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Speed limit measures are ubiquitous due to the complexity of the road environment, which can be supplied with the
help of vehicle to everything (V2X) communication technology. Therefore, the influence of speed limit on traffic system
will be investigated to construct a two-lane lattice model accounting for the speed limit effect during the lane change process
under V2X environment. Accordingly, the stability condition and the mKdV equation are closely associated with the speed
limit effect through theory analysis. Moreover, the evolution of density and hysteresis loop is simulated to demonstrate the
positive role of the speed limit effect on traffic stability in the cases of strong reaction intensity and high limited speed.
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1. Introduction
With the increase of traffic flux, traffic problems are be-

coming more and more severe. Therefore, many scholars ac-
tively have engaged in traffic flow modeling research to in-
vestigate the underlying causes of traffic congestion. Cur-
rently, traffic micro models[1–13] and macro models[14–20] are
advantageous in investigating traffic phenomena. Especially,
Natagani[21–23] provided original lattice models to reproduce
complex traffic phenomena on a single lane and two lanes,
which can demonstrate the evolution process of traffic flux,
density and speed. In recent years, many derivative models
have successfully emerged since various traffic information
factors were mined. These traffic factors are mainly connected
with the differences of flux and density.[24–32] Also, the im-
pact of traffic information in lattice models has been attracted
by scholars, which covered the time delay,[33–38] the inter-
ruption probability,[39,40] the driver’s anticipation[41–45] and
others.[46–66] Moreover, the lane-changing phenomenon also
attracts the interest of some scholars.[67–78] Recently, vehicle
to everything (V2X) technology helps to enable the real-time
transmission of traffic information. In an actual transporta-
tion environment, the slope, curve, narrow road and tunnel
inevitably exist on the road, which require adopting a speed
limit method to ensure traffic safety especially in lane chang-
ing situations. In addition, in the information coverage area,
the speed limit requirements of roads can be shared as traffic
information. And connected vehicles can use V2X communi-
cation technology to obtain the speed limit information, which
contributes adopting corresponding reaction behaviors. But

the speed limit effect (SLE) has not been surveyed under lane
change. Subsequently, the SLE will be employed to fabricate
a novel two-lane lattice model under V2X environment. Also,
the effectiveness of the SLE will be proven through theoreti-
cal analysis and numerical simulation concerning density and
hysteresis loop.

2. Construction of two-lane model integrating
the speed limit effect
Figure 1 presents the lane change in the Nagatani’s two-

lane lattice model, integrating double continuity equations as
follows:[3]

∂tρ1, j +ρ0(ρ1, jv1, j−ρ1, j−1v1, j−1)

= γ
∣∣ρ2

0V ′(ρ0)
∣∣(ρ2, j+1−2ρ1, j +ρ2, j−1), (1)

∂tρ2, j +ρ0(ρ2, jv2, j−ρ2, j−1v2, j−1)

= γ
∣∣ρ2

0V ′(ρ0)
∣∣(ρ1, j+1−2ρ2, j +ρ1, j−1), (2)

where ρi, j represents the local density and vi, j is the local ve-
locity. And ρ0 is the average density. At site- j on lane 1, there
appear the lane changing rate γ

∣∣ρ2
0V ′(ρ0)

∣∣(ρ2, j−1−ρ1, j) un-
der ρ2, j−1 > ρ1, j and γ

∣∣ρ2
0V ′(ρ0)

∣∣(ρ1, j−ρ2, j+1) under ρ1, j >

ρ2, j+1. Here γ is the rate constant coefficient. Consequently,
making ρ j = (ρ1, j +ρ2, j)/2 and

ρ jv j = (ρ1, jv1, j +ρ2, jv2, j)/2,

we integrate Eqs. (1) and (2) to get the continuity equation as
follows:

∂tρ j +ρ0(ρ jv j−ρ j−1v j−1)
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= γ
∣∣ρ2

0V ′(ρ0)
∣∣(ρ j+1−2ρ j +ρ j−1), (3)

where V ′(ρ0) = dV (ρ)/dt|
ρ0

and the optimal velocity V (ρ)

is employed as follows:

V (ρ) =
vmax

2

[
tanh

(
2
ρ0
− ρ

ρ2
0
− 1

ρc

)
+ tanh

(
1
ρc

)]
, (4)

where ρc indicates the safety density and vmax denotes the
maximal speed. Additionally, the evolution equation is
adopted as follows:

∂t(ρ jv j) = a
[
ρ0V (ρ j+1)−ρ jv j

]
. (5)

Here a is the sensitivity coefficient. Nagatani’s two-lane lattice
model includes Eqs. (3) and (5). Subsequently, a number of
extended two-lane lattice models[67–78] are concerned with dif-
ferent traffic factors. In modern transportation environments,
transportation infrastructure is complex and dangerous roads
often appear. Therefore, the speed limit method is an impor-
tant measure to ensure safety, which will occur in the SLE.
However, previous two-lane lattice models have not thought
about the SLE during the evolution process. Accordingly, a
new evolution equation is put forward by integrating the SLE
under the V2X environment

∂t(ρ jv j) = a
[
ρ0V (ρ j+1)−ρ jv j

]
+λa

(
ρ jvlim−ρ j+1vlim

)
, (6)

where λa(ρ jvlim−ρ j+1vlim) indicates the SLE. vlim and λ de-
note the limited velocity and the reaction coefficient. Blending
Eqs. (3) and (6) with dissolving the velocity, one derives

ρ j(t +2τ)−ρ j(t + τ)+ τρ
2
0
[
V (ρ j+1)−V (ρ j)

]
+τρ0λvlim

[
(ρ j−ρ j+1)− (ρ j−1−ρ j)

]
− τγ

∣∣ρ2
0V ′ (ρ0)

∣∣
×
[
ρ j+1(t + τ)−2ρ j(t + τ)+ρ j−1(t + τ)

]
= 0, (7)

where τ = 1/a expresses the delay time.

Lane 1 Lane 2

j⇁

j

j↩

j⇁

j

j↩

Fig. 1. The schematic model of traffic flow on two lanes.

3. Linear stability analysis
Firstly, y j(t) is defined as a small deviation as follows:

ρ j(t) = ρ0 + y j(t). (8)

Then, Eq. (7) can be replaced by

y j(t +2τ)− y j(t + τ)+ τρ
2
0V ′(ρ0)(y j+1− y j)

+τρ0λvlim
[
(y j− y j−1)− (y j+1− y j)

]
− τγ

∣∣ρ2
0V ′ (ρ0)

∣∣
×
[
y j+1(t + τ)−2y j(t + τ)+ y j−1(t + τ)

]
= 0. (9)

Making y j = Aexp(ik j+ zt), one attains

e2zτ − ezτ + τρ
2
0V ′(ρ0)(e ik−1)

+τρ0λvlim

[
(1− e−ik)− (e ik−1)

]
−τγ

∣∣ρ2
0V ′(ρ0)

∣∣(e ik+zτ −2ezτ + e−ik+zτ

)
= 0. (10)

Moreover, putting z = z1(ik)+ z2(ik)2 + · · · into Eq. (10), we
deduce

z1 =−ρ
2
0V ′(ρ0), (11)

z2 =−
ρ2

0V ′

2
− γρ

2
0V ′+λvlimρ0−

3(ρ2
0V ′)2τ

2
. (12)

Finally, a balanced traffic flow is maintained when z2 > 0. As
z2 < 0, the uniform flow falls conversely into an unstable state.
Accordingly, the unstable condition is deduced as

τ >−
(1+2γ)ρ2

0V ′−2λvlimρ0

3(ρ2
0V ′)2 . (13)

Correspondingly, one gets the neutral stability condition as

τ =−
(1+2γ)ρ2

0V ′−2λvlimρ0

3(ρ2
0V ′)2 . (14)

Accordingly, we fulfil the neutral stability curve as shown in
Fig. 2 (the solid line). Here vmax = 2, γ = 0.05 and vlim =

0.8vmax. Obviously, the stable range gradually magnifies with
the reaction coefficient of SLE amplifying.

S
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y
 a

3

2

1
0.1 0.2 0.3 0.4

Density ρ

Stable

Coexisting curve

λ=0
λ=0.05

λ=0.1

λ=0.15

Unstable
Metastable

Fig. 2. The phase diagram in parameter space (ρ,a).

4. Nonlinear analysis
To begin with, we define a small variable ε for the follow-

ing variables X and T with a constant b:

X = ε( j+bt), T = ε
3t. (15)

Moreover, the density is adopted by

ρ j = ρc + εR(X ,T ). (16)
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Here R(X ,T ) implies a function involving X and T . Conse-
quently, we can expand Eq. (7) to quintic power by variable ε

as follows:

ε
2(b+ρ

2
c V ′)∂X R+ ε

3
[

3b2τ

2
−λvlimρc +

1+2γ

2
ρ

2
c V ′
]

∂
2
X R

+ε
4
[

∂T R+

(
7b3τ2

6
+

ρ2
c V ′

6
+ γbρ

2
c V ′τ

)
∂

3
X R+

ρ2
c V ′′′

6
∂X R3

]
+ε

5
[

3bτ∂T ∂X R+

(
5b4τ3

8
+

ρ2
c V ′

24
− 1

12
λvlim

+
γρ2

c V ′

12
+

γρ2
c V ′(bτ)2

2

)
∂

4
X R+

ρ2
c V ′′′

12
∂

2
X R3

]
= 0, (17)

where V ′ = dV (ρ)/dρ|
ρ=ρc

and V ′′′ = d3V (ρ)/dρ3
∣∣
ρ=ρc

.

Moreover, Eq. (17) can be simplified with τ/τc = 1+ ε2 and
b =−ρ2

c V ′,

ε
4(∂T R−h1∂

3
X R+h2∂X R3)

+ε
5(h3∂

2
X R+h4∂

4
X R+h5∂

2
X R3) = 0. (18)

Here

h1 =−
1
6

[
ρ

2
c V ′− 14λvlim−7ρcV ′2

9ρ2
c V ′2

]
+ γbρ

2
c V ′τc, (19a)

h2 =
ρ2

c V ′′′

6
, h3 = λvlimρc− (1+ γ)

ρ2
c V ′

2
, (19b)

h4 =−
1
24

[
3ρ

2
c V ′−6λvlimρc +

23(2λvlim−ρcV ′)3

9ρcV ′2

]
+

γρ2
c V ′

12
[
6(bτc)

2 +1
]
, (19c)

h5 =
ρ2

c V ′′′

12

(
1+

4λvlim−2ρcV ′

ρcV ′

)
. (19d)

Accordingly, one expresses the following propagation velocity
ν :

ν = 5h2h3/(2h2h4−3h1h5). (20)

Consequently, the kink–antikink soliton solution is described
by

ρ j(t) = ρc +

√
h1ν

h2

(
τ

τc
−1
)

tanh

√
ν

2

(
τ

τc
−1
)

×
[

j+
(

1−νh1

(
τ

τc
−1
))

t
]
. (21)

Obviously, the amplitude D is conveyed as

D =

√
h1ν

h2

(
τ

τc
−1
)
. (22)

Thereupon, the coexisting curves are displayed in Fig. 2
(dashed curves) based on ρ j = ρc±D. Then, one sees three
regions of the phase diagram covering the stable region, the
metastable region and the unstable region, which states that
the neutral and the coexisting curves fall down due to the SLE
amplifying.

5. Numerical simulation
In this section, the periodic boundary condition is applied

and the initial conditions are employed as
ρ j(0) = ρ j(1) = ρ0 +0.1, j = 50,
ρ j(0) = ρ j(1) = ρ0−0.1, j = 51,
ρ j(0) = ρ j(1) = ρ0, others.

(23)

First of all, the spatiotemporal evolution of density waves is
described at different vlim as shown in Fig. 3, corresponding
density profiles displayed in Fig. 4 at 10300 time step, where
N = 100, ρ0 = 0.25, γ = 0.05, and a = 2.58. According to
Figs. 3 and 4, the amplitude of density waves magnifies as the
limited speed decreases and the kink–antikink density wave
occurs in Figs. 3(a)–3(c), which reveals that the lower limited
speed will deteriorate the stability of traffic flow.
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Fig. 3. The spatiotemporal evolution of density waves for different vlim.
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Fig. 4. The density profiles at 10300 time step corresponding to Fig. 3.

Moreover, the three dimensional density evolution is ex-

hibited for different reaction coefficients λ in Fig. 5. And

Fig. 6 represents the density profiles related to Fig. 5 at the

10300th time step for all sites, where vlim = 0.8vmax. From

Figs. 5 and 6, the density vibration lessens by amplifying

λ -value, which states that traffic jam can be effectively re-

strained by ascending the intensity of the SLE in two-lane sys-

tem. Also, a stable state has emerged in Figs. 5(d) and 6(d)

as λ = 0.12, which demonstrates that the SLE promotes the

stability of two-lane traffic flow.
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Fig. 5. The spatiotemporal evolution of density waves for different λ .
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Fig. 7. The hysteresis loop of the 55th lattice between flux and density.

Finally, due to the asynchronous flow and density dur-

ing the acceleration and deceleration processes of the traffic
flow, a hysteresis loop phenomenon occurs. Therefore, we get
hold of the hysteresis loop according to flux and density dis-
played in Fig. 7. Observing Fig. 7, the hysteresis loop obvi-
ously shrinks by enlarging the λ -value, which certificates that
the SLE contributes to the stable situation of two-lane traffic
system. Moreover, as λ = 0.12, the hysteresis loop vanishes
owing to the stable state of two-lane traffic flow in this case.

6. Conclusion
Due to road bottlenecks, it is often necessary to limit the

speed of vehicles for safety reasons. Accordingly, V2X com-
munication is adopted to convey information of the speed limit
effect in building two-lane lattice model. Also, we obtain the
stability condition closely related to the speed limit effect on
two lanes. Moreover, nonlinear analysis is performed to de-
rive the mKdV equation connected with the speed limit effect.
Additionally, it is confirmed that the speed limit effect can be
applied to suppress traffic congestion with the advantage of
the two-lane freeway. Consequently, it is completely neces-
sary to consider the speed limit effect in traffic flow modeling
on two lanes. Surely, how to consider a reasonable speed limit
range based on the physical conditions of traffic roads is an
interesting topic in future research.
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