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By utilizing the fluctuation exchange approximation method, we perform a study on the superconducting pairing
symmetry in a t2g three-orbital model on the square lattice. Although the tight-binding parameters of the model are based
on Sr2RuO4, we have systematically studied the evolution of superconducting pairing symmetry with the carrier density and
interactions, making our findings relevant to a broader range of material systems. Under a moderate Hund’s coupling, we
find that spin fluctuations dominate the superconducting pairing, leading to a prevalent spin-singlet pairing with a dx2−y2 -
wave symmetry for the carrier density within the range of n = 1.5–4 per site. By reducing the Hund’s coupling, the charge
fluctuations are enhanced and play a crucial role in determining the pairing symmetry, leading to a transition of the pairing
symmetry from the spin-singlet dx2−y2 -wave to the spin-triplet p-wave. Furthermore, we find that the superconducting
pairings are orbital dependent. As the carrier density changes from n = 4 to n = 1.5, the active orbitals for superconducting
pairing shift from the quasi-two-dimensional orbital dxy to the quasi-one-dimensional orbitals dxz and dyz.

Keywords: unconventional superconductivity, pairing mechanism, Fermi surface, three-orbital model
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1. Introduction

In recent years, there has been a growing in-
terest in the study of unconventional superconductiv-
ity (SC) in multi-orbital systems, including Fe-based
superconductors,[1–7] Sr2RuO4,[8–14] vanadium-based kagome
superconductors,[15–24] and Ni-based superconducting
materials.[25–31] In these superconductors, the low-energy
physical properties are mainly determined by the d-orbital
electrons of the transition metal atoms. In real materials, the
five d orbitals in these materials are no longer degenerate due
to the tetrahedral or octahedral crystal fields, resulting in the
triple-degenerate t2g orbitals and the double-degenerate eg or-
bitals. In a tetrahedral crystal field, as is the case of iron-based
superconductors, the energy of the t2g orbitals is higher than
that of the eg orbitals. Conversely, in an octahedral crystal
field, such as in Sr2RuO4, the energy of the eg orbitals is
higher than that of the t2g orbitals. As a result, for materials
with a tetrahedral lattice structure, the low-energy physical
properties are mainly governed by the t2g orbitals when the
number of d electrons exceeds 4 per lattice site, such as in the
iron-based superconductors. Similarly, for materials with an
octahedral lattice structure, the low-energy physical properties
are also dominated by the t2g orbitals when the number of d

electrons is less than 6 per lattice site, such as in Sr2RuO4.
Therefore, a systematic study of the superconducting pairing
symmetry in the t2g three-orbital models is important for un-
derstanding the superconducting mechanism of the supercon-
ductors dominated by electrons in d-orbitals. Moreover, the
t2g orbitals also play a vital role in determining the low-energy
physics of many magnetic materials, such as Na2IrO3

[32–37]

and α-RuCl3,[38–46] which have gained considerable attention
in recent years. The realization of superconductivity in these
materials through doping is also a subject of interest in current
experimental research. Thus, a systematic investigation of the
superconducting pairing symmetry with respect to the doping
levels and Coulomb interactions in the t2g three-orbital models
can also provide valuable theoretical references for exploring
new novel superconducting materials.

Many d-orbital superconducting materials exhibit a quasi-
two-dimensional lattice structure. Due to the strong direction-
ality of the t2g (dxy, dxz and dyz) orbitals, the hopping integrals
of these orbitals are anisotropic within the two-dimensional
plane. For instance, in Sr2RuO4,[47] the dxz and dyz orbitals
have highly anisotropic hopping integrals, approaching zero
for dxz in the y direction and dyz in the x direction, which
gives rise to quasi-one-dimensional properties. By contrast,
the iron-based superconductors lack such strong anisotropy
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in the dxz and dyz hopping integrals, exhibiting quasi-two-
dimensional properties. Consequently, t2g three-orbital mod-
els can be divided into two groups based on the quasi-one-
dimensional or quasi-two-dimensional characteristics of the
dxz and dyz orbitals. The superconducting pairing symmetry
of the latter group has been extensively studied across a broad
range of doping levels (from electron to hole doping) in the
context of iron-based superconductivity.[48–54] In contrast, the
evolution of superconducting pairing symmetry with electron
concentrations in the former group has not been explored, as
Sr2RuO4 only involves a fixed electron concentration. Inves-
tigating the electron-density dependence of the pairing sym-
metry in the related model will help supplement our under-
standing of the superconducting mechanism in the d-orbital
systems.

In this paper, we employ the fluctuation exchange ap-
proximation (FLEX) method to perform a comprehensive and
systematic investigation of the evolution of superconducting
pairing symmetry with respect to the carrier density and in-
teraction parameters in the t2g three-orbital model, where the
dxz and dyz orbitals exhibit quasi-one-dimensional characteris-
tics. Despite the tight-binding parameters of the model being
based on Sr2RuO4, our study systematically explores the in-
fluence of carrier density and interactions on the evolution of
superconducting pairing symmetry, which makes our findings
applicable to a wider range of material systems. When the
Hund’s coupling J is at a moderate level relative to the Hub-
bard interaction U (around J = 0.25U), the superconducting
pairing symmetry is mainly mediated by spin fluctuations and
the system shows a strong preference for the spin-singlet pair-
ing with a dx2−y2 -wave throughout the entire particle concen-
tration range we considered (n = 1.5–4 per site). Furthermore,
we find that a decrease in J leads to an enhancement of the
charge fluctuations, resulting in a transition of the most fa-
vorable superconducting pairing symmetry from spin-singlet
dx2−y2 -wave to spin-triplet p-wave. We find that the supercon-
ducting pairings are orbital dependent. As the particle concen-
tration changes from n = 4 to n = 1.5, the active orbitals for
superconducting pairing shift from the quasi-two-dimensional
orbital dxy to the quasi-one-dimensional orbitals dxz and dyz.
Our studies uncover detail evolutions of the superconducting
pairing symmetries in the t2g three-orbital model, and provide
an insight to understand and explore the related material sys-
tems.

The paper is organized as follows. Section 2 introduces
the three-orbital Hubbard model and the FLEX method. Sec-
tion 3 presents the theoretical results and discussions. Finally,
Section 4 provides the summary.

2. Model and method
The Hamiltonian of the t2g three-orbital Hubbard model

is given by

H = ∑
𝑘,a,b,σ

ε
ab
𝑘 c†

𝑘aσ
c𝑘bσ +

U
2 ∑

i,a,σ 6=σ ′
niaσ niaσ ′

+
U ′

2 ∑
i,a6=b,σ ,σ ′

niaσ nibσ ′ +
J
2 ∑

i,a6=b,σ 6=σ ′
c†

iaσ
c†

ibσ ′ciaσ ′cibσ

+
J′

2 ∑
i,a6=b,σ 6=σ ′

c†
iaσ

c†
iaσ ′cibσ ′cibσ . (1)

Here, 𝑘, σ and i denote the momentum, spin and lattice
site, respectively. Labels a and b represent the three t2g or-
bitals (dxy, dxz and dyz). c†

𝑘aσ
(c𝑘aσ ) is the electronic cre-

ation (annihilation) operator, and niaσ = c†
iaσ

ciaσ is the par-
ticle number operator. We consider the nearest-neighbor
and the next-nearest-neighbor hoppings on a square lat-
tice, and correspondingly the tight-binding dispersions ε𝑘 are
ε11
𝑘 = −2t1(coskx + cosky)− 4t2 coskx cosky−∆ − µ0, ε22

𝑘 =

−2t3 coskx−2t4 cosky−µ0, ε33
𝑘 =−2t3 cosky−2t4 coskx−µ0

and ε
23/32
𝑘 = −4λ sinkx sinky, where 1, 2 and 3 represent

the dxy, dxz and dyz orbitals, respectively. Here, ∆ is the
difference in on-site energy between dxy and other two or-
bitals, and µ0 is the chemical potential determined by the total
particle number. Similar to Sr2RuO4, the tight-binding pa-
rameters in hopping matrix are set as (t1, t2, t3, t4,λ ,∆ ,µ0) =

(1.0,0.395,1.25,0.125,0.1,0.2,1.35) and the resulting band
structure is shown in Fig. 1(a). The α and β bands come from
the hybridization of dxz and dyz orbitals, while the γ band con-
sists solely of the dxy orbital. The local interaction parameters
include the intraorbital Coulomb interaction (U), interorbital
Coulomb interaction (U ′), Hund’s coupling (J), and interor-
bital pairing hopping (J′).[55] In the following calculations, we
use the relationship J = J′ and U =U ′+2J between the inter-
action parameters.

We carry out the investigation of the superconducting
pairing symmetry by using the FLEX method[49,56–63] which is
a self-consistent conserving approximation that is well-suited
to the scenario of superconductivity mediated by spin and
charge fluctuations. Since we adopt the three-orbital model,
all the physical quantities below are matrices.[57] The renor-
malized Green’s function G(k) is obtained from the Dyson
equation

G(k)−1 = G(0)(k)−1−Σ(k), (2)

where the bare Green’s function G(0)(k)−1 is

G(0)(k) = [iωn +µ− ε𝑘]
−1 (3)

and the self-energy Σ(k) is given by

Σmn(k) =
T
N ∑

q
∑
µν

Vnµ,mν(q)Gµν(k−q). (4)
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Under the FLEX approximation, the effective interaction
Vnµ,mν is expressed as

Vnµ,mν(q) =

{
3
2

U s[(1−χ
0(q)U s)−1−1]χ0(q)U s

+
1
2

Uc[(1+χ
0(q)Uc)−1−1]χ0(q)Uc

+
1
2
(U s

χ
0(q)U s +Uc

χ
0(q)Uc)

}
nµ,mν

, (5)

where U s and Uc represent the interaction vertices of the spin
and charge fluctuations, respectively. The elements of U s (Uc)
are given as follows: for i = j = k = l, U s

i j,kl =U (Uc
i j,kl =U);

for i = j 6= k = l, U s
i j,kl = J (Uc

i j,kl = 2U ′− J); for i = k, j = l
and i 6= j, U s

i j,kl = U ′ (Uc
i j,kl = −U ′+ 2J); for i = l , j = k

and i 6= j, U s
i j,kl = J (Uc

i j,kl = J); for other cases, U s
i j,kl = 0

(Uc
i j,kl = 0). The irreducible susceptibility is

χ
0
nµ,mν(q) =−

T
N ∑

k
Gmn(k+q)Gµν(k), (6)

and correspondingly the spin and susceptibility are

χ
s(q) = [1−χ

0(q)U s]−1
χ

0(q), (7)

χ
c(q) = [1+χ

0(q)U s]−1
χ

0(q). (8)

The electron density is determined by n= T
N ∑k e iωn0+TrG(k).

In the above equations, k≡ (𝑘, iωn) and q≡ (𝑞, iνn) are used,
where ωn = (2n+ 1)πT and νn = 2nπT denote the Matsub-
ara frequencies for fermions and bosons, respectively. In the
following calculations, we will use 32×32 meshes in the mo-
mentum space, 8192 Matsubara frequencies and T = 0.01.

After obtaining the renormalized Green’s function
through a self-consistent solution of Eqs. (2)–(8), the super-
conducting pairing functions are determined by solving the
Eliashberg equation

λψmn(k) = −T
N ∑

q
∑
αβ

∑
µν

V sing,trip
αm,nβ

(q)Gαµ(k−q)

×Gβν(q− k)ψµν(k−q), (9)

where the effective pairing interactions in the spin-singlet and
spin-triplet channels respectively are

V sing(q) =
3
2

U s
χ

s(q)U s− 1
2

Uc
χ

c(q)Uc +
1
2
(U s +Uc), (10)

V trip(q) = −1
2

U s
χ

s(q)U s−1
2

Uc
χ

c(q)Uc+
1
2
(Uc−U s). (11)

The eigenvector ψ(k) with the largest eigenvalue λ gives the
most favorable superconducting pairing.

3. Result and discussion
3.1. Evolution of pairing symmetry with electron concen-

tration

In our calculations, we have chosen the Hubbard in-
teraction parameter U = 1.5. We have verified that alter-
ing the value of Hubbard U does not result in qualitative

changes in the main physical quantities (see Fig. A1 in Ap-
pendix A). Hence, this moderate level of interaction is suf-
ficient for our theoretical analysis. Additionally, for the
electron concentration of n = 4, matching that of Sr2RuO4,
we are able to reproduce the spin susceptibility with a
peak at (2π/3,2π/3) (Fig. A1), which is consistent with
the experimental observations[64,65] and previous theoretical
calculations.[66–73] Based on our method and model parame-
ters, the leading superconducting pairing symmetry exhibits
a dx2−y2 -wave structure (Fig. A1), aligning with prior theo-
retical findings on the spin-fluctuation-mediated pairing for
a dominant incommensurate antiferromagnetic (2π/3,2π/3)
spin fluctuation.[71–74] However, the spin susceptibility also
exhibits broad and prominent weights at low q and around
(π,π). These features give rise to multiple competing super-
conducting pairing states and lead to variations in the most fa-
vorable state depending on the specific models utilized.[66–75]

Thus, we can anticipate that the superconducting pairing states
in our model will undergo changes in response to variations in
particle concentration and interaction parameters.
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Fig. 1. (a) Energy band for (t1, t2, t3, t4,λ ,∆ ,µ0) = (1.0,0.395,1.25,
0.125,0.1,0.2,1.35). (b) Evolutions of maximum eigenvalues of
Eq. (9) in both the spin-singlet and spin-triplet channels for J = 0.25U .
(c) Fermi surface for n = 4. (d) Fermi surface for n = 1.5. The arrows
in (c) and (d) represent the nesting wavevectors.

Let us begin by discussing the evolution of superconduct-
ing pairing symmetry with particle concentration. In this anal-
ysis, we fix the Hund’s coupling to a moderate strength, i.e.,
J = 0.25U . As depicted in Fig. 1(b), across the range of parti-
cle concentrations from n = 4 to n = 1.5, the maximum eigen-
value in the spin-singlet channel consistently surpasses that in
the spin-triplet channel, suggesting a preference for the spin-
singlet pairing symmetry for J = 0.25U . To further investigate
the pairing symmetries and understand their origins, we will
examine the characteristics of the pairing function associated
with the maximum eigenvalue. The pairing function matrix
comprises nine (3× 3) components. However, our numerical
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results indicate that the non-diagonal elements can be consid-
ered negligible since their values are nearly zero.[76] Conse-
quently, our discussion will primarily focus on the diagonal
components of the pairing functions, namely, ψ11, ψ22, and
ψ33.

The pairing functions for two typical particle concentra-
tions, namely, n = 4 and n = 1.5, are shown in Fig. 2. It can
be observed that the superconducting pairing is orbital depen-
dent. In the case of n = 4, the pairing strength of the dxy or-
bital surpasses those of the other two orbitals by several times
[Figs. 2(a)–2(c)]. This indicates that the superconducting pair-
ing predominantly occurs in the quasi-two-dimensional dxy or-
bital, which serves as the active orbital for superconductivity.
Due to the absence of hybridization between dxy and dxz/dyz or-
bitals, the pairing strengths on the passive orbitals (dxz and dyz)
are considerably weaker. In contrast, for n = 1.5 [Figs. 2(d)–
2(f)], the active orbitals shift to the dxz and dyz orbitals, which
exhibit significantly larger pairing strengths compared to the
dxy orbital. For both particle concentrations, the pairing func-
tions satisfy the d-wave symmetry, albeit with notable differ-
ences in their specific forms.

(a)

(b)

(c) (f)

(d)

(e)

kx/π kx/π

kx/πkx/π

kx/π kx/π

k
y
/
π

k
y
/
π

k
y
/
π

k
y
/
π

k
y
/
π

k
y
/
π

T10-3

a3

a1

a2

Fig. 2. Pairing functions for n = 4 (left panel) and n = 1.5 (right panel)
with J = 0.25U . (a) and (d) ψ11. (b) and (e) ψ22. (c) and (f) ψ33. The
white lines in (a) and (d) are the Fermi surfaces of the γ band, and those
in (b), (c), (e), and (f) are the Fermi surfaces of the α and β bands. The
arrows in (a) and (e) connect two regions on the Fermi surface where
the pairing functions change sign and exhibit significant intensity.

In the case of J = 0.25U , the spin susceptibilities are
significantly larger than the charge susceptibilities.[76] Con-
sequently, according to Eqs. (10) and (11), the pairing inter-
actions are primarily influenced by spin fluctuations, and the
spin-singlet pairing interaction is much stronger than the spin-

triplet pairing interaction. This disparity explains the pref-
erence for spin-singlet superconductivity over spin-triplet su-
perconductivity within the studied range of particle concen-
trations. To account for the origin of the pairing symmetry
and its evolution with particle concentration, we will analyze
the characteristics of spin susceptibilities. The distributions of
the largest eigenvalues of the spin susceptibility tensor χ(𝑘)

are presented in Fig. A2. However, to analyze the origin of
superconducting pairing symmetry, it is essential to consider
the structure of each component. While the majority of the
81 components of χ(𝑘) exhibit negligible values,[76] we can
focus on the components with the highest intensities.

Figures 3(a)–3(c) display the spin susceptibility compo-
nents χs

1111, χs
2222, and χs

2323 for n = 4. It is evident that the
maximum value of χs

1111 is approximately 2–5 times larger
than those of the other components, which is the main factor
that makes the dxy orbital the active orbital in superconduct-
ing pairing at this particle concentration. The characteristic
wavevector of χs

1111 is located at 𝑎1 =(π,π/2) [Fig. 3(a)], cor-
responding to the nesting wavevector 𝑎1 of the Fermi surface
(FS) as shown in Fig. 1(c). For the superconducting pairing
mainly mediated by spin fluctuations, if the spin susceptibil-
ity is prominent around a special wavevector 𝑄, the pairing
scatterings will be dominated by (𝑘,−𝑘) to (𝑘+𝑄,−𝑘−𝑄)
through exchanging the spin fluctuations around 𝑄 according
to Eq. (9). Consequently, the pairing function ψ(𝑘) must sat-
isfy the condition ψ(𝑘)ψ(𝑘+𝑄)< 0 in order to get the largest
eigenvalue of Eq. (9), since the pairing interaction V sing is
positive. In our case here, the condition ψ(𝑘)ψ(𝑘+𝑎1) <

0 should be satisfied first, so the sign of the pairing func-
tion changes between the two parts of ψ11 connected by the
wavevector 𝑎1, as shown in Fig. 2(a). In addition, the two
parts connected by wavevector 𝑎2 in ψ11 also change sign
[Fig. 2(a)]. However, there is no corresponding characteris-
tic wavevector 𝑎2 in χs

1111. Instead, we can identify the cor-
responding wavevector in the spin susceptibility component
χs

2222 [Fig. 3(b)]. Indeed, according to Eq. (10), the pairing in-
teraction V sing

1111 for the dxy orbital can be approximately written
as

V sing
1111 ≈

3
2
(U2

χ
s
1111 + J2

χ
s
2222 + J2

χ
s
3333), (12)

where χs
3333 is just the result via rotating 90◦ of χs

2222. This
implies that the pairing interaction of dxy orbital also has con-
tributions from spin fluctuations of the dxz and dyz orbitals.
Therefore, the spin fluctuations in the passive orbitals dxz and
dyz also affect the sign structure of ψ11 in the active orbital dxy.

A notable change in the spin susceptibility occurs as the
particle concentration decreases to n = 1.5 , as illustrated in
Figs. 3(d)–3(f). Specifically, the maximum values of χs

1111 are
approximately one-fifth of that at n = 4, whereas the maxi-
mum value of χs

2222 remains almost unchanged. This can be
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attributed to the fact that, at n = 1.5, the FS of dxy orbital has
already become a circle without a nesting structure [Fig. 1(d)],
leading to a substantial reduction in the intensity of χs

1111. In
contrast, the nesting properties of the FS of dxz and dyz orbitals
remain nearly unchanged at different particle concentrations
[Figs. 1(c) and 1(d)], explaining why the maximum values of
χs

2222 show only slight variations. At this lower particle con-
centration, the active orbitals for superconducting pairing have
changed from dxy to dxz and dyz, which can be confirmed by
comparing the intensities of the pairing functions in different
orbitals [Figs. 2(d)–2(f)]. In addition, the peak of χs

2222 locates
at (π,π/2), labelled by 𝑎3 in Fig. 3(e). This peak originates
from the nesting property of FS as shown in Fig. 1(d), and
it also determines the sign structures of the pairing functions
[Fig. 2(e)].
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Fig. 3. Spin susceptibilities for n = 4 (left panel) and n = 1.5 (right
panel) with J = 0.25U . (a) and (d) χs

1111. (b) and (e) χs
2222. (c) and (f)

χs
2323. The arrows represent the characteristic wavevectors of the peaks.

Furthermore, Fig. 1(b) also exhibits a unique phe-
nomenon: around n = 2, the maximum eigenvalue in the spin-
singlet channel decreases significantly, forming a minimum
and nearly degenerating with that in the spin-triplet channel.
As shown in Figs. 4(a)–4(c), the dominant superconducting
pairings are governed by the dxz and dyz orbitals at n = 2, so
we will focus on the pairing functions ψ22 and ψ33. This spe-
cial phenomenon is still closely related to the characteristics of
spin fluctuations. The main components of the spin suscepti-
bility are shown in Figs. 4(d)–4(f). We find that the maximum
value of χs

2222 is considerably greater than that of χs
1111, which

is consistent with that the dxz and dyz are the active orbitals
for superconducting pairing. The peak values of χs

2222 ex-
hibit a stripe-like distribution with little variation in intensity,

which reflects the one-dimensional feature of the dxz orbital.
Consequently, there exists a set of continuous characteristic
wavevectors in χs

2222. In Fig. 4(e), we have plotted three repre-
sentative wavevectors 𝑎4, 𝑎5, and 𝑎6. According to the afore-
mentioned discussion, the pairing functions on the FS coming
from the dxz and dyz orbitals should satisfy the sign-changing
condition ψ(𝑘)ψ(𝑘+𝑄) < 0 as depicted in Fig. 4(b). How-
ever, the momenta connected by these wavevectors almost
form (𝑘,−𝑘) pairs, which requires the pairing functions to
satisfy ψ(𝑘) = ψ(−𝑘). This creates a contradiction between
the sign structure required by the maximum eigenvalue and the
fundamental requirements of singlet pairing. Due to the stripe
feature of the peak distribution of the spin susceptibility, such
contradictions occur at multiple continuous momentum points,
resulting in a significant decrease in the eigenvalue in the spin-
singlet channel. This also explains why the pairing intensities
near the FS are almost zero [Figs. 4(b) and 4(c)]. Additionally,
the inter-orbital sign structure of the pairing functions between
the dxz and dyz orbitals [Figs. 4(b) and 4(c)] is determined by
the peak of the inter-orbital spin susceptibility χs

2323 located
at 𝑎7 = (π,π) [Fig. 4(f)]. Although the spin-singlet pairing is
always more favorable than the spin-triplet pairing in the case
of J = 0.25U , the near degeneracy of the two pairing types at
n = 2 suggests that adjusting other model parameters is highly
likely to enable the spin-triplet pairing.
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Fig. 4. Pairing functions (left panel) and spin susceptibilities (right
panel) for n = 2 with J = 0.25U . (a) ψ11, (b) ψ22, (c) ψ33, (d) χs

1111,
(e) χs

2222, (f) χs
2323. The white lines indicate the Fermi surfaces. The

arrows in (b) represent the nesting wavevectors, and the arrows in (e)
and (f) represent the characteristic wavevectors of the peaks of the sus-
ceptibilities.
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3.2. Impact of interactions on pairing symmetry

As mentioned above, there exists a significant competi-
tion between singlet and triplet pairings in the model under
investigation. Therefore, by adjusting the interaction param-
eters, there is a potential for realizing spin-triplet supercon-
ductivity. Next, we will investigate how the variation of the
Hund’s coupling, namely J, influences the pairing symmetry.
Figure 5(a) depicts the evolution of pairing symmetries with
respect to J in both the spin-singlet and spin-triplet channels
at n = 2. We find that the most favorable pairing symme-
tries in the spin-singlet and spin-triplet channels are d-wave
and p-wave, respectively. Furthermore, we find that the spin-
singlet superconductivity is more easily achieved with a large
J, while the spin-triplet superconductivity is favored with a
small J, with the phase transition between them occurring near
J = 0.25U .

0.25 0.50

d wave
p wave

d wave
p wave

0.10

0.05

0
0

λ

(a)

J/U
1.5 2.0 2.5 3.0 3.5 4.0

n

(b)
0.10

0.05

0

λ

Fig. 5. (a) Evolutions of the maximum eigenvalues of Eq. (9) with J for
n = 2. (b) Evolutions of the maximum eigenvalues of Eq. (9) with n for
J = 0.

Due to the constrain of the relationship U = U ′+ 2J, a
decrease of J corresponds to an increase of the interorbital
Coulomb interaction U ′, which is directly associated with
charge density fluctuations, so reducing J can enhance the role
of charge fluctuations in driving superconducting pairing inter-
actions. According to Eqs. (10) and (11), an increase in charge
fluctuations will effectively reduce the spin-singlet pairing in-
teractions but enhance the spin-triplet pairing interactions. To
illustrate this more clearly, we present in Fig. 5(b) the evolu-
tion of pairing symmetry with the particle concentration, con-
sidering the extreme case of J = 0. Remarkably, the spin-
triplet pairing emerges as the dominant pairing across the en-
tire range of particle concentrations under studied. However,
we find that although charge fluctuations do increase with the
decrease of J, the peak of charge susceptibility remains con-
sistently smaller than that of spin susceptibility.[76] Therefore,
we will further analyze the contributions of spin fluctuations
and charge fluctuations to pairing interactions through analyt-
ical calculations.

For the three-orbital model, both the spin and charge sus-
ceptibilities are represented by matrices of size 9× 9, with
81 components, making analytical calculations quite cumber-
some. To simplify the calculations, we will instead consider a
two-orbital system that exhibits the same physics as the three-
orbital system.[76] In order to further simplify the analysis, we
focus on the limiting case of J = 0, accordingly U ′ = U . In

this scenario, the interaction matrices U s and Uc are

U s =


U 0 0 0
0 U 0 0
0 0 U 0
0 0 0 U

 , (13)

Uc =


U 0 0 2U
0 −U 0 0
0 0 −U 0

2U 0 0 U

 . (14)

Furthermore, since many components of the spin and charge
susceptibilities are nearly zero,[76] we only consider the most
significant components, approximating the spin and charge
susceptibilities as

χ
s =


χs

1111 0 0 χs
1122

0 χs
1212 0 0

0 0 χs
2121 0

χs
2211 0 0 χs

2222

 , (15)

χ
c =


χc

1111 0 0 χc
1122

0 χc
1212 0 0

0 0 χc
2121 0

χc
2211 0 0 χc

2222

 . (16)

By incorporating the above results into Eqs. (10) and (11),
we express the effective pairing interactions in the spin-singlet
and spin-triplet channels as

V sing =
3
2

Γ
s− 1

2
Γ

c, (17)

V trip =−1
2

Γ
s− 1

2
Γ

c, (18)

where

Γ
s = U2


χs

1111 0 0 χs
1122

0 χs
1212 0 0

0 0 χs
1212 0

χs
2211 0 0 χs

2222

 , (19)

Γ
c = U2


α +2(β + γ)+δ 0 0 β +2(α +δ )+4γ

0 η 0 0
0 0 η 0

γ +2(α +δ )+4β 0 0 δ +2(β + γ)+4α

 . (20)

In the matrix Γ c, the components α , β , γ , δ and η represent
the charge susceptibility components χc

1111, χc
1122, χc

2211, χc
2222

and χc
1212, respectively. It is evident that when the charge sus-

ceptibility components become comparable to, but not neces-
sarily exceeding, the spin susceptibility components, the ef-
fective pairing interaction V trip in the spin-triplet channel will
surpass V sing in the spin-singlet channel. Consequently, the
spin-triplet superconductivity becomes more favorable than
the spin-singlet superconductivity.

When the spin-triplet pairing predominates in this sys-
tem, the most favorable pairing symmetry is consistently in
the form of p-wave over the entire range of particle concen-
trations we investigated. Moreover, as shown in Fig. 6, for
n = 4, the superconducting pairing is primarily driven by the
dxy orbital, while for n = 1.5, the active orbitals are dxz and
dyz. Hence, similar to the case of J = 0.25U , the system
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undergoes a transition from a quasi-two-dimensional orbital
dxy-dominated pairing state to a pairing state dominated by
two quasi-one-dimensional orbitals dxz and dyz, as the particle
concentration varies. For the p-wave pairings, the Eliashberg
equation (9), a linear gap equation, yields two degenerate so-
lutions with px and py symmetries, both belonging to the same
irreducible representation of the system’s symmetry group. In
our calculations, the magnitude of each p-wave pairing and
their relative phase cannot be determined, as they are deter-
mined by nonlinear effects. However, it is reasonable to ex-
pect that, in order to minimize the condensation energy, the
system will spontaneously break the time-reversal symmetry
and form a full-gaped px + ipy pairing.
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Fig. 6. Pairing functions for n = 4 (left panel) and n = 1.5 (right panel)
with J = 0. (a) and (d) ψ11. (b) and (e) ψ22. (c) and (f) ψ33.

4. Summary
In summary, we have employed the FLEX method to in-

vestigate the evolution of superconducting pairing symmetry
in a t2g three-orbital Hubbard model on the square lattice, con-
sidering various particle concentrations and interaction param-
eters. For moderate levels of Hund’s coupling (J = 0.25U),
spin fluctuations dominate the superconducting pairing, lead-
ing to a prevalent spin-singlet pairing with dx2−y2 -wave sym-
metry for all the particle concentrations that we have con-
sidered (n = 1.5–4). By reducing J to enhance charge fluc-
tuations, we find that the superconducting pairing symmetry
changes from spin-singlet dx2−y2 -wave to spin-triplet p-wave.
These findings highlight the significant role of charge fluctu-
ations in the superconducting mechanism of this three-orbital

model. Moreover, regardless of whether it is a spin-singlet or
spin-triplet pairing, we observe a shift of the active orbitals
from the quasi-two-dimensional orbital dxy to the quasi-one-
dimensional orbitals dxz and dyz as the particle concentration
varies from n = 4 to n = 1.5.

Appendix A: Results for different Hubbard in-
teractions and distributions of the largest eigen-
values of χs

In this appendix, to demonstrate that changing the value
of U within a certain range does not qualitatively affect our
theoretical results, we present the spin susceptibilities and
pairing functions for two representative values of U (U = 1.0
and U = 2.0) at n = 4 in Fig. A1. It is evident that the struc-
tures of the spin susceptibilities and pairing functions exhibit
a high degree of consistency, with only minor variations in in-
tensities. Therefore, the selection of U does not qualitatively
impact our conclusions. We also observe that within the fluc-
tuation exchange approximation, the superconducting pairing
symmetry of our model at n = 4 is a singlet d-wave, which
may be helpful for understanding the current experimental ob-
servations of singlet superconductivity in Sr2RuO4.
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Fig. A1. Distributions of the largest eigenvalues of the spin susceptibilities
χ(𝑘) and pairing functions for U = 1 (left panel) and U = 2 (right panel)
with the Hund’s coupling J = 0.25U . (a) and (c) χs. (b) and (d) ψ11.

The distributions of the largest eigenvalues of the suscep-
tibility shown in Fig. A2 are related to Figs. 3 and 4 for n= 1.5
and n = 2.0, respectively.
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Fig. A2. Distribution of the largest eigenvalues of the spin susceptibility
χ(𝑘) for U = 1.5 and J = 0.25U . (a) n = 1.5. (b) n = 2.0.
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