l';r—sﬁ+,u0H(H+Ms)V-Ra.

According to the results in Eq. (24), the total energy in

(37

hexagon spikes distribution pattern and square spikes distri-

bution pattern can be obtained. (The density p of ferrofluids
in this work is 1.346 g/cm>. The surface tension o of ferroflu-
ids is 30.6 mN/m. The acceleration of gravity g is 9.8 m/s”.
Saturated magnetization M of ferrofluids is 24.5 emu/g). As
shown in Fig. 9(a), the results of the total energy of a sin-
gle spike Eiy in Rosensweig instability versus magnetic field
H in perturbation of magnetic field are obtained. Consider-
ing the perturbation field results, the total energy of hexagonal
pattern is greater than that in square pattern. It is indicated
that the energy used to construct spikes in hexagonal pattern is
larger than constructive energy in square pattern. The part of
contribution of repulsive potential is about 1 orders of magni-
tude smaller constructive energy of spikes. The hexagonal pat-
tern has a denser packed-form of distribution than the square
pattern, which ensures the hexagonal pattern become the final
pattern with spikes’ distribution under small perturbation field
intensity.

In contrast, the Rosensweig instability with large mag-
netic field has a different control equation in Eq. (31). The
wavelength A and amplitude A could be largely affected by
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the strength of external magnetic field. The calculation results
of the total energy E are summarized by Eq. (37). As de-
picted in Fig. 9(b), the spikes patterns of Rosensweig instabil-
ity under large magnetic field intensity are more complex than
that under small perturbation field intensity. It has the same
hexagonal patterns under compared weak magnetic field. As
the magnetic field intensity H raises, the magnetic repulsive
potential E; gradually becomes the main contribution to total
energy of a single spike Eyy. There is a cross point between
the total energy of a single spike Eiy of hexagonal patterns
and square patterns, namely, hexagon—square transition point.
When the field intensity H is larger than that of the transition
point Hy, the spikes of Rosensweig instability exhibit standard
square patterns. This is perfectly corresponded with the exper-

imental results.

—— FEot hexagonal spikes pattern
— Et square spikes pattern
5 0012 (a)
!
S
>
9
£ 0.006
¢ o
(]
=
ke
E
0 1 1 1 1
0 100 200 300 400
Magnetic field H (A/m)
1000
—— FE\ot hexagonal spikes pattern
. — Fiot square spikes pattern
= 500}
3
S ot
>
%)
-
S —500f
]
‘Tg 1000
s L
H
—1500

0 4000 8000
Magnetic field H (A/m)
Fig. 9. (a) Total energy of a single spike Eio in Rosensweig instabil-
ity versus magnetic field H in perturbation of magnetic field, (b) total
energy of a single spike Eio; in Rosensweig instability versus magnetic
field H with large magnetic field strength.

12000

3. Conclusions

Rosensweig instability is a kind of mysterious phe-
nomenon that has been discussed for many decades. In
this study, the control equations of Rosensweig instability
spikes are systematically discussed. Based on the NS equa-
tion, a standard elliptical equation of Rosensweig instability
spikes is constructed, providing a conclusion that the spikes
of Rosensweig instability have some nature of wave property,
which is corresponded with the experimental results that the

spikes’ pattern can detect the container wall and spread evenly
in the container. It is difficult to solve this NS equation di-
rectly. Inspired by the linear stability analysis theory pro-
posed by Rosensweig, the magnetic field intensity could be
divided into 2 parts. The perturbation part NS equation that
has been solved gets a similar conclusion (cosine wave solu-
tion in Eq. (24) of the linear stability analysis theory raised by
Rosensweig. However, the perturbation results are only suited
for field intensity H close to critical intensity H. (~ 13 A/m).
Herein, this study has established a large field hypothesis to
solve the other part that cannot be easily solved by perturba-
tion model. Based on such a model, a final hyperbolic tan-
gent form of solution of wave Rosensweig instability spikes
is obtained, which is presented as Eq. (31). For the purpose
of evaluating the accuracy of the equation, this study com-
pares the results of experimental results of central spike and
side spikes and theoretical results predicted by the hyperbolic
tangent form of solution in Figs. 6 and 7. The theoretical re-
sults are well fitted to the experimental results, which indicates
that the spikes of Rosensweig instability have a hyperbolic
tangent form when the magnetic field is greatly larger than
the critical strength H.. By introducing the hyperbolic tan-
gent form model, this study successfully explaines the nature
of hexagon—square transition of spikes theoretically. When
the magnetic field intensity is less than the field intensity of
transition point, the high efficiency of hexagonal close pack-
ing of spikes brings higher energy to construct the spikes with
same field intensity H compared with the square pattern of
spikes distribution. As the field intensity H increases to larger
than transition field intensity H;, the repelling potential E;
become the main obstacle for spikes’ pattern construction in
Rosensweig instability. The hexagon—square transition is suc-
cessfully explained through these theoretically results. This
theoretical model results could be further adopted to explain
other phenomenon of Rosensweig instability in future.

Acknowledgements

Project supported by the National Natural Science Foun-
dation of China (Grant Nos. 51735006, 51927810, and
U1837206) and Beijing Municipal Natural Science Founda-
tion (Grant No. 3182013).

References

[1] Cowley M D and Rosensweig R E 1967 J. Fluid Mech. 30 671

[2] Gailitis A 1977 J. Fluid Mech. 82 401

[3] CaoY and Ding Z J 2014 J. Magn. Magn. Mater. 355 93

[4] Rosensweig R E 1987 Annu. Rev. Fluid Mech. 19 437

[5] Gollwitzer C, Rehberg I and Richter R 2006 J. Phys.: Condes. Matter
18 S2643

[6] Abou B, Wesfreid J E and Roux S 2000 J. Fluid Mech. 416 217

[7]1 Kubstrup C, Herrero H and PerezGarcia C 1996 Phys. Rev. E 54 1560

[8] Gollwitzer C, Matthies G, Richter R, Rehberg I and Tobiska L 2007 J.
Fluid Mech. 571 455

034701-8


https://doi.org/10.1017/S0022112067001697
https://doi.org/10.1017/S0022112077000731
https://doi.org/10.1016/j.jmmm.2013.11.042
https://doi.org/10.1146/fluid.1987.19.issue-1
https://doi.org/10.1088/0953-8984/18/38/s08
https://doi.org/10.1088/0953-8984/18/38/s08
https://doi.org/10.1017/S002211200000882X
https://doi.org/10.1103/PhysRevE.54.1560
https://doi.org/10.1017/S0022112006003466
https://doi.org/10.1017/S0022112006003466

Chin. Phys. B 33, 034701 (2024)

[9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

Matthies G and Tobiska L 2005 J. Magn. Magn. Mater. 289 346

LiL, Li D C and Zhang Z L 2022 Front. Mater. 10 893072

LiL, Li D C and Zhang Z L 2022 J. Magn. Magn. Mater. 564 170096
LiL,Li D C, Wang L, Liang Z Q and Zhang Z L 2023 J. Magn. Magn.
Mater. 12 171077

Tita A and Vanichchapongjaroen P 2018 Mod. Phys. Lett. A 16
1850195

Engel A, Lange A, Langer H, Mahr T and Chetverikov M V 1999 J.
Magn. Magn. Mater. 201 310

Lange A, Langer H and Engel A 2000 Physica D 140 294
Rosensweig R E 1966 Nature 210 613

[17]
[18]

[19]
[20]

[21]

[22]
[23]

034701-9

Kats E 12011 Low Temp. Phys. 37 812

Spyropoulos A N, Papathanasiou A G and Boudouvis A G 2019 J.
Fluid Mech. 870 389

Shaked H 1974 Phys. Lett. A 50 385

Dormann J L, Bessais L and Fiorani D 1988 J. Phys. C-Solid State
Physics 21 2015

Panczyk T, Warzocha T P and Camp P J 2010 J. Phys. Chem. C 114
21299

Hoppe R 1966 Angew. Chem. Int. Edit. 5 95
Friedrichs R and Engel A 2001 Phys. Rev. E 10 021406


https://doi.org/10.1016/j.jmmm.2004.11.098
https://doi.org/10.3389/fmats.2022.893072
https://doi.org/10.1016/j.jmmm.2022.170096
https://doi.org/10.1016/j.jmmm.2023.171077
https://doi.org/10.1016/j.jmmm.2023.171077
https://doi.org/10.1142/s021773231850195x
https://doi.org/10.1142/s021773231850195x
https://doi.org/10.1016/S0304-8853(99)00081-5
https://doi.org/10.1016/S0304-8853(99)00081-5
https://doi.org/10.1016/S0167-2789(00)00018-X
https://doi.org/10.1038/210613a0
https://doi.org/10.1063/1.3670022
https://doi.org/10.1017/jfm.2019.277
https://doi.org/10.1017/jfm.2019.277
https://doi.org/10.1016/0375-9601(74)90072-3
https://doi.org/10.1088/0022-3719/21/10/019
https://doi.org/10.1088/0022-3719/21/10/019
https://doi.org/10.1021/jp1088405
https://doi.org/10.1021/jp1088405
https://doi.org/10.1002/anie.v5:1
https://doi.org/10.1103/PhysRevE.64.021406

	1. Introduction
	2. Results and discussion
	2.1. Fundamental control equation of Rosensweig instability 
	2.2. Experimental equipment
	2.3. Boundary shaping and potential well model
	2.4. Elliptical wave equation of ferrofluids
	2.5. Perturbation of magnetic field in Rosensweig instability
	2.6. Rosensweig instability with large magnetic field
	2.7. Energy stability of hexagon–square pattern transition in Rosensweig instability

	3. Conclusions
	References

