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We delve into the phenomenon of high-order harmonic generation within a helium atom under the influence of a
plasmon-assisted shaping pulse. Our findings reveal an intriguing manipulation of the frequency peak position in the
harmonic emission by adjusting the absolute phase parameter within the frequency domain of the shaping pulse. This phe-
nomenon holds potential significance for experimental setups necessitating precisely tuned single harmonics. Notably, we
observe a modulated shift in the created harmonic photon energy, spanning an impressive range of 1.2 eV. This frequency
peak shift is rooted in the asymmetry exhibited by the rising and falling edges of the laser pulse, directly influencing the
position of the peak frequency emission. Our study quantifies the dependence of this tuning range and the asymmetry
of the laser pulse, offering valuable insights into the underlying mechanisms driving this phenomenon. Furthermore, our
investigation uncovers the emergence of semi-integer order harmonics as the phase parameter is altered. We attribute this
discovery to the intricate interference between harmonics generated by the primary and secondary return cores. This obser-
vation introduces an innovative approach for generating semi-integer order harmonics, thus expanding our understanding
of high-order harmonic generation. Ultimately, our work contributes to the broader comprehension of complex phenomena
in laser-matter interactions and provides a foundation for harnessing these effects in various applications, particularly those

involving precise spectral control and the generation of unique harmonic patterns.

Keywords: high-order harmonic, semi-integer-order, spectra shift, inhomogeneous field

PACS: 42.65.Ky, 98.62.Py

1. Introduction

High-order harmonic generation (HHG)!'""! serves as
a potent avenue for generating coherent radiation in the
short-wave spectrum, with applications extending from the
infrared to the XUV and even the soft x-ray range (1-
30 nm).!1%-12] This property makes high harmonics an invalu-
able source of light, particularly for producing attosecond-
duration pulses.!314]

The mechanism behind HHG can be comprehended
through the semi-classical three-step model.!">! It commences
with the depression of atomic potential under the influence
of the electric field, allowing electrons to tunnel through po-
tential barriers.!!®) Subsequently, electrons move freely within
the electric field, and a subset of electrons have the opportunity
to emit high harmonics by recombining with the parent ions as
the electric field reverses. This emission process hinges upon
the time-domain characteristics of the laser field and can be
manipulated to achieve spectral tuning.
methods of tuning have been
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chirp conditions!'”~!° and controlling the carrier-envelope

demonstrated successful, using laser
phase.?>-23] However, these approaches are often complex
and offer limited tuning ranges. Spectral gating methods, like
polarization gating,”* have also been explored to extend the
HHG platform. Recently, the utilization of spatially inho-
mogeneous fields>! generated by irradiating specific metal
nanostructures with femtosecond laser pulses has emerged as
an effective HHG technique. This approach capitalizes on the
spatial gradient of the inhomogeneous field, enabling ionized
electrons to attain higher energies and significantly extend-
ing the harmonic cutoff position.*6! Furthermore, the unique
spatial properties of the inhomogeneous field impact electron
motion and contribute to the HHG process?”-?8! often result-
ing in the generation of even harmonics due to the spatial
symmetry breaking.!?*-*°1 Therefore, the intricate interplay of
intense laser pulses with matter gives rise to a rich tapestry
of nonlinear phenomena, with high harmonics serving as a
versatile and powerful tool for generating coherent short-wave
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radiation. The novel utilization of spatially inhomogeneous
fields offers an exciting avenue for further advancing HHG
technology, providing new opportunities for spectral control
and modulation.

The ability to achieve spectrally tunable HHG with ad-
justable photon energies holds significant importance for var-
ious experimental applications, such as angle-resolved photo
emission spectroscopy and lifetime measurements of excited
atomic or molecular states. These experiments often require
a narrow wavelength range for excitation. To address this re-
quirement, Oldal ef al. proposed a method involving double
pulses to generate higher-order harmonics with tunable pho-
ton energies and spectral widths.*!l Spectral tuning involves
shifting the frequency of the HHG spectrum. This frequency
shift is attributed to two main factors: the rapidly varying en-
velope effect of ultrashort laser pulses and the propagation ef-
fect. When the laser pulse intensity and atom density are rel-
atively low, the propagation effect can be neglected. For in-
stance, in the case of a Gaussian pulse, electrons gain more
kinetic energy from the laser electric field during the rising
part of the pulse, leading to a blue shift in the HHG spectrum.
Conversely, a red shift occurs during the descending part of the
pulse. These effects are analogous to frequency chirp modula-
tion and amplitude chirp modulation. The blue shift in HHG
can be achieved using a strong and long laser pulse, and it

[32-34

has been widely investigated theoretically. 1 Similarly, red

shifts in molecular HHG, which can probe nuclear motion, are
of great interest. [33-36]

Interestingly, the simultaneous occurrence of red and blue
shifts in atomic HHG has been reported.3”! It investigates the
sinusoidal phase shaping pulse ¢ (®) = Asin[(@er — )T + ]
under homogeneous field, which has made very good results
by the predecessors. However, we found that under homoge-
neous fields, continuously tuned harmonic spectra cannot be
obtained by changing the absolute phase offset (¢). The abil-
ity to achieve spectrally tunable HHGs using tunable photon
energies is of great importance for various experimental appli-
cations. In order to fulfill this requirement, therefore, an inho-
mogeneous field factor is introduced to improve the tunability
of the harmonic spectrum. We investigate the harmonic emis-
sion of helium atoms interacting with a plasmon-assisted si-
nusoidal phase-modulated shaping pulse, compared to the ho-
mogeneous field case, because of the incorporation of spatial
gradients due to inhomogeneous fields, with further increasing
the regulation of the electron trajectories. The modulation of
the electric field in the frequency domain not only alters the
atomic harmonic spectrum but also introduces a novel method
to modify harmonic frequency centers. By adjusting the ab-
solute phase parameter of the incident laser pulse, harmonic
wavelength can be continuously tuned. Additionally, semi-

integer order harmonics are observed in the harmonic spec-
trum. Unlike traditional explanations that rely on harmonic ab-

sorption and quantum leap theory, 3®!

it is proposed that these
semi-integer order harmonics arise from the interference be-
tween multiple back-nucleation electron-emission harmonics.

The work is organized as follows: Section 2 outlines the
theoretical model and the numerical methods used in the study.
Section 3 discusses the effects of tuning the phase parameter of
the incident laser pulse on atomic HHG spectral modulation.
Finally, Section 4 provides a concise summary of the findings.
Throughout this paper, atomic units are utilized unless speci-

fied otherwise.

2. Theoretical model and method

In our theoretical study, we perform calculations on
the harmonic emission process of helium atoms under the
influence of a plasmon-assisted sinusoidal phase-modulated
shaping pulse. To model this process, we consider the
one-dimensional (1D) time-dependent Schrodinger equation
(TDSE) in the length gauge, and we solve it using the split-
operator method. The TDSE can be expressed as

. d 1 9?
iV 0nn) = [~ 535 HVER) + Vel W, (1)

where R is the position of the atom, V(x,R) =
—Z/+/(x—R)?+a is the soft Coulomb potential of the he-
lium atom with the soft-core parameters Z = 0.6338 and
a = 0.113, and Vz(x,t) is the potential function of the laser
field. For a spatially inhomogeneous field, the interaction en-
ergy is Vg (x,t) = [y E(X',)dx’. An inhomogeneous electric
field can be expressed as the product of a spatial functional
part and a temporal functional part: E(x,7) = Es(x)E(¢).
The time part E(¢) corresponds to Eoy after sinusoidal bit-
phase shaping. We start with a transform limit laser pulse
En(t) = (1/2)Eof(t)e'®" 4 c.c. The initial electric field in-
tensity, full width at half maximum (FWHM), and wavelength
of the driving laser pulse are Ey = 0.05, 10 o.c. (optical cy-
cle), and 800 nm. With the Fourier transform, we can obtain
the electric field Ei,(®) in the frequency domain. Further,
we could modulate the electric field by adding a phase mod-
ulation parameter Eoy(®) = E; (0)e'?(®). In the frequency
domain, the phase function is ¢ (@) = Asin[(@er — ©)T + ¢,
where A describes the amplitude modulation function of the
phase, T is the frequency of the sinusoidal oscillations, and ¢
is the absolute phase offset, @.f = 0.057. Finally, a new time-
envelope function E, is obtained by using the Fourier inverse
transform. Different from other phase modulation techniques,
this modulation is carried out in the frequency domain, which
can greatly regulate the degree of asymmetry of the laser
field, while at the same time the central frequency of the laser

034212-2



Chin. Phys. B 33, 034212 (2024)

field remains unchanged before and after the sinusoidal phase
shaping. Moreover, the robustness and manageability of this
modulation is not achieved by other phase modulation tech-
niques.

Experimentally, the above part is commonly achieved by
pulse shaping, with the 4 f shaping optical path scheme being
one of the most typical laser field shaping approaches.!3%40]
The specific device is schematically illustrated in Fig. 1.[4]
The optical path incorporates two diffraction gratings, two
cylindrical lenses, and a liquid crystal spatial light modulator
(SLM). As the laser pulse traverses the shaping optical path,
it undergoes a Fourier transform from the time domain to the
frequency domain through the first grating and the cylindrical
lens. Subsequently, the laser polarization direction aligns with
the optical axis direction of the liquid crystal array in the SLM.
The refractive index of individual pixels in the liquid crys-
tal array is manipulated by applying distinct voltages to the
electrode plates at ends of the SLM, inducing variations in the
phase of corresponding frequency components. By calculat-
ing the projection of the laser electric field on each coordinate
axis, we can ascertain the electric field’s changes as it passes
through each segment of the liquid crystal spatial light modu-
lator, thus achieving precise modulation of the phase.[*>%3] Fi-
nally, through the second set of cylindrical lenses and gratings,
a inverse Fourier transform is executed to transition from the
frequency domain back to the time domain, accomplishing the
goal of laser shaping. In experimental settings, various phase
functions exist, with the sine phase garnering attention for its
capability to generate pulse sequences with specific spacing.

Modulator

Grating array Grating

Lens

Lens

Fig. 1. Schematic diagram of 4 f shaping optical path.

For the space function E5(x) denoted by

_Ex+ U

Eg(x) Xt

. 2

in experimental scenarios the spatial field distribution closely
resembles the actual conditions, especially when a pulse in-
teracts with a nanotip nanostructure, resulting in the creation
of a spatially inhomogeneous field due to resonance effects.
The extent of this spatial inhomogeneity can be controlled by
the spatial factor €, 1, and p. Additionally, to mitigate the

influence of wave packets near the boundary on HHG, a mask

function of the form cos!/3

is implemented. Subsequently, the
time-dependent induced dipole moment is determined using
the Ehrenfest theorem,

a) = (v |~ TR e lyen). @

We can obtain the HHG spectrum P, (®) by taking the ab-
solute square of the Fourier transform of the time-dependent
dipole acceleration

1 T —iot 2
Pu(@) = ’m/to alt)e dt‘ . @)
The physical mechanism of high harmonic emission can be an-
alyzed from the combination of information in both the time
and frequency domains using the wavelet transform,
1
Ao(to, ®) = /t La(t)wyy (1) dt. )
i
The information about the variation of HHG intensity with
time and frequency is represented by |A(fo, @)[%, Wy (t) =
VoW |[w(r —19)] is the kernel of the wavelet transform. W (x)
is the Morlet wavelet:
W(x) = — el37 (6)
NG
After thorough investigation,*¥ it is evident that the one-
dimensional program is plagued by the wave packet dispersion
issue. However, upon comparison with three-dimensional cal-
culations, it becomes apparent that the harmonic spectra differ
primarily in intensity. This work, in particular, concentrates on
finely tuning the frequency of the harmonic spectrum. Despite
the one-dimensional program’s tendency to over-calculate the
ionization rate and harmonic spectrum intensity, the shift in
the harmonic order, when compared to the three-dimensional
program, appears to have minimal impact. Based on this ob-
servation, we confirm that wave packet dispersion is unlikely
to significantly influence the harmonic order shift, and there-
fore, it will not exert a substantial impact on the conclusions
drawn in this work.

In order to understand the high harmonic generation pro-
cess, we also simulate the motion of ionized electrons driven
by an intense laser pulse by solving the classical Newtonian
equations of motion:

Vi = [ ~EOEM. @

x(t) = tV(t’)dt’. 8)

4

3. Results and analysis

In our theoretical investigation, we have studied the pro-
cess of harmonic emission from helium atoms under the influ-
ence of a plasmon-assisted sinusoidal phase-modulated shap-
ing pulse. Figure 2(a) provides a schematic representation of
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the laser-atom interaction scenario. The parameters chosen
for the sinusoidally phase-modulated pulses in our calcula-
tions are A = 0.5, T = 1400, and Ey = 0.05. To better ap-
proximate the actual spatial field distribution encountered in
experiments, we employ an inhomogeneous field expression
of Eg(x) = 8;‘:;1“, € =12.02, p =0.8001, n = 340.7. Addi-
tionally, the nanotip’s position is set at —20 nm in the one-

0.5

0.25

—0.25

-0.5

Time (o.c.)

dimensional space, while the mask function is positioned at
—19 nm. Figures 2(b) and 2(c) illustrate the temporal and
spatial profiles of the coupling field, as well as its projected
image. It is evident that the inhomogeneous field effect de-
creases as the distance from the gold tip position increases.
Consequently, the coupling field exhibits significant variations
in both time and space as the position changes.

Eout (t)
Au_
(c) 0.5
"
=
=1
= 0.25
o)
—
=
> 0
2
‘n
=]
]
b= —0.25
|
—0.5

Fig. 2. (a) Schematic diagram of laser interaction with helium atoms, (b) projection of simulated field in the space-time plane,

(c) schematic diagram of simulated spatio-temporal field.
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Fig. 3. (a) Variation of harmonic intensity with ¢. (b) Envelope intensity of sinusoidal phase modulated pulse when ¢ = 0 (red solid
line) and ¢ = 7 (blue solid line). The inset shows the ionization probability of helium atoms. (c) Comparison of the variation of the
harmonic intensity with ¢ and the fitted curve of the asymmetry coefficient. (d) Variation of the asymmetry parameter with ¢.
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In our investigation, we have delved into the harmonic
emission process arising from helium atoms when subjected to
plasmon-assisted sinusoidal phase-modulated shaping pulses
with different absolute phases in the spatially inhomogeneous
field. The resulting variation in harmonic intensities at dif-
ferent absolute phases is depicted in Fig. 3(a). This figure
portrays the intensity variation of low-order harmonics (40—
45 orders of magnitude). Several observations can be made
from this figure. Firstly, the harmonic spectrum undergoes a
considerable frequency shift as ¢ changes. The photon ener-
gies of the resulting harmonics are controllable within a range
of 1.2 eV, with the harmonic frequency shifts symmetrically
distributed concerning ¢ = w. When ¢ is very small, a pro-
nounced blue shift in the harmonics becomes evident as ¢
varies. Conversely, as ¢ increases over 7, a significant red
shift in the harmonics occurs. The blue shift is attributed to
the positive chirp induced by the rising part of the laser field,
resulting in a spectral blue shift, where dI(z)/dr > 0 with I be-
ing the pulse intensity. In contrast, the negative chirp from the
descending part of the laser field leads to a spectral red shift,
where dI(¢)/dt < 0. When the rising and falling parts of the
laser field are symmetric, the blue and red shifts could can-
cel each other, and notable harmonic frequency shifts might
not be observed. To further explore the frequency shifts of
the harmonic spectrum at different ¢ values, we illustrate the
envelope intensity of the sinusoidal phase-modulated pulse at
¢ = 0 (red solid line) and ¢ = 7 (blue solid line) in Fig. 3(b).
The rest of the electric field parameters remain consistent with
Fig. 3(a). It is evident from Fig. 3(b) that the pulse comprises
a main pulse and two sub-pulses situate at different positions.
With ¢ = 0 the left sub-pulse is farthest from the main pulse,
while the right sub-pulse is closest, creating an asymmetric
distribution about the midpoint of time. Additionally, the in-
tensity of the descending part of the laser field exceeds that of
the ascending part. As ¢ gradually increases towards 7, the
left sub-pulse moves closer to the main pulse while the right
sub-pulse moves away, ultimately the highest degree of enve-
lope symmetry around 0.57. During this process the intensity
of the ascending part of the laser field gradually increases and
contributes to the blue shift in the harmonic spectrum. Con-
versely, as ¢ increases from 7 to 27 the process inversely
mimics the transition from ¢ =0 to ¢ = 7, resulting in a red
shift in the harmonic spectrum. The degree of asymmetry in
the pulse can be quantitatively analyzed by defining the asym-

metry coefficient between the ascending and descending parts

S — | max(dl/dr)|—| min(dI/dz)|
a8 O = Tmax(df /dr)[+| min(dl/dr)]
responding to different ¢ values are presented in Fig. 3(d). Itis

. The asymmetry parameters cor-

noted that the asymmetry parameter is 0.0531 at ¢ = 0 and it is
—0.0531 as ¢ = &. The asymmetry parameter decreases when
¢ gradually increases from O to 7, it gradually increases with ¢
increasing from 7 to 27. Figure 3(c) displays a comparison be-

tween the harmonic spectral shifts and the fitted curves of the
asymmetry parameter for different ¢ values. The relationship

between the harmonic shift and the asymmetry coefficient is
_ lgg==l—lg¢=oll
~ [[Sp=rl—ISs=0ll’
This equation enables us to determine the range of harmonic

expressed as K where ¢ is the harmonic order.
energy shifts given the asymmetry coefficient of the pulse. In
this context, K is found to be 5.5. The fitted curves for the
asymmetry coefficients are provided for Fig. 3(c). It is evident
that the trend of harmonic intensity variation with ¢ aligns
with the asymmetry coefficient trend. Furthermore, Fig. 3(c)
also showcases the appearance of semi-integer order harmon-
ics in the harmonic spectrum. The frequency shift of these
semi-integer order harmonics is significantly pronounced as ¢
changes.

Continuing our analysis, we delve into the reason be-
hind the emergence of semi-integer order harmonics. The time
evolution of the laser electric field under sinusoidal bit-phase
modulation at ¢ = 0 (red solid line) and ¢ = & (blue solid line)
is illustrated in Fig. 4(a). The field predominantly governing
the emission of higher harmonics corresponds to a time range
from —8 o.c. to 8 o.c., depicted by the green background re-
gion. Further insight is gained from the time-frequency analy-
sis schematic for the interval from —8 o.c. to 8 o.c. at ¢ =0, as
shown in Fig. 4(b). This analysis unveils three harmonic emis-
sions within each cycle, situated at —4 o.c. to —4 o.c. the first
emission occurs in the initial half of each cycle, while the sec-
ond half of the cycle witnesses two harmonic emissions with
a relatively shorter time interval and comparable emission in-
tensity. To investigate the unique harmonic emission pattern,
a classical trajectory analysis is undertaken and presented in
Fig. 4(c). This figure provides an enlarged view of the region
corresponding to Fig. 4(b) (the enlarged section is enclosed by
anavy-blue box in Fig. 4(b)). The blue line represents the clas-
sical trajectory of the primary return core, and the black line
corresponds to the classical trajectory of the secondary return
core. Form Fig. 4(c), it is evident that the first and second har-
monic emissions within each cycle at —4 o.c. to —4 o.c. stem
from the primary recombination of electrons. Conversely, the
third harmonic emission arises from the secondary recombina-
tion of electrons. This analysis offers valuable insights into the
origins of these different harmonic emissions within the cycle.

To gain deeper insights into the origin of semi-integer
order harmonics, we aim to untangle the contribution of the
third harmonic emission. This is achieved by reducing the
influence of the secondary back-core electrons on higher or-
der harmonics, accomplished by decreasing the strength of
the electric field. In Fig. 5(a), we present the schematic of
the time-frequency analysis of time 0 o.c.—4 o.c. at an elec-
tric field strength of 0.04, with other parameters maintained
as the same as those in Fig. 4(c). Here, it becomes evident
that the contribution of secondary recombination electrons to
higher order harmonics is significantly suppressed, with no
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discernible contribution to harmonics beyond the 110th order.
Simultaneously, the two primary recombination electrons no
longer contribute equally to various harmonics. Figures 5(b)-
5(d) display the variation of harmonic intensities for different
orders with ¢ at the electric field strength of 0.04. Specifi-
cally, Fig. 5(b) examines the 135th to 140th order harmonic
intensities, showcasing only one contribution from the second
harmonic emission of the nucleus return electron. In this case,
only integer-order harmonics are observed in the spectrum. In
Fig. 5(c), we analyze the 100th to 105th order harmonic in-
tensities. Here, there are two harmonic emissions correspond-
ing to nucleus return electrons. We observe that the harmonic
spectrum exhibits not only integer-order harmonics but also
non-integer-order harmonics between the two emission com-
ponents. This results from the interference between the two
primary nucleation electron emissions. Figure 5(d) delves into
the harmonic intensities of the 45th to 50th orders. With the
inclusion of harmonic emissions from secondary nucleation
electrons, the harmonic interference becomes more intricate,
leading to the presence of numerous non-integer-order har-
monics. These findings reinforce our conjecture, which de-
parts from the traditional generation of half-integer order har-
monics via two-color fields. The emergence of semi-integer
order harmonics within a monochromatic linearly polarized
field can be attributed to the interference between multiple
nucleation-back electron harmonics. This discovery opens up

(a) 120,

Harmonic order
[=2]
o

Time (o.c.)

(C) 105 _92
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a novel avenue for generating semi-integer order harmonics.
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Fig. 4. (a) Time evolution of the laser electric field after shaping of sinu-
soidal phase-modulated pulses for ¢ = 0 (red solid line) and ¢ = 7 (blue
solid line). (b) Schematic of the time-frequency analysis of time —8 o.c. to
8 0.c. (c) An enlarged version of (b) (in which the blue line is the classical
trajectory for the primary return core, and the black line corresponds to the
classical trajectory for the secondary return core).
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Fig. 5. The field strength is 0.04 a.u., the other parameters are the same as those in Fig. 4(c). (a) The time-frequency analysis schematic
for 0 0.c.—4 o.c. (b)—(d) The variation of harmonic intensities of different orders with ¢.

In order to further understand the role of the inho-
mogeneous field, the corresponding time-frequency analysis
schematic of time 0 o.c.—4 o.c. is given in Fig. 6(a) at ¢ =0
(in which the blue line is the classical trajectory for the pri-

mary return core, and the black line corresponds to the classi-
cal trajectory for the secondary return core). Comparing with
Fig. 4(d), we observe that the addition of the inhomogeneous
field greatly modulates the electron motion, resulting in two
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high-intensity harmonic emissions in the second half of each
cycle of the time-frequency analysis. It is also further verified
that the semi-integer harmonics appear due to the interference
of the harmonics of the primary and secondary return cores,
which does not occur in the case of the homogeneous field.
Figures 6(b)—6(d) display the variation of harmonic intensities
for different orders with ¢ in the case of the homogeneous field
of Ep = 0.18, in which all other parameters are the same as
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those in Fig. 3(d). Referring to Fig. 3(d), we find that in con-
trast to the homogeneous field, the inclusion of the inhomo-
geneous field gives us a continuously tunable harmonic spec-
trum. It can be found that the secondary return core electrons
only act on the lower order harmonics, whereas the continu-
ously tuned harmonic spectrum is not obtained even if only

the primary return core electrons act at 85-95 orders.
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Fig. 6. The field strength is 0.18 a.u. in the case of the homogeneous field, for the other parameters as the same as those in Fig. 3(c).
(a) The time-frequency analysis schematic for 0 0.c.—4 o.c. (b)—(d) The variation of harmonic intensities of different orders with ¢.

4. Conclusions

In summary, through theoretical solutions of the time-
dependent Schrodinger equation, we have conducted a thor-
ough investigation into the modulation of harmonic spectra
through the manipulation of the absolute phase of a plasmon-
assisted sinusoidal phase-modulated shaping pulse. Our find-
ings reveal two key aspects of the harmonic emission process.
Firstly, we observed that the harmonic spectrum is subject to
significant frequency shifts as the absolute phase is altered.
These shifts encompass both continuous red and blue shifts
of harmonic peaks. This modulation in frequency results from
the asymmetry in the envelope of the driving laser pulse, which
is responsible for the spectral changes. Secondly, our analy-
sis identified the emergence of semi-integer order harmonics
within the harmonic spectrum. This occurrence is attributed to
the intricate interference patterns of harmonics resulting from
multiple electron emissions and nucleation events. The ap-
pearance of semi-integer orders offers a novel avenue for gen-
erating these specific harmonics and enhances the overall de-
gree of harmonic tune-ability.

Our work not only presents a novel approach for obtain-

ing semi-integer order harmonics but also extends the range
of possibilities for continuous harmonic modulation, thus ad-
vancing the field of high-order harmonic generation.
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