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Acoustic scattering modulation caused by an undulating sea surface on the space–time dimension seriously affects
underwater detection and target recognition. Herein, underwater acoustic scattering modulation from a moving rough sea
surface is studied based on integral equation and parabolic equation. And with the principles of grating and constructive
interference, the mechanism of this acoustic scattering modulation is explained. The periodicity of the interference of
moving rough sea surface will lead to the interference of the scattering field at a series of discrete angles, which will form
comb-like and frequency-shift characteristics on the intensity and the frequency spectrum of the acoustic scattering field,
respectively, which is a high-order Bragg scattering phenomenon. Unlike the conventional Doppler effect, the frequency
shifts of the Bragg scattering phenomenon are multiples of the undulating sea surface frequency and are independent of the
incident sound wave frequency. Therefore, even if a low-frequency underwater acoustic field is incident, it will produce
obvious frequency shifts. Moreover, under the action of ideal sinusoidal waves, swells, fully grown wind waves, unsteady
wind waves, or mixed waves, different moving rough sea surfaces create different acoustic scattering processes and possess
different frequency shift characteristics. For the swell wave, which tends to be a single harmonic wave, the moving rough
sea surface produces more obvious high-order scattering and frequency shifts. The same phenomena are observed on the
sea surface under fully grown wind waves, however, the frequency shift slightly offsets the multiple peak frequencies of the
wind wave spectrum. Comparing with the swell and fully-grown wind waves, the acoustic scattering and frequency shift
are not obvious for the sea surface under unsteady wind waves.

Keywords: high-order Bragg scattering, frequency shift, low-frequency acoustic field, moving rough sea sur-
face

PACS: 43.20.Fn, 43.30.Hw, 43.30.Re, 43.30.Es DOI: 10.1088/1674-1056/ad108f

1. Introduction

As a key component of underwater acoustic waveguide,
the undulation of the sea surface induces an evident acous-
tic scattering modulation, which is an important topic in un-
derwater acoustic research, particularly in the reverberation of
active sonar detection.[1] To directly describe the acoustic scat-
tering field, empirical formulas, perturbation theory, Kirch-
hoff approximation, small-slope approximation methods, and
their combined methods have been widely used.[2,3] Moreover,
for the sea surface acoustic scattering in underwater acous-
tic propagation, range-dependent models are effectively es-
tablished by using parabolic equation methods, ray methods,
coupled normal wave methods, and other methods.[4,5] In ad-
dition to conventional backscattering, forward scattering has
attracted considerable attention with the development of mul-
tistatic underwater acoustic detection.[6,7]

Comparing with a static rough sea surface,[8,9] the acous-
tic scattering modulation effect of a moving rough sea surface
has been rarely studied. In theory, the motion of the waveg-

uide boundary produces a Doppler frequency shift. Accord-
ing to the sound field calculation model of moving medium
in aeroacoustics,[10,11] the Doppler frequency shift and spec-
trum expansion of the received signal are not prominent when
the sea surface is regard as a context of waveguide medium.
This can be explained by the Mach number, which is the ra-
tio of the motion speed of the medium to the speed of sound.
Meanwhile, based on the conventional acoustic Doppler fre-
quency shift analysis,[12] the frequency shift depends on the
sound frequency and relative speed between the source and
receiver. The frequency shift is almost negligible for the low-
frequency acoustic band.

Low-frequency acoustic detection experiments near the
coast[13] and simulation calculations[14] have obtained incon-
sistent frequency modulation effects. Obvious frequency shift
and frequency expansion phenomena are observed when low-
frequency acoustic waves are scattered by a moving rough sea
surface. According to the results of frequency modulation, the
rough sea surface moving in the acoustic field cannot be sim-
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ply equated with the relative motion of the medium or sound
source-receiver. Instead, it should be similar to “grating” to
form the Bragg scattering phenomenon and modulate the fre-
quency of the acoustic scattering field. The Bragg scatter-
ing process of a sea surface is equivalent to the Fourier se-
ries expansion of the sea surface period under the Rayleigh
assumption.[15,16] Compared with limited research on under-
water acoustic, numerous studies have focused on the Bragg
scattering of a moving rough sea surface in an electromag-
netic wave area, which has been applied to monitor sea sur-
face fluctuations and differentiate the types of sea surfaces.[17]

Even if the high-order perturbation theory in underwater sound
is adopted, the high-order Bragg scattering in the above low-
frequency acoustic detection test and simulation calculation is
not well explained except for the first order Bragg scattering.
Especially in shallow sea environment, the waveguide effect
makes the resonant Bragg scattering no longer a second-order
effect, and the regular perturbation theory fails. For this rea-
son, a singular perturbation theory allowing for strong scat-
tering was introduced.[18] Based on the singular perturbation
theory and the multiple scale analysis, the first-order Bragg
scattering is studied for only one guide mode in shallow water.

For underwater acoustic simulation and detection, the
rough sea surface is often directly generated by wind waves
or a Gaussian spectrum,[2,6,8] however, the different charac-
teristics of the various types of sea surface waves are often
ignored. According to their causes, the undulation of a rough
sea surface can be divided into swell wave and wind wave,
which generate different characteristics, such as wave crest
lines and wave periods.[19,20] Existing researches of underwa-
ter acoustic propagation mainly focus on wind waves, whereas
swell waves are rarely considered. On the northern continental
slope of the South China Sea, experiments showed that swell
waves have a strong influence on the acoustic propagation in
the surface sound channel. In particular, the swell wave causes
a difference of 10 dB in the acoustic field loss prediction over
a distance of tens of kilometers.[21]

Herein, high-order Bragg forward scattering of low-
frequency acoustic field under a moving rough sea surface is
analyzed. Moreover, the acoustic scattering and frequency
shifts under swell wave and wind wave are compared with
each other. The rest of this paper is organized as follows.
In Section 2, two acoustic models are derived by qualitative
approach and quantitative approach, respectively. The scat-
tering intensity of a moving rough surface model is obtained
from the integral equation in the qualitative approach, and
the acoustic scattering field model is developed by using the
parabolic equation and nonuniform grid meshing in the quan-
titative approach. In Section 3, according to the integral equa-
tion method and parabolic equation model, the acoustic scat-
tering field and frequency shift phenomenon under a single-

period rough sea surface are simulated. The characteristics of
the high-order Bragg forward scattering and frequency shift
are expounded by using the principle of grating and construc-
tive interference. Furthermore, the acoustic scattering field
and frequency shift under the sea surface of swell, fully grown
wind, unsteady wind, and mixed waves are compared in Sec-
tion 4. The conclusions are drawn from the present study in
Section 5.

2. Acoustic scattering field model under rough
sea surface

2.1. Acoustic scattering field model based on integral
equation

The integral equation can accurately and reliably simu-
late a typical acoustic field and compute typical acoustic field
characteristics. Therefore, for the qualitative approach, un-
derwater acoustic scattering field model is derived from the
integral equation in a moving rough surface environment. To
simplify the analysis, a one-dimensional (1D) moving rough
sea surface at moment tsw is expressed as z = f (x; tsw) and
a rectangular coordinate system is adopted. For the sea sur-
face motion associated with gravity waves, it is so slow that
the wavy surface appears frozen relative to the motion caused
by sound.[18] The ocean waveguide with a moving rough sea
surface can be viewed as a series tsw of relatively stationary
range-dependent waveguides.

When a distant acoustic field is incident on the rough sea
surface at the relatively stationary moment tsw, the Helmholtz
integral formula satisfied by the total acoustic field p(𝑟; tsw) =

pi(𝑟; tsw)+ ps(𝑟; tsw) with a single frequency ω can be written
as[16]

1
4i

∮
L(tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (k |𝑟−𝑟′|)

∂𝑛′

−H(1)
0 (k

∣∣𝑟−𝑟′
∣∣)∂ p(𝑟′; tsw)

∂𝑛′

]
dl = 0, (1)

where pi(𝑟
′; tsw) and ps(𝑟

′; tsw) are the incident acoustic field
and acoustic scattering field, respectively. The H(1)

0 (k |𝑟−𝑟′|)
is the acoustic field generated by the auxiliary line source at
𝑟 = (x,z) in free space and the frequency is identical to the
acoustic field p(𝑟; tsw). As shown in Fig. 1, the contour inte-
gral path of the Helmholtz integral under the 1D moving rough
sea surface at the moment tsw is L(tsw) = LR(tsw)+LS(tsw)+

Lε(tsw), where LR(tsw) is the integral path of the larger semi-
circle, including the rough sea surface, LS(tsw) is the integral
path of the rough sea surface, and Lε(tsw) is the contour inte-
gral of the auxiliary line source singularity below the sea sur-
face. The point at the integral path is denoted by 𝑟′ = (x′,z′),
and the outer normal direction vector is represented by 𝑛′.
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Sea surface
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LR↼tsw↽

Fig. 1. Helmholtz contour integral path for rough sea surface.

According to the division of the integral path and defining
rs = |𝑟−𝑟′|:

1
4i

∫
LR(tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (krs)

∂𝑛′
−H(1)

0 (krs)
∂ p(𝑟′; tsw)

∂𝑛′

]
dl

+
1
4i

∫
LS(tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (krs)

∂𝑛′

−H(1)
0 (krs)

∂ p(𝑟′; tsw)

∂𝑛′

]
dl

+
1
4i

∫
Lε (tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (krs)

∂𝑛′

−H(1)
0 (krs)

∂ p(𝑟′; tsw)

∂𝑛′

]
dl = 0. (2)

For Lε(tsw), considering that its radius tends to approach 0,
this path is almost a contour path around the singularity and
the outer normal direction of this overall path is the inner
normal direction of the small-radius contour path, that is,
∂/∂𝑛′ = −∂/∂ rs. Considering the polar coordinate system
and asymptotic expansion of the Hankel function, the last term
on the left-hand in Eq. (2) can be written as

1
4i

∫
Lε (tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (krs)

∂𝑛′

−H(1)
0 (krs)

∂ p(𝑟′; tsw)

∂𝑛′

]
dl

= lim
rs→0
− 1

4i

2π∫
0

[
p(𝑟′; tsw)

2i
π

1
krs

− 2i
π

ln
(

krs

2

)
∂ p(𝑟′; tsw)

∂𝑛′

]
krs dθ

= −p(𝑟′; tsw). (3)

For LR(tsw), when its radius tends to approach infinity, ac-
cording to the Helmholtz integral formula in a homogeneous
medium and radiation condition of the scattered field, we ob-
tain

1
4i

∫
LR(tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (krs)

∂𝑛′

−H(1)
0 (krs)

∂ p(𝑟′; tsw)

∂𝑛′

]
dl = pi(𝑟; tsw). (4)

Therefore, the total acoustic pressure field can be obtained as
follows:

p(𝑟; tsw) = pi(𝑟; tsw)+
1
4i

∫
LS(tsw)

[
p(𝑟′; tsw)

∂H(1)
0 (k |𝑟−𝑟′|)

∂𝑛′

−H(1)
0 (k

∣∣𝑟−𝑟′
∣∣)∂ p(𝑟′; tsw)

∂𝑛′

]
dl. (5)

Due to the difference in acoustic impedance between air and
water, the transmitted acoustic intensity in air is much smaller
than the acoustic field in water. Even in the case of normal
incidence, the transmitted acoustic intensity is much weaker
than that in water. Meanwhile, considering that the fluctua-
tion of the sea surface is relatively smooth on a low-frequency
acoustic wavelength scale, the acoustic boundary condition
can be viewed as absolute soft boundary for sea surface in the
case of low-frequency acoustic wave incidence. As a result,
we can obtain the low-frequency acoustic pressure field on the
rough sea surface: p(𝑟′; tsw)

∣∣
𝑟′=LS(tsw) ≡ 0, and equation (5)

can be written as

p(𝑟; tsw) = pi(𝑟; tsw)−
1
4i

∫
LS(tsw))

H(1)
0 (k

∣∣𝑟−𝑟′
∣∣)

× ∂ p(𝑟′; tsw)

∂𝑛′
dl. (6)

The first term and the second term on the right side of Eq. (6)
are the contributions of the incident acoustic wave and the
scattered acoustic wave by the rough interface to the total
acoustic field, respectively.

For the moving rough sea surface z = f (x; tsw), i.e., 𝑟 =

(x, f (x; tsw)), considering the pressure-release boundary con-
dition, the integral equation on the moving rough sea surface
can be written as

pi(𝑟; tsw) =
1
4i

∫
LS(tsw)

H(1)
0 (k

∣∣𝑟−𝑟′
∣∣)

× ∂ p(𝑟′; tsw)

∂𝑛′

√
1+
(

d f
dx

)2

dx. (7)

Based on the incident acoustic wave field and derivative
of the rough sea surface along the discretizing rough sea sur-
face, ∂ p(𝑟′; tsw)/∂𝑛′ will be calculated in all discretized ar-
eas, and this matrix equation obtained by discrete processing
can be written as

am(tsw) =
N

∑
n=1

Amn(tsw)bn(tsw), m = 1,2, . . . ,N. (8)

Considering the singularity of the Hankel function, am(tsw),
Amn(tsw), and bn(tsw) are represented as follows:[6]

am(tsw) = pi(xm, f (xm); tsw), (9a)

Amn(tsw) =

{
H(1)

0 [k |𝑟m(tsw)−𝑟n(tsw)|], m 6= n,

H(1)
0 [(k∆x/2e)

√
1+(d f (xm)/dx)2], m = n,

(9b)
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bn(tsw) =
∆x
4i

∂ p(𝑟′n; tsw)

∂𝑛′

√
1+[d f (xn; tsw)/dx]2, (9c)

where e is a natural constant, am(tsw) is the incident acous-
tic field, Amn is the N-th-order symmetric matrix of the zero-
order Hankel function, 𝑟m(tsw) = xmx̂+ f (xm; tsw)ẑ, xm = (m−
1/2)∆x−L/2, ∆x = L/N, and L is the calculated length of the
sea surface.

According to Eq. (6) and the far-field approximation of
the Hankel function, the acoustic scattering field at 𝑟 = (x,z)
can be expressed as

ps(𝑟; tsw) = −
√

2
πkr

exp
[

i
(

kr− π

4

)]
×

N

∑
n=1

exp[−i𝑘s ·𝑟n(tsw)]bn(tsw), (10)

where 𝑘s = k𝑟/r is the scattering wave number, N is the num-
ber of discrete points of the local 1D sea surface, and bn is
obtained from Eq. (8) in all discretized areas.

For a correctional Gaussian beam with incident wave
number vector 𝑘i = k(sinθix̂+ cosθiẑ),

pi(𝑟) = exp[i𝑘i ·𝑟(1+η)− (x− z tanθi)
2/ξ

2], (11)

where ξ is a beam control parameter, η = [2(x −
z tanθi)

2/ξ 2 − 1]/(kξ cosθi)
2 is a correction parameter, and

the scattering intensity of the moving rough sea surface at mo-
ment tsw can be expressed as[6]

Sb(tsw) =
10lg

〈
|ps(𝑟; tsw)|2

〉
r{√

π/2ξ

[
1− 1

2
(1+2cot2 θi)/(ξ k sinθi)2

]} . (12)

2.2. Acoustic field model based on parabolic equation

For actual ocean sound waveguides with rough sea sur-
face, the calculation method based on the integral equation
has limited the capability in quantifying the acoustic scat-
tering field. Considering the ocean waveguide environment
characteristics, the low-frequency band, and multistatic acous-
tic detection, an acoustic forward scattering field model is
derived from the parabolic equation for the quantitative ap-
proach. Like the integral equation, we assume that the sea
surface motion related to gravity waves is so slow that the
wavy surface appears frozen relative to the motion caused by
sound.[18] Consequently, the ocean waveguide with a moving
rough sea surface can be viewed as a series of relatively sta-
tionary range-dependent waveguides.

At the range-dependent waveguide in each stationary mo-
ment tsw, the harmonic acoustic field p(r,z; tsw) is generated by
continuous source with a time factor exp(−iω0t) and is gov-
erned by the Hemholtz equation:

∇
2 p(r,z; tsw)+ k2

1,2 p(r,z; tsw) = 0, (13)

where k1,2 = ω0/c is the acoustic wave number, and ω0 is the
angular frequency of the acoustic wave. Based on Fourier
transform theory and the acoustic field p(r,z; tsw) in the se-
ries of tsw, the modulated acoustic field frequency spectrum
p̄(r,z;ω) with acoustic frequency ω can be written as

p̄(r,z;ω) =

∞∫
−∞

p(r,z; tsw)exp[i(ω−ω0)tsw]dtsw. (14)

The acoustic field p(r,z; tsw) at the moment tsw is shown in
Fig. 2, and based on the step approximation and energy conser-
vation, the parabolic equation satisfied by harmonic the acous-
tic field can be obtained as follows:

∂u(r,z; tsw)

∂ r
= ik0(−1+

√
1+X)u(r,z; tsw), (15)

where harmonic acoustic field p(r,z; tsw) and operator X are

p(r,z; tsw) =
1√
r

√
ρc
c0

u(r,z; tsw), (16a)

k2
0X =

ρ√
ρc/c0

∂

g(z)∂ z

[
1
ρ

∂

g(z)∂ z

√
ρc
c0

]
+ k2

1,2− k2
0, (16b)

where k0 = ω0/c0 is a reference sound number, with c0 being
a reference sound velocity.

0

Hp

D

Matching 
layer g↼z↽ 

Truncation boundary

Density ρw↼r↪z↽ 

Density ρb↼r↪z↽

Seabed

Water

Sea 
surface 

Source 
zs

Seabed

Dr

rl rl⇁ Range r (km) 

Sound velocity 
cw↼r↪z↽

Absorption αb↼r↪z↽

Dense

Sparse

Gradual

z0

z1

z2

Discrete 
region

zsrf↼r,tsw↽

H↼r↽

z↼m↽

p↼rl↩↪ zsrf, tsw↽/

rl↩

p↼rl↪ zsrf, tsw↽/0

Dzj

zH

zD

Sound velocity cb↼r↪z↽ 

Fig. 2. Ocean acoustic waveguide and its discrete division.

According to the high-order Padé rational approximation
and taking the horizontal recursion step size as ∆r, we obtain

u(r+∆r,z; tsw) =
Np

∏
jp=1

k2
0 +α jpk2

0X

k2
0 +β jpk2

0X
u(r,z; tsw). (17)

Using the split-step method, jp = 1,2, . . . ,Np recurrence equa-
tion can be obtained and written as

[k2
0 +β jpk2

0X ]u jp(r,z; tsw) = [k2
0 +α jpk2

0X ]u jp−1(r,z; tsw). (18)
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According to the spatial variation scale of the sea sur-
face and seabed and wavelength characteristics of the low-
frequency sound field, the operator can be solved by the
Galerkin nonuniform discretion of a limited z space; the
nonuniform discrete division is shown in Fig. 2. The area near
the sea surface is divided into small steps to fully characterize
the influence of the rough sea surface. Meanwhile, the area
below the sea surface after several wavelengths is divided into
a sparse discrete area with a large step size to achieve rapid
calculation. A transition discrete area exists between these
two areas to avoid the large difference in step length, which
may cause numerical instability. At the same time, a perfectly
matched layer with function g(z) is adopted to avoid affecting
the reflection field at the boundary of the seabed truncation,
and the calculation amount in the vertical direction is effec-
tively reduced. The operator function of each vertical discrete
point z j ( j = Nzs(r), . . . ,Nz) can then be expressed as

k2
0u
∣∣z=z j =

1
∆z j−1 +∆z j

(
k2

0∆z j−1

3
u j−1 +

2k2
0∆z j−1

3
u j

+
2k2

0∆z j

3
u j +

k2
0∆z j

3

)
u j+1, (19a)

ksqu
∣∣z=z j =

ksq
j−1 + ksq

j

12
2∆z j−1

∆z j−1 +∆z j
u j−1

+
ksq

j−1 +3ksq
j

12
2∆z j−1

∆z j−1 +∆z j
u j

+
3ksq

j + ksq
j+1

12
2∆z j

∆z j−1 +∆z j
u j

+
ksq

j + ksq
j+1

12
2∆z j

∆z j−1 +∆z j
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where Nzs(r) is the discrete value of the sea surface within the
range r, ksq(z) = k2

1,2(z)− k2
0, and ρ̃(z) = ρ(z)g(z). The dis-

crete points at and above the sea surface are resolved by the
acoustic pressure-release condition. The initial field can be
given by a typical source function, a parabolic self-initial field
model, or other acoustic field models.[12] To effectively pro-
vide the incidence of acoustic wave on the sea surface based
on the parabolic self-initial field model, the initial field with
incident grazing angle θi is written as

u(∆r,z; tsw) = (1+nuX)(1+X)−1/4

× exp[ik0∆r(−1+
√

1+X)]ξ (z,zs), (20)

where nu is the reversible operator parameters to increase the
computational stability and ξ (z,zs) is

ξ (z,zs) =
1

(1+nuX)2

√
2π i
k0

δ (z− zs)√
ρc/c0

× exp(ik0 sinθiz). (21)

3. High-order scattering mechanism of moving
rough sea surface based on Bragg theory

3.1. Scattering intensity of sinusoidal rough sea surface

Regardless of swell, wind, and mixed waves, the rough
sea surface can decompose into harmonics. Therefore, to char-
acterize the effect of an actual rough sea surface, a rough sea
surface composed of a single harmonic wave is analyzed. Con-
sidering the gravity force as the restoring force in rough sea
surface, the following dispersion relation is satisfied by the sea
surface wave number ksw = 2π/λsw and the sea surface wave
angular frequency ωsw = 2π fsw:[21]

ω
2
sw = kswgc tanh(kswH), (22)

where H is the water depth and gc is the acceleration of
gravity. When the condition H > λsw/2 is satisfied, equa-
tion (22) can be approximately expressed as ω2

sw = gcksw,
the relation between the sea surface wave length λsw and
the sea surface wave frequency fsw can be written as fsw =√

gc/(2πλsw). For the moving sinusoidal rough sea surface
with wave height Hsw, the fluctuating distribution can be rep-
resented as zsrf(x, tsw) = Hsw sin(ωswtsw + 2πx/λsw). Taking
the sea surface wave height Hsw = 0.8 m, the sea surface wave
length is λsw = 156 m and λsw = 39 m, the fluctuating distri-
bution of the rough sea surface at the moment tsw = 0 is shown
in Fig. 3. By this relation fsw =

√
gc/(2πλsw), the frequency

fsw of the sea surface is 0.1 for λsw = 156 m, and 0.2 Hz for
λsw = 39 m.
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fsw/. Hz

Fig. 3. Sinusoidal rough sea surface.

When the modified Gaussian beams with different sound
frequencies are incident at 30◦, the comb-shaped distribution
of the acoustic scattering intensity at a depth of 1 m is shown
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in Fig. 4. In addition to the mirror reflection, multiple strong
acoustic scattering sidelobes are noted along the discrete graz-
ing angle. The strong scattering sidelobe distribution is con-
sistent with the Fourier series result of the sea surface period
under a Rayleigh assumption.[16] With the increase of acoustic
wave frequency, the strong scattering sidelobe becomes nar-
rower and the number of sidelobe increases. Furthermore, ac-
cording to the dispersion of the gravity wave, the decrease in
the frequency of the sea surface causes the sea surface wave-
length to grow considerably. For instance, when the rough sea
surface frequency decreases from 0.2 Hz to 0.1 Hz, the sea sur-
face wavelength increases from 39 m to 156 m. This change in
the sea surface wavelength considerably increases the number
of strong scattering side lobes.
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Fig. 4. Acoustic scattering intensities of sinusoidal rough sea surface at
(a) sea surface frequency = 0.1 Hz (a) and 0.2 Hz (b).

3.2. High-order Bragg scattering and frequency shift un-
der sinusoidal rough sea surface

Based on the first-order Bragg scattering theory and
higher-order perturbation theory, Lynch and D’Spain dis-
cussed the first-order strong scattering sidelobe.[13] The first-
order Bragg scattering theory explains the generation of the
first-order strong scattering sidelobe, the higher-order pertur-
bation theory predicts its strength, consistent with the mea-
surements. However, the higher-order perturbation theory can-
not accurately predict higher-order scattering sidelobes. Thus,
we use the high-order Bragg scattering theory to analyze the
high-order strong acoustic scattering process.

The acoustic wavelength is λ , the incident acoustic beam

is θi, the scattering acoustic beam is θs, and the grazing angle
is taken to be positive in the counterclockwise direction. The
periodic rough sea surface can be regarded as a “grating” with
equal interval lengths, which is the wavelength of the rough
sea surface λsw (Fig. 5). The difference in path of the forward
scattering field between adjacent acoustic beams is

L =−λsw cosθi +λsw cosθs. (23)

When acoustic waves number k = 2π/λ and path difference
L satisfy kL = ±2nπ , the adjacent acoustic beams will form
a constructive interference. Therefore, in addition to the mir-
ror reflection, there are strong acoustic scattering side lobes
in constructive interference directions. These directions of the
strong acoustic scattering sidelobes are described by

cosθs,n = cosθi±n
λ

λsw
. (24)

Sea surface
λcw

θi

pi

ps

θs

n/

n/

n/

n/↩

n/↩

r

θr↪↩θr↪↩

θr↪ θr↪

θr↪

Fig. 5. The high-order Bragg scattering under a rough sea surface.

Because |cosθs| ≤ 1 and |cosθi| ≤ 1 in Eq. (24), the or-
der of the strong scattering sidelobe is affected by the incident
acoustic wavelength and the rough sea surface wavelength. As
the acoustic wave wavelength increases, the number of strong
acoustic scattering side lobes will decrease. Meanwhile, as
the sea surface wavelength increases, the number of the strong
scattering side lobes will increase. These results are consistent
with the simulated scattering intensity based on the integral
equation.

When the rough sea surface moves horizontally at a ve-
locity vsw =ωswλsw/(2π), the frequency of the coherent angu-
lar acoustic scattering field is obtained from the Doppler fre-
quency shift as follows:

ωs,n = ω

[
1+
±vsw

c
(cosθs,n− cosθi)

]
, (25)

where c is the acoustic speed in water. When the rough sea sur-
face velocity direction is consistent with the horizontal r direc-
tion, +vsw is used; otherwise, −vsw is used. By defining the
rough sea surface velocity sign operator [vsw] = ±vsw/ |vsw|
and according to Eqs. (24) and (25), we obtain

ωs,n = ω0±n[vsw]ωsw, (26)

which shows that the strong scattering sidelobe Doppler fre-
quency shift caused by the time-evolving sea surface is only
related to the sidelobe order n and frequency of the moving
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rough sea surface ωsw. The frequency of the incident acous-
tic wave is unrelated to the sidelobe Doppler frequency shift.
Even if the frequency of incident acoustic is very low, the scat-
tering effect of the moving sea surface can produce an obvi-
ous frequency shift, which is different from the conventional
Doppler frequency shift of moving sound source and receiver.

The periodic rough sea surface is represented as
zsrf(r, tsw) = Hsw sin(ωswtsw + 2πr/λsw), and the sea surface
movement direction is opposite to the horizontal direction (i.e.
r direction). The rough sea surface amplitude is 0.8 m, and the
sea surface frequency is 0.2 Hz. Gravity is considered as the
sea surface restoring force, that is, ω2

sw = gcksw. The ocean

sound velocity is 1500 m/s, the density is 1.0 g/cm3, and the

sea water depth is 1800 m. The acoustic source frequency is

500 Hz, whereby the acoustic beam is uniformly distributed

in 600 m–1000 m, and the grazing angle of the main acoustic

wave beam is 30◦. Based on this uniformly distributed acous-

tic source with wave beam towards sea surface, the effect of

seabed is not considered to avoid further complications in the

high-order Bragg scattering field, though this effect can be cal-

culated by the parabolic equation. The acoustic field loss dis-

tributions under rough and smooth sea surfaces are shown in

Fig. 6.
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Fig. 6. Acoustic field loss distribution under high-order Bragg acoustic scattering in (a) rough sea surface case, (b) smooth sea surface case,
and for (c) differences in acoustic field loss distribution.

It can be seen that the constructive interference can cause
the periodic rough sea surface to produce a multiorder obvi-
ous scattering field distribution as marked by the white dotted
lines in Fig. 6. The Bragg scattering angle distribution is con-
sistent with the strong scattering sidelobe angle distribution in
Fig. 4(b). According to Eq. (24), multiorder Bragg scattering
will appear in the positiven direction, whereas only one order
Bragg scattering will appear in the negative n direction. How-
ever, in addition to these Bragg scattering fields at an incident
angle of 30◦, the other interference pattern represents higher-
order Bragg scattering that can be observed outside n = −1
and n= 3, which can be explained by the acoustic field compu-
tation. Although the incident acoustic beam limits the grazing
angle to 30◦, additional grazing angle is considered the inap-
propriate local line source along the vertical direction in the
parabolic equation. As shown in Fig. 6, there are trajectories
outside the main incident acoustic beam, which generate addi-
tional high-order Bragg scattering field after being incident on
the rough sea surface.

When the underwater acoustic wave with a frequency of
500 Hz is incident on the rough sea surface, the periodic rough
sea surface frequency represented as zsrf(r, t) =Hsw sin(ωswt+
2πr/λsw) is 0.2 Hz. The forward acoustic fields can be cal-
culated at different time and sea surface states. Based on the
fast Fourier transform of forward acoustic fields, the frequency
shifts of the forward acoustic field at different receiving po-
sitions (r,zr) can be obtained, and the results are shown in
Fig. 7. After deducting, x axis indicates the frequency shift

from acoustic frequency.
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Fig. 7. Acoustic frequency shift distribution under high-order Bragg
scattering at receiver locations of (a) (2 km, 400 m) and (b) (4 km,
500 m).

As shown in Fig. 7, besides the 0 Hz frequency shift cor-
responding to mirror reflection, periodic sea surface motion
produces an obvious frequency shift, which is a multiple of
the moving rough sea surface frequency. It should be noted
that the frequency shifts and scattering intensities are different
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at different receiver positions. For the receiver location (2 km,
400 m), there is a strong first-order Bragg scattering control
area, corresponding to the source at a depth of 600 m. There-
fore, it has a strong positive frequency shift of 0.2 Hz with the
acoustic wave amplitude similar to the mirror reflection wave
amplitude. For the receiver location (4 km, 500 m), there is
a strong first-order Bragg scattering control area correspond-
ing to the source at a depth of 1000 m. Therefore, a strong
positive frequency shift of 0.2 Hz is created, and its acous-
tic wave amplitude is higher than that of the mirror reflection
wave without the frequency shift. That is, the peak frequency
of the received acoustic wave signal may deviate from the ac-
tual incident acoustic frequency. At the same time, the calcu-
lated frequency shift order is higher than frequency shift order
of the Bragg scattering, as shown by the white dotted lines in
Fig. 6, which further verifies the high-order Bragg scattering
caused by the inappropriate local line source in the acoustic
beam simulation.

4. Frequency shift of low-frequency acoustic
field under wind and swell waves

4.1. Simulation of a moving rough sea surface under wind
and swell waves

The actual sea surface is considerably more complicated
than the assumed sinusoidal periodic sea surface. In partic-
ular, the sea surface waves are composed of wind wave and
swell wave, which appear out of different causes. As such,
they have different characteristic parameters, such as spectral
peak frequency, wave height, and spectral moment, which are
standards for their separation.
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Fig. 8. Spectral densities of different wave spectra under different wind
speeds: (a) PM spectrum and (b) JONSWAP spectrum (wind distance
of 7 km).

Considering the wind speed at the sea surface, wind area
length, and sea depth, various wave spectra have been de-
veloped to describe rough sea surface, such as the Pierson–
Moskowitz (PM) and Joint North Sea Wave Project (JON-
SWAP) spectra. Figure 8 illustrates the power spectral den-
sity under different wind speed parameters calculated from
the PM spectrum and JONSWAP spectrum, which represent
steady sea surface and unsteady sea surface, respectively.

The simulation results show that the fully grown sea sur-
face waves represented by the PM spectrum have a low spec-
tral peak frequency distribution and a steep spectral density
distribution. The insufficiently grown sea surface waves rep-
resented by the JONSWAP spectrum have a flatter power
spectral density distribution and a higher spectral peak fre-
quency distribution. Swell waves are low-frequency compo-
nents propagated by the fully grown sea surface waves at a
distance, with their high-frequency sea surface components at-
tenuated rapidly. Conversely, wind waves are affected by the
local wind. Therefore, the sea surface under swell waves is
smooth and can be depicted as a sine wave, whereas the sea
surface under wind waves is randomly rough and has a higher
sea surface high-frequency distribution and can be simulated
by the Monte–Carlo and wave spectrum methods. According
to the Monte–Carlo method, a sea surface with wind waves
comprises multiple harmonic components, which have their
own random intensity and phase. For a single-dimensional
rough sea surface with length L and discrete number N, the
moving sea surface direction is opposite to the horizontal r
direction and the random rough sea surface height at discrete
sampling points rn at time t can be expressed as

f (rn) =
1
L

N/2

∑
j=−N/2

F(ksw j)exp[i(ksw jrn +ωsw jt)]. (27)

The harmonic spectrum of the positive wavenumber of sea sur-
face ksw j = 2π j/L ( j = 0,1, . . . ,N/2) is

F(ksw j) =

{√
πLS(ksw j)[N(0,1)+ iN(0,1)], j 6= 0,N/2,√
2πLS(ksw j)N(0,1), j = 0,N/2,

(28)

where S(ksw j) is the power spectral density of the rough sur-
face, ωsw j is the angular frequency of the sea surface corre-
sponding to wave number ksw j, and N(0,1) is a standard nor-
mal distribution random number. The harmonic spectrum of
the negative wavenumber ksw j = 2π j/L ( j =−N/2, . . . ,−1)
is the complex conjugate of the positive wavenumber har-
monic spectrum. Based on this method, the sea surface of the
wind waves represented by the PM spectrum is simulated, and
the results are shown in Fig. 9. The sea surface simulation of
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the swell wave is also depicted as a sine wave with a spectral
peak frequency of 0.1 Hz, which is identical to that of the PM
spectrum wind wave.
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Fig. 9. Sea surface simulations with the swell and fully grown wind
waves: (a) sea surface with swell wave and (b) sea surface with wind
waves (PM spectrum).

It can be seen from Fig. 9 that both swell wave with
a spectral peak frequency of 0.1 Hz and fully grown wind
wave have identical amplitude peaks of approximately 2.5 m.
The oblique stripes reflect the sea surface wave propagation
characteristics. Compared with the swell waves simulated as
sine waves, the wind waves have significant random and high-
frequency components, which are reduced periodic regularity.

4.2. High-order Bragg scattering and frequency shift of
rough sea surface with wind and swell waves

For the sea surface with swell waves and fully grown
wind waves, when an acoustic wave with a frequency of
200 Hz is incident, the acoustic scattering field distribution and
frequency shift can be calculated by the same method as that in
Figs. 6 and 7. Besides the acoustic wave frequency, other pa-
rameters are similar to those in the simulation in Fig. 6. The re-
sults of the acoustic scattering field distribution and frequency
shift at (3 km, 250 m) with swell waves and fully grown wind
waves are shown in Figs. 10 and 11, respectively. The sim-
ulations illustrate that the sea surface with swell waves and
fully grown wind waves can cause an obvious acoustic scatter-
ing field and frequency shift for low frequency acoustic wave.
However, for the sea surfaces with different wave types, the

acoustic scattering field and frequency shift are obviously dif-
ferent.
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Fig. 10. Higher-order Bragg scattering of rough sea surface with swell
waves: (a) acoustic scattering field loss distribution and (b) frequency
shift at (3 km, 250 m).
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grown wind waves: (a) acoustic scattering field loss distribution and (b)
frequency shift at (3 km, 250 m).
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As shown in Fig. 10, the Bragg acoustic scattering field
under the periodically time-evolving sea surface is not related
to the incident acoustic wave frequency. It multiplies with
the sea surface periodical frequency. Therefore, multiple fre-
quency shifts of 0.1 Hz are noted. The sea surface with a
large wave height produces a more obvious scattering field
and frequency shift. At (3 km, 250 m), the Bragg scattering
frequency shifts of orders n = −1 and n = −2 are consistent
with the scattering field distribution in Fig. 10(a). Moreover,
the acoustic intensity after the frequency shift is considerably
higher than that of the mirror reflection without the frequency
shift. Compared with the moving sea surface with swell waves
characterized by a single frequency, the rough sea surface with
fully grown wind waves has a more complex scattering field as
shown in Fig. 11. For the sea surface with fully grown wind
waves, the interference of the sea surface wave with multi-
ple fluctuating frequencies changes the strength of the acoustic
scattering field. In addition to the strong Bragg acoustic scat-
tering, a frequency shift is noted from −0.4 Hz to 0.4 Hz, and
the strongest frequency shift is slightly different from the mul-
tiple with the wind wave spectral peak frequency of 0.1 Hz,
as shown in Fig. 8(a). For this difference in the strongest fre-
quency shift, it can be explained from the wavelength selec-
tion of Bragg scattering and the interference between acous-
tic scattering beams. During the Bragg scattering of rough
sea surface, only a narrow part of the sea spectrum gives rise
to strong scattering, while the remaining part of the spectrum
produces second order effects.[18] Meanwhile, corresponding
to each spatial distributed acoustic source in these simulations,
the incident acoustic beam is modulated by the rough sea sur-
face, and the strong acoustic scattering field is produced along
the respective Bragg scattering direction. The strong acoustic
scattering fields from different acoustic sources will be inter-
fere with each other, creating an additional pattern where the
scattering waves with different frequency shifts either cancel
out or reinforce each other.

For the wind wave at an average wind speed of 10 m/s
at 10 m above the sea surface and a wind distance of 7 km,
the rough sea surface with insufficiently grown wind waves is
simulated by the JONSWAP spectrum. Figure 12 shows the
sea surface under unsteady wind waves and mixed waves. The
mixed wave is the superposition of the simulated insufficiently
grown wind wave and swell wave, the spectral peak frequency
of insufficiently grown wind wave and swell wave are 0.4 Hz
and 0.1 Hz, respectively. The wave height of the rough sea
surface with wind waves (Fig. 12(a)) is smaller than that un-
der swell waves and fully grown wind waves. Because of the
randomness of the wind waves, the wave height of the sea sur-
face under mixed waves (Fig. 12(b)) is also random. With

the acoustic wave with acoustic beam parameters, as shown in
Fig. 10, the acoustic scattering field under the sea surface with
insufficiently grown wind and mixed waves can be calculated,
and the results are shown in Figs. 13 and 14, respectively.

50

40

30

20

10

0
0 1 2 3 4

(a)

t
 (

s)

Range (km)

0.8

0.4

-0.4

-0.8

0

(b) 50

40

30

20

10

0
0 1 2 3 4

t
 (

s)

Range (km)

2

3

1

0

-1

-2

-3

Fig. 12. Sea surface simulations with (a) insufficiently grown wind
waves (JONSWAP spectrum) and (b) mixed waves.
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Fig. 13. Higher-order Bragg scattering of a rough sea surface with in-
sufficiently grown wind waves: (a) acoustic scattering field loss distri-
bution and (b) frequency shift at (3 km, 250 m).
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Figure 13 shows that the reflection acoustic field accounts
for the absolute main component when the sea surface is af-
fected by insufficiently grown wind waves, and the scattering
acoustic field is weaker than that of the other rough sea surface
wave cases. The absence of a frequency shift in Fig. 13(b) fur-
ther verifies this reflection acting as the main component of
the acoustic field. In other simulation cases, the Bragg scat-
tering field at the receiving position of (3 km, 250 m) has
higher acoustic intensity, whereas the frequency shift with in-
sufficiently grown wind waves is negligible in a weak case at
0.32 Hz only. The weak frequency shift results from the lower
height of the unsteady rough sea surface. In particular, the
wave spectrum of the unsteady sea surface has a wider fre-
quency band that results in the interference of more harmonic
components of the frequencies, reducing the scattering inten-
sity and frequency shift. Meanwhile, the frequency shift for
the sea surface with unsteady wind waves is not proportional
to the wind spectrum peak frequency as shown in Fig. 8(b),
which is similar to the results shown in Fig. 11.
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Fig. 14. Higher-order Bragg scattering of rough sea surface with mixed
waves: (a) acoustic scattering field loss distribution and (b) frequency
shift at (3 km, 250 m).

Comparing with the single insufficiently grown wind
wave, the acoustic scattering field and frequency shift are
very obvious in the case of the sea surface with mixed waves
(Fig. 14). Further, the acoustic scattering field distribution and
frequency shift are almost consistent with those observed in
the case of the sea surface with swell waves (Fig. 10). In par-
ticular, there are multi-order high-intensity Bragg scatterings

and a proportional frequency shift of 0.1 Hz. The highest or-
der obvious frequency shift is 0.4 Hz. The frequency shift also
preliminarily reflects the influence of the insufficiently grown
wind waves, and the comb-shaped multi-order frequency shift
is superimposed on the small frequency-shift fluctuations in
the case of the sea surface with insufficiently grown wind
waves.

5. Conclusions
Based on the sea surface acoustic scattering obtained by

the integral equation and forward acoustic field calculation
method through using the parabolic equation, the acoustic
scattering and frequency shift caused by a moving rough sea
surface are calculated and analyzed. The simulation results
show that the acoustic scattering field is enhanced at a series of
discrete scatter angles stratified by constructive interference,
which produces the comb-like high-order Bragg scattering and
frequency shifts. The acoustic scattering field has an obvi-
ous strong scattering sidelobe along multiple Bragg scattering
angle, and its scattering intensity is slightly lower than that
of the mirror reflection field. The order of the Bragg acous-
tic scattering field is directly proportional to the frequency
of incident acoustic wave, but inversely proportional to the
frequency of sea surface fluctuations. Even if the frequency
of incident acoustic is low, Bragg scattering is generated un-
der an actual periodic moving sea surface. The acoustic field
along each Bragg scattering angle direction has an obvious
frequency shift caused by the periodic sea surface, which is
considerably different from the conventional acoustic Doppler
frequency shift. In particular, this is attributed to the Bragg
scattering order and moving sea surface frequency, but is un-
related to the incident acoustic wave frequency. Considerable
frequency shift is noted with low or ultralow incident acoustic
frequencies. Therefore, the frequency shift is non-negligible
for underwater low-frequency and extremely low-frequency
acoustic measurement.

Meanwhile, the acoustic scattering field and frequency
shift distribution for a rough sea surface with typical swell,
wind, and mixed waves are analyzed. There are obvious dif-
ferences in the Bragg acoustic scattering field and frequency
shift between the sea surface with swell waves and the sea sur-
face with wind waves. Based on the high-order Bragg acoustic
scattering field and acoustic frequency shift, different types of
sea wave spectrum peak frequencies and other characteristics
are obtained. Compared with the sea surface with fully and
insufficiently grown wind waves, the sea surface with swell
waves is dominated by a single harmonic component, forming
a considerable multi-order Bragg acoustic scattering field and
comb-like frequency shift that is a multiple of the wave fre-
quency. The sea surface with fully grown wind waves exhibits
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multi-order Bragg acoustic scattering field and frequency shift.
However, the comb-like frequency shift is less obvious than
that under the sea surface with swell waves. The strongest
frequency shift is not proportional to the peak frequency of
the wind wave spectrum. The insufficiently grown wind wave
spectrum has a wider frequency distribution and higher peak
frequency, while the Bragg acoustic scattering field and fre-
quency shift distribution are extremely weaker. Under low
wind speed and short wind distance, an inconspicuous fre-
quency shift is noted on the acoustic wave, which was not
proportional to the peak frequency of the wind wave spec-
trum either. When the insufficiently grown wind waves and
swell waves are mutually superposed to form mixed waves, the
Bragg acoustic scattering field and frequency shift are mainly
due to the effect of the swell sea surface under the sea surface
with mixed waves.
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