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Recent experimental findings have demonstrated the occurrence of superconductivity in Bernal bilayer graphene when
induced by a magnetic field. In this study, we conduct a theoretical investigation of the potential pairing symmetry within
this superconducting system. By developing a theoretical model, we primarily calculate the free energy of the system with
p + ip-wave parallel spin pairing, p + ip-wave anti-parallel spin pairing and d + id-wave pairing symmetry. Our results
confirm that the magnetic field is indeed essential for generating the superconductivity. We discover that the p + ip-wave
parallel spin pairing leads to a lower free energy for the system. The numerical calculations of the energy band structure,
zero-energy spectral function and density of states for each of the three pairing symmetries under consideration show a

strong consistency with the free energy results.
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1. Introduction

Graphene is a single-layer carbon atom crystal com-
posed of two types of closely arranged carbon atoms.!! This
structure endows it with many unique physical properties, [>3]
making it widely applicable in various fields. In addition
to single-layer graphene, multi-layer graphene has also at-

[4-21

tracted extensive research interest. I Since the first produc-

[22]

tion of graphene in 2004,'““! achieving superconductivity in

graphene-based two-dimensional materials has garnered con-
siderable attention. [>-23-32]

One pioneering discovery was the observation of uncon-
ventional superconductivity in magic-angle graphene superlat-
tices in 2018. For twist angles of about 1.1°, the electronic
band structure of this system exhibits flat bands near the Fermi
energy, resulting in correlated insulating states at half-filling.
Superconductivity emerges upon doping this correlated insu-
lating state.>!] Moreover, numerous studies have shown that
graphene’s superconductivity can be controlled by adjusting
external conditions, including using hydrostatic pressure to
controllably tune the interlayer separation in van der Waals
heterostructures, offering a dynamic way to modify electronic
properties. In graphene encapsulated in boron nitride, re-
searchers observe that increasing pressure produces a superlin-
ear increase in the moiré-superlattice-induced bandgap.*" In
addition, electric field-tunable superconductivity has been dis-
covered in alternating-twist magic-angle trilayer graphene. 3!l
Recently, experiments have also shown that placing monolayer

tungsten diselenide on Bernal-stacked bilayer graphene could
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promote Cooper pairing, with superconductivity appearing at
zero magnetic field.[3]

In recent years, two types of graphene trilayers have
been proven to demonstrate unconventional superconductiv-
ity. One of them is rotationally faulted*?) and the other is
in a metastable rhombohedral stacking order.*3! Both exhibit
superconducting states above the paramagnetic limit, indicat-
ing the possible spin-triplet superconductor. However, these
two materials are not the structural ground state and the many
difficulties encountered in their manufacturing and operating
processes impede further research. Recently, magnetic field-
induced superconductivity in Bernal bilayer graphene (BBG)
was reported. This superconducting state also exists above the
paramagnetic limit and has been considered as spin-polarized

(341 The crystal structure of BBG is similar

superconductivity.
to the graphene trilayer in a metastable thombohedral stack-
ing order, but it is more stable, providing greater operability in
experiments.

Although superconductivity has been observed in BBG,
the pairing mechanism remains unclear, sparking extensive
theoretical research.!1%3-42] In fact, the superconducting pair-
ing symmetry of this spin-triplet system has not been further
confirmed. Therefore, revealing the physical characteristics of
BBG under different superconducting pairing symmetries is
of great significance for verifying and comparing them exper-
imentally in the future.

In this paper, we theoretically study the physical char-
acteristics of superconductivity in BBG with different pairing
symmetries. We consider three different pairing symmetries,

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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namely, the p+ ip-wave with parallel spin pairing, p+ ip-wave
with anti-parallel spin pairing and the d + id-wave pairing.
First, we compute and compare the free energy of the system
with these three different pairing symmetries and then calcu-
late the energy band structure, zero-energy spectral function
and density of states (DOS), respectively, intending to provide
a theoretical reference for future experiments.

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the model and present the corresponding
formalism. In Section 3, we report the numerical calculations
and discuss the obtained results. Finally, we provide a brief
summary in Section 4.

2. Model and formalism

The Hamiltonian H of the superconducting BBG system
in the momentum space can be written as H = Y, ‘I’kT Hi '
‘PkT is a 16th-order vector, expressed as

W= (Clm Clisy Clied C’v*’”>7 o

with [ = 1,2,3,4 corresponding to two graphene layers and
two sublattices for each layer, and k is the wavevector.
The 16 x 16 matrix Hy, is expressed as

Ho(k) Ha(k) )
Hy=( 70 , 2
e (e ?
where Hy(k) is the particle part of the Hamiltonian and the

Hy (k) stands for the superconducting part. Hy(k) can be writ-
ten as

Hy(k) = Go@(—m(iz@Go —|—Hg(k))
+0,® (5,00 ®0p) + 0, R (5,00 0p), (3)

where m is the interlayer potential.3*l Experimentally, su-
perconductivity arises in bilayer graphene when an additional
magnetic field is applied parallel to the graphene plane. The
parallel magnetic field can lead to magnetic states with (S ) #
0, resulting from the Zeeman effect, where Sy, represents the
o-component of the spin operator .S, and S = (Sy,S,,S;). In
this study, the Hamiltonian is expressed using the S, represen-
tation. The Zeeman field in the z-direction is represented as
a spin-polarized term [s, term in Eq. (3)], while the Zeeman
field in the x- or y-direction is represented as a spin-flip term
[sy term in Eq. (3)]. It is important to note that the z-direction
Zeeman field should also exist even when the magnetic field is
along the in-plane direction.!*3! In this work, we have numeri-
cally verified that the z-component Zeeman field is crucial for
inducing superconductivity in the bilayer graphene compound.
Here, without loss of generality, the Zeeman field includes
both the z-component and the x-component. The parameters
are chosen as s, = s, = 0.03, m = 0.025. oy is the identity

matrix, o, and o, are Pauli matrices. H,(k) is a 4 X 4 ma-
trix, which describes an accurate tight-binding model for AB
stacked bilayer graphene with the hopping parameters being
taken from Ref. [44].

The H, (k) is the superconducting term matrix. For the
spin singlet pairing symmetry (d + id-pairing symmetry), the
two pairing electrons have the opposite-spin-orientation along
the z-direction with S, = 0. However, for the spin triplet pair-
ing symmetry (p + ip pairing symmetry), there are two differ-
ent pairing forms, namely, in the S, = 0 channel or the S; = +1
channel. In the S; = 0 channel, the two pairing electrons have
the opposite-spin-orientation along the z-direction. Then we
have

Ha (k) = (_ Ty ) . 4

In the S; = %1 channel, the two pairing electrons have the
same spin orientation along the z-direction. Thus we have

Ha (k) = (H‘(()"’) Ht(()k)). ®)
Here, H;(k) is expressed as
0 Ak) 0 0
CIOR SO BN
0 0 EA(—k) O

Here, £ =1 and £ = —1 are for the spin triplet pairing and
the spin singlet pairing, respectively. A (k) is the momentum-
dependent superconducting pairing, expressed as

A(k) = iAje““'ef, (M
where "
e = \%(0,1), e = %(\@,—1),
es = ?1@(—\@,—1),

and A11273 = A()(l, 61271:/3, ei4”/3).
Consider a nearest-neighbor attractive interaction V' as the

pairing strength. The free energy can be expressed as

YA

F:kBTZln[l—f(E,,)]—uN—i—T, ®)
n

where U is the chemical potential, N is the particle number
and f(E,) is the Fermi distribution of the system. The order
parameter Ag can be obtained self-consistently by minimizing
the free energy, with
or
dAoy
The Green’s function matrix can be obtained by diago-

©))

nalizing the Hamiltonian, with the elements being expressed
as
u,-n(k:)uj,,(k)*

10
o—E,+ill’ 10

Gij(k,0) =Y

n
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where E, and u;, (k) are the eigenvalues and eigenvectors of
the Hamiltonian matrix. I is a small quantity with I" = 0.001.
Then we can obtain the spectral function as

8
Y ImGii(k, ). (11)

1
i=1

The DOS can be calculated through the spectral function,
with

Y Ak, o). (12)

3. Results and discussion

The electronic band structure of graphene exhibits unique
properties because the parabolic band touching at the Dirac
point is inherently unstable. Numerous investigations have
shown that applying a perpendicular displacement field in-
duces a band gap at the touching point,!”3**~48] with the
gap’s magnitude increasing concomitantly with the interlayer
potential difference. Capitalizing on this characteristic be-
havior, the superconducting state of BBG was experimentally
achieved by imposing a strong magnetic field at an interlayer
potential difference of 50 meV.**l Motivated by these experi-
mental findings, we perform calculations on this material sys-
tem using parameters consistent with the experimentally real-
ized conditions.

The magnetic field-induced superconductivity in BBG is
considered to possess a spin-polarized nature, as it can ex-
hibit superconducting characteristics above the paramagnetic
limit.[3*! Consequently, constructing the superconducting or-
der parameter incorporates p + ip-wave symmetry with spin-
triplet pairing. As aforementioned, p+ ip-wave symmetry has
two different spin pairing methods, namely, parallel spin pair-
ing and anti-parallel spin pairing. To investigate the pairing
symmetry of this system, we calculated the relevant physical
properties corresponding to the two spin-pairing methods and
compared them with the d 4 id-wave case.

First, we calculate the free energy of the superconducting
state with three different pairing symmetries in the absence of
a magnetic field. The free energy F as a function of the or-
der parameter Ay was computed via Eq. (8) with s, =5, =0,
V =0.433 and is displayed in Fig. 1(a). We observe that
in the range of Ag from O to 0.02, the three free energy
curves exhibit an increasing trend and almost completely co-
incide. Moreover, the free energy reaches its minimum value
at Ap = 0, indicating that superconductivity will not emerge.
This finding is also consistent with previous research.[*¥ Tn

cases where only the electric field is applied, the normal state

energy bands of BBG become fully gapped, making it chal-
lenging for Cooper pairs to form and achieve superconductiv-

ity.

—37.1180056 '
(a)
. | —p+ip(S.==+1)
2 —37.1180060r (5. —0)
2 —d+id
$ _37.1180064} ]
&
—37.1180068F 1
o 0.01 0.02
A[)
(b)
—37.1180266 |
— p+ip(S. =+1)
- — p+ip(S.=0)
: —d+id
o —37.1180268
o
=

—37.1180270 .
0 0.01 0.02

Fig. 1. (a) and (b) The free energy of superconducting states under three
pairing symmetries before and after applying a magnetic field, respec-
tively.

In the presence of a magnetic field, the numerical re-
sults of the free energy become significantly different, as seen
in Fig. 1(b). Our results indicate that only the p + ip state
in the S; = +£1 channel can stabilize superconductivity. As
shown, the free energy of the p + ip-wave with parallel-spin
exhibits non-monotonic behavior, initially decreasing as Ag
grows from zero before passing through a minimum and in-
creasing again at higher values of the order parameter. In con-
trast, the free energy of the p + ip-wave with anti-parallel spin
pairing displays monotonic increasing behavior. Similarly, the
d + id-wave pairing symmetry initially exhibits an increase,
followed by a slight decrease before increasing again at higher
Ap. The free energy of these two pairing states is higher than
that of the normal state. Consequently, these two states will
not be induced by the magnetic field. Upon examining the
three pairings, the parallel-spin p + ip-wave pairing has the
lowest overall free energy values. This comparison between
pairing symmetries offers further evidence that the supercon-
ducting state in the BBG system likely exhibits p + ip-wave
with parallel-spin pairing, as this configuration minimizes the
free energy. Moreover, the magnetic field is necessary for gen-
erating superconductivity. Based on this conclusion, we aim
to continue comparing the differences in other physical prop-

erties under the three pairing symmetries.
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Using the effective magnetic field, we compute the nor-
mal state electronic band structure and Fermi surface topol-
ogy via Eq. (3), which are displayed in Figs. 2(a) and 2(b),
respectively. Figure 2(a) demonstrates that near the point K
[Ok = (%—Z, %)], the energy band crosses the Fermi energy,
corresponding to the two nested Fermi pockets depicted in
Fig. 2(b).

CY 195

M- K|

1.98  2.10 2.22
k ka

Fig. 2. (a) The normal state energy bands of BBG. (b) The Fermi surface
topology of normal state around point-K in the Brillouin zone. (c) The
energy bands of superconducting state with p + ip-wave with the paral-
lel spin pairing channel, with Ag = 0.01. (d) The corresponding zero-
energy spectral function in the superconducting state.

We now examine the physical properties in the supercon-
ducting state of the BBG system. The energy bands in the
superconducting state for the p + ip-wave in the parallel spin
pairing channel with Ay = 0.01 are illustrated in Fig. 2(c). A
superconducting gap along the highly symmetric lines is re-
vealed. Furthermore, the zero-energy spectral function A(k,0)
is computed using Eqs. (10) and (11). The intensity plot of
the spectral function at zero energy (A(k,0)) near the K point
of the Brillouin zone is displayed in Fig. 2(d). It is impor-
tant to note that the entire normal state Fermi surface is not
fully gapped, and energy nodes exist, resulting in a large zero-
energy spectral function at the nodal region.

Subsequently, we calculate the superconducting state en-
ergy bands with the anti-parallel spin pairing channel and the
corresponding zero-energy spectral functions; the results are
presented in Fig. 3. For the p + ip-wave pairing symmetry,
as seen in Figs. 3(a) and 3(b), an energy gap is opened along
the highly symmetric lines, but the gap magnitude is signif-
icantly smaller than that in the parallel spin pairing channel.
The normal state Fermi surface is also partially gapped, while
the nodal region is larger. For the d 4-id-wave pairing symme-
try, no energy gap is opened in the entire normal state Fermi
surface. This result is in good agreement with the numerical
result of the free energy shown in Fig. 1(b).

MoKl 270
0.04f(a / 995
. 0.02 / 180
~
= 135
—0.02 90.0
—0.04 45.0
0
338
282
=
R

—0.02 3. k‘/

—0.04 ’ &

D ‘. —\ 225
> 3.640 QUL D 169
NC
7

Fig. 3. (a) and (b) Energy bands and zero-energy spectral function of su-
perconducting state with p-wave anti-parallel spin pairing symmetry (A9 =
0.01). (c) and (d) Energy bands and zero-energy spectral function of super-
conducting state with the d + i d-wave pairing symmetry (Ap = 0.01).

The variations in physical properties exhibited by this ma-
terial, due to different pairing symmetries, can be further in-
vestigated by calculating the DOS spectra [Eq. (12)]. These
results are illustrated in Fig. 4. To compare the distinctions be-
tween the normal and superconducting states, we also display
the numerical results of the normal state DOS with a dashed
line. Figure 4(a) depicts the superconducting state DOS spec-
tra for the two different p + ip-wave pairing symmetries. Ow-
ing to the opening of the energy gap and the presence of the
nodal region, both low-energy DOS gap structures exhibit a
“V”-shape. However, upon comparison, we observe that the
DOS spectra corresponding to the p + ip-wave parallel spin
pairing channel has a higher superconducting coherent peak
and reduced energy distribution near zero energy.

0.06f —— p+ip(S.=+1) (a) 1
— pHip(S:=0)
....... Normal state
0.04
3
QL
0.02
0 .
~0.05 0 0.05
w
0.06f —— d+id (b)
------- Normal state
0.04} i
3
QU
0.02}
0 .
20.05 0 0.05
w

Fig. 4. The superconducting state DOS spectra for different pairing
symmetry. The dashed lines are the DOS spectra in the normal state.
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In Fig. 4(b), we plot the DOS spectra for the d + id-wave
pairing symmetry. We note that for the d + id-wave pairing,
there is no gap structure in the DOS spectrum, which aligns
with the numerical results of the energy bands and zero-energy
spectral function displayed in Fig. 3. The DOS near zero en-
ergy almost coincides with the spectra in the normal state. Our
findings suggest that the differences between the p + ip-wave
pairing and d + id-wave pairing can be readily distinguished
experimentally through the DOS spectra.

4. Summary

In summary, we have conducted a theoretical study of
the pairing symmetry of magnetic field-induced superconduc-
tivity in BBG. Considering the experimental conditions and
the observed characteristics of the superconductor, we con-
structed and computed Hamiltonians based on three distinct
pairing symmetries: p + ip-wave parallel spin pairing, p + ip-
wave anti-parallel spin pairing, and d 4+ id-wave pairing. Ini-
tially, we calculated the free energy of the superconducting
state for these three pairing symmetries under both zero and
finite magnetic field conditions. Our findings suggest that a
magnetic field is essential for generating superconductivity,
with the p+ ip-wave parallel spin pairing exhibiting the lowest
free energy. Subsequently, we utilized these results to compute
the energy band structure, zero-energy spectral functions, and
density of states spectra for the superconducting state associ-
ated with each of the three pairing symmetries. The ensuing
calculations were in good agreement with our initial free en-
ergy conclusions. A comparative analysis of our results indi-
cates that the spin-triplet superconducting state in BBG can be
characterized by a p + ip-wave parallel spin pairing symmetry.
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