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We present a large deviation theory that characterizes the exponential estimate for rare events in stochastic dynamical
systems in the limit of weak noise. We aim to consider a next-to-leading-order approximation for more accurate calculation
of the mean exit time by computing large deviation prefactors with the aid of machine learning. More specifically, we
design a neural network framework to compute quasipotential, most probable paths and prefactors based on the orthogonal
decomposition of a vector field. We corroborate the higher effectiveness and accuracy of our algorithm with two toy models.
Numerical experiments demonstrate its powerful functionality in exploring the internal mechanism of rare events triggered

by weak random fluctuations.
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1. Introduction

The phenomena of rare events exiting from the domain
of attraction of a stable state induced by noise have been
attracting increasing attention in recent years, ranging from
physics,! =31 chemistry!*! and biology>%! to engineering.!”8]
Even for weak noise, rare events will almost certainly occur
if the observations are performed on a sufficiently long time
scale. The expected time required for observing the occur-
rence of such phenomena, i.e., the mean exit time, typically
grows exponentially as the intensity of the random perturba-
tions tends to zero.

Freidlin and Wentzell established large deviation theory
to understand and analyze such dynamics in the limit of weak
noise.!”) They proposed the vital concept of an action func-
tional to estimate the probability of the stochastic trajectory
passing through the neighborhood of a given curve. The global
minimum of the action functional is called quasipotential and
exponentially dominates the magnitude of the stationary prob-
ability distribution and mean exit time. However, the expo-
nential estimate of large deviation theory is too rough since
it smears all the possible polynomial coefficients prior to the
exponent. Thus a reasonable estimation or an asymptotic ap-
proximation of the large deviation prefactor is required in or-
der to gain a more accurate mean exit time.

Analytically, the prefactor function can be approximately
derived by path integral formulation and the perturbation ap-
proximation method.!'-13] Numerically, the shooting method
is also a feasible technique for computing the prefactor of
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mean exit time. Its idea is to derive a group of ordinary differ-
ential equations via the Wentzel-Kramers—Brillouin (WKB)
approximation and method of characteristics.!'>!4"1°1 Then
the WKB prefactor and further the prefactor of mean exit time
can be computed by integrating this group of equations. How-
ever, this method requires searching for the most probable path
connecting the fixed point to the point with minimal quasipo-
tential on the boundary, which is a challenging task, especially
for high-dimensional systems.

We have witnessed in recent years the rapid develop-
ment of data science and computer technology.!”®! In view
of the powerful nonlinear representational ability of machine
learning, many researchers have applied it to the investiga-
tion of stochastic dynamics. For example, machine learning
methods have been used to discover stochastic dynamical sys-
tems from sample path data via non-local Kramers—Moyal
formulas, 12> physics-informed neural networks!>>>#! and
variational inference.[>>! They have greatly improved the
efficiency and accuracy of solving physical quantities of
stochastic dynamical systems by computing the most proba-

[28-301 and probability density.3!!

ble path, [*627] quasipotential
These experimental results have brought about potential appli-
cations of a combination of machine learning and stochastic
dynamics, including forward and inverse problems.

In this research, our goal is to develop a machine learn-
ing method to compute the large deviation prefactors in highly
complex nonlinear non-deterministic systems. We generate a

specific algorithm for training multilayer artificial networks

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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and thus perform complex computations through a learning
process. The information-processing architecture is composed
of neurons and synaptic weights to express complex func-
tions. A specific loss function is constructed to approximate
the quasipotential, most probable path and mean exit time.

The structure of this article is as follows. In Section 2 we
simply introduce the large deviation theory and the quasipo-
tential concept. In Section 3 we describe the results for the
prefactors of mean exit time for the cases of non-characteristic
and characteristic boundaries. In Section 4 we design the ma-
chine learning method for computing the large deviation pref-
actors. In Section 5 numerical experiments are performed to
verify the effectiveness and accuracy of the algorithm. Sec-
tion 6 presents the conclusion and innovations.

2. Large deviation theory
We consider here an n-dimensional stochastic differential
equation (SDE) modeled by
dx = b(x)dt ++/€dB,, x€R", (1

(b'(x),b*(x),...,b"(x)) is con-
(B!,B2,... ,B") denotes Brown-
ian motion and € represents a small noise intensity. We assume

where the vector field b(x) =
tinuously differentiable, B; =

that X is the stable fixed point of the corresponding determin-
istic system x = b(x) and the region D is its basin of attraction.
Under weak random perturbations, the stochastic process will
wander around the fixed point. If the observation is performed
over a sufficiently long time scale, rare events, such as exit
phenomena from the domain D induced by noise, will occur
with probability 1, even though noise is weak. This is referred
to as the exit problem in stochastic dynamics. Freidlin and
Wentzell proposed large deviation theory to analyze and com-
pute these phenomena theoretically.[’!

For the solution x(¢), ¢ € [0,T] of system (1), Freidlin and
Wentzell defined the action functional concept, which is in the

_ /()Tz(x,x)dt

with the corresponding Lagrangian Z(x,%) = (1/2)x —
b(x)|>. For sufficiently small € and &, the probability of the
stochastic trajectory passing through the neighborhood of a

form of

reference curve ¢(7) is estimated as

}P’{ sup |x(t) —o(1)] < 5} ~ exp {—871,5”[(p]} )
t€[0,T]

Thus the exit problem is transformed into a constrained mini-
mization problem of an action functional. Another important
notion in large deviation theory is the quasipotential, defined
as

Vv =inf f Lo
() :=inf inf 171

:9(0)=%0(T)=x}. ()

Note that the quasipotential of the fixed point equals zero, i.e.,
V(x) = 0. The quasipotential V (x) actually illustrates the pos-
sibility of the system appearing around x.

The associated Fokker—Planck equation of SDE (1) is for-
mulated as

n

Yaw

i=1

orp(x,t) = p(x,t))+ = 8282 x,1),
where p(x,?) is the probability density. The stationary proba-
bility density ps(x) satisfies

0 0;(b'(x) ps(x))

1

n 1 n 2
+ 58281' ps(x)
= i=1

L

= —{b(x). Vpu(0) + AP (). @)

Assume that the stationary distribution is approached by the
WKB approximation

ps(x) ~ C(x)exp{—e~'V(x)}, ®)

where C(x) stands for the WKB prefactor. Substituting the
WKB approximation (5) into the stationary Fokker—Planck
equation (4) yields the Hamilton—Jacobi equation

(b(x),VV (x))
Introducing the canonical momentum

_ LX) _
===
the Hamiltonian H(x, p) =

H(x,VV(x)) = + %(VV(x),VV(x)) =0. (6)

_b(x)v

(b(x), p) + (1/2){p, p) is actually
the Legendre transformation of the Lagrangian.

According to Eq. (6), it follows that
1
{b(x) + 5 VV(x),VV(x)) =0,
which infers the orthogonality relation

b(x) + %VV(x) LYV (). ™

We define [(x) := b(x) + $VV(x). It is immediately ob-
vious that b(x) = —(1/2)VV(x) +{(x), which is concerned
with an orthogonal decomposition of the vector field b(x) as
seen in Fig. 1. This orthogonal decomposition is unique be-
cause the quasipotential is unique. The vector field G(x) :=
(1/2)VV(x) +1(x) dictates the direction of the most probable
path.

VV(x)

Fig. 1. The orthogonal decomposition of the vector field b(x) =
—(1/2)VV(x) 4+ I(x). The vector G(x) = (1/2)VV(x) + I(x) dominates
the direction of the most probable path.
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It should be pointed out that the WKB prefactor is deter-
mined by

detV2V ()

)~ (2me)n

0
exp —/ divi(g})d },
where ¢* represents the most probable exit path ending at x,
div denotes the divergence and ¥ is the point at which V attains
its global minimum, i.e., the stable fixed point.3?!

3. Mean exit time

Given an open subset domain D C R”, the first exit time
is expressed by the stopping time

15 :=inf{r > 0: x(t) ¢ D,x(0) =&}, forx e D.

Estimating the mean first exit time <} starting from the sta-
ble fixed point ¥ requires minimizing the action functional
Z[x] over all exit paths and times in terms of the Freidlin—
Wentzell large deviation theory. Performing this minimization
over paths from the point x to the basin boundary dD yields
the Arrhenius law

limemEts = inf V(x).
Egg & xgsD (X)

Therefore,
Etf = L5 exp{e~! inf V(x)}. (8)
x€dD

We compute the above prefactor L3, in two different cases.

Case A Non-characteristic boundary.!!?!

We assume that the domain D is an open, smooth and con-
nected subset of R” satisfying the following conditions, where
n(y) indicates the exterior normal vector at y € dD.

(A1) The deterministic system % = b(x) possesses a
unique fixed point X in D, which attracts all the trajectories
that start from D, and (b(y),n(y)) < 0 forall y € dD.

(A2) The function V is C!-continuous in D; for any
x € D, the most probable path ¢ goes to X as t — —oo; and
(VV(y),n(y)) >0 forall y € dD.

(A3) The minimum of V over dD is reached at a single
point x*, at which

1= IV ), n(x) >0,

and the quadratic form 7#* : £ s (&, V2V (x*)€) has positive
eigenvalues on the hyperplane n(x*)* = {& € R": ({,n(x*)) =
0}.

If (b(y),n(y)) < 0 for all y € dD, the boundary is said to
be non-characteristic. This condition ensures that the dynam-
ical trajectories, which start from the closure D, will remain
within D, and that the vector field is transverse to the bound-
ary. By Assumption (A1), we derive the integral formulal'?-3%]
A= / <%VV(X) +1(x),n(x))C(x) exp{—e "'V (x) }dx

xedD

for the exit rate A§ = [Et§]~!. Using the second-order expan-
sion of V in the neighborhood of x* in this formula, we obtain
the equivalent relation of the prefactor

1 deth*
LY ~
D" e\ Grey ®

1 [2zedeth o
~ E”idetVzV(i) exp{[mdlvl(¢, )dr}, (10)

where we use
O *
exp —[ divi(g;)dr}-

Case B Characteristic boundary.[!?!

detV2V (%)

O " rer

The basin domain D is characteristic in the sense that
(b(y),n(y)) =0for all y € D. We consider the metastable case
when the deterministic system % = b(x) possesses two stable
fixed points ¥; and X, whose basins of attraction are separated
by a smooth hypersurface S. We consider the exit events from
the basin of attraction D for x| and formulate the following set
of assumptions:

(B1) All the trajectories of the deterministic system X =
b(x) that started on S remain in S and converge to a single fixed
point x* € S; in addition, the Jacobi matrix Vb(x*) possesses
n— 1 eigenvalues with a negative real part and a single positive
eigenvalue A*.

(B2) Indicating the quasipotential with respect to X; as V,
there exists a unique (up to time shift) trajectory p = (p;),ecr C
D such that

Jim pi =%, lim p =, and V(x) = S i [p].

(B3) The quasipotential V is smooth in the neighbor-
hood of p = (p;):er, and the vector field ! defined by I(x) =
b(x) + (1/2)VV (x) satisfies the orthogonality relation.

In this context, the quasipotential V' achieves its minimum
on S at the point x*. Moreover, the path p is called the most
probable exit path and it satisfies

1
pe=5VV(p)+1pr), Vi €R.

For any 7 € R, it coincides with the path (¢});<o connecting x
with x = p;, in the sense that

@5 = pst1, Vs <O0.

In order to describe the prefactor LIS) in this case, we formulate
the following supplementary assumption:

(B4) The matrix H* = lim,_, .. V2V (p,) exists and has
n— 1 positive eigenvalues and one negative eigenvalue.

Based on these four assumptions, an asymptotic formula
for estimating the expected time taken by the process to exit D
was obtained in Ref. [32], i.e.,

e T | |detH| /°°,
L~ o= 7detvzv(i)exp{ 7wd1vl(q),)dt}. a1
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4. Method

To compute the large deviation prefactors defined in Sec-
tion 3, we developed a machine learning method inspired by
Ref. [29]. The critical idea is to design the graphic of the feed-
forward multilayer neural network shown in Fig. 2 to realize
the orthogonal decomposition of the vector field. The neural
network is made up of three basic components: an input vector
a®) = x € R”, a set of hidden layers with some neurons con-
nected by linear functions and nonlinear activation functions,
(Vo,lg) eR™! Forl=1,...,L—1,

there are n; neurons in the /-th hidden layer. The subscript 6

and an output layer all) =

denotes the training parameters in the neural network.

Input Output

Hidden layers

a® ea)

Fig. 2. Architecture of the neural network with L — 1 hidden layers. The
input is a9, the output is a'l), and a<jl>

ron in the [-th hidden layer for j = 1,...

denotes the value of the j-th neu-
7l’ll,l: 1,...,L7 1.

Note that the quasipotential is similar to a quadratic func-
tion around the stable fixed point ¥. In order to guarantee
that the quasipotential Vy and its gradient |Vy| are all un-
bounded, we define the quasipotential Vy = Vo + Ix — %2
To train the neural network, we construct the loss function
L := Layn + Y1Lown + Y2Lo, where 71 and 7 are weighted pa-
rameters harmonizing the proportion of several parts of the
loss function.

We emphasize that the SDE (1) or the vector field is al-
ready known, and we need to implement it in the loss func-
tion numerically. First, we should find the stable fixed point
X and choose a domain of interest D surrounding the fixed
point which is a subset of its basin of attraction. Then we
randomly select points X = {x;,i = 1,2,...,N} uniformly dis-
tributed in this domain. Since the vector field can be decom-
—(1/2)VV(x) +1(x), the first part of the loss
function can be set as

posed as b(x) =

) lo(wi),

1
Layn = [b(x;) + EVVB (xi) —

™=

Il
—_

i

where the gradient of the quasipotential in the loss function is
realized by the automatic differentiation technique. Due to the
orthogonal condition VV (x) L I(x), we specify the second part
of the loss function as

i VVQ x, lg(x,)]2
Lo = N L 9V ) P - [l () P+ 8

where we add a sufficiently small parameter 6 > 0, avoid-
ing the divergence of Loy, in the case of lg(x) = 0. The
quasipotential is zero at the fixed point, so we fix Ly = Vg (¥).
After choosing suitable hyperparameters such as neural net-
work layers, optimizer, learning rate 1), activation function
and weighted parameters y; and 7>, the neural network can
be trained by gradient descent method; we then obtain the
approximate quasipotential Vy(x) and rotational component
le (x)

To examine the accuracy of the algorithm, we define the
approximation error functions for the quasipotential and the
rotational component of vector field by

max, [V (x) — V (x)|? max, |lg (x) —1(x)|?
max, [V(x)[2 max, |[(x)]2

ey = e —=
where Vy and lg are the predicted results of the neural network,
while V and [ are the true results.

According to the expression of the prefactor L}, of the
mean first exit time in Section 3, the computation of the pref-
actor essentially depends on the results of the most probable
path ¢, and the rotational component /(x). After training the
neural network, the most probable path satisfies

O =b(@r) +VVe ().

For numerical convenience, we transform the time parameter
of this equation into the arc length ¢ of the most probable path.
Then

do

= 10l =Ib(9) + VVa(9)] =

1b(@)],

where the last equality comes from the relation |G(x)| = |b(x)|
as in Fig. 1. Therefore, the most probable path satisfies

do _ b(9) +VVe(9)

o 12
do b(9)] (12)

We can obtain the most probable path from inverse time in-
tegration of the above equation starting from the endpoint x*
until reaching the neighborhood of the fixed point.

With regard to Case A, we choose the point x* at which
the quasipotential reaches its minimum value on the boundary
dD. Note that x* can be determined via the Lagrange multi-
plier method. This can be seen from the fact that it is an opti-
=0, which
is assumed to be the formulation of the boundary. In addition,

mization problem of Vy(x) with the constraint g(x)

we calculate div /g (x) on the basis of the neural network results
of lg(x). Then the integral in L}, can be transformed into

0 . L divig(eL)
divig (e )dt :/ — 19 ' do
/—oo ’ o |b(e5)]
The calculation of the WKB prefactor C(x*) is already in-
cluded in the calculation of L, for Case A. It will no longer
be considered separately.
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In Case B, we take x* as the saddle point xg,q. For the
sake of efficient numerical implementation, our actual opera-
tion is to take x* = xgq + O1e, with the help of a small pa-
rameter 0; > 0, where e, is the unstable direction of xg,q. For
a small parameter &, > 0, the inverse time integration termi-
nates when it enters into the &, neighborhood of the fixed point
%. For Case B, we rewrite the integral in L as

- L divig (o)
div dt:/ Vio\Po) 4
[ avis(o) Jo “Thl90)]

The framework of the algorithm is outlined in Table 1.

Table 1. Algorithm for computation of prefactor.

Algorithm 1: Computing large deviation prefactor.

Input: Stochastic differential equation (1).
Output: Quasipotential Vg (x), most probable path ¢, prefactor L5,
mean exit time Etj).
Data: Compute stable fixed point X, randomly sample
X ={x;:i=1,2,...,N} in a subset of the basin of attraction of .
Initialization: Hyperparameters: neural network layers, optimizer,
learning rate 7, activation function, weighted parameters y; and 7.
Loss function: L = Lay, + ¥ Lot + Y2 Lo-
Training:
for epoch=1:iteration

calculate loss function and update neural network parameters
end
Error: Compute approximation errors ey and e;
Result: Determine the exit point x* (saddle for characteristic boundary
or location of minimal quasipotential for non-characteristic boundary).
Integrate most probable path (pX* by Eq. (12). Calculate divergence of
rotational component divZg (¢* ). Compute prefactor L, via Eq. (9)
or Eq. (11) and mean exit time Et§ = Lf exp{e ™! Vp(x*)} .

S. Numerical experiments

To verify the effectiveness and accuracy of the algorithm,
we use two toy models with two and five dimensions to test
our approach. For the convenience of comparison, the two
chosen examples both have explicit quasipotential functions as
the ground truth. For both numerical experiments, the selec-
tion of superparameters in the algorithm consists of six hidden
layers with 20 neurons per layer. We choose the Adam opti-
mizer with the learning rate 0.002. The nonlinear activation
function for hidden layer is the hyperbolic tangent function
tanh. The activation function for output is the identity func-
tion. The number of training epochs is 100000. We fix the
hyperparameters y; = 1, % = 0.1, 6 = 0.001, &, = 0.05 and
0, =0.01.

5.1. A two-dimensional system

The first example we investigate is a two-dimensional
system

dx = b(x)dr ++/€dB,, x € R%

Here the vector field b(x) has an explicit orthogonal decompo-
sition b(x) = —(1/2)VV (x) +1(x) with the following quasipo-
tential:

V(x1,x2) =vi(x1) +va(x),

where vy (x1) = (1/2)x} —x +1/2 and v2(x2) = ax3. The ro-
tational component /(x) has the following form:

I(x1,2) = c(x1,x2) (_vé(x2)> ;

Vi (x1)

where c(x1,x) = Bx;. It follows from

X

(VV(),1(x)) = e(x1,x2) (V) (1) vh(x2) ) ( —VZ%@S) ) —o

that VV (x) L I(x).
Considering the case o = 0.5 and § = 3, we have

X1 —x? —3x1x0 ) . 13)

blx) = (6)(‘1L —6x7 — (1/2)x2

If b(x) = 0, then we know that there are three fixed points
SN1 = (—1,0)T, SN2 = (1,0)T and US = (0,0)". To classify
those fixed points, we take into account the Jacobian matrix

. 1-3x3 —3x, —3x
T\ 24— 12 —1/2)°

The Jacobian matrix at (£1,0)T is given by

7 (-2 F3
ELT =\ 412 —1/2 )¢

The characteristic equation is A% 4 (5/2)A + 37 = 0, which
has complex roots

 —54+9V7i

At 2

Thus the two fixed points (£1,0)T are asymptotically stable.
Using the Jacobian matrix

10
Joor = (0 —1/2)’

the eigenvalues for (0,0)T are A; = 1 and A, = —1/2. Since
one eigenvalue is positive and the other is negative, the ori-
gin is an unstable saddle point. We sketch a phase portrait for
the deterministic system X = b(x) in Fig. 3. The eigenvector
for A, = —1/2 is (0,1)T. The stable manifold is the x;-axis,
which forms the boundary of the left and right basins of attrac-
tion. Thanks to the symmetry of the image, we only consider
the exit problem starting from the left side.

Now we apply the proposed method to this model to
compute the prefactor. We randomly and uniformly select
N =100, 1000, 10000, 100000 points on the region [—1.5,0] x

040501-5
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[—0.8,0.8]. After completing the training process, we calcu-
late the approximation errors ey and e; with the results de-
scribed in Table 2. In the beginning, the errors ey and e; grad-
ually decrease as the amount of data increases from N = 100
to N = 10000. However, it can be observed that the change is
not significant for N = 100000. At this point, the accuracy of
the algorithm is limited by other parameters.

157

/

—-1.0

ff

~L5s

—-0.5 0 0.5 1.0 1.5
Zy

—-1.0

Fig. 3. The flow of the vector field b(x) as in Eq. (13). SN1
and SN2 = (1,0)T denote two stable fixed points, and US =
cates a saddle.

= (_ 1 ) O)T
(0,0)T indi-

Table 2. Approximation errors.

N 100 1000 10000 100000

ey 0.3122% 0.1392% 0.1267% 0.0681%
e; 1.3692% 0.2127% 0.0738% 0.0965%

Comparing the numerical results of learned and true
quasipotential and rotational components displayed in Fig. 4
for N = 100000, it can be seen that they are consistent with
each other.

When N = 100000, we compute the prefactors for Case
A and Case B.

(a) Learned Vp(z)

(d) True V(z)

\
1.0

(b) Learned l;4(x)

Case A Non-characteristic boundary.

As depicted in Fig. 4, we choose the dashed black line
x1 = —0.5 as the non-characteristic boundary for the basin of
attraction of SN1. The pink star x* = (—0.4990,—0.0048)T
denotes the exit point, which represents the minimum of the
quasipotential on the boundary. By utilizing the results of the
neural network and the true system starting from x*, we simu-
late the most probable paths marked as red and dashed green
curves, respectively. As indicated in Fig. 5, the two curves
match very well.

We define H := VZV()E), which satisfies the algebraic Ric-
cati equation

where the matrix

0= —Vb(x) = (2[5 ‘fjjﬁ)-

_ 4 0
H_<O 2a>'

Owing to the calculation results of lg(x), we can get LY, ~
2.1525+/¢. The true values of /(x) can lead to Lf, ~2.2164/€.
The approximate values of L%, employing two different meth-

Then we have

ods are very close.

Substituting the prefactor Lf, ~ 2.1525\/¢ and the
quasipotential Vp(x*) = 0.2835 into the expression for mean
exit time Et5 = L exp{e Vg (x*)}, we plot a comparison
graph of mean exit times via machine learning and Monte
Carlo simulation in Fig. 6. The red asterisk denotes the re-
sults of Monte Carlo simulation, which is completely consis-
tent with the learning results and has very high accuracy.

(c) Learned lyy(z)

—1—15_

Fig. 4. Comparison between learned and true results of quasipotential V (x) and rotational component /(x) for the basin of the left fixed point

SNI = (—1,0)T of the two-dimensional system with N =

100000 points selected.
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Tg

—0.5

—-1.5 —1.0 —0.5 0

Zq

Fig. 5. Comparison between the most probable exit paths for Case A of
the two-dimensional system computed by machine learning and the true
system, denoted by red and dashed green curves, respectively. The blue
curves represent the flow of the vector field and the dashed black line indi-
cates the boundary x; = —0.5. The pink star x* = (—0.4990, —0.0048)"
is the exit point.

106

105}

104t

—Neural network results j
* Monte Carlo results

15 20 25 30 35 40 45
-1
Fig. 6. Comparison between mean exit times versus reciprocal of noise
intensity for Case A of the two-dimensional system via machine learn-
ing and Monte Carlo simulation, denoted by a blue curve and red star,
respectively.

Case B Characteristic boundary.

We treat the x,-axis, i.e., the stable manifold of US, as the
boundary of the left and right basins of attraction. On the basis
of the neural network, we acquire the most probable path by
the dashed green curve that coincides with the red curve of the
true system, as depicted in Fig. 7.

—1.5

—-1.0
T

Fig. 7. Comparison between the most probable exit paths for Case B of
the two-dimensional system computed by machine learning and the true
system, denoted by red and dashed green curves, respectively.

We define H* := V2V (US), which satisfies the algebraic

Riccati equation
2 T
where the matrix

Q" = —Vb(US) = (01 g) )

. (=20
i = ( 0 2a> '
We evaluate L7, ~ 1.0121 using the calculated result for /g (x),
and obtain L}, ~ 1.0958 on the basis of the calculated result

for I(x). Putting Vo (US) = 0.5081 and L§, ~ 1.0121 into the
mean exit time Et§ = L exp{e !V (x*)}, a comparison be-

Then we have

tween the neural network and Monte Carlo results is presented
in Fig. 8. It is worth noticing that the training result of the neu-
ral network is highly consistent with the experimental Monte
Carlo results.

108
3
10°;
al
o 10
£3)
=l
10%; — Neural network results
] % Monte Carlo results
1 ‘ ‘ ‘
10 5 10 15 20 25

Fig. 8. Comparison between mean exit time versus reciprocal of noise in-
tensity for Case B of the two-dimensional system computed by machine
learning and Monte Carlo simulation, denoted by a blue curve and red
star, respectively.

5.2. A five-dimensional system

To examine the effectiveness of our algorithm with
higher-dimensional systems for verification purposes, we
choose a five-dimensional system with the following vector
field:

—Z(X% —x1) — (2 +x3+x1+x5)
—X2 —|—2(x? —x1)
—X3 +2(x? —x1)
—x4+2(x] —x1)
—X5 +2(x? —x1)

b(x) = (14)

This system also has an explicit orthogonal decomposition
b(x) = —(1/2)VV (x) +1(x) with the quasipotential

V() =(1=x})’ +23 +23 23 +3 (15)
and the rotational component

I(x) =

(—(2+x3+x4 +x5),2(63 —x1),2(x3 —x1),
206} —x1),20 —x1)) " (16)
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Note that
VV(x) = (4(x% —xl),2x2,2x3,2x4,2x5)T.

According to Egs. (14) and (15), it can be derived that the
model X = b(x) has three fixed points SN1 = (—1,0,0,0,0)7,
SN2 = (1,0,0,0,0)T and US = (0,0,0,0,0)T. The Jacobian
matrix is given by

—-2(3x3—1) =1 =1 -1 —1
23x2—-1) =1 0 0 0

J=| 23x}-1) 0 -1 0 0
23x2—-1) 0 0 -1 0
23x1—-1) 0 0 0 -1

We linearize at SN1 and SN2; hence
-4 -1 -1 -1 -1

4 -1 0 0 O
J(j:] ,0’07070)1‘ = 4 0 - l O 0
4 0 0 —-10
4 0 0 0 -1

The real parts of either of five eigenvalues (1/2)(—5+
iv/55),(1/2)(—5—1iv/55),—1,—1,—1 of the Jacobian matrix
J(+1,0,000) are negative. Thus the fixed points SN1 and SN2
are asymptotically stable. For the other fixed point,

2 -1 -1-1-1

-2-10 0 O
J(O,O,O,O,O)T == 72 0 — 1 O 0
-2 0 0 -1 0

-2 0 0 0 -1

There is one positive eigenvalue (1/2)(1++/41) and four neg-
ative eigenvalues (1/2)(1 — \/éﬁ), —1, —1, —1, and so the
fixed point US is a saddle point. The basins of attraction for
two stable fixed points SN1 and SN2 are separated by the hy-
perplane x; = 0, which is the stable manifold of the saddle

(a) Learned Vy(z) (b) Learned l;4(x)

3- 1-
1
5 2 ) <
BN < 0
1
0 — 1.9
1 — ~
0 ! S
0
I3

3} 1
2
BN ~ 0
1
0l —1.~
. R Lo
0~ 05 0
T3 1715 —1.0 x, T3

point US. Considering the symmetry, we only handle the exit
problem from the basin of attraction of SN1.

We randomly select 100000 points in the domain
[-1.5,0] x [-1,1] x [-1,1] x [-1,1] x [~1,1] to train our
neural network. After the training process, we compare the
quasipotential and rotational components of deep learning and
the true results, and show them in Fig. 9. Since it is impos-
sible to plot the five-dimensional function, we display the re-
sults as the function of x| and x3 in the plane xp = 0, x4 =0,
x5 = 0. It is observed in Fig. 9 that the learned and true func-
tions agree well. We can also compute the approximation er-
rors for the quasipotential ey = 0.0421% and the rotational
component ¢; = 0.3344%, which are both sufficiently small.

Case A Non-characteristic boundary.

We define the hyperplane x; = —0.5 as the
non-characteristic ~ boundary for the basin of at-
traction of SNI. Then the exit point x* =

(—0.5,0.0005, —0.0009, —0.0001,0)™ is computed as the lo-
cation of the minimum quasipotential on the boundary. As
shown in Fig. 10, we numerically integrate the most probable
paths from the point x* using the results of the neural network
and the true system, respectively. We find that the two paths
almost coincide.

Based on the results for the most probable path, the
approximate rotational component lg(x) and the matrix
H = V2V (%), we estimate the exponential prefactor L% ~
1.1750+/€, which is close to the accurate solution Lf) ~
1.1816+/€. Substituting the prefactor L§, ~ 1.1750+/€ and the
quasipotential value Vg (x*) = 0.5596 into the expression for
mean exit time, we obtain the function relation between the
mean exit time and the noise intensity, and compare it with
Monte Carlo results. As we see in Fig. 11, they are consistent
with each other, which confirms the accuracy of the algorithm.

(c) Learned lg(z)

Fig. 9. Comparison between learned and true results of quasipotential V (x) and rotational components /; (x) and /s (x) as functions of x| and x3
in the plane xo = 0, x4 = 0, x5 = 0 for the attractive domain of the left fixed point SN1 = (—1,0,0,0, O)T.
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Fig. 10. Comparison between the most probable exit paths for Case A
of the five-dimensional system computed by machine learning and the
true system, denoted by red and green curves, respectively. The pink star
indicates the exit point x*.

10°
104}
H
m
=
102}
— Neural network results
O" * Monte Carlo results
10 : ' '

5 10 15 20

Fig. 11. Comparison between mean exit times versus reciprocal of noise
intensity for Case A of the five-dimensional system via machine learn-
ing and Monte Carlo simulation, denoted by a blue curve and red star,
respectively.

Fig. 12. Comparison between the most probable exit paths for Case B of
the five-dimensional system computed by machine learning and the true
system, denoted by red and green curves, respectively.

Case B Characteristic boundary.

Note that the hyperplane x; = 0, i.e., the stable manifold
of the saddle point US, naturally serves as the characteristic
boundary of the basin of attraction of SN1. According to the
machine learning results for the quasipotential, we integrate
the most probable path connecting SN1 and US. It is seen from
Fig. 12 that the path almost coincides with that obtained with
the true model, which verifies the effectiveness of the algo-
rithm.

In addition, we estimate the prefactor LY, ~ 2.1828 by uti-
lizing the results of the most probable path, the rotational com-
ponent [g(x) and the matrix H* = V2V (US). It accords with

the true result Lj, ~ 2.2214. Then the mean exit time can be
approximated by the prefactor LY ~ 2.1828 and the quasipo-
tential value Vyp (US) = 0.9947. The results computed by ma-
chine learning and Monte Carlo simulation are illustrated in
Fig. 13. Note that the slight difference between the two results
stems from the approximation error of the perturbation expres-
sion for mean exit time itself, since the machine learning re-
sults for quasipotential and prefactor are sufficiently accurate
compared with the true values.

106

105,

104,

MET

10%

*

107 — ]
Neural network results

% Monte Carlo results

4 6 8 10 12

E—l

Fig. 13. Comparison between mean exit times versus reciprocal of noise
intensity for Case B of the five-dimensional system via machine learn-
ing and Monte Carlo simulation, denoted by a blue curve and red star,
respectively.

6. Conclusion and perspective

In this work we have developed a machine learning
method to establish the large deviation prefactors of stochastic
dynamical systems. In particular, we first introduced large de-
viation theory and the results of prefactors of mean exit time
for non-characteristic and characteristic boundaries. Then we
provided a new machine learning method to compute the pref-
actors based on orthogonal decomposition of the vector field.
The successful application of the algorithm to two toy models
illustrated its effectiveness in tackling mean exit time accu-
rately.

Our neural networks and algorithm can be effectively ex-
tended to more sophisticated high-dimensional circumstances
with computational complexity and models with physical sig-
nificance. We use toy models to test our algorithm in this work
since they have explicit quasipotential as ground truth to ver-
ify the learning results. They can also be generalized to deal
with other types of rare events such as stationary probability
distribution and escape probability. More importantly, our in-
novative approach may bring forth new ideas for improving
the performance of searching for the most probable path by
machine learning or data mining.

Data availability statement

The data that support the findings of this study are openly
available in GitHub https://github.com/liyangnuaa/Computing-
large-deviation-prefactors.
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