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The chimera states underlying many realistic dynamical processes have attracted ample attention in the area of dy-
namical systems. Here, we generalize the Kuramoto model with nonlocal coupling incorporating higher-order interactions
encoded with simplicial complexes. Previous works have shown that higher-order interactions promote coherent states.
However, we uncover the fact that the introduced higher-order couplings can significantly enhance the emergence of the
incoherent state. Remarkably, we identify that the chimera states arise as a result of multi-attractors in dynamic states.
Importantly, we review that the increasing higher-order interactions can significantly shape the emergent probability of
chimera states. All the observed results can be well described in terms of the dimension reduction method. This study is a
step forward in highlighting the importance of nonlocal higher-order couplings, which might provide control strategies for
the occurrence of spatial-temporal patterns in networked systems.

Keywords: synchronization, complex system, coupled oscillators, phase transition

PACS: 05.45.Xt, 89.75.Fb, 89.75.-k

1. Introduction

Many natural and man-made systems, ranging from
physics, biology and chemistry to social sciences, have been
modeled as networks of coupled oscillators!' 3! whose compo-
nents represent dynamical units interacting through links. The
most interesting dynamical behavior from coupled networks is
the emergence of collective phenomenon, which displays cru-
cial roles underlying a wide range of processes. [+~

Over the past few decades, the connectives between dif-
ferent elements in complex systems have mostly been de-
scribed by pairwise interactions. However, recent studies
of complex networks highlighted the potential importance of
nonpairwise interactions in addition to pairwise ones.!”101 Tt
is shown that, in certain realistic networks, such as brain net-
works, social networks and ecological networks, simple pair-
wise interactions are not enough to effectively describe the
emergent behaviors. Instead, nonpairwise interactions, also
known as a peculiar form of higher-order couplings, have been
proven to be useful for understanding the intrinsic mechanisms
behind the various collective phenomena. [!1-14]

Recently, the emergence of symmetry-breaking patterns,
called chimera states, has attracted a great deal of attention in

[15-20] Specifically, the chimera

the field of dynamical systems.
state represents a dynamical phenomenon occurring in non-
local coupling systems in which two different states (the in-
coherent and the coherent) coexist even when the dynamical
units are identical. As a peculiar spatial-temporal pattern, the

chimera state has been widely used to account for a plethora
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of processes of activities observed in brain networks. [21-24]

As a starting point, the authors investigated the spatial—
temporal patterns in a system of coupled nonlinear Duffing os-
cillators, where they identified a phenomenon named similar
domain spatial structure.>>! In 2002, a similar phenomenon
appearing in coupled phase oscillator systems was reported

[26] Fyrthermore, such collective

by Kuramoto and Battogtokh.
phenomena were named as chimera-like states by Abrams and
Strogatz in 2004.1>71 In contrast to the complete synchronized
state taking place in the Kuramoto model, the chimera states
characterized by the coexistence of drifting and locked oscilla-
tors are counterintuitive, which originate from the symmetry-
break of the coupled phase oscillators, [28-30:3]

In this paper, we study a nonlocally coupled Kuramoto
model with higher-order interactions encoded by a weighted
factor. In contrast to previous works, we reveal that the intro-
duced higher-order interactions can significantly increase the
probability of the occurrence of the incoherent state. Interest-
ingly, we uncover the fact that the increased higher-order inter-
actions can significantly influence the emergence of chimera
states. Specifically, the emergent probability of chimera states
exhibits nontrivial dependence on the fraction of higher-order
interactions. In particular, we provide a theoretical framework
for analyzing the synchronizability of the nonlocal coupling.

The rest of this paper is organized as follows. In Sec-
tion 2, the dynamical model incorporating higher-order inter-
actions with nonlocal coupling is introduced. In Section 3, we
explore the impacts of higher-order interactions on the emer-
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gence of chimera states via extensive numerical simulations.
In Section 4, we discuss the ability of the synchronization of
the observed collective states in terms of matrix analysis the-
ory. In Section 5, we utilize Ott—Antonsen theory to reduce
the dynamical system. Finally, conclusions and discussions
are presented in Section 6.

2. Dynamical model

In this work, to explore the effect of higher-order inter-
actions on the emergence of chimera states, we consider an N
nonlocally coupled identical phase oscillator with 2-body and
3-body interactions. The dynamical equations are as follows:

N
:(o+%ZG xj—x;)sin(6; — 6;+ @)
j=1
v NN
WZZG(xk+Xj_2Xi)Sin(9j+9k—26i+B)’
j=1k=1
i=1,...,N, (1)

where 6;(x,7) represents the phase of the oscillator at position
x at time ¢. Here the spatial domain is defined as — 7 <x < 7@
for convenience, thus indicating a ring structure. The positive
parameters Y and v account for the fraction of pairwise (two-
body interactions) and nonpairwise (three-body interactions),
respectively, with Y+ v = 1. The parameters & and f3 repre-
sent the phase delays of two-body interactions and three-body
interactions, respectively. For simplicity, we set &« = 3, where
0 < a < /2. The model has transform invariance and natural
frequency @ does not play any role, thus we set @ to 0 with-
out any loss of generality, which does not change the form of
Eq. (1).

The kernel G(x) provides a nonlocal coupling between
the oscillators.[2! It is assumed to be even, positive and de-
caying over the distance between the oscillators in the ring
|xj —xi| (Jxx +x; —2x;|). Specifically, we consider a cosine
kernel to account for the periodic boundary condition, which
takes the form

G(x) =1+ Acosx, 2)

where 0 <A <1.

We are interested in the consequences of introducing
higher-order interactions in Kuramoto models with phase lags
with nonlocal coupling. Before preceding, we restrain the
phase variable 6 with 0 < 6 < 27. As mentioned in previous
works, the phase shifts are fixed to achieve the chimera states,
ie, a=p=(n/2)
initial conditions 6;(x,0) are chosen randomly from the inter-

—0.18. Unless specified otherwise, the

val [0,27) for each position x. All the numerical methods are
implemented using the fourth-order Runge—Kutta integration
scheme with fixed time step df = 0.01.

3. Effect of higher-order interactions

In this section, we investigate the effect of higher-order
interactions on dynamical behaviors. For this purpose, three
different parametric regimes corresponding to three collective
states, namely, the coherent (CO), chimera (CH) and incoher-
ent (IN) states, are distinguished. The consequences of higher-
order interactions on the system are illustrated by the probabil-
ity of the occurrence of these three different dynamical states.

We adopt a classical statistical approach to distinguish

three dynamical states, ! which are calculated as follows:

Z 15m
SI=1-—=m="2 3
n

sm=0[6 —o(m)], )

where ©(-) is the Heaviside step function and 0 is the prede-
fined threshold value. These oscillators are subdivided into i
bins of equal length f = N /7, and the local standard deviation
o (m) is measured in each bin as

1 B
G(m)—< B Y (Aﬂi—<A9>)2> ,
i=f(m—1)+1 .
m:1727"'7n7 (5)

where the variable AG; = 6| — 6;, i = 1,2,... N denotes the
phase difference between the two oscillators, and (A8) de-
notes the mean value of all A8 in the system, as given by
(AB) = (1/N) 7:1 AB;. The incoherent (IN), coherent (CO),
and chimera (CH) regions in the parameter space are charac-
terized by the values SI=0, SI=1, and 0 < SI < 1 of Eq. (3),
respectively.

The emergence of chimera states is influenced by the
choice of the initial conditions, whereby we differentiate the
dynamical states by the values of Eq. (3) given 1000 initial
conditions 6(x,0) satisfying a random distribution at [—, 7]
intervals, and count the number of occurrences of the three
different dynamical states. Using the above method, we can
plot the probability diagram about the effect of higher-order
interaction fractions on the dynamical states.

First, we observe the effect of higher-order interactions on
the dynamical behavior of the system by adjusting the param-
eters ¥ and v. In this case, we can find a phenomenon where
the synchronization and desynchronization behaviors coexist.
At time t = 1500, the phase distribution of the oscillators is
shown in Figs. 1(a)-1(c). The spatial-temporal patterns of the
observed dynamical behaviors for the chosen parameter values
are depicted in Figs. 1(d)-1(f). We can easily see from those
plots above that the dynamical behavior shifts as the coeffi-
cient y increases. To see the changes more clearly that occur
in the phase oscillators, we can look at Figs. 1(g)—1(i), where
individual oscillators belonging to the synchronized cluster are
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depicted with red circles and the oscillators plotted with blue
dots belong to the incoherent subpopulation which are dis-
tributed randomly over the unit circle.
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Fig. 1. (a)-(c) Snapshots depict the distribution of phase oscillators at
t = 1500, where the coefficients y are 0, 0.5, and 1, respectively (the
v coefficients in the lower panel are arranged as in panels (a)—(c)). We
can observe coherent subpopulations and incoherent subpopulations by
snapshots. (d)—(f) Spatiotemporal evolution of the non-locally coupled
higher-order Kuramoto phase containing the phase lag term. We can ob-
serve that the evolutionary behavior of the pure three-body interaction (d)
is different from all the others, the system diverges into two populations,
and in the two-body interaction or the mixed interaction, we can observe
that the system shows a chimera state. (g)—(i) Distribution of all phase
oscillators on a unit circle, where synchronous clusters are represented
by red circles and incoherent clusters by blue dots. The numerical simu-
lation above is in the parameter N = 256 and the initial phases are chosen
as —nw<x<T.

Figure 2 shows a probability plot of the effect of the mag-
nitude of the higher-order interaction proportion on the dy-

namical states. The impacts of the nonpairwise interactions are
varied by adjusting the parameter 7 in the plot. It was found
that when the coefficient ¥ is large or small enough, Eq. (1) ex-
ists in only two dynamical states, corresponding to the green
and purple regions in the plot. In this case, only incoherent
and chimera states exist in the green region, and only coherent
and chimera states exist in the purple region, and the yellow
region indicates the coexistence of the three states. It is ob-
served that the probability of incoherent states increases with
the increment of nonpairwise interactions until y decreases to

0 and the system is almost only in an incoherent state.

Probability

0.4 0.6 0.8

0.2

1.0
’y

Fig. 2. The change in the probability of the occurrence of the dynam-
ical state is observed by varying the coefficient y. The probabilities of
the three different dynamical states are represented by three different col-
ors. The blue (solid), red (dashed) and green (dotted) colors correspond
to incoherent, chimera and coherent dynamics, respectively. Numerical
simulation with parameters 8 = 32, N =256 and 6 = 0.38.

4. Analysis of synchronizability

In this section, we study the effect of higher order interac-
tions on the synchronization capacity.!!%3? For this purpose,
we present the Jacobi matrix 334 of Eq. (1) as follows:

L 96

Y06,
_ 9 o+ | [1+Acos( )}Zi in(6y—6;+0)+ l—yii[l—i—A (o + 2x;)]sin (6x + 6, —26; + o)
= (99]- COS (X — X; NkZIS 'k i N2 Pt COS (X X Xi)|S 'k 1 i
. Z i 0 [1 +Acos (xk—xi)]sin(ek— 65+(X) 4 i i 1—|— cos (xk + X —in)]sin(ﬂk—&-el —29,‘—1-06)

N& 26; k=11=1 99

N _
= _%kg’l[l +Acos (x; — x;)] cos (6 — 6 +a)5,,+%[1 +Acos(xk—x,-)]cos(9k—9i+a)—2]\7722)/
N N _2}/
x Y Y [1+Acos (x +x; — 2x;)] cos (6 + 6, — 26+ ) JrT [14Acos (xg +x; — 2x;)] cos (6 + 6, —26; + &) . (6)

The synchronization state, i.e., 6; = 8; for all i # j, is a solution of Eq. (1). Since each phase oscillator is identical,
equation (6) is only affected by the spatial position, phase lag and the Y coefficient, but we are solely talking about the effect of
higher-order interactions. Therefore, we do not discuss the effect of phase lag on the synchronization capability. Thus, for the

synchronized state, the Jacobian is expressed as

% ; [1+Acos (x; —x;)]cos () 6 + % [14Acos (x —x;)] cos ()
2- y NN 2-2y
Z Z [1+Acos (x4 x; — 2x;)] cos (o) 0 + N [I+Acos (x; +x; — 2x;)]cos (@) . @)

k=11=1
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It can be easily seen that there is a zero eigenvalue. We
further sort all the eigenvalues of the Jacobian Eq. (7) as
0= 7L] > )Lz ...
determines the stability of the system, and the larger the ab-

> Ay_1 > Ay. The second largest eigenvalue

solute value of the second largest eigenvalue, the faster the
recovery from perturbation, i.e., the better the synchronization
capability.

We start by showing the effect of ¥ (the proportion of the
coupling strength assigned to the second-order interaction) on
A2. From Fig. 3, we can find that the second largest eigenvalue
A, increases with increasing v, i.e., the synchronization capac-
ity decreases. This is physically reasonable because higher-
order interactions allow more nodes to exchange information
simultaneously, thus permitting more efficient communication
and ultimately leading to improved synchronization perfor-
mance.

—-0.1

—-0.3

—-0.4

0 0.2 04 06 0.8 1.0
Y

Fig. 3. The second largest eigenvalue A, of the Jacobi matrix is plot-
ted against y. The coupling changes from second-order-only (y = 0) to
first-order-only (y = 1) as y increases. Numerical simulation N = 256.

5. Ott—Antonsen approach

We explore some theoretical insights into the observed
chimera dynamics by using the Ott—Antonsen approach!36-37]
in the thermodynamic limit N — 0. To simplify Eq. (1), we
need to introduce two local order parameters as follows:

Rii=— ZH—ACOS —x;)]el%, (8)

| NN
N2 Z Z [1+Acos(xg+x; —2x;)]e’ 1(6:+0) - (9)
j=lik=1

Using complex order parameters R;; and R;, equation (1) can
be rewritten as

1 4
6; =0+ - (He —0 et (10)

i
where H; = yRy;e'% 4 (1 — y)Ry;e " '%*1B and H; denotes the

complex conjugate.

To determine the degree of coherence between neighbor-
ing oscillators, we define the local complex order parameter as
the combination of Ry; and Ry;

Ri; +R»;
Riz%, (11)

where a larger |R;| represents a higher degree of coherence be-
tween the oscillators.

In the continuum limit, the state of the system can be rep-
resented by the probability density function f(x,6,¢), which
gives the proportion of oscillators whose phases lie between 6
and 0 4 d0 at time ¢. Since the number of oscillators in the
system is conserved, the distribution function f(x, 0,r) satis-
fies the continuity equation

9f ) _
ot oe = (12)
Here, v = 6; is given in Eq. (10), and f(x,8,t) can be

expanded by the Fourier series as f(x,0,7) = (1/2m)[1 +

> ({h(x, 1)} e + {h*(x,1)}" e~1"9)]. Substituting f into
Eq. (12), we obtain the time evolution of the variable h(x;,)
associated with the oscillator at position x; as

&h(x,-,t)_ . ] 1 ¥ _—ia i \2
at_—la)h(x,)—i—Z{y(Rlie —Rjie h(x,,t))

+(1-7) (R;ie*iﬁh(xi,t)*l —Rgieiﬁh(xi,tf)} (13)

In addition, the order parameters Rj; and Ry; can also be
derived using h(x;,t) as

N .
Ry = N Z 1+ACOS —xl)} elej
1 N 2T )
= NZ[I +ACOS( _xl)} f(xaejvt)elejdej
j=1 0
1 N
=¥ Z [1+Acos(xj—x;)|h" (xj,t), (14)
j=1
1 XX .
Ry = N Z Z (1+Acos (xx +xj —2x;)) ei(6+6)

~.

I

I
T

(14+Acos (xx +x; —2x;))

I
2~
™=

™=

~

Il
=
-

I
-

2r .
f(x,6,1) e dey

X
B

2 .
/ F(x,0,,1) el%de,
0 0

J=1

Mz

[1+Acos (xg+xj—2x;) | h* (xj,t) h* (xp,1).

Sl
T

5)

The function h(x;,¢) and the order parameters Rj;, Ry; can be
obtained by using Eqgs. (13)—(15). Therein, the initial value of
h(x;,0) can be given by the numerically simulated order pa-
rameter R;.

As shown in Fig. 4, we can see the parameter plots for
Y = 0,0.5,1 with different coefficients which correspond to
three rows of plots. On the other hand, the columns in the
figures correspond to the instantaneous phase diagram of the
oscillator at t = 1500, the spatiotemporal evolution of the os-
cillators, and the spatiotemporal evolution of the order param-
eters, respectively.
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Fig. 4. (a)—(f) The same as in Fig. 2. (g)—(i) Spatiotemporal transforma-
tion plots represent the extent of coherence in the evolution of dynamical
equations.

Figure 5 illustrates the plots at a coefficient of y=0.5. In
Fig. 5(a), the instantaneous phase plot at # = 1500 is shown; in
Fig. 5(b), the order parameter plot corresponding to Fig. 5(a)
is shown; Fig. 5(c) shows the spatiotemporal evolution of the
order parameters.

(a)

0 2.5

0.648
0.628
0.608
0.588
0.568
0.548
0.528
0.508
0.488

Fig. 5. (a) Snapshots of the chimera state dynamical equation with co-
efficient Y = 0.5. (b) The |R;| image at a particular time is calculated by
the OA approach using Eqs. (13)—(15). (c) Spatiotemporal variation of
the order parameter amplitude |R;| computed directly from the numerical
simulations.

6. Conclusions

In summary, there has been growing interest in exploring
synchronized dynamics in networks with nonpairwise interac-
tions. Chimera states, serving as a most fascinating phenom-
ena, have attracted great attention in scientific communities.
In this work, we have investigated chimera states in the gener-
alized Kuramoto model by taking into account nonlocal cou-
plings and higher-order interactions, simultaneously.

In previous works,[>!3] it has been shown that higher-
order interactions favor synchronization transitions, i.e., the

coherent states are significantly improved compared with only
pairwise interactions. Interestingly, we identified that the two
effects (nonlocal and nonpairwise) combine together to shape
the collective dynamics of the system. Specifically, we un-
covered that the nonlocal higher-order couplings give rise to
multiple chimera states in addition to a stable asynchronious
state. By introducing a standard statistical method, we showed
that the probability of the occurrence of the incoherent state is
increased with the increment of the fraction of higher-order
interactions. However, the probability of the emergence of
chimera states exhibits an irregular dependence on the weight
of higher-order interactions. The main reason why our work
differs from previous work!*!3! is that a different coupling ap-

(9131 adjusts the cou-

proach has been adopted. Previous work
pling strength through a coefficient K, whereas our work re-
lates the coupling strength to the position of the oscillator and
modulates it via the positional relationship.

In terms of matrix theory, we argued that the synchro-
nizability of the system is remarkably enhanced with the in-
creasing of higher-order interactions. We find that improved
synchronization capability does not necessarily mean a higher
probability of the system reaching a synchronized state. Fur-
thermore, Ott—Antonsen theory is used to capture the low-
dimensional macroscopic dynamics that matches the numer-
ical simulation well. Our work has thus provided insights for
understanding the various pattern formations in networks with
nonlocal and higher-order interactions.
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