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We investigated the one-dimensional diamond ladder in the momentum lattice platform. By inducing multiple two-
and four-photon Bragg scatterings among specific momentum states, we achieved a flat band system based on the diamond
model, precisely controlling the coupling strength and phase between individual lattice sites. Utilizing two lattice sites cou-
plings, we generated a compact localized state associated with the flat band, which remained localized throughout the entire
time evolution. We successfully realized the continuous shift of flat bands by adjusting the corresponding nearest neighbor
hopping strength, enabling us to observe the complete localization process. This opens avenues for further exploration of
more complex properties within flat-band systems, including investigating the robustness of flat-band localized states in
disordered flat-band systems and exploring many-body localization in interacting flat-band systems.
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1. Introduction

The exploration of localization properties in disordered
systems holds significant importance in realms of solid-state
physics and condensed matter physics.!!! Disorder has a sig-
nificant impact on wave propagation, leading to the well-
documented phenomenon of Anderson localization.?! Even in
the presence of interparticle interactions, these localized prop-
erties persist, referred to as many-body localization.*! Un-
conventional localization can also occur in certain disorder-
free systems that contain dispersionless or flat bands.>~7! The
eigenstates of flat bands are characterized by perfectly com-
pact localized modes that occupy only a limited number of
unit cells. This spatial restriction is due to the lattice geometry,
which induces destructive interference among various propa-
gation pathways. 81 These highly degenerate flat-band local-
ized states can be lifted by even the weakest disorder. In in-
stances where the flat band intersects other dispersive bands,
the system’s sensitivity to disorder is markedly heightened.
However, in a gapped system, the localized state within the
flat band exhibits resilience against weak disorder. The com-
petition between the flat band and disorder in such a gapped
system can provoke a transition from flat band localization to
Anderson localization (FBL—AL). This transition occurs as the
flat band converges with other dispersive bands under the in-
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fluence of disorder,!10-11] Additionally, an inverse Anderson
transition is conceivable in higher dimensions!'?! or in spe-
cially designed disordered systems.!!3! An investigation into
the role of the energy gap can significantly deepen our under-
standing of flat band systems’ behavior.

From an experimental perspective, various experimen-

tal platforms, such as ultracold quantum gas, !4

19-23

cavity
polaritons!!”-'8! and photonic crystals,!!23! have been uti-
lized to study the flat-band systems. Studying the influence
of the gap between the flat band and other dispersion bands
on the robustness of the flat band system requires precise
control of the coupling strength at the single-site level and
the capability to measure the time-dependent transport pro-
cess. These features are often absent in most solid-state sys-
tems. Conversely, momentum lattices, where distinct mo-
menta simulate synthetic lattice sites, afford the precise tuning
of tunneling strength and phase, as well as the on-site energy
of individual sites by manipulating the corresponding laser

[13.24-26] The manipulation includes modifying the

parameters.
frequency, intensity, and phase of a laser, which posits mo-
mentum lattices as a versatile platform for studying the more
intricate properties of flat-band systems.

In this paper, we report an experimental realization of

a highly controllable flat-band system using a Bose—Einstein
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condensate (BEC) of 8’Rb atoms in a one-dimensional (1D)
momentum lattice. Here, we can precisely modulate the inter-
site coupling strength, influencing the gap between the flat and
dispersive bands. Initially, we engineered a diamond flat-band
model comprising 16 sites by adjusting the coupling strengths
We then
prepared the flat-band eigenstate of the diamond lattice sys-

between the nearest and next-nearest lattice sites.

tem by manipulating the coupling between two lattice sites,
confirmed by observing nondiffusive behavior. For compara-
tive analysis, we generated distinct initial states by varying the
coupling phase and monitored their entire evolution within the
constructed diamond flat-band lattice system. The localization
effect was quantified using an ‘efficiency’ metric. By adjust-
ing specific nearest-neighbor coupling strengths, we achieved
the continuous shift of flat bands, thereby modulating the inter-
space between the bands and affecting the gap between the flat
bands and the dispersive bands. Our work demonstrates the
powerful capabilities to dynamically adjust parameters such
as the coupling strength and phase between lattice sites. These
include assessing the robustness of localized states in disor-
dered flat-band environments and exploring many-body local-
ization within interacting flat-band contexts.

2. Diamond lattice model

Figure 1(a) illustrates the proposed one-dimensional dia-
mond lattice model comprising three distinct sub-lattice sites
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labelled A, B, and C, characterized by two different hopping
strengths, denoted as u and v. The Hamiltonian of an N-site

diamond model is expressed as

N/3
A A A AT A A A JOA
A=) (CialiB+¢ i +E ACiB+C]  cCip+Hec.)
i=1

- u(ézAéip +H.c.)
N/3

+ Y (Wiac] alia+Wipelpéin+Wicecéic). (1)
i=1

where W, ¢ represents the on-site disorder potential, to be dis-
cussed in the final section. For the present analysis, we set
W; o = 0. The single particle dispersion reveals three distinct
energy bands

E = —u, [ux/u®+32v2cos2(k)]/2, 2)
as depicted in Fig. 1(b). The flat band, which is located at E =
—u, is robust against direct coupling u between the A and C
sublattices, and is separated from other dispersion bands once
u > 2v. The eigenstate of the flat band only occupies the sub-
sites A and C in one unit cell |¥)FB = (gézA - ?éj_cﬂvac)
with |vac) the vacuum state, as shown in Fig. 1(a) (fhe two
shaded sites).
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Fig. 1. (a) Schematic diagram of a one-dimensional (1D) diamond model with two kinds of coupling strengths # and v. (b) Band structure of
the diamond model with parameters u = 0, u = v, u = 2v and u = 3v. (c¢) Realization of a 1D momentum lattice using the Bragg process (top)

and visualized via time-of-flight imaging (bottom).

3. Experimental preparation

In our experiment configuration, we realized the Hamil-
tonian describing a diamond lattice (represented by Eq. (1))
in a momentum-space lattice, where the individual momen-
tum states correspond to specific lattice sites. As depicted in

Fig. 1(c), our method involved utilizing an optically trapped

BEC comprising approximately 6 x 10* 8’Rb atoms. The BEC
was subjected to the influence of a pair of counter-propagating
lasers operating at a wavelength of A = 1064 nm. One of these
lasers maintained a single frequency component, while the
other beam encompassed multiple discrete frequency compo-

nents, meticulously selected to align with various two-photon
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and four-photon Bragg resonance conditions. The laser with
a constant wavelength cooperated with each individual fre-
quency component of the other beam to establish resonant
coupling among a set of momentum states, facilitating coher-
ent transfer and thereby constructing a one-dimensional syn-
thetic lattice.[>*?>! These momentum states were associated
with discrete momentum values p, = 2nhk, where k = 21 /A
denotes the laser’s wave vector and n signifies the site in-
dex. Within this momentum-space lattice framework, we were
able to independently regulate the coupling strength, coupling
phase, and on-site energy on a site-by-site basis by adjusting
the parameters of the lasers. This experimental setup allowed
the successful simulation of various one-dimensional lattice
models.

To demonstrate the localization effect, it is crucial to ini-
tialize the system at an eigenstate of the flat band in the dia-
mond lattice and observe its time evolution. Our process com-
menced with a BEC initialized in the zero momentum state
|0}, as illustrated in step (1) of Fig. 2(a). Subsequently, in step
(2), a pair of Bragg lasers were employed to induce coupling
between states |0) and |+ 1), facilitating the population of par-
ticles into the | 4 1) states as the system evolves. The final state
was determined by the strength o, the phase 6, and the dura-
tion time ¢ of the Bragg process. In our experiment, we chose
o~=2nh x 2 kHz and ¢t ~ 1/16 ms for the initial state prepa-
rations. These chosen parameters were tailored to achieve the
desired particle population ratio of 1:1.

In determining the appropriate coupling phase 6, theo-
retical calculations considering only nearest-neighbor hopping
propose setting 0 at 0.57w. However, the validity of this theo-
retical suggestion cannot be confirmed solely by measuring
the state population. In fact, the particle fractions would ex-
hibit the same values for all different choices of 6. To deter-
mine the correct coupling phase, we followed a method where
we initially prepared a state with a specific value of 6. Subse-
quently, we employed another Bragg process with parameters
o) =~ 2nh x 2 kHz and 8 = 0 in the prepared state. Then,
we measured the particle occupation on different sites after an
evolving time #{, as depicted in step (3) of Fig. 2(a). In an
ideal scenario where the state is perfectly prepared as |¢p), it
can be demonstrated that the particle fractions for |0) and |+ 1)
should remain constant at a 1:1 ratio throughout the entire evo-
lution process. Specifically, the atomic probability of the |0)
momentum state should consistently remain at Py = 0.5, at-
tributed to the complete destructive interference of hopping
to the neighboring site. However, in cases where the state is
prepared with errors, Py will deviate from 0.5 and display tem-
poral variation.

In Fig. 2(b), we illustrate the results of Py(¢;) following
an evolution of approximately #; ~ 1 /16 ms subsequent to the
zero-phase Bragg process. The experimental data (red solid

dots) agree well with the numerical simulation (blue solid
lines), indicating that Py ~ 0.5 when the value of 0 is approx-
imately around —0.57 and 0.57.
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Fig. 2. (a) The initial state preparation process. The BEC is first pre-
pared in the zero momentum state (top), and partially transferred to the
| + 1) states with a proper phase via Bragg processes (middle). The
resulting state is then verified by the evolution of particle occupation
(bottom). (b) The population of the zero momentum state as a function
of phase 0. The best choice of 6 can be optimized by this process.

4. Observation of the localized state

Having prepared an eigenstate of the flat band in a dia-
mond lattice, it is subsequently necessary to experimentally
observe the localization effect of its eigenstates in this system.
As a comparison, we also prepared other initial states with
different 6 and observe their localization effect. Experimental
measurements, detailed in Fig. 3(a), depict the time evolution
of the prepared initial states with phases of 0.5z and —0.57
over a duration of 1.57%/v. The results of the correspond-
ing numerical simulations are presented in Fig. 3(b). The data
illustrate a consistent alignment between experimental obser-
vations and numerical simulations throughout the evolution.
When 6 = 0.57, the localization effect is obvious and the
atoms basically stay in the initial two lattice sites with only
a small number of atoms diffusing into the high momentum
state, while when 0 = —0.57x, the atoms diffuse rapidly into
the high momentum state lattice sites. This result implies that
0.57 is the coupling phase needed to prepare the eigenstate.

To quantify the localization effect, we define the “effi-
ciency” F as described in Ref. [27], in terms of the normalized
number of atoms P of a given state m detected at the lattice

site n
, 2
m:<z¢wmmwwm>7 3
n
where the results for a diamond lattice Py"“*™™ and for the

t
PP are both used.

experimental system

The complete time evolution of F for various initial states
is illustrated in Fig. 3(c). To explore the behavior of the sys-
tem, eight distinct coupling phases are employed to create dif-
ferent initial states and observe their evolution within the sys-
tem. Observing the results, when the phase 6 = 0.57 is em-

ployed, the prepared initial states manifest the most significant
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localization effect, maintaining a consistently localized state
throughout the evolution. The observed trend reveals that F
predominantly remains above 0.85 during this process, signi-
fying the sustained preservation of the initial state through-
out the evolution. This persistence aligns more closely with
the characteristics of the eigenstate. On the other hand, when
6 = —0.57, the converged value of F drops below 0.4, indi-
cating substantial deviation from the corresponding eigenstate
within the diamond model. The remaining six initial states,
prepared with other phases, exhibit comparatively lower con-
verged values of F' during the evolution compared to the case

of 0 =0.57.

We further calculate the time-averaged efficiency (F)r
for the states prepared with various 8. Figure 3(d) illustrates
our findings. The experimental data for 6 ~ 0.57 predomi-
nantly exhibit localization and demonstrate significant agree-
ment with the numerical simulations conducted using the time-
dependent Hamiltonian. Notably, the maximum value of F
reaches approximately 0.88. Based on these compelling re-
sults, we establish 6 ~ 0.57 as the optimal setting for the
preparation of the initial state | o).
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Fig. 3. (a) The particle populations (false color) of different sites upon time evolution are measured for cases of 6 = —0.57 and 6 = 0.57 when

u = 0. (b) The same results obtained from numerical simulation. Both panels are taken with |v| ~ 27/ x 0.25 kHz in a diamond lattice of 16 sites.
(c) Experimental time evolution of the efficiency F for 6 = —0.5x, —0.25x, 0, 0.257, 0.57, 0.757, w and 1.257 (circles with error bars). (d) The time
averaged efficiency (F)7 as a function of coupling phase 6. Experimental data (red solid dots with error bars smaller than the size of dots) are averaged
over the whole time evolution. The solid blue curve represents a numerical simulation with realistic experimental parameters. The maxima of both the

experimental and simulation results are around 6 ~ 0.57.

We have thus realized the diamond flat-band system and
prepared flat-band eigenstates. According to the structural
specifics of the diamond model, we modulated the strengths
of certain next-nearest-neighbor couplings u to alter the energy
gap between the flat band and the dispersive energy band. This
manipulation is represented in Fig. 1(b). Specifically, in the
experimental setup, we introduced settings where u equaled v,
2v, and 3v respectively. These adjustments were instrumental
in varying the number of intersections between the flat band

and the dispersive energy band.

The experimentally observed time evolution of different
u values over a duration of 1.57#/v is depicted in Fig. 4(a),
while the corresponding outcomes from numerical simulations
are illustrated in Fig. 4(b). Additionally, the computation of
the time-averaged efficiency (F')r for the three distinct situa-
tions is presented in Fig. 4(c). The results clearly demonstrate
a substantial localization effect for all three localized states.
This suggests the successful realization of different localized

states within the same model, each exhibiting a distinct en-
ergy gap. In our experiment, we exclusively focused on in-
vestigating the localization properties of these states without
introducing additional localization factors such as disorder or
analogous external fields. The observed localization proper-
ties strongly suggest the presence of a flat band. It is important
that sufficiently strong interactions can lead to a self-trapping
phenomenon, ?8] showing a distinct localization effect. How-
ever, it is crucial to note that the interactions in our experi-
ment were relatively weak, exerting only a minor influence on
the evolution dynamics. We may demonstrate flat bands di-
rectly through experimental measurements.>”! However, this
needs extremely small coupling strengths between certain lat-
tice sites and long detection time. The requirement for high
measurement accuracy poses a challenge, given the limitation
imposed by the system’s decoherence time. Additionally, the
potential trap and interactions will have a large impact.

One of the interesting properties of the diamond lattice
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model is the ability to achieve complete control over the flat
band by manipulating the hopping parameters. Then we can
tune the position of the flat band E = —u by changing u/v. Ad-
ditionally, we can realize an all-bands-flat system by adding a
phase to hopping parameters,[!3223% where all single-particle
eigenstates are spatially compact and the single-particle trans-
port is fully suppressed. For non-interacting cases, particles
remain confined within a finite volume of the system, which
is called Aharonov—Bohm (AB) caging.[*!3?] The existence
of disorder would highly affect the properties of the system.
When the flat band is separated from other dispersive bands
by a gap, the eigenstates of the flat band (compact localized
states) are robust against weak disorder, and the system en-
ters the Anderson localization phase once the disorder is larger
than the gap. When the band gap vanishes, the system is highly
sensitive to the disorder. For the gapless case, arbitrarily small
disorder will destroy the FBL state. In contrast, once the sys-
tem is gapped |u|/v > 2, the FBL state is robust against weak
disorder W < u, and finally enters the AL phase when the dis-
order is strong enough (W > u).

u=3v
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Fig. 4. (a) The particle populations (false color) of different sites upon
time evolution are measured for cases of u = v, u = 2v and u = 3v when
6 = 0.57. (b) The same results obtained from numerical simulation.
Both panels are taken with |v| ~ 27/ x 0.25 kHz in a diamond lattice of
16 sites. (c) Experimental time evolution of the efficiency F for u = v,
u = 2v and u = 3v (circles with error bars).

5. Conclusion

We have successfully realized a one-dimensional dia-
mond lattice in a momentum lattice system of ultracold atoms.

By fine-tuning the strength and phase of the hopping param-
eter, we engineered a flat band localized state and observed
the localization properties via time-of-flight imaging. Our in-
vestigation revealed that the location of the flat band will not
influence the eigenstate, where the initially prepared state re-
mains perfectly localized throughout the entire time evolution
process. The diamond model we explore exhibits a fascinat-
ing characteristic: the flat band can be effectively isolated from
other dispersive bands by selectively adjusting the hopping pa-
rameters between specific sites. Our protocol can also be car-
ried over to two-dimensions by introducing more laser fields
capable of coupling other momentum states, which will be
challenging for more condensed spectrum of Bragg frequen-
cies and smaller tunneling rates than those employed in pre-
vious 1D studies, the finite momentum spread of the conden-
sate and the phase stabilization. Furthermore, we present ad-
ditional predictions concerning the localization phase of this
system. The flat band localized phase is sensitive to even ar-
bitrarily small disorder strengths in the gapless system. How-
ever, in gapped cases, it remains robust against finite disorder
strength. Our method suggests promising prospects for explor-
ing other types of flat band systems that may exhibit exotic
topological?>*] and transport properties.'!?!
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