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A nanodiamond with an embedded nitrogen-vacancy (NV) center is one of the experimental systems that can be co-
herently manipulated within current technologies. Entanglement between NV center electron spin and mechanical rotation
of the nanodiamond plays a fundamental role in building a quantum network connecting these microscopic and mesoscopic
degrees of motions. Here we present a protocol to asymptotically prepare a highly entangled state of the total quantum
angular momentum and electron spin by adiabatically boosting the external magnetic field.
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1. Introduction
Experimental accomplishments of cooling and control-

ling of micro-nano scale particles make it possible to ex-
ploit macroscopic quantum systems. The nitrogen-vacancy
(NV) centers in diamond have shown impressive applica-
tions in quantum sensing, quantum information processing
and communications.[1–3] Nanodiamonds with NV centers
trapped in vacuum can be cooled into their center-of-mass
ground state[4–6] and be used to generate spatial quantum
superpositions.[7–10] While in recent years the rotation con-
trol of nanoparticle with ultra-high precision[11–15] opens the
path to observing and testing rotational superpositions.[16–21]

In view of quantum information, the coupling of NV cen-
ter spin and the nanodiamond rotation contains entanglement
resource.[22] Study of the entanglement property of the spin–
rotation coupled system may have potential use in quantum
sensing and quantum network.

In this paper, we simplify the system to an ideal model
by considering the nanodiamond only in an external mag-
netic field. The nanodiamond is treated as a rigid body and
its rotation can be described by angular momentum theory in
quantum physics.[23–25] We show that by boosting the external
magnetic field strength, a highly entangled state of NV center
spin and total angular momentum can be realized asymptoti-
cally.

2. Our model and problem
As shown in Fig. 2, we consider a nanodiamond, modeled

as a symmetric top whose shape is a tetrahedron. The nan-
odiamond hosts a single negatively charged nitrogen-vacancy
center (NV−) with the spin angular momentum 𝑆̂ whose quan-

tization axis is aligned with the nanodiamond symmetric axis.
The ground state structure of the spin-1 NV− center is shown
in Fig. 1. We suppose the nanodiamond’s mechanic rotation
is free. In a magnetic field 𝐵 = B𝑒3 along the 𝑒3-direction
of the space-fixed frame with axes {𝑒1,𝑒2,𝑒3}, the spin of the
NV− center and the rotation of the diamond are coupled, and
the system is described by the Hamiltonian

H = H0 +V, (1)

with

H0 = h̄DŜ′23 +
h̄2

2
𝐿̂2

I1
+

h̄2

2

(
1
I3
− 1

I1

)
L̂′2

3 , (2)

V = gµBB
3

∑
i=1

Ŝ′i𝑒̂
′
i ·𝑒3, (3)

where {𝑒̂′1, 𝑒̂′2, 𝑒̂′3} are the principle axes of the nanodiamond
and form the body-fixed frame, which are dynamic operators
related with rotations. h̄𝐿̂ is the rotation angular momentum
operator. {I1, I2, I3} are the principle inertia moments with
I1 = I2 for a symmetric top. Ŝ′i (L̂′

i) is the projection com-
ponent operator of 𝑆̂ (𝐿̂) along the body-fixed 𝑒′i-axis. µB is
the Bohr magneton. The zero-field-splitting of the spin triplet
ground state D ≃ (2π)2.87 GHz, and the isotropic NV− center
electron g-factor g ≃ 2.0028.[26]

When we write the Hamiltonian in body frame, we should
be careful about the commutation relations of the operators es-
pecially in different coordinate frames.[27] Notice that the spin
components Ŝ′i are not commuting with the angular momentum
components L̂i since Ŝ′i ≡ 𝑒̂′i · 𝑆̂, we introduce the total angu-
lar momentum operator 𝐽 = 𝐿̂+ 𝑆̂ which gives commutation
relations [Ĵ′i , Ŝ

′
j] = 0 and [Ĵ3, Ŝ′3] = 0.
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Fig. 1. The fine and Zeeman structures of the NV− center ground state.
The structure levels are denoted by their spin–orbit symmetry and spin
projections m ∈ {0,±1}.
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Fig. 2. Sketch of the nanodiamond with an embedded NV− center in
external magnetic field B. {α,β ,γ} are Euler angles between the space-
fixed frame and the body-fixed frame.

The problem we aim to solve is how the entanglement be-
tween nanodiamond’s total angular momentum and its spin in
the thermal equilibrium state varies as a function of magnetic
field and temperature, where the thermal state is

ρ(B,T ) =
e−βH

Tre−βH , (4)

where β = 1
kBT with kB being the Boltzmann constant. As the

temperature approaches to zero, the thermal equilibrium state
becomes the ground state

lim
T→0

ρ(B,T ) = |G(B)⟩⟨G(B)|. (5)

3. Eigen problem of the Hamiltonian
Before exploring the entanglement between the total an-

gular momentum and the spin in the thermal equilibrium state
ρ(B,T ) or in the ground state |G(B)⟩, it is necessary for us to
solve the eigen problem of the Hamiltonian (1). Rewrite the
Hamiltonian by inserting 𝐿̂= 𝐽 − 𝑆̂ = 𝐽 +𝐾̂,

H0 = h̄DK̂′2
3 +

h̄2

2I1
(𝐽2 +2Ĵ′3K̂′

3 + Ĵ′+K̂′
−+ Ĵ′−K̂′

+)

+ h̄2
(

1
I3
− 1

I1

)
(Ĵ′3 + K̂′

3)
2

2
,

V = −gµB𝐾̂ ·𝐵, (6)

where we have let 𝐾̂ ≡ −𝑆̂ with K ≡ S ≡ 1 in our problem
and dropped 𝑆̂2 = S(S+1). And the ladder operators are

Ĵ′± = Ĵ′1 ∓ iĴ′2, K̂′
± = K̂′

1 ∓ iK̂′
2. (7)

3.1. Basis states based on H0

First we study the degree of the nanodiamond rotation.
Because 𝐿̂ is an angular momentum operator, it obeys the fol-
lowing commutation relations:

[L̂i, L̂ j] = i∑
k

εi jkL̂k, [L̂i, 𝑒̂
′
l ·𝑒 j] = i∑

k
εi jk𝑒̂

′
l ·𝑒k, (8)

where i, j,k ∈ {1,2,3} and l ∈ {1,2,3}, and εi jk is antisym-
metric tensor with ε123 = 1. Note that L̂′

i ≡ 𝑒̂′i · 𝐿̂. Then a
direct calculation gives

[L̂′
i, L̂

′
j] =−i∑

k
εi jkL̂′

k, (9)

where i, j,k ∈ {1,2,3}. Comparing Eq. (9) with Eq. (8), it is
interesting to observe that a negative sign appears in the com-
mutation relations of the angular momentum in the body-fixed
frame. With the relations Ŝ′i ≡ 𝑒̂′i · 𝑆̂ = ∑

3
j=1 𝑒̂

′
i ·𝑒 jŜ j, one can

obtain the following commutation relations:

[Ĵ′i , Ĵ
′
j] =−i∑

k
εi jkĴ′k, [K̂′

i , K̂
′
j] =−i∑

k
εi jkK̂′

k, (10)

[Ĵ′i , K̂
′
j]= 0, [Ĵi, K̂′

j]= 0. (11)

The total angular momentum 𝐽2 =∑i Ĵ2
i =∑i Ĵ′2i , which builds

a relation between the angular momentum operators in these
two frames. Then we find that

[𝐽2, Ĵ3] = 0, [𝐽2, Ĵ′3] = 0, [Ĵ3, Ĵ′3] = 0, (12)

which implies that {𝐽2, Ĵ3, Ĵ′3,𝐾̂
2, K̂′

3} forms a complete set
of commuting observables for the degree of freedom of the
system. They have the common eigenstates

|ϕ⟩= |JmJkJ ,KkK⟩, (13)

such that

𝐽2|ϕ⟩= J(J+1)|ϕ⟩, (14)

Ĵ3|ϕ⟩= mJ |ϕ⟩, (15)

Ĵ′3|ϕ⟩= kJ |ϕ⟩, (16)

𝐾̂2|ϕ⟩= K(K +1)|ϕ⟩, (17)

K̂′
3|ϕ⟩= kK |ϕ⟩, (18)

where J ∈ {0,1, . . .}, mJ ,kJ ∈ {−J,−J+1, . . . ,J−1,J}, kK ∈
{−1,0,1}. And these common eigenstates form a set of base
vectors of the full Hilbert space. Then the matrix elements
of the ladder operators Ĵ′± and K̂′

± are given by the following
relations:

Ĵ′±|JmJkJ ,KkK⟩
=
√
(J∓ kJ)(J± kJ +1)|JmJkJ ±1,KkK⟩, (19)

K̂′
±|JmJkJ ,KkK⟩

=
√
(K ∓ kK)(K ± kK +1)|JmJkJ ,KkK ±1⟩. (20)
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For K = 1, it is convenient to write out the K̂′
i matrices

K′
1 =

1√
2

0 1 0
1 0 1
0 1 0

 , (21)

K′
2 =

−i√
2

0 −1 0
1 0 −1
0 1 0

 , (22)

K′
3 =

1 0 0
0 0 0
0 0 −1

 . (23)

3.2. Analytical matrix elements in V

The next task is to calculate the matrix element
⟨J′m′

Jk′J ,Kk′K |V |JmJkJ ,KkK⟩. In other words, we need to cal-
culate the matrix elements ⟨J′m′

Jk′J |𝑒̂′i ·𝑒 j|JmJkJ⟩.
Because all the operators {𝑒̂′l · 𝑒i} are commutative to

each other, we can introduce their common eigenstates

𝑒̂′l ·𝑒i|αβγ⟩= 𝑒′l ·𝑒i|αβγ⟩, (24)

where {α,β ,γ} are three Euler angles (illustrated in Fig. 2).
In particular

𝑒̂′1 ·𝑒3|αβγ⟩=−cosγ sinβ |αβγ⟩, (25)

𝑒̂′2 ·𝑒3|αβγ⟩= sinγ sinβ |αβγ⟩, (26)

𝑒̂′3 ·𝑒3|αβγ⟩= cosβ |αβγ⟩. (27)

Then

⟨J′m′
Jk′J |𝑒̂′i ·𝑒3|JmJkJ⟩

=
∫

dω𝑒′i ·𝑒3⟨J′m′
Jk′J |αβγ⟩⟨αβγ|JmJkJ⟩, (28)

where dω = sinβdαdβdγ with α,γ ∈ [0,2π] and β ∈ [0,π].
The eigenfunction ⟨αβγ|JmJkJ⟩ can be written as

⟨αβγ|JmJkJ⟩=
√

2J+1
8π2 D(J)

kJmJ
(α,β ,γ), (29)

where D(J)
kJmJ

(α,β ,γ) is the matrix representation of Euler ro-
tation operator R̂(α,β ,γ) in Hilbert space (more details see
Appendix A). The D-matrix in this paper takes the definition
from Landau’s textbook[24] which is the Hermitian conjugate
of the Wigner-D matrix conventionally used.

A set of spherical basis vectors in the space-fixed frame
can be defined as

𝜉+1 ≡−(𝑒1 + i𝑒2)/
√

2, (30)

𝜉0 ≡ 𝑒3, (31)

𝜉−1 ≡ (𝑒1 − i𝑒2)/
√

2, (32)

with the orthogonality relations 𝜉*µ · 𝜉ν = δµν , where ν , µ ∈
{+1,0,−1}, and 𝜉*µ is the complex conjugate of 𝜉µ . Then we

can show that {𝜉µ} and {𝜉′µ} obey the transformation

𝜉µ = ∑
ν

D(1)
νµ(α,β ,γ)𝜉′ν . (33)

Combining Eqs. (30)–(33), we have

𝜉′*µ ·𝑒3 = 𝜉′*µ ·𝜉0 = D(1)
µ0 (α,β ,γ). (34)

Then

𝑒′1 ·𝑒3 =
(
−D(1)

10 (α,β ,γ)+D(1)
−1 0(α,β ,γ)

)
/
√

2,

𝑒′2 ·𝑒3 =−i
(
D(1)

10 (α,β ,γ)+D(1)
−1 0(α,β ,γ)

)
/
√

2,

𝑒′3 ·𝑒3 = D(1)
00 (α,β ,γ). (35)

Employing the identity of the integral of three D(J)
νµ(α,β ,γ)

functions∫
D(J1)

m′
1m1

(α,β ,γ)D(J2)

m′
2m2

(α,β ,γ)D(J3)

m′
3m3

(α,β ,γ)
dω

8π2

=

(
J1 J2 J3
m′

1 m′
2 m′

3

)(
J1 J2 J3
m1 m2 m3

)
, (36)

and their complex conjugate relations

D(J)*
νµ (α,β ,γ) = (−1)ν−µ D(J)

−ν ,−µ(α,β ,γ), (37)

we arrive at an analytical result of the integral

⟨J′m′
Jk′J |D

(1)
µ0 (α,β ,γ)|JmJkJ⟩

=
∫ dω

8π2

√
(2J′+1)(2J+1)

×D(J′)*
k′Jm′

J
(α,β ,γ)D(1)

µ0 (α,β ,γ)D(J)
kJmJ

(α,β ,γ)

= (−1)k′J−m′
J
√

(2J′+1)(2J+1)

×
(

J′ 1 J
−k′J µ kJ

)(
J′ 1 J

−m′
J 0 mJ

)
, (38)

where the right hand side of Eq. (36) is two 3J-symbols. In-
serting Eqs. (38) and (35) into Eq. (28), we get the matrix el-
ement ⟨J′m′

Jk′J |𝑒̂′i · 𝑒3|JmJkJ⟩. Together with K̂′
i , we get the

matrix element ⟨J′m′
Jk′J ,Kk′K |V |JmJkJ ,KkK⟩.

3.3. Numerical results on eigen energies

Before numerical solving the eigen problem of Hamil-
tonian H, we first need to give the values of the inertia mo-
mentum {I1, I2, I3}, which are determined by the nanodiamond
size. Extremely small (2–5 nm) nanodiamond with an embed-
ded NV center has been reported in recent experiment.[28] In
our calculations, we take the bottom side length of the nan-
odiamond a = 1 nm and height h = 1.225 nm, which leads to
I1 = 5.06×10−44 kg ·m2 and I3 = 3.11×10−44 kg ·m2.

Since we focus on low energy physics of our system, it is
natural to introduce a cutoff via a maximum angular momen-
tum Jmax in our numerical calculations. To ensure the conver-
gence of our physical results, we set Jmax = 4 (convergence
tests see Appendix B). Then we solve the eigen equation of
full Hamiltonian

H|Ψi⟩= Ei|Ψi⟩, (39)
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where

|Ψi⟩=
J≤Jmax

∑
JmJkJkK

c(i)JmJkJkK
|JmJkJ ,KkK⟩. (40)

The energy levels are shown in Fig. 3(b). As a comparison,
Fig. 3(a) shows the energy levels of the effective spin Hamil-
tonian

HS = h̄DŜ2
3 +gµBBŜ3, (41)

which generally describes a resting NV− center with magnetic
field 𝐵 = B𝑒3 in NV− axis. While, in our rotating nanodia-
mond model the direction of NV− axis is given by the quantum
state of angular momentum and not along the direction of the
fixed magnetic field.

(a)

0 1.0

-20

-10

0

10

20

30

B (T)

E
n
/
(2
π
h
) 

(G
H

z
)

E
n
/
(2
π
h
) 

(G
H

z
)

(b)

0 0.036

-1.0

-0.5

0

0

-25

-20

-15

-10

-5

0

B (T)

E0

E1

E2

(c)

0.8 0.9 1.0

0.015

0.018

0.021

1.0

0.2

0.4

0.6

0.8

B (T)

P
ro

b
a
b
il
it
y
 d

is
tr

ib
u
ti
o
n

|1,-1,1,-1>

|1,-1,-1,1>

|2,-1,1,-1>
|2,-1,-1,1>
|3,-1,0,0>

|1,-1,0,0>

-1.5

E0

E1

E2

0.1

0.2 0.4 0.6 0.8

1.00.2 0.4 0.6 0.8

0.80.60.40.20.1

Fig. 3. (a) The energy levels of the spin Hamiltonian changing with the ex-
ternal magnetic field B. The crossing of the lowest two energy levels is at
B0 ≈ 0.1 T. (b) The energy levels of the full spin-rotation Hamiltonian in
Eq. (1) with Jmax = 4. The crossing is at B0 ≈ 0.036 T. (c) The main proba-
bility distribution of the ground state on base kets |JmJkJkK⟩ with Jmax = 4.
The insets of (b) and (c) show more details by zooming in.

From Figs. 3(a) and 3(b), we observe that in the same
magnetic field, the energies of the ground state for our sys-
tem are similar to those of the Hamiltonian without consid-
ering the rotation given by Eq. (41). However, our ground
states become highly entangled states which mainly involve
six components as shown in Fig. 3(c). We can see that kK =±1
gives kJ =∓1 and kK = 0 gives kJ = 0. As the magnetic field
strength increases, the entanglement increases and the prob-
ability of kK = ±1 increases while the probability of kK = 0
decreases. The spin component state of the ground state can
be used to reflect the total angular moment state and the entan-
glement between them.

4. Entanglement of thermal equilibrium state
When our quantum system interacts with its thermal en-

vironment, it will finally arrive at a steady state: the thermal
equilibrium state. Now we are ready to study the entangle-
ment properties in these thermal equilibrium states, which will
be useful to guide us to provide a natural protocol to prepare
entanglement between nanodiamond rotation and NV− center
spin.

4.1. Entanglement of ground states

First we study the entanglement properties of the ground
state, i.e., the thermal equilibrium state when the temperature
approaches to zero. For a ground state |G(B)⟩JS in magnetic
field B, the entanglement entropy is defined as

S(ρS(B)) =−TrS ρS(B) log2(ρS(B)), (42)

where ρS(B) is the reduced spin density matrix of |G(B)⟩JS.
Because the dimension of the Hilbert space of NV− center
spin dS = 3, the entanglement entropy S(ρS) ≤ log2 3, where
the equality is taken if and only if the ground state |G(B)⟩JS is
maximally entangled.

Numerical results on the entanglement entropy S(ρ(B))
are shown in Fig. 4(a). With the increase of magnetic field
B, the entanglement of the ground state grows from 0 to ap-
proximately log2 3, which implies that the ground state ap-
proaches to a highly entangled state in a large magnetic field
B. It seems that there is a curve peak of Ψ1 at B0 ≈ 0.036 T in
Fig. 4(a). This is due to the crossing of the lowest two energy
levels (see the inset in Fig. 3(b)), which also causes the similar
phenomena shown in Fig. 5. And we notice that the excited
state has non-vanishing entanglement at B = 0 in Fig. 4(a),
which causes the non-vanishing negativity for B = 0 only at
finite temperatures because the thermal equilibrium state is
a mixture of all eigenstates. As for why there is entangle-
ment at B = 0, it comes from the coupled terms like Ĵ′i K̂

′
i in

Eq. (6) which usually represent the Barnett and Einstein–de
Haas effect.[29–31]
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Fig. 4. The size of the particle a = 1 nm. (a) The entanglement entropy
of the ground state and the first excited state compared with the maxi-
mum entanglement entropy for the maximum angular quantum number
Jmax = 4. The negativity of the thermal entanglement state changing
(b) with magnetic field B at some fixed temperatures T and (c) with
absolute temperature at some fixed magnetic fields B.

4.2. Entanglement of thermal equilibrium states at low
temperatures

At temperature T , the thermal equilibrium state can be
represented as

ρJS(B,T ) =
1
Z ∑

i
e−βEi |Ψi⟩⟨Ψi|, (43)

where the partition function Z = ∑i e−βEi , and |Ψi⟩ is the
eigenvector of H with eigenvalue Ei, which has been obtained
numerically in the previous section.

Because the thermal equilibrium state ρJS(B,T ) is a
mixed state, its entanglement can not be characterized by the
entanglement entropy S(ρS), which is valid for characteriza-
tion of entanglement for pure states. To study the entangle-
ment property of the thermal equilibrium state, we introduce

another entanglement measure, negativity,[32,33]

𝒩 (ρJS) = ∑
λ<0

| λ |=
||ρTS

JS ||1 −1
2

, (44)

where ρ
TS
JS is the partial transpose of spin index for the bipartite

mixed state ρJS, and λ is the eigenvalue of ρ
TS
JS . The negativity

corresponds to the absolute value of the sum of negative eigen-
values of ρ

TS
JS . ||ρTS

JS ||1 is the trace norm of ρ
TA
JS . The negativity

𝒩 is a computable measure of entanglement for a mixed state
and vanishes for separable states.

The numerical results of the negativity are shown in
Fig. 4(b). It is observed in Fig. 4 that for a given tempera-
ture T , the negativity increases asymptotically to a maximum
value with increasing magnetic field B. The lower the tem-
perature, the larger the maximal value of the negativity. As
shown in Fig. 4(c), for a fixed magnetic field B, the negativity
decreases with increasing absolute temperature T . The larger
the magnetic field, the larger the negativity. Our numerical
results show that to obtain a thermal equilibrium state highly
entangled, we need to increase the magnetic field above 0.5 T
and decrease the temperature below 2 mK.

Based on the above numerical results, we propose a sim-
ple protocol to asymptotically prepare a highly entangled state
between mechanical rotation of the nanodiamond and the elec-
tron spin of NV− center. First, cool down the system to be-
low 2 mK at zero or weak external magnetic field strength.
Then adiabatically boost the magnetic field strength to above
B= 0.5 T and keep the system still at low enough temperature.
Finally in thermal equilibrium, we get the thermal equilibrium
state highly entangled.

5. Discussion and conclusion
The degree of entanglement is different in different

frames. A direct calculation shows that the complete set
of commuting observables should be {𝐿̂2, L̂3, L̂′

3, 𝑆̂
2, Ŝ3} in

space-fixed frame {𝑒1,𝑒2,𝑒3}, and the Hamiltonian is

H = h̄D
( 3

∑
i=1

Ŝi𝑒i ·𝑒′3
)2

+
h̄2𝐿̂2

2I1

+
h̄2(I1 − I3)L̂′2

3
2I1I3

+gµBBŜ3. (45)

One can solve this eigen problem following the same proce-
dure in this paper. When our model is solved in the space-
fixed frame, the entanglement of the ground state and the first
excited state is shown in Fig. 5, which is qualitatively different
from that in Fig. 4(a). It is the global transformation between
the two sets of bases that induces the entanglement variation.
The difference in entanglement for the same states comes from
the fact that the degrees of freedom being entangled we con-
sider are different in the two sets of bases. This is consis-
tent with physical interpretation that in the space-fixed frame
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strong enough magnetic field makes the spin mainly occupy-
ing |1,−1⟩ in the low energy states. Then from the view point
in space-fixed frame, boosting magnetic field strength just re-
sults in opposite effect, disentanglement, compared with the
view in the body-fixed frame.
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Fig. 5. The entanglement entropy of the ground state and the first ex-
cited state solved in the space-fixed frame with cutoff Lmax = 4.

We propose a theoretical model to describe a rotating nan-
odiamond with an embedded NV− center manipulated by a
static external magnetic field. While, there are still many chal-
lenges that need to overcome to bring the primary theoreti-
cal model to practical experiment. For example, the nanodi-
amonds with NV− are usually charged and would gain mag-
netic moment through rotating. The inertia moments of such
small nanodiamond are not easy to determine. Factors such as
gravity, noise of the environment, the trap potential and so on
need to be studied in more practical situation. And the detec-
tion of entanglement is usually very tough such as tomography
of the state and entanglement witness. While, indirect detec-
tion by reading the spin state and scanning the energy levels
employing optically detected magnetic resonance and single-
photon detector may give some possible ways to examine the
entanglement information of this system. Indeed, the practi-
cal problems which are not considered in this paper need to be
further studied.

In our protocol to prepare entanglement, we propose to
adiabatically boost the magnetic field strength. Theoretically,
however, we do not require the boosting to be adiabatic, a sud-
den change of the magnetic field strength may also work after
a much longer equilibrium time.

In conclusion, we explore the entanglement properties of
a rotating nanodiamond with an embedded NV− center in an
external magnetic field in a thermal equilibrium state, which
includes the ground state as a special case. We find that the
degree of entanglement depends on the degrees of freedom
chosen in the two frames. The entanglement between nan-
odiamond rotation and NV− center spin can be controlled by
an external magnetic field and the temperature: larger mag-
netic field strength and lower temperature result in more en-
tanglement between the rotation and the spin. Our numeri-
cal results show that in our system setting when the magnetic
field strength is tuned above 0.5 T and the temperature is con-
trolled below 2 mK, the thermal equilibrium state will be an

almost maximally entangled state. Thus we propose a theo-
retical protocol to realize the highly entangled states of the
spin–rotation coupled system asymptotically. The entangle-
ment between the spin (a microscopic degree) and the rotation
(a mesoscopic degree) is not only of usefulness in quantum
coherent control of two or multi quantum degrees of freedom,
but also of interest in fundamental problems of quantum me-
chanics such as detection and utilization of quantum rotation
of nanoparticles to explore the border between quantum world
and classical world.[34]

Appendix A: D-matrix and Euler rotations
In this appendix, we give some details of the D-matrix

of Euler rotations. We have chosen {𝑒1,𝑒2,𝑒3} to represent
the space-fixed frame and {𝑒′1,𝑒′2,𝑒′3} the body-fixed frame.
In the view of passive rotations, we consider 𝑒′i is rotated to
𝑒i by rotation operator R̂, i.e., 𝑒i = R̂𝑒′i = ∑

3
j=1 R ji𝑒

′
j, where

R ji ≡ 𝑒′j ·𝑒i. While in the view of active rotations, we usually
define the rotation operator as 𝑒′i = Q̂𝑒i which maps a vector
𝑒i to a new vector 𝑒′i in the same frame. It is clear to see that
R̂ = Q̂−1 which usually gives the inverse relation of passive
and active views of the same rotation transformation. In our
paper, we choose the passive view on account of the two coor-
dinate frames. We choose Euler angles {α,β ,γ} to represent
the rotation from space-fixed frame {𝑒1,𝑒2,𝑒3} to body-fixed
frame {𝑒′1,𝑒′2,𝑒′3}, which are shown in Fig. 2.

According to quantum mechanics, the generator of R̂ is
angular momentum h̄𝐿̂, especially in the space-fixed frame,
[L̂i, L̂ j] = i∑k εi jkL̂k, where i, j,k ∈ {1,2,3} with L̂i ≡ 𝑒i · 𝐿̂
and εi jk is an antisymmetric tensor with ε123 = 1. Let D̂ be the
representation of the rotation operator R̂ in Hilbert space, we
have

D̂(α,β ,γ) = exp(iγL̂3)exp(iβ L̂2)exp(iαL̂3). (A1)

And the space base kets relations are defined as
D̂†(α,β ,γ)|{𝑒′i}⟩ = |{R̂𝑒′i}⟩ = |{𝑒i}⟩. In particular, for any
vector operator 𝐴̂, D̂†𝐴̂D̂ = Q̂−1𝐴̂ = R̂𝐴̂. Then D̂†ÂiD̂ =

𝑒i · D̂†𝐴̂D̂ = 𝑒i · R̂𝐴̂ = Â′
i. Since in the space-fixed frame, 𝑒̂′l

is a vector operator, [L̂i, 𝑒̂
′
l ·𝑒 j] = i∑k εi jk𝑒̂

′
l ·𝑒k. More impor-

tantly, with the definition L̂′
i ≡ 𝑒̂′i · 𝐿̂= ∑

3
j=1 𝑒̂

′
i ·𝑒 jL̂ j, we have

the following relations: [L̂i, L̂′
j] = 0, [L̂′

i, L̂
′
j] = −i∑k εi jkL̂′

k.
Given the eigenstates |LMK⟩ of {𝐿̂2, L̂3, L̂′

3}, the eigenfunc-
tions are

⟨{𝑒i}|LMK⟩= ⟨{R̂𝑒′i}|LMK⟩= ⟨{𝑒′i}|D̂|LMK⟩
= ∑

M′K′
⟨{𝑒′i}|LM′K′⟩⟨LM′K′|D̂|LMK⟩ (A2)

= ∑
M′
⟨{𝑒′i}|LM′K⟩⟨LM′K|D̂|LMK⟩ (A3)

= ∑
M′
⟨{𝑒′i}|LM′K⟩⟨LM′K|D̂|LMK⟩δM′K (A4)

= ⟨{𝑒′i}|LKK⟩⟨LK|D̂|LM⟩. (A5)
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From Eq. (A2) to Eq. (A3), we have used the communication
relations of L̂i and L̂′

i, and in Eq. (A5) we omit the same K
index. The Eq. (A4) is valid because

⟨LM′K|L̂3D̂|LMK⟩= M′⟨LM′K|D̂|LMK⟩
= ⟨LM′K|D̂D̂†L̂3D̂|LMK⟩= ⟨LM′K|D̂L̂′

3|LMK⟩
= K⟨LM′K|D̂|LMK⟩, (A6)

i.e., ⟨LM′K|D̂|LMK⟩= ⟨LM′K|D̂|LMK⟩δM′K . (A7)

When the rotations are described by the Euler angles,
⟨LK|D̂|LM⟩= D(L)

KM(α,β ,γ), and Eq. (A5) gives us the eigen-
function Eq. (29).

Appendix B: Convergence tests
In this appendix, we display the convergence tests of the

cutoff of maximum angular momentum Jmax in our numerical

calculation.
Fidelity is a measure of the ”closeness” of two quantum

states and is defined as F(ρ,σ) =
(
tr
√√

ρσ
√

ρ
)2. In the

special case where ρ and σ are pure quantum sates, namely,
ρ = |ψρ⟩⟨ψρ | and σ = |ψσ ⟩⟨ψσ |, the definition reduces to
the squared overlap between the states: F(ρ,σ) = |⟨ψρ |ψσ ⟩|2.
We check the fidelity between the ground states in Fig. B1(a)
(the 1st excited states in Fig. B1(b)) of Jmax = 4 and Jmax ∈
{5,6,7,8}, and see that fidelity of larger cutoff (Jmax ≥ 4)
changes very little.

As a comparison with Fig. 4(a) which has cutoff Jmax = 4,
a cutoff of Jmax = 8 is shown in Fig. B1(c). For the thermal
equilibrium states, we check their negativity with several cut-
off Jmax ∈ {2,3,4,5,6} at temperature T = 10 mK which is
shown in Fig. B1(d). It is clear to see that the negativity is
convergent for Jmax ≥ 4.
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Fig. B1. The fidelity between the (a) ground states ((b) 1-st excited states) of Jmax = 4 and Jmax ∈ {5,6,7,8}. (c) The entanglement entropy
with cutoff Jmax = 8. (d) The negativity of the thermal equilibrium states with different cutoff Jmax ∈ {2,3,4,5,6} at temperature T = 10 mK.
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Aspelmeyer M 2020 Science 367 892

[6] Tebbenjohanns F, Mattana M L, Rossi M, Frimmer M and Novotny L
2021 Nature 595 378

[7] Yin Z Q, Li T, Zhang X and Duan L M 2013 Phys. Rev. A 88 033614
[8] Yin Z, Zhao N and Li T 2015 Science China Physics, Mechanics &

Astronomy 58 1
[9] Wan C, Scala M, Morley G W, Rahman A A, Ulbricht H, Bateman J,

Barker P F, Bose S and Kim M S 2016 Phys. Rev. Lett. 117 143003
[10] Pedernales J S, Morley G W and Plenio M B 2020 Phys. Rev. Lett. 125

023602
[11] Arita Y, Mazilu M and Dholakia K 2013 Nat. Commun. 4 2374
[12] Hoang T M, Ma Y, Ahn J, Bang J, Robicheaux F, Yin Z Q and Li T

2016 Phys. Rev. Lett. 117 123604
[13] Kuhn S, Kosloff A, Stickler B A, Patolsky F, Hornberger K, Arndt M

and Millen J 2017 Optica 4 356
[14] Kuhn S, Stickler B A, Kosloff A, Patolsky F, Hornberger K, Arndt M

and Millen J 2017 Nat. Commun. 8 1670

020305-7

https://doi.org/10.1016/j.physrep.2013.02.001
https://doi.org/10.1093/oso/9780198768609.003.0005
https://doi.org/10.1093/oso/9780198768609.003.0005
https://doi.org/10.1038/s41566-018-0232-2
https://doi.org/10.1038/s41566-018-0232-2
https://doi.org/10.1103/PhysRevLett.109.103603
https://doi.org/10.1103/PhysRevLett.109.103603
https://doi.org/10.1126/science.aba3993
https://doi.org/10.1038/s41586-021-03617-w
https://doi.org/10.1103/PhysRevA.88.033614
https://doi.org/10.1007/s11433-015-5651-1
https://doi.org/10.1007/s11433-015-5651-1
https://doi.org/10.1103/PhysRevLett.117.143003
https://doi.org/10.1103/PhysRevLett.125.023602
https://doi.org/10.1103/PhysRevLett.125.023602
https://doi.org/10.1038/ncomms3374
https://doi.org/10.1103/PhysRevLett.117.123604
https://doi.org/10.1364/OPTICA.4.000356
https://doi.org/10.1038/s41467-017-01902-9


Chin. Phys. B 33, 020305 (2024)
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