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We investigate the quantum metric and topological Euler number in a cyclically modulated Su—Schrieffer—Heeger
(SSH) model with long-range hopping terms. By computing the quantum geometry tensor, we derive exact expressions
for the quantum metric and Berry curvature of the energy band electrons, and we obtain the phase diagram of the model
marked by the first Chern number. Furthermore, we also obtain the topological Euler number of the energy band based on
the Gauss—Bonnet theorem on the topological characterization of the closed Bloch states manifold in the first Brillouin zone.
However, some regions where the Berry curvature is identically zero in the first Brillouin zone result in the degeneracy of
the quantum metric, which leads to ill-defined non-integer topological Euler numbers. Nevertheless, the non-integer “Euler
number” provides valuable insights and an upper bound for the absolute values of the Chern numbers.

Keywords: quantum geometric tensor, topological Euler number, Chern number, Berry curvature, quantum

metric, Su—Schrieffer—Heeger (SSH) model
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1. Introduction

The Su—Schrieffer—Heeger (SSH) model is a topological
quantum system model with a simple structure, but distinct
topological properties.['®] These include a winding number
that characterizes the topological properties and the correspon-
dence between bulk and edge states.!”'!] In addition, SSH
models can be used to describe one-dimensional polyacety-
lene, graphene ribbons, p-orbital light ladder systems!'>!3]
and off-diagonal two-color optical lattices.!!* Historically, the
Haldane model introduced a next-nearest neighbor (NNN) in-
teraction into a two-dimensional honeycomb structure to re-
alize the anomalous quantum Hall effect.”] This caused the
system to undergo a topological phase transition from an or-
dinary insulator to a Chern insulator. Interestingly, if we
expand the SSH model by adding appropriate cyclic mod-
ulation parameters, we can obtain a phase diagram simi-
lar to the two-dimensional Haldane model,!'3] which further
enriches the theoretical value of the one-dimensional SSH
model and can be used to simulate two-dimensional topo-
logical systems.!®201 The parameters of the modulated SSH
model can be obtained through existing experimental tech-
niques involving cold atoms, optical setups or waveguide
systems,[21‘24] such as the interaction of fermion atoms on a
two-legged ladder.'3 These results can be verified by using
existing experiments.

As a general covariant tensor in Hilbert space geometry,
the quantum geometric tensor (QGT) Quy = guv — %F,w [25.26]
defined on a parameterized quantum state manifold is expected

to shed some light on the quantum phase transitions in many-

fCorresponding author. E-mail:abelish@163.com
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad1170

body systems.[?’-?°! Its imaginary part (up to a coefficient)
corresponds to the Berry curvature, which is a key quantity
to derive the first Chern number in order to understand the
topological aspects of quantum matter. Especially, the quan-
tum metric (real part of the QGT) proposed by Provost and
Valee[®1 is a positive semi-definite Riemannian metric, which
defines a gauge-invariant distance between two adjacent quan-
tum states in a parameterized Hilbert space. Recently, it was
shown that the quantum metric plays a crucial role in quantum
transport phenomena, quantum noise, optical conductivity, the
anomalous Hall effect, unconventional superconductivity and
related topics. [30-571 Furthermore, it has been revealed that the
quantum metric can provide a topological Euler number for
the energy band. This is based on the Gauss—Bonnet theorem
applied to the topological characterization of the closed Bloch
state manifold in the first Brillouin zone, which provides an
effective topological index for a class of nontrivial topological
phases.[>8-721

This paper is structured as follows. In Section 2, we study
a cyclically modulated SSH model with long-range hopping
terms and solve its Hamiltonian in the Bloch momentum space
with periodic conditions. In Section 3, we obtain the QGT for
the occupied lower band of the extended SSH model. The
critical points in the model can be witnessed by the singularity
behaviors of the Berry curvature and the quantum metric. In
Section 4, we study the topological Euler number of this model
and compare the phase diagrams marked by the Chern and Eu-
ler numbers, respectively. Finally, we provide a summary of

our work.
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2. The model

We consider the SSH model with N lattice points, the
Hamiltonian can be written as/®!
- 7 Pt T2
H = Z (tldjbj—i—tzbjdj+1 +l3aAjbj+1
j=1
—‘rtAdj-ﬁj_,_l—l—lBlA?j-Bj_,_l—l-H.C.), €))

where d} (@j) and E; (b;) are the creation (annihilation) op-
erators at sublattices A and B for each j-th cell, 1, f, and 13
represent the nearest-neighbor (NN), NNN and third-nearest-

neighbor (TNN) hopping amplitudes (see Fig. 1).

ty

to

tpmmmm
Fig. 1. The extended SSH model of long-range interactions.

Now, we modulate #; and #, as

1 1
t1:1+§cose, t2:1+§cose, 2)

with 0 representing a cyclical parameter varying from O to 27.
Meanwhile, 5 and g are modulated as

ta=h+cos(0+¢), tg=h+cos(0—¢), 3)

where ¢ is an additional parameter used to adjust the strength
relation between ra and rg. Then we consider the peri-

odic boundary conditions and introduce the following Fourier

transformation:
I L
ay = —— € ’aj, bkii € jb', (4)
\/N ; J \/N ; J
and the Hamiltonian in momentum space can be written as
H =Y (a;.b)h(k.0) ( 5 ). 5)
3 b

where

2tp cosk
hik,8) = ( ik —ik
Hh+net+re

The h(k, ) can be written in the form of Pauli matrices

tl+tze_ik+t3eik ©)
2tg cosk '

3
h(k,0) =€ (k,0) b2+ Y da(k,6)-0q, (7
a=1

where € (k,0) is the eigenvalue of the Hamiltonian, . is a
2 x 2 identity matrix, dy(k,0) is the coefficient of the Pauli
matrix and Oy, is a Pauli matrix, representing pseudo-spin de-
grees of freedom. The diagonalization of h(k, 6) is straight-
forward and the eigenvalues can be written as

3

Y, d3(k,6), (8)

a=1

E(k,0)=e(k,0)+

and the eigenvectors are

1 dy —id;
u(k’e)_\/m(:td—ab)' C)]
Here we choose the following modulated extended SSH
model of long-range interactions as an example because it has
richer topological properties and a higher Chern number topo-
logical phase than the ordinary SSH model. In this model, the
Hamiltonian of the Bloch state momentum space is

€(k,0) = (2h+2cos 0 cos @) cosk,

1 1
dy = (1+§cose)+(1750059+t3)cosk,

1
dry=(1- Ecose —13)sink,
dy = (2h —2sin @sin 0) cosk. (10)

It is obvious that the model is a generalized topological sys-
tem. When t3 =14 =13 =0, and #; # 0, r, # 0, or when
t1(tz) =ta =t = 0 and 7(t;) # 0, the system will degen-
erate into a one-dimensional SSH model, but when 73 = 0 and
ta, tg # 0, the system will become an extended SSH model of
NNN interactions. Obviously, forta =tg =0and ¢, 1, t3 # 0,
the model is equal to the two-coupled SSH models.

3. Quantum metric, Berry curvature and the
quantum geometric tensor

Firstly, we introduce the QGT in the Bloch momentum
space. It is derived from the gauge-invariant metric between
two states on the U(1) line bundle. We consider two close
wave functions in the parameterized Hilbert space |@(k)) and
|o(k+ 8k)), where k = (i, v) denotes the Hamiltonian param-
eters (k, 0) for convenience. The distance between two close

wave functions is given by
ds? = (dup(k)dp|dye(k)dv), an
extending the factor |d, @ (k)dp) to

|Ou@(k)du) = |Du(k)) +[1 = P(k)] |du(k)), (12)

where P(k) = |@(k)) (@(k)| is the projection operator and
|Du@(k)) = P(k)|du@(k)) is the covariant derivative of
|@(k)). The quantum adiabatic approximation guarantees the
parallel transport of the evolution of |@(k)) to |@(k+ dk)) on
the U(1) line bundle; therefore, [ Dy @(k)) = 0. We substitute
Eq. (11) into Eq. (12) to obtain the quantum metric

ds? = (k)| [1 — P(k)] |9y @(K)) dpdv.  (13)
In addition, the QGT is

Quv = (Fu@(k)| [ — P(k)] |9y (k)) , (14)
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separating the QGT into real and imaginary parts. We know
that the real part is the quantum metric g,y = ReQyy and the
imaginary part is 1/2 of the negative value of the Berry cur-
vature as Fyy = —2ImQ,,y. Thus we get the QGT for Oy =
guv— %Fuv. Its imaginary part is canceled in the summation of
the distance due to its antisymmetric nature; then, the quantum
metric can be rewritten as dS? = YvReQuydudv. Given
that P(k) = |@(k)) (@(k)|, we substitute it into Eq. (14) to get
the QGT

Ouv = (Fuo (k)| [1 = oK) (k)] [dvep(K)).  (15)
Substituting Eq. (15) into Fyy = —2ImQyy gives
Fuy = (u@(k)|0v (k) — (v (k)| duep(k)),  (16)

then the Berry curvature can be calculated by Eqs. (16) and (9)
1,4 N
Fuy = §[d~8ud><8vcﬂ, (17)

where d represents the unit vector d/d (see Appendix A for
details). We calculate g,y = ReQyy according to Eq. (15)

Guv = 5 (0WIAOE) + 2 (hoH)]u0)

— (Qup(k)|@(k)) (@(k)|dy (k). (18)

The direct calculations of quantum metric g,y are tedious;
however, it can be verified that there is a simple relation be-
tween the quantum metric determinant and the Bloch state
|o(k)) (for details see the Appendix A in Ref. [57]):

Jdet(gur) =\ (d-aud x yd)’ /4.

We can get the relationship between quantum metric and Berry

19

curvature by comparing Egs. (17) and (19)

1
detgyuy = Z(F,uv)? (20)
In Fig. 2, we show the determinant of the quantum met-
ric detguy and Berry curvature Fy, as functions of quasi-
momentum 6, k in the first Brillouin zone, with different mod-

ulation parameters.

6f
(a) 0.06
5 )
4¢ ' 0.04
2 3L =
i A o
. -
ol 0
0 1 2 3 4 5 6
0
61 0.75
5 0.50
4} 0.25
L 3F 0 ~=
2 ~0.25
1 —0.50
0\ e e T
o 1 2 3 4 5 6 o 1 2
0

0
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5F v
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Fig. 2. The determinant of the quantum metric detgyy and Berry curvature Fyy as the functions of quasi-momentum 6, k in the first Brillouin zone,
with different modulation parameters. (a) detg,y with h=0.2, ¢ = /2,13 =0.9. (b) Fuy withh =02, ¢ = /2,13 =0.9. (c) detguy with h =1,
¢=m/2,3=1.(d) Fyy withh =1, ¢ =x/2,13 = 1. (e) detgyy withh = 0.5, ¢ = /2,13 =0.9. (f) Fyy withh =0.5, ¢ =7/2,13 =0.9.

4. Topological Euler number

In the two-dimensional parameter (u,Vv) := (k, 8) space,
the topology of the first Brillouin zone is a two-dimensional
torus. Considering the Hamiltonian in the two-dimensional
momentum space, the Bloch state |@(k)) will adiabatically
evolve a U(1) line bundle. The first Chern number, which
serves as a topological invariant for all filled bands, can be ob-

tained by integrating the imaginary part (Berry curvature) of

the QGT over the Brillouin zone

1
C—— // Fuvdpdv.
271:2,," Bz " H

Here, we assume that the model is half-filled and substitute
Eq. (17) into Eq. (21)

U e s
c— E//(d-aﬂdx%d)dudv.

As shown in Fig. 3, the model can exhibit different topolog-

ey

(22)

ical phases with higher Chern numbers by varying the NNN
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hopping term and it undergoes the corresponding topological
quantum phase transitions.

The topological Euler numbers can be derived from the
Gauss—Bonnet theorem based on the quantum metric (real part
of the QGT)

X i/ KdA, (23)
BZ

:2717

where K = Ryypv /detg is the Gauss curvature and dA =
(detg)'/>dudv denotes the measured area according to the
metric g and Ryvyy is the covariant Riemannian curvature ten-

—1.0
(a) -2
0.5 .
< 0 0
1
—0.5
2
—10f el
-3 -2 -1 0 1 2 3
®
-2
-1
0
1
2

sor. The direct calculation of the Gauss curvature is compli-
cated, but it can be verified that there exists the following rela-
tion (for details see Appendix B in Ref. [57]) in a generalized
two-band Hamiltonian on a 2D manifold as Ry, = 4detg.
Then, we generalize Eq. (23) to get the topological Euler num-
ber with an energy band in the first Brillouin zone

1= g/ Jdetgdudv. (24)
T JBZ

The results for the topological Euler numbers are shown in
Fig. 4 with the Hamiltonian of parameters t3 = 1, h =1/2.

21 ()

Fig. 3. The Chern number varies with the parameters 4 and ¢, and the other parameters are set to (a) 3 = 1. (b) The Chern number for the
white line in (a) where h = 1/2 with ¢ € (—3,3). (c) 13 = 0.9. (d) The Chern number for the white line in (a) where & = 1/4 with ¢ € (—3,3).

As shown in Fig. 4, the Euler number of the lower en-
ergy band is not exactly equal to 4 in the topological nontrivial
phase where the first Chern number = +2. The reason for
this is that the quantum metric tensor is actually positive semi-
definite. In a general two-dimensional two-band system, it can
be proven that (for more details see Ref. [73]): (1) If the phase
is topologically trivial, then the quantum metric must be de-
generate — det(g) = 0 in some region of the first Brillouin
zone. This leads to the invalidity of the Gauss—Bonnet formula
and exhibits an ill-defined “non-integer Euler number”. (2) If
the phase is topological nontrivial with a non-vanishing Berry
curvature, then the quantum metric will be a positive definite
Riemann metric in the entire first Brillouin zone. Therefore,
the Euler number of the energy band is guaranteed to be an
even number 2(1 — g) by the Gauss-Bonnet theorem on the

closed two-dimensional Bloch energy band manifold with the

genus g, which provides an effective topological index for a
class of nontrivial topological phases.

— | ————

3 2 1 o0 1 2 3
@

Fig. 4. The Euler number varies with the parameter ¢ and the other
parameters are set tor3 = 1, h =1/2.

5. Conclusion

In summary, we study the QGT and topological Euler
number of an extended SSH model with long-range hopping

030310-4
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terms. We show that the phase boundaries of the model can
be witnessed by the singularity behaviors of both the Berry
curvature and the quantum metric. We also study the topo-
logical Euler number of this model and make a comparison
between the phase diagrams marked by the Chern and Euler

Appendix A

numbers, respectively. The degeneracy of the quantum met-
ric in some regions of the first Brillouin zone leads to non-
integer Euler numbers. However, the non-integer Euler num-
ber can also provide an upper bound for the corresponding

Chern numbers. 73]

Here, we provide the details for the calculation of Berry curvature Fyy = %[(i . &udA X &Aﬂ. For a modulated extended

SSH model of long-range interactions in the 2D quasi-momentum space, the Bloch Hamiltonian can be written as h(k,0) =
€(k,0) o+ 23:1 dg(k,0) - 6y, and the unit vector d are given by

(143 cos[6]) +cos[k] (1+£3— § cos[6] )

\/((1+% cos[G])Jrcos[k] ( 1451 cos[9]))2+(l 13-4 005[9])2 sin[k]2+cos [k]2 (2h—2sin[6] sin[¢])?

SW
I

(17[37

3 cos[@]) sin[k]

\/((1-&-% cos[e])+cos[k](1+t3— % cos[9]))2+(l—t3 - % cos[@])2 sin[k]%+cos [k]%(2h—2sin[6] sin[¢])?
cos[k](2h—2sin[6] sin[g])

\/((1+% cos[G])Jrcos[k](lth\ 7%cos[9]) 2+( 1-13— % cos[G])2 sin [k]?+cos [k]? (2h—2sin[6] sin[¢])?

Then substituting unit vector d into Berry curvature Fyy = %[ci : au(f x dyd), we can obtain Fg =

(cos[k]* (—1+13+ L cos[0]) (Lhsin[6] — (1 +cos[6]) sin[@]) —cos [k]* (—1+23+ L cos[]) (Lsin[6] + (=1 4 (1+13) cos [6]) sin[g])
—cos [k] (—1+13+ %cos [6]) sin k) (%hsin[@] + (—% + (1 +13)cos[6]) sin[@]) + % (2 —13)sin[k]* sin[6] (—h + sin [6] sin [@]))

((1 + % cos [6] +cos [k] (1 +13 — %cos [9]))2 +(-1+5+ % cos [9])2sin [k]? + 4 cos [k]* (h — sin[6] sin [(p])2>3
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