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Identifying critical nodes or sets in large-scale networks is a fundamental scientific problem and one of the key
research directions in the fields of data mining and network science when implementing network attacks, defense, repair
and control. Traditional methods usually begin from the centrality, node location or the impact on the largest connected
component after node destruction, mainly based on the network structure. However, these algorithms do not consider
network state changes. We applied a model that combines a random connectivity matrix and minimal low-dimensional
structures to represent network connectivity. By using mean field theory and information entropy to calculate node activity,
we calculated the overlap between the random parts and fixed low-dimensional parts to quantify the influence of node
impact on network state changes and ranked them by importance. We applied this algorithm and the proposed importance
algorithm to the overall analysis and stratified analysis of the C. elegans neural network. We observed a change in the
critical entropy of the network state and by utilizing the proposed method we can calculate the nodes that indirectly affect

muscle cells through neural layers.

Keywords: dynamical networks, network influencer, low-dimensional dynamics, network disintegration

PACS: 05.10.—a, 89.75.Fb, 87.55.kd, 89.75.Hc

1. Introduction

From random networks to scale-free networks,!'™! the
connections between objects are inherently complex. In the
real world, a range of complex systems, including power grids,
road transportation networks and water supply pipelines, can
be modeled as complex networks. Classic network models

H0-12] and these net-

rely on highly structured connections
works exhibit internal activity with spontaneous, often high-
dimensional, dynamic behavior.[”-° However, extensive re-
search has confirmed that in large-scale networks, the activity
of individual nodes resembles a mixture of fixed patterns and

r.[13-16] The dynamics of such networks can

disorderly behavio
be inferred from connectivity using geometric methods. For
convenience, Sompolinsky ez al.!®! defined the connectivity of
these networks as the sum of their random components and the
minimum low-dimensional structure required to achieve spe-
cific computations.!!”]

In recent years, the research hotspot of complex networks
has gradually shifted to the role played by individual nodes
and links in the entire network. One group of nodes in the
network is much smaller in size than the overall network but
plays an important role in the entire network. If these nodes
are activated or removed, it affects the structure and status
of the entire network, making the originally stable network
chaotic and causing some functions in the network system to
be disordered.*3] It is crucial to enhance the most influen-

tial nodes with the least amount possible, as the entire net-

fCorresponding author. E-mail: mineduan@ 163.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad102e

work may even collapse due to the absence of these impor-
tant nodes.!'®! In the network model mentioned earlier, we
have studied an important node recognition algorithm based

19:411 {0 identify nodes in the network that can con-

on entropy[
trol the network’s behavior and status. Researchers generally
believe that entropy can be used to measure the degree of dis-
order and we use this characteristic and combine it with the
network model to calculate the overlap of a node’s activity
level with its random and fixed low-dimensional parts through
dynamic mean field theory. We use the influence of the node
on the network state change based on the overlap to quantify
entropy value and finally rank the importance of each node
according to its influence on the network entropy value. In
this way, we find nodes that have a greater impact on the net-
work state. We calculate the overlap of node activity with a
random matrix and minimal low-dimensional structures using
dynamic mean field theory, representing the current state of
disorder or stability in the network and quantifying it using

[20-23

entropy values. I Finally, we rank the importance of each

node according to its influence on the network entropy value,
thus finding nodes that have a greater impact on the network
state.

2. Model and method
2.1. The network dynamic model

Francesca Mastrogiuseppe and Srdjan Ostojic!'”l em-
ployed a network model to record the relationship between

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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neuronal connectivity, low-dimensional dynamics and com-
putational features. We follow this network model, in which
each node is associated with a continuous variable, x;(z),
which characterizes the network’s dynamic behavior. The
output of every node is a non-linear function, known as the
sigmoidal function ¢(x), applied consistently with previous
findings,[®>*23] where ¢ (x) = tanhx. In this case, the trans-
formed ¢ (x;(¢)) is recognized as the activity variable of node
i and J;; is the connectivity matrix. As a result, we deduce the
ensuing dynamic model as

dxi

N
dt :—xf<f>+j:ZIij¢ (x;(1)), (1)

no experiments considering external input perturbations are
performed in this article. However, from a theoretical point
of view, if the network is given an external input, Eq. (1) is
altered to dx;/dt = —x;(¢) +Z§y:11ij¢ (xj(1)) + 1.

We consider a specific class of connectivity matrices that
can be written as a sum of two terms

Jij = gxij + Pij. 2

Similar to the research done by Sompolinsky et al.,!%!
Xij is a Gaussian all-to-all random matrix in which each el-
ement is extracted from a central normal distribution with a
variance of 1/N. The parameter g represents the random con-
nection strength scale in the network, which we refer to as
random strength. The second term F;; is a low-rank matrix.
In this network model, we assume that the low-rank part of
the connection is fixed, while the random part varies between
different implementations of the connection. This result de-
pends on two simplified assumptions.!!”! The first assumption
is that the low-rank term is statistically uncorrelated. The sec-
ond assumption is that the structured connectivity, as shown in
Eq. (3), is weak in the limit of large N, i.e., its scale is 1/N,
and the scale of the random connection part J;; is 1/ V/N. Our
main focus is on the case where P; is a rank-one matrix. In
this scenario, F;; can be written as the outer product of two
one-dimensional vectors m and n
min;

N 3)

According to the first assumption, the entries of vectors

P =

m and n are independent of the random connection matrix
Xij- In this case, the only non-zero eigenvalue of P is given by
mTn /N, with corresponding right and left eigenvectors being
m and n, respectively.

2.2. The entropy-based ranking algorithm based on over-
lap k
Assessing the importance of nodes is essentially examin-
ing the extent to which network changes are caused by per-
turbations of the nodes in complex coupling. Most node-
importance algorithms start from the network structure and

define the importance of nodes by the size of the remaining
maximum connected component in the network. We define
the overlap k of the random and fixed low-rank parts of the
network and, based on this, we propose a node-importance
algorithm that considers the impact of overlap degree on net-
work entropy. Specifically, we provide the specific steps of the
algorithm

Hy (i) = —kilogy (ki) — (1 — ki) logy (1 — ki), 4

where k; is the overlap x of ith perturbation. The entropy for-
mula we use is based on a variant of binary entropy also known
as Shannon entropy. Shannon entropy is a fundamental con-
cept in information theory used to measure the uncertainty of
a random variable or the amount of information.*3! The orig-
inal Shannon entropy formula is H,(x) = —xlog,(x) — (1 —
x)log, (1 —x). xis a random variable that represents the uncer-
tainty we need to measure or the amount of information itself,
according to Shannon’s entropy theory, and we turned x to the
overlap k. Next, we describe k¥ and the dynamic mean-field
theory used.

2.3. Mean-field theory for dynamical networks

Our results rely on the mathematical analysis of
network dynamics based on dynamic mean field theory
(DMFT), %2527 which averages the disorder source of the ran-
dom part of connectivity to obtain a dynamic and effective de-
scription.

According to the last term in Eq. (1), the long-time prop-
erties of the solutions of Eq. (1) for large N have been studied
by using the DMFT originally developed for spin-glasses. [+4]
This theory is exact in the limit of N — oo. The dynamics of
the system at long times can be reduced to a self-consistent
equation of a single unit. Based on this theory, in different
implementations of the Gaussian random matrix y;;, it will
generate a time-dependent Gaussian field by random inputs

(6] 5o that the input of node i can be ap-

from the other units,
proximated as a Gaussian random process 7;(7). We obtain an

approximation as
N
Y. Jij9 (xj(0) = mi(0). §)
j=1

Making each node i obey the class Langevin equation, [+4]
obtained from Egs. (1) and (9),

— = —xi(t) + i), (©6)

Gaussian random process 1);(¢) can, in principle, have different
first-order statistics and second-order statistics for each unit,
but they are statistically independent between different units.
Therefore, x; of different units is also an independent Gaus-
sian random process and can only be coupled through first-
and second-order statistics.
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The core of the DMFT is the self-consistent equation of
In the
equilibrium state (without transient dynamics), the average p;

the mean y; and the autocorrelation equation A; (7).

for x; is obtained by averaging the random part of the connec-
tivity in Eq. (1) over the entire sphere. For unit connections, it
can be obtained as follows:

Wi = iom;, (7)
with
Ly (9)]
== ) njloj], 3
L0

where ¢; is a short form of ¢(x;(z)) and [@;] represents the
mean activation rate of the Gaussian transformation x; at node
j. From a geometrical perspective, k; represents the overlap
between the left connection vector n and the average firing
rate in ith perturbation, which is also given by the group mean
value n;[¢;]. At the same time, it can be represented as fol-
lows:

K= /dmdnp(m,n)n/qu) (mK+ Aoz), 9)

where p(m,n) represents the joint distribution of vectors m
and n, [Dz = [17 e_%/\/ﬁdz,[ﬂ Ag is the variance of x;
and the autocorrelation function A;(¢) quantifies the fluctua-
tion of the activity quantity x; around the expected average
value. The results of its calculation show that the fluctuations
of the activation x; around the expected mean for all units in
the network are same, that is, it is independent of unit i (see
Eq. (18)), so the auto-correlation function A;(¢) can be decom-
posed into a static variance that quantifies the balance of the
random component fluctuations of x; in different realizations
when the network is in a state of temporal chaos. An additional
temporal variance can be written in static form as

— i [67], (10)
N =

where [(})ﬂ is the mean value of ¢i2 (x) of Gaussian variable x;.

Equations (8) and (10) indicate that both u; and Aq de-
pend on the average and macroscopic quantities of the popu-
lation.

2.4. Dynamic behavior of a single node

The DMFT relies on the assumption that when the net-
work is sufficiently large, the disordered components of the
coupling structure (represented here by y;;) can effectively de-
couple the activities of individual nodes. Based on our study,
we use the mean field theory applied to networks with a pri-
mary structure that has no external input. Firstly, according to
Egs. (2), (3) and (5), we will give the spontaneous dynamics

equation of a single node to determine the effective noise 1);
for node i,
N m N
ZgZ,l%u'(P(xj(f))Jrﬁl Zl”ﬂl) (xj(1)).  AD
j= Jj=
We will show that this assumption of de-correlated ac-
tivity is self-consistent for the particular network structure we
study, described in the standard DMFT by averaging over dif-
ferent realizations of the random matrix x;; for 7;.[6281 [.] de-
notes the average over the random matrix ;; and (-) denotes
the average of the different units in the network. The network
activity can be equivalently described using the variables x; ()
or their nonlinear transformation ¢(x;(¢)). Since these two
quantities are not independent, the statistics of the distribution
of the latter can be expressed in terms of the statistics of the
former, and the average value of the effective noise received
by unit i is
N

Z [th(l) xj

Jj=1

mi(1)] = ¢ Zn, H(0)]. (12)

Under the hypothesis that, in large networks, neural ac-
tivity decorrelates, more specifically, that activity ¢ (x;(r)) is
independent of its outgoing weights, we have

82 Xij) (¢ an

when [%l j]

=mjK, (13)
=0 we can get

1 N
= L 1o o)) =

which quantifies the overlap between the mean population ac-

(njlo (x;))]), (14

tivity vector and the left-connectivity vector n. Similarly, the
noise correlation function is given by

[mi(z )le( 7)]
xi(1)) @ (x(t +7))]

+ ”;T"; Y. ¥ nem 6 ()
k=11=1

The parameter T represents a time lag representing

¢ (a(t+1))].  (15)

the temporal separation between the observations of two
nodes i and j. Each cross term vanishes when [y;;] =
0 at this point, which then indicates that there is no
direct connection between i and j. When we expand
Mi(t)n;(t + )], we get four terms where the cross terms about
i and j, such as @5 YN YV [fumed (v (1))9 (x (1 + 7)) and
%Zﬁ:l N9 (xi ()9 (i (t + 7))] vanish. However, in
a similar way to the standard DMFT derivation, 0] the first
term on the right-hand side vanishes in the cross correlation

(i # j) and is present in the autocorrelation function (i = j)
when (¥ x 1] = 6ij0u/N. We then obtain

[mi(e)n;j(r +7)]
= &g ([9:(1)9i(t +7)])
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mlm/ Z annl )¢(xl(l‘—|—f))}. (16)

The second term on the right-hand side of the above
equation corresponds to a sum containing N terms, where
k = [; the effect of which vanishes under massive N due to the
1/N? scaling. According to the assumptions we started with,
when k # [, the activity is related to [¢ (xx(¢)) ¢ (x;(t +7))] =
[¢ (xk(2))] [¢ (x;(# +7))] and in the order of the N priors, we
get

[m( )m(t+f)]
= 8;8° ([ it + )

mlmj an (1)) an [(t+1))]
k£l
= g <[¢i(t)¢i(t+7)]>+mimjk2a (17)

so that

i)+ 7)] = (M)} [n;(0)] = 858 ([9:(1) (¢ + 7)]) . (18)

Up to this point, we find that the effective input statistics
are uncorrelated across units, so our initial assumptions are
self-consistent. Finally, for each unit i, we compute the first-
and second-order statistics of the effective input 1;(¢). The
obtained expressions show that the individual noise statistics
depend on the statistics of the whole network activity.

In particular, the average value of the effective inputs
depends on the average overlap k, but varies between units
through the components of the right connectivity vector m.
On the other hand, the autocorrelation of the effective inputs is
the same for all units and is determined by the overall average
firing rate autocorrelation ([¢;(z)¢;(f + 7)]). Once the statis-
tic of n;(¢) is determined, the Langevin-like stochastic process
can be solved by Eq. (6) to obtain the autocorrelation solution
of the activation variable x;(t).

3. Experiment and results
3.1. Network behavior perturbation experiment

According to the generated network connectivity matrix,
we conducted network behavioral perturbation experiments on
a fully connected network,?°! a random network,*%! a scale-
free network3!! and a real network (Chicago arterial road
network?>331). Based on the generated connectivity, we cal-
culated the influence of nodes on network entropy value and
removed nodes sorted by importance. We then compared
three methods, namely, entropy ranking, random removal and
degree*¥ removal. In fully connected networks, we replaced
degree ranking with sequential ranking. The experimental
results showed that removing 20% to 40% of the important
nodes sorted by entropy ranking could minimize the network’s
behavioral value. This method was significantly better than
others in fully connected networks, ER networks (K = 40,
N = 200), BA networks (y = 30, N = 200) and the Chicago
arterial road network (N = 933), see Fig. 1 for details.

2 (a) —H, 0.5 1.(P) ---Random
" )
o
5]
& 0
5]
=
_9 —0.5 4
0 0.5 1.0 0 0.5 1.0
Removal rate Removal rate
2 2
(c) -~ Random (d) —Random
1 Degree i
— H,

Mean of x;

0 0.5 1.0 0 0.5 1.0
Removal rate Removal rate

Fig. 1. Performance of different algorithms for the behavior perturba-
tion experiment. Due to the stochastic nature of network models, except
for the real road network (d), we conducted 1000 experiments and ob-
tained the average values of the following results: (a) fully connected
network, N = 1000, with no degree sorting and added sequential sorting
for comparison; (b) scale-free network, ¥ = 30, N = 200; (c) ER net-
work, K =40, N = 200; (d) Chicago arterial road network. [32.33] The
horizontal axis represents the proportion of removed nodes from the
network according to the sorting result and the vertical axis represents
the average behavioral value of the remaining network.

3.2. Correlation matrix

Based on the results of network behavior perturbation, we
compared the entropy-ranking method with degree ranking,
random ranking and sequential ranking, and observed the node
selection situation. We used Pearson correlation analysis*>! to
compare the sorting results from all of the algorithms. It can be
seen from Fig. 2(a) that their correlation is low, indicating that
the entropy-ranking method has richer information compared
to other methods. We believe that this is a very important but
easily overlooked indicator, because the low correlation be-
tween proposed and known algorithm suggests that proposed
algorithm is more likely to provide insights beyond the known
algorithm.

To further illustrate the differences between the methods,
we performed a visual analysis of the network selection. We
do not provide any additional illustration of random and se-
quential ordering here, but only compare the difference in se-
lection between the degree method and our entropy sorting,
which illustrates that entropy sorting method has more infor-
mative information as compared to the other methods. Regard-
ing the additional information, we have visualized the network
based on the experiments in Fig. 1(c) and marked the differ-
ence between the points selected by the degree method and
those selected by our method. The size of the circle repre-
sents the importance of the nodes and the red nodes are the
nodes selected by our algorithm. It can be seen that it does
not present a clear aggregation state like the degree algorithm,
which suggests that our algorithm can more comprehensively
capture the information about the network nodes.
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(a) Pearson correlation analysis coefficient test matrix

Entropy 0.346 |0.3856 0.91
0.8

Degree 0.7
0.6

rd [ 0.3856 0.5

od | 0.2669|0.4059 | 0.3264 2;1

Entropy Degree rd od

(b)

Fig. 2. Correlation analysis and point selection visualization. (a) Pearson correlation matrix. The table shows that Hy represents the entropy
ranking, ‘degree’ represents the degree ranking, ‘rd’ represents random ranking and ‘od’ represents sequential ranking. Pearson correlation
analysis was used to compare the correlation between the methods. (b) Network critical node visualization. This visualization showcases the
application of the degree algorithm in selecting crucial nodes within a network. Node radius indicates the ranking, with larger radii denoting
higher rankings (i.e., larger degrees). We performed node ranking based on entropy in the same network, highlighting the top ten nodes in red.

3.3. System state disturbance experiment

In a systemic evaluation, we gauge the system’s state
by monitoring the temporal evolution of individual behaviors
across the entire network. Previous studies commonly assert
that when the behavioral values of the majority of nodes ex-
hibit random fluctuations, the system is considered chaotic.
Conversely, if individual behaviors display consistent and non-
random fluctuations over time, the system is deemed stable.
Typically, a well-functioning system tends to be stable. How-
ever, if the intention is to induce an abnormal operational state,
a straightforward approach is to introduce chaos into an ini-
tially stable system. In this context, we employ entropy to
quantify the degree of chaos within the system and introduce
a node importance algorithm to rank network nodes. Perturba-
tions are then applied to nodes based on their importance and
subsequent alterations in the network state are observed.

To validate our algorithm, we conducted state perturba-
tion experiments on random networks. Initially, the connec-

tion matrix of the random network was generated accord-
ing to the network model. The temporal fluctuation of each
node’s initial state was then computed and documented. Sub-
sequently, based on this initial state, networks were catego-
rized into chaotic and stable states. Leveraging our proposed
node importance algorithm, nodes were prioritized under the
initial conditions and the activity of nodes was recalculated af-
ter each perturbation according to their respective importance.
The pseudo-code of procedure is given in Algorithm 1.

We also use degree sorting to perform the same operation
on the same network to compare the differences in terms of
the effect of degree sorting and entropy sorting under the same
perturbation ratio. In Figs. 3(a)-3(d), we carried out experi-
ments comparing two states and four methods on ER network
and scale-free network respectively. After many experiments,
it can be clearly seen that our entropy-sorting method is very
effective in changing the state of the network. The state of the

Algorithm 1 Node-importance algorithm pseudo-code

1: function CREATEMATRIX(G,Mm,Mn, Sim, Sin, g)

2: R + g-normrnd(0, %,N,N)

> Connectivity randomized partial matrix

3: normrnd(Mm, Sim, 1,N) — m,normrnd(Mn, Sin,N,1) — n

4 (m-n)/N.R+M—M,J
5: end function

6: for all Node i in G

7:  SimulateActivity(J)

8:  oded45(@Integrate,,xp,options,J)
9: function INTEGRATE(?, x,J)

10: return x

11: end function

12: overlap(x,m,n,Mm,Mn) —
13:  Entropy(N, k) — H(K)

14: end for

15: Record Rank List
the nodes in terms of importance

> M is the smallest low-dimensional part of the connectivity matrix

> Record the change in network entropy after each perturbation and use it to rank
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H,

Random

Remove 20%

Remove 30%

Remove 20% Remove 30%

Hy Random
Remove 20% Remove 30% Remove 20% Remove 30%
(b) 3
", 0
Initial state
5 [
3
20 40 0 20 40 0 20 40 0 20 40

Degree

Random
Remove 20% Remove 30%

(c)

Initial state

20 40
t

Random
Remove 20%

Remove 30%

2 2
1 1
0 0
-1 -1
-4 | 2l 2
0 20 40 0 20 40 0 20 40
t t t

Fig. 3. Comparison of system perturbation effects. The horizontal axis represents time and the vertical axis represents the activity of the nodes as
they fluctuate over time. Each line represents a different node in the network. (a) The initial state is a chaotic ER network (N = 50, k = 10) and
the change in remaining node activity after removing 20% and 30% of nodes sorted by entropy and degree is compared. (b) The initial state is a
stable ER network (N = 50, k = 10) and the change in remaining node activity after removing 20% and 30% of nodes sorted by entropy and degree
is compared. (c) The initial state is a chaotic BA network (N = 50, ¥ = 10) and the change in remaining node activity after removing 20% and 30%
of nodes sorted by entropy and degree is compared. (d) The initial state is a stable BA network (N = 50, ¥ = 10) and the change in remaining node
activity after removing 20% and 30% of nodes sorted by entropy and degree is compared.
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network using entropy sorting changes significantly after re-
moving the same proportion of important nodes given accord-
ing to each algorithm. For a chaotic network as its initial state
(see Figs. 3(a) and 3(c)), we found that when the proportion
of perturbed nodes according to entropy sorting accounts for
20% of all nodes, the network state gradually tends to be sta-
ble. When the number of perturbed nodes increases to 30%,
the network state reaches stability from the original chaotic
state. With degree sorting, the same proportion of node per-
turbation still keeps the system in a chaotic state. For the case
of initial state stabilization, entropy sorting is still better than
other methods for the change of network state, see Figs. 3(b)
and 3(d). This observation suggests that the network system is
more likely to transition from a chaotic state to a stable state
under perturbed nodes ordered by Hy (i), whereas the degree-
ordered perturbations fail to achieve the same stabilizing ef-
fect. This may imply that nodes sorted by entropy play a more

important role in the network structure and state evolution, and
their perturbations have a more significant effect on the overall
stabilization of the system. This also highlights that the choice
of node-ordering method has an important impact on the net-
work state evolution and that ordering by entropy may be more

effective in steering the network towards a stable state.

3.4. Comparing the entropy values during state changes

As we use entropy as a metric to perturb nodes, it can
cause originally chaotic or stable systems to become stable or
chaotic. Therefore, we recorded the entropy value of the sys-
tem in different states. When we changed the system from
stable to chaotic and then back to stable (i.e., stable — chaotic
— stable), we found that the entropy value of the same stable
state network was different, but relatively close, see results in
Fig. 4.

N —
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Fig. 4. State changes and critical entropy values. (a) The change of the node behavior values over time in the initial state of the network. On
the left side of (b), the initial network is disturbed to reach a chaotic state, while on the right side, the change of entropy value is shown. On
the left side of (c), a chaotic network from (b) is used as the initial state to control the nodes and restore the network to a stable state, with the

change of entropy value shown on the right.

3.5. Disturbance of the C. elegans network

The nervous system of an animal changes as its
body grows and its behavior matures from birth to
adulthood.[?427-36-39421 I the study by Witvliet et al.,[*0]
eight homologous C. elegans whole-brain reconstructions
were created using consecutive sections of electron mi-
croscopy to investigate how it changes with age and to com-
pare the connectomes of different developmental stages. It
was found that the consistent wiring changes between different
neurons reveal continual changes. They divided the neurons
into four categories (see Fig. 5 for details), namely, sensory,
inter, motor and modulatory, with feedforward and feedback
connections between these neurons that ultimately act on mus-
cles together. We used the network model in Subsection 2.1 to
process the C. elegans network and used the entropy-ranking
method to analyze the entire network and its functional lay-

ers. We selected the nodes that have the greatest impact on the
network state and observed the degree to which each layer’s

nodes influence the muscle layer.

Inter

i neurons

Sensory
neruons neurons

LT o

Modulatory
neurons

Motor

-@

Fig. 5. The neural layer relationships of C. elegans. The circles rep-
resent the corresponding neural layers and the direction of the arrows
indicates a connection between two layers of neurons.
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3.5.1. Overall disturbance

Firstly, the overall control of the C. elegans neural net-
work was carried out, with the initial state of each node ob-
tained. Then, the importance of each node was ranked using
entropy and degree ranking, and perturbation was carried out.
Experimental results show that, without perturbation, the ac-
tivity level of each node in Fig. 6 did not change over time,
indicating that the network was in a stable state.

(a) Initial state g

—100
Remove 40%

100/
50

Fig. 6. The overall perturbation of the C. elegans neural network.
(a) The activity of each node over time when the network is not per-
turbed. (b) The state of remaining network nodes over time after remov-
ing nodes based on the Hy (i) method. (c) The state of the remaining
network over time after removing nodes based on the degree-ranking
method. The horizontal axis represents time and the vertical axis repre-
sents the behavioral value of nodes.

To achieve perturbation and disruption of the network, the
nodes in the network were ranked according to importance us-
ing entropy and degree ranking, and the nodes were perturbed
in descending order. After 40% of the nodes were removed,
the result shown in the upper right of Fig. 6(b) indicates that,
when the network was perturbed by Hy ranking, most of the
nodes in the network exhibited significant irregular fluctua-
tions over time, indicating that the network was in a chaotic
state. This chaotic state is reflected in the C. elegans brain
nerve cells, leading to chaotic muscle behavior. Figure 6(c)
shows the change of node activity over time when perturbed

Disturb
sensory

Muscle initial
state

80

Disturb
inter

by degree ranking. The behavioral values of the nodes were
different from the initial state, but the behavioral values of the
nodes were in a state of irregular fluctuation before r = 20.
After that, the behavioral values of the nodes no longer fluc-
tuated over time, indicating that the overall network state was
still stable. This experiment demonstrated the effectiveness of
selecting nodes using entropy ranking to control the C. elegans
neural network, providing a basis for the subsequent layered
control experiments.

3.5.2. Layered disturbance

The data used in this study comes from the research of
Witvliet et al.!*"! They divided the C. elegans neural network
into four layers of neurons and a muscle layer, with the four
layers of neurons being sensory, inter, motor and modulatory.
We obtained Fig. 5 based on the relationship between differ-
ent layers of neurons. From Fig. 5, it can be observed that
there are feedback and feedforward connections among the
four layers of neurons, which affect each other’s neural activi-
ties. Ultimately, these neural activities act on muscles through
the motor layer. The muscle layer is divided into 32 different
types of muscle cells, which are impacted by the four layers of
neurons. Considering the existence of neural signal transmis-
sion between different layers, we applied the entropy-ranking
method to perturb the same proportion of nodes in the neural
network layers, except for the motor layer which is directly
related to muscles. Then, we observed the changes in the ac-
tivity levels of each muscle cell node in the muscle layer after
perturbation.

We recorded the initial state of the muscle layer when the
other neuron layers were undisturbed. Then, we sorted the en-
tropy of each neuron node in each layer and disturbed nodes in
the same proportion to observe the state changes of each node
in the muscle layer. The experimental results in Fig. 7 show
that the initial state is stable, indicating that the behavior of the

Disturb
modulatory

Disturb
motor

60

40
g
20

—20

0 20 40

t

Fig. 7. Changes of muscle layer node behavior over time after disturbing each layer. Time is on the horizontal axis and the node behavior value
is on the vertical axis. (a) The initial state of each node in the muscle layer. (b)—(e) The state changes of each node in the muscle layer after
disturbing the sensory, inter, modulatory and motor layers, respectively, according to Hy ranking.
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Fig. 8. The important nodes in the C. elegans network. The color of the circle represents the cell type, each line represents a connection
between at least one chemical synapse of the two cells and the line width represents the number of synapses. After multiple experiments, the
important nodes that ranked in the top 40% in the sensory and motor layers, respectively, are shown in (a) and (b). The list in the figure shows

the corresponding node names and their importance rankings.

C. elegans brain cells is normal. We observed that disturbance
of the inter and modulatory layers had a certain impact on the
performance of muscle cells, but the network state was rela-
tively stable. After disturbing the sensory layer, the changes in
the muscle layer were relatively large, and most nodes showed
chaotic oscillation. We believe that the reason for this phe-
nomenon is that the sensory layer is connected to each other
layer and forms the foundation of the entire cell. Therefore,
even if it is not directly connected to muscles, disturbing the
sensory layer will have a greater influence on the muscle layer.
After disturbing the motor layer, the state of the muscle layer
changed from stable to chaotic. This indicates that the muscle
behavior of the experimental subject is already chaotic. We be-
lieve that this is because the motor layer is directly related to
the muscle layer. In Fig. 8, we will represent important nodes
in the motor and sensory layers in the C. elegans network.

4. Discussion and conclusion

In this paper, a combination of random components and
a minimum low-dimensional structure is used to represent the
connectivity model of the network. Furthermore, mean-field
theory is used to derive the activity of network nodes. The
overlap of the random part and the low-dimensional part is
calculated, and the degree of influence of each node on the net-
work state change is calculated and quantified using entropy.
Finally, the influence of each node on the network entropy
change is ranked according to the importance of this influence.

We conducted network behavior disturbance experiments
on fully connected networks, random networks, scale-free net-
works and the Chicago backbone network using the newly pro-
posed importance algorithm. Our findings show that this algo-
rithm not only has superiority in changing node behavior, but
also can effectively control the overall state of the network.

Through system state disturbance experiments conducted on
random networks, we demonstrated that the important nodes
in the network identified by our algorithm can also effectively
change the network state. We further applied this method to
the C. elegans neural network to control the network both
globally and locally.

Based on our algorithm and experimental results, this
paper draws the following conclusions: (1) The overlapping
degree of the random part and the fixed low-dimensional
part contains information about the impact on network states.
(2) Using entropy, we can determine the degree to which a
node affects network states and selectively use these important
nodes to change the network state. For example, we can dis-
rupt the system behavior by making a stable network chaotic,
or conversely, stabilize a chaotic network to restore normal
function.

In conclusion, our work opens up exciting possibilities for
the controlled manipulation of network behavior, with applica-
tions ranging from critical infrastructure management to bio-
logical system control. We look forward to delving into these
future endeavors, contributing to the advancement of network
science and addressing the complex challenges posed by dy-
namic networks in our ever-evolving world. Our future work
will focus on assessing the robustness of networks under the
influence of our importance algorithm. We aim to investigate
how the targeted manipulation of specific nodes can enhance
or compromise network resilience and how this can be lever-
aged for better network performance. We plan to delve deeper
into the study of biological networks. This includes inves-
tigating applications in gene regulatory networks, metabolic
networks and protein—protein interaction networks, which can
have profound implications for understanding biological pro-
cesses and diseases.
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