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We establish the Stinespring dilation theorem of the link product of quantum channels in two different ways, discuss
the discrimination of quantum channels, and show that the distinguishability can be improved by self-linking each quantum
channel n times as n grows. We also find that the maximum value of Uhlmann’s theorem can be achieved for diagonal

channels.
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1. Introduction

In quantum computation and information processing, a
number of measurements and transformations are called into
action depending on the specific task to be performed. A quan-
tum network, which is an assembly or combination of a suffi-
cient number of elementary circuits that transform or measure
quantum states, can be used in a number of different ways
to accomplish different tasks. Various transformations are
brought about by quantum operations or quantum channels.
A quantum channel is a linear map or quantum operation that
is completely positive and trace-preserving. It can be imag-
ined as a unitary interaction of a system with an environment.
Quantum channels essentially describe how quantum informa-
tion is transformed when it passes through physical systems,
including potential sources of noise and errors.

Quantum channel dilation refers to the process of con-
structing a new and better quantum channel by introducing
additional qubits on a noisy quantum channel. Quantum chan-
nel dilation is widely used in quantum key distribution, quan-
tum state transmission, and quantum error correction. It can
facilitate realization of efficient quantum communication and
information processing.!'™*! According to the Stinespring di-
lation theorem, any quantum channel can be implemented as
an isometric channel in a larger system.

In order to ensure the reliability and security of informa-
tion transmission, it is necessary to distinguish different types
of quantum channels in quantum communication. This prob-
lem has been considered by many researchers.’>~1?! Quantum
channel discrimination technology can be applied to various
quantum communication protocols, such as quantum key dis-
tribution, quantum remote state preparation, and quantum al-
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gorithms.

The link product theory of quantum channels!!? is an im-
portant tool for studying quantum networks.!!3-18 Link prod-
uct is the operation that connects two quantum networks. In
this paper, we establish the Stinespring dilation theorem of
link product of quantum channels in two different ways. We
discuss the discrimination of quantum channels and show that
the distinguishability can be improved by considering the link
product of each quantum channel n times for large n. We also
find that the maximum value of Uhlmann’s theorem can be

achieved for diagonal channels.

2. Stinespring dilation theorem of link product
of quantum channels

2.1. Preliminaries and notation

Let H be a finite dimensional Hilbert space and £(#) be
the set of linear operators on H. L£(Ho,H1) denotes the set of
linear operators from H to H;. The set of linear maps from
L(Ho) to L(H1) is denoted by L(L(Ho),L(H1)). Io = Iy, is
the identity operator in Ho, Zo = Z (3, is the identity map on
L(Ho), Trg = Tryy, is the partial trace over Ho, and so on. Fur-
thermore, M;y denotes the transpose over H, ® H,, and M;y‘
denotes the partial transpose over H,,.

Choi isomorphism is a one-to-one correspondence map
C: L(L(Ho), L(H1)) = L(H1 @ Ho) defined as

C: M Myg:= (ML) ([10))({Io]),
[10))((lo| =

szmzl n)|m)(n|(m|, and {|m)}< _, is a fixed orthonormal ba-
sis for Hy, where d = dimH, My is called the Choi operator
of M.

where Zy is the identity map on L(Hy),
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Moreover, the inverse map ¢!

L(L(Ho),L(H1)) is decided by

(Mh0)](X)

where Mo € L(H; ®Ho) and X € L(H,).

If a completely positive map M € L((L(Ho),L(H1)) is
trace-preserving, i.e., Tr(M (X)) = Tr(X), then it is called a
quantum channel. When M € L((L(Ho),L(#1)) is a quan-
tum channel, we have Tri[Mjo] = Ip. On the other hand,
there exists {A;|A; € £L(Ho,H1)} with Y;AJA; = Iy such that
M(X) =Y, AXA].

A relevant class of channels are the isometric channels

L(L(Ho),L(H1)), defined as

LM @ Ho) —

MX)=[e"! = Tro[(1y @ X")Mo),

V(p) :=VpV',
where V € L(Ho,H1) and VTV = .11

2.2. Stinespring dilation theorem of composition of quan-
tum channels

The Stinespring dilation theorem states that every quan-
tum channel can be realized as an isometric channel on a larger
system.

Lemma 1 (Stinespring dilation theorem)?! Let Mo €
L(H1 ® Hp) be the Choi operator associated with the quan-
tum channel M € L(L(Ho),L(H1)), and let H, be the Hilbert
space H4 = Supp(Mjo). Then, a minimal dilation V : Hy —
Hi ®H 4 is given by

03 (n) @ k),

V= (I] X (M
M(p) =Tra[V(p)] = Tra[VpV'], Vp € L(Ho),

where V is called the minimal Stinespring dilation of
M, which means that V has minimum ancilla dimension
dim(?—[ A)-

Now we establish the Stinespring dilation of composition
N o M of quantum channels M and N, which depends on the
Stinespring dilation V; of M and V; of V.

Theorem 1 Let M € L(L(Ho),L(H1)) and N €
L(L(H1),L(Hy)) be two quantum channels and My €
L(H1 @Hp),Na1 € L(Ha @ H)) be their corresponding Choi
operators. Then there exists an ancillary Hilbert space #4 and
an isometry V : Ho — Ha @ Ha, V'V = Iy such that

(NoM)(p) =Tra[V(p)] =Tra[VpV'], Vp € Ho.

Proof By Lemma 1, there are isometry dilations V; :
Ho — H1@Ha, and Vot Hi — Ho @ Ha,,

1)) () @),

Vo= (L@ (Nyy)' ) (k) @),

where H,, = Supp(Mio) and Ha, = Supp(N>1 ). Furthermore,
let Hq = Ha, ® Ha, and define V : Hy — Ho @ Ha, @ Ha,

Vi=(LoM

as V = (V, ®1I4,) oV, where Iy, is the identity operator on
Ha, . Since Mo > 0, we have MI'O = M, that is, M], = M.
Similarly, NJ, = N3,. Then we have

VIV = (o) (VaoW) = ViV vy, = k.

This shows that V is an isometry. Moreover, Vp € L(Hy), we
have

=Tra[(L® (N3)' ) (L) @ h) (@ (M) ?)

x ([ @ 1) p ({((h @ Ip) (I © (Mio)'/?)
< (bl @h)(h®(N3)"?)]

Tra[VpVT]

=Tro,12[(h® (N3;) ") (I & (M{p)'?)
< (I){(h @ p) (I @ (M}o)'?)
< (|R)) (| @ 1) (R ® (N3)'/?)]
=Tro,1 2[(h @ N3,) (I ® (M)'?)
x (1) ((h @ p) (I ® (Mj)'/?)
x (IR) (L@ h)]

=Tri2[(L® (N3))M(p)") %

x () (k| ®1)]
=Tro[h @ Tr1 [Ny (L @ M)(p))] % [12)) (L]
=Tra[h @ (N o M)(p))'] x [12)) (L]
=WNoM)(p),

1)) (0]

where Trg 1 » denotes the partial trace over the Hilbert spaces
Ho,H1 and H,, respectively.

This construction of the Stinespring dilation of composi-
tion of quantum channels is simple to manipulate. However,
the ancilla dimension is not minimum. In the following we
give another dilation of N o M such that the ancillary space
has the minimum dimension.

Theorem 2 Let M € L(L(Ho),L(H;)) and N €
L(L(H1),L(H2)) be two quantum channels and M)y €
L(H1®@Ho),Na1 € L(Ha®Hy) be their corresponding Choi
operators, and Ha = Supp(€(N o M)). Then there is a mini-
mal isometry dilation V : Ho — Ha @ H 4 given by

1 1
V=Tn|(Ng @h)(heoMd") (L) e o),
such that
(NoM)(p) =Tra[VpVT], Vp € L(Ho).

Proof From the definition of V, we compute that

1 1
. 5T 5
Vv =Tr, {(<<12\ 6 @) (12 ®M2, °) (N221T®10)

1 1
AT AT,
X (Nf1 ®Io) (12 QME °)(|12>>®11 ®10)}

1 1
=T, 5 T
=Triz|(LaMpy ) (V@ k) (oM, )]

=Tr1 o [(N3 @ 1) (b @ M,3)]
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=Trao[(E(N o M))T]
=1.

This shows that V is an isometry. Moreover, Vp € L(Ho), we
have

1 1
t =T =T,
Tea Vo' =Troa o [(V3 @) (@ ME ) (1) @1 @ 1)
o
<p(((lon @b (hempy ) (V)]

=Tro2[Tri [(N3, ® Io) (B @ M) (|B)) (L] @ p)]
=Tro2[(lh ® €N o M) (IL)) (| @ p)]
:Trz[(lz ®Tr0[([2 ®p)<¢(NOM))T])

< (1)) {(2))]
= Tos[( ® (N o M(p))") 1)) (1]
= (N o M)(p).

Remark 1 The above two approaches have their own
merits and demerits. The dilation method in Theorem 1
corresponds to indirect composition dilation and is easier
to implement. However, it may cause waste of resource.
The way in Theorem 2 is a direct composition dilation.
Similar to the proof in Ref. [17], the isometric dilation
given in Theorem 2 has a minimum ancilla dimension. It
can minimize resource waste but requires more computa-
tional and communication resources. For example, suppose
rank(M) = rank(N) = 16. In the case of indirect composi-
tion dilation, dim(#,,) = 16, dim(#,,) = 16. Although the
required space resource H4 has a dimension of 256, it belongs
to two systems and only 16-dimensional calculations are re-
quired. On the other hand, in the case of direct composition
dilation, dim(#H,) = rank(N o M) < 256. The dilated space
belongs to only one system, and the computational dimension
can reach up to 256. Therefore, in specific applications, we
need to choose the appropriate dilation method according to
the actual situation to achieve the optimal effect.

2.3. Stinespring dilation theorem of link product of quan-
tum channels

If we consider quantum channels such that their input and
output spaces are the tensor product of Hilbert spaces, it is
possible to compose these channels only through inserting or
pasting some of these spaces or identity channels. This oper-
ation is called link product. At this time, the link product of
two quantum channels M and N/, denoted by A" x M, is an
important tool of studying the quantum network theory.!!”]

It then follows that using Theorems 1 and 2, we can get
the following Stinespring dilation theorems of link product of
two quantum channels.

Theorem 3 Let M € L(L(Ho® Ha), L(H1 ®H3)) and
N € LIL(H3@Hs), L(Ha®@Hs)) be two quantum channels,

and M = Mz120 € L(H3 @ H1 @ Ho ® Ho) and N = Neuss €
L(He ® Ha ® H3 @ Hs) be the corresponding Choi opera-
tors of M and N, respectively. Let N'x M = (Z; @ N) o
(M ®TZs), where ( M ®Zs) € LIL(HoR@Hr @Hs),L(H1 &
H3®Hs))and (Z1 QN) € LIL(HI QH3QHs), L(H1 QH4®
He)). Suppose that Vi : Ho @ Ho — Hi @ H3z @ Ha,,Va :
H3; @Hs — Ha @ He @ Ha, are given by

Vi= (L@ M)2)(|1h3) @),
Vo = (Iis® (N')V?)(|Lug)) @ I3s),

and
V=0LoVo®l)o(Vi®ls),Ha=Ha @Ha,.
Then

N*xM)(p) = (Z1&N) o (M®Is))(p)
=Tra,n,[VPVT], Vp € L(Ho @ Ha),

where Iy, is the identity map on H4,, /; is the identity map on
Hy and VIV = Is.

Theorem 4 Let M € L(L(HoQ@H2), L(H1®H3)), N €
L(L(H3@Hs),L(Hs ®He)) be two quantum channels and
MeL(HIQH3Q@HIR@H2), N € LIHs@HeRH3RHs) be
their corresponding Choi operators. Let N x M := (Z; @ V) o
(M ®TZs), where ( M ®Zs) € LIL(HoR@Hy @Hs),L(H1 &
H3@Hs))and (Z1 QN) € LIL(H1QH3Hs), L(H1QH4®
He)). The Choi operator of N x M is N« M = Tr3[(lss6 @
MT3)(N®I()12)]. Define V: HoQHr @Hs — H1 QH4®
He @Ha as

V = (T4 @ (N M)"/?)(|T146)) © Ios).
Then

VIV = Ips,
N+M(p) =Tr[VpV'], Vp € L(Ho @ Ha).

3. Discrimination of quantum channels

Given two density operators p and o, the fidelity

F(p,0)=Try/\/po+\/pP

quantifies the extent to which p and o can be distinguished
from one another.l! Tt is obvious that 0 < F(p,o) < 1,
F(p,0)=1ifand only if p = o (p and o are indistinguish-
able) and F(p,0) =0 if and only if p L o (p and o are
completely distinguishable).

For quantum channels, the fidelity is defined by the Choi
operators. Let M, N € L(L(Ho),L(H1)) and M,N € L(H1®
Ho) be their corresponding Choi operators. The fidelity of M
and  is defined by
M N )

}'(M,N):F(d—o,d—o

030304-3
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where dy = dim(Ho) and F is the fidelity of states.!®! Sim-
ilar to the fidelity of density operators, when M and N are
orthonormal, that is, (M, A) =0, M and N can be com-
pletely distinguished. Nevertheless, when M is not orthogo-
nal to NV, then 0 < F(M,N) < 1, M and N cannot be fully
distinguished.

Now we show that the distinguishability of quantum
channels M and NV can be improved by considering link prod-
uct of each quantum channel n times, as n grows. For that we
first take into account the following two lemmas.

Lemma 2 Let M, N € L(L(Ho),L(H1)) be two quan-
tum channels and M, N be their corresponding Choi operators.
Then M ® N is the Choi operator of M QN

Proof Let T be the Choi operator of M ® N. According
to definition, we have

T =(MN ®Zu)(|Ioo))({oo)]
= (M ®Zo) (o)) ({Io])) ® (N @Zo) (o)) ({lo]))
=MQ®N.

Lemma 3 Let M € L(L(Hy),L(H1)) be a quantum
channel and M be its corresponding Choi operator. Then
Mx M = M*2,

Proof We have M x M = (M Q7)o (Zy @ M),
where (M ®Z;) € LIL(Ho ® Hi1),L(H1 @ H1)), (To®
M) € LIL(Ho ® Ho),L(Ho ® Hi)) and M+ M €
LIL(HGH),LH?). And M+« M) = (M T)(Zy ®
M)(|@H)(@F]), where |@T) € Hy? @ Hy? is a maximally
entangled state given by |[®T) = ):;121 leiY]ei) @ |ei)|ei), with
{|e,->};’21 being an orthonormal basis for H,.

The Choi operator of M % M is given as

EMAM) = (ML) (Zo@M)(|®T) (D7)
= (ML) (¥ ) (¥ M)
=MeM,

where [F) = T, |e)]e;).

Also, by Lemma 2, the Choi operator of M®2is M QM.
As the Choi representation is isomorphic, we immediately
have M x M = M2,

Remark 2 The above is an obvious conclusion for finite
dimension but it is not necessarily true for infinite dimension,
because (A ® C)(B® D) in infinite dimension is unnecessar-
ily equal to AB® CD. However, for M € L(L(Ho),L(H1)),
where dim(?g) = eo,dim(#;) = o and M is a compact op-
erator, we can prove that the above result is correct. That is,
M= Mx Mx---x M = M,

n
Theorem 5 (Distinguishability of quantum channels) Let
M, N € L(L(Ho), L(H,)) be two different quantum chan-
nels. Then

lim F (M, A1) = 0.

n—o0

Proof According to Lemma 3, we have
F(M?", N = F(MP, N¥) = F(M, N)".
Because 0 < F(M, N) < 1, we have
1>FM, N)>FMN)?> . > F(MN)">0.
Thus, F(M*" N*") decreases gradually and strictly. There-

fore, we have

lim (M N*") = lim F(M,N)" = 0.

n—oo n—oo

For Ve > 0, 3n (a natural number) and N = [log FMAN)E]
such that when n > N, we have 0 < F(M*", N*") < ¢. Thus
the distinguishability of M and N is improved gradually as n
Srows.

4. Uhlmann’s theorem for the fidelity of diago-
nal channels

Let M € L(L(Ho),L(H1)) be a quantum channel with
dim(Ho) = dim(H;) = 2. We consider an orthonormal basis

consisting of the Hermitian matrices, (21,22]

where o; are the Pauli matrices, i.e.,

ot o (O o (00} S _ (10
0o—4, O1—= 1072_i073_0_1‘

If the representation of the quantum channel M with respect
to the basis 8 is diagonal, i.e.,

M = diag(1,ay,a3,a3),

then M is called a diagonal channel.!??! There are four impor-
tant families of two-dimensional diagonal channels:

1.C=diag(l,p.p.p), —5<p<l;

2. D =diag(1,p,—p,p). *1§P§%;
3. R=diag(l,~p,pp). —5<p<l;
4. S =diag(1,p,—p,p), —1§p§%.

Quantum channels C, D, R, and S are called depolariz-
ing, transpose depolarizing, hybrid depolarizing classical, and
hybrid transpose depolarizing classical, respectively. They
are among the most widely used channels in science and
technology.[?1-23-26]

Let C, D, R and S be the Choi operators of C, D, R and
S, respectively. According to the calculation method of Choi
operator in Ref. [22], we can obtain

r g

1=p

2
0
0

Foox

" O O
ON‘TO o
S
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Heo o0 o0
p_| 0 =P o0
0o P 52 o)
0o 0o o Yz
500 —p
R_| 0 L0 0
1o o 2o )
—p 0 0
2o 0 0
| © e _p o
o -PL52 o0
0o 0o o Yz
Also, we have
Ve
I—p V3p+1 _V1-p 3p+1
2V/2 + 2V/2 0 0 2V2 + 22
0 () 0
0 0 /52 0 7
_VI-p vV3p+1 1-p 3p+1
2V2 + 2V2 0 0 2v2 T 2v2
(p+1)? +1
p4> 0 0 p(pz)
o U=p? pl-p)
\/6sz 4 2 2
o pU=p) (-p) 0

(p+1)?

)
We note that v/CD+/C = CD = /C+/CD. When C is re-

versible, it is obvious that Dv/C = v/CD. When C is irre-
versible, since C > 0, Ve > 0 we have v/C+ &l > 0, so

(VC+el)D(\/C +¢el) = V/CDV'C +eV/CD + eDV/C + €D,
(VC+el)(VC+el)D = VCVCD +eVCD +eDVC + €D,

so that
(VC+el)D(vC+el) = (vV/C+€l)(v/C+el)D.
Multiplying from the left by (v/C +&l)~!, we have
D(VC+el) = (VCH+el)D, Ve > 0.
Thus,
DVC = CD.

This proves that v/C and hence C can be interchanged with D.
Similarly, we find that MN = NM, where M,N € {C,D,R,S}.
That is, C,D,R and S are all interchangeable.

Using the above results, we can get the following theorem
easily.

Theorem 6 For any two channels M,N € {C,D,R,S},
there exists

4
FM,N) = ;ZT vV 0B,

where o, B;,i = 1,2,3,4 are the eigenvalues of M,N respec-
tively, and M, N are Choi operators of M, N.
Uhlmann’s

theorem for the fidelity of quantum

channels!! is stated as
1

where V and W are isometries Hog — H| ® Ha that define
Stinespring dilations of M and V.

For the diagonal channels, we find that the maximum
value of Uhlmann’s theorem is achievable.

Theorem 7 Let M, N € {C,D,R,S}. Then there exist
Vo and Wy such that

1
FM™ N = ﬁ|Tr(VO'W0)\”7 (n=1,2,...),

where Vp and Wy are isometries that define Stinespring dila-
tions of M and NV, respectively.
Proof Let Vo, Wy : Ho — H| ® Hy be defined by

=

Vo= (h®(M")2)(|h)) ® ),
Wo = (h & (N')?)(Ih) @ o),

where M and N are the Choi operators of M and N, respec-
tively, and H4 = Supp(M) or Supp(N). Thus, we have

ViWo = (I (M")2)(IL)) @ 1) (1 © (N")2) (1)) © )
— (((h] @) (h ® (M") ) (1)) 1) (I @ (NT)?)
= Tn [(M"N")2],

then
%Tr(VOTWO) - %Tr[(MTNT)%] - %Tr[(MN)f] — FIMN).

Thus, for any M, N € {C,D,R,S}, we have

1
FMN) = 5 [Te(Vg Wo)l.

1
]_—(M*n"/\/'*n) _ ]_—(M”/\/')" — 27|Tr(V0TW())|".

5. Conclusion

In summary, we have established the Stinespring dilation
theorem of the link product of quantum channels in two differ-
ent ways and discussed the discrimination of quantum chan-
nels. It is shown that the distinguishability can be improved
by self-linking each quantum channel z times as n grows. We
also find that the maximum value of Uhlmann’s theorem can
be achieved for diagonal channels.
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