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Efficiently solving partial differential equations (PDEs) is a long-standing challenge in mathematics and physics
research. In recent years, the rapid development of artificial intelligence technology has brought deep learning-based
methods to the forefront of research on numerical methods for partial differential equations. Among them, physics-informed
neural networks (PINNs) are a new class of deep learning methods that show great potential in solving PDEs and predicting
complex physical phenomena. In the field of nonlinear science, solitary waves and rogue waves have been important
research topics. In this paper, we propose an improved PINN that enhances the physical constraints of the neural network
model by adding gradient information constraints. In addition, we employ meta-learning optimization to speed up the
training process. We apply the improved PINNs to the numerical simulation and prediction of solitary and rogue waves.
We evaluate the accuracy of the prediction results by error analysis. The experimental results show that the improved PINNs
can make more accurate predictions in less time than that of the original PINNs.

Keywords: physics-informed neural networks, gradient-enhanced loss function, meta-learned optimization,
nonlinear science

PACS: 02.60.Cb, 07.05.Mh, 02.30.Jr, 05.45.Yv DOI: 10.1088/1674-1056/ad0bf4

1. Introduction

In recent years, with the rapid development of artifi-
cial intelligence technology, especially deep learning, many
fields have undergone significant transformations. Currently,
deep learning technology has achieved remarkable mile-
stones across various domains, including object detection, au-
tonomous vehicles, and time series analysis.[1–3] Moreover,
deep learning techniques are progressively shifting from be-
ing solely data-driven to being driven by the fusion of data and
knowledge. It is worth paying attention to the rapid develop-
ment of this research direction, and the related algorithms are
beginning to penetrate into various fields. In the realm of sci-
entific research, deep learning methods are becoming increas-
ingly indispensable as research tools, profoundly advancing
scientific discoveries, theoretical derivations, and other related
research. They are exerting a rapid and profound influence on
the development of disciplines such as physics, mathematics,
materials science, and geosciences.[4–7]

So far, scientific research driven by deep learning has re-
sulted in a multitude of noteworthy accomplishments. For ex-
ample, one notable application of deep learning methods has
been in the field of weather and climate prediction, where
it has substantially improved the accuracy of forecasts, par-
ticularly for highly impactful weather events like super ty-

phoons and extreme precipitation.[8,9] Another exciting area
of advancement is the utilization of deep neural networks for
solving various types of partial differential equations (PDEs)
and modeling complex natural physical phenomena.[10–13] In
this context, Raissi et al. introduced the concept of physics-
informed neural networks (PINNs), which represents an im-
provement over traditional neural network-based methods for
solving forward and inverse problems of partial differential
equations. Numerous studies have shown that PINNs can
effectively integrate the intrinsic constraint information in
the physical equations.[14] Physics-informed neural networks
serve as a comprehensive framework that combines data-
driven and knowledge-driven approaches for modeling phys-
ical phenomena. PINNs differ from traditional neural net-
works in their unique ability to seamlessly incorporate the
physical constraints of PDEs. This innovative approach re-
duces the need for extensive training data and enhances the
interpretability of the model. PINNs are characterized by a
flexible loss function that allows for the integration of PDE
constraints, as well as boundary and initial condition con-
straints, in addition to observational data constraints. In re-
cent years, a multitude of researchers have dedicated signif-
icant efforts to the study and enhancement of PINNs, intro-
ducing various innovative variants and applying them across
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diverse domains, including mechanics, geology, oceanogra-
phy, and meteorology.[15–18] For example, Chen et al. pro-
posed a variable coefficient physics-informed neural network
(VC-PINN),[19] which specializes in dealing with the forward
and inverse problems of variable coefficient partial differential
equations. Cao et al. adopted an adaptive learning method to
update the weight coefficients of the loss function for gradient-
enhanced PINNs and dynamically adjusted the weight propor-
tion of each constraint term,[20] and numerically simulated lo-
calized waves and complex fluid dynamics phenomena, which
achieved better prediction results than the traditional PINNs,
and the improved method also performed well for the inverse
problem under noise interference.

Solitary waves and rogue waves represent the distinc-
tive phenomenon frequently observed in various natural
environments,[21–24] including the atmosphere and oceans.
This research area is a cross-discipline of atmospheric science,
ocean science, applied mathematics, and engineering technol-
ogy and is considered an essential frontier research with far-
reaching theoretical significance and application prospects.[25]

Consequently, solitary waves and rogue waves have emerged
as a pivotal focus within the realm of geophysical fluid dy-
namics, spurring extensive theoretical exploration and high-
precision simulation endeavors. However, traditional numer-
ical computation methods encounter challenges such as low
computational efficiency, substantial computational resource
requirements, and error accumulation. Therefore, there is
a growing imperative to explore novel numerical simulation
techniques. For example, Chen et al. successfully solved the
soliton solution of the nonlocal Hirota equation using a multi-
layer physics-informed neural network algorithm and inves-
tigated the parameter discovery problem of the nonlocal Hi-
rota equation from the perspective of the soliton solution.[26]

In addition, Chen et al. designed a two-stage PINN method
based on conserved quantities that can impose physical con-
straints from a global perspective,[27] and applied it to mul-
tiple types of solitary wave simulations. Numerical results
show that the two-stage PINN method has higher predic-
tion accuracy and generalization ability compared with the
original PINN method. Li et al. combined mixed-training
and a priori information to propose mixed-training physics-
informed neural networks (PINNs) with enhanced approxi-
mation capabilities,[28] and used the model to simulate rogue
waves for the nonlinear Schrödinger (NLS) equation, and
the numerical results show that the model can significantly
improve the prediction accuracy compared with the original
PINNs. Even when the spatio-temporal domain of the so-
lution is enlarged or the solution has local sharp regions,
the improved model still achieves accurate prediction re-
sults. Furthermore, Li et al. simulated higher-order rogue
waves of the cmKdV equation using mixed-training physics-

informed neural networks (MTPINNs) and mixed-training
physics-informed neural networks with a priori information
(PMTPINNs),[29] which showed significantly better prediction
accuracy compared to the original PINNs. In addition, these
models have reliable robustness for the inverse problem under
noisy data. In this study, we introduce a new structure and
loss function specifically designed for modeling solitary and
rogue wave phenomena using physics-informed neural net-
works. We conduct a comprehensive investigation into the
simulation of solitary waves and rogue waves employing these
enhanced PINNs and validate our approach through a series of
numerical experiments.

2. Methodology
2.1. Physics-informed neural networks

Physics-informed neural networks are a class of neural
networks used for addressing supervised learning tasks while
simultaneously adhering to the physical laws described by
partial differential equations. As a machine learning method
applied in the scientific computing, PINNs are employed to
tackle a wide range of issues related to partial differential
equations, encompassing approximate solutions of these equa-
tions, parameter inversion, model discovery, control, opti-
mization, and more. After PINNs were proposed, a large
amount of follow-up research work was triggered, and they
gradually became a research hotspot in the emerging cross-
cutting field of scientific machine learning. From the per-
spective of mathematical function approximation theory, neu-
ral network can be regarded as a general nonlinear function
approximator, and the modeling process of partial differen-
tial equations is also to find nonlinear functions that satisfy
the constraints, which are quite consistent with each other.
The neural network trained in this way not only approximates
the observed data, but also automatically satisfies the physical
properties of symmetry, invariance, and conservation followed
by the partial differential equations. The following section de-
scribes the design method of PINNs using a partial differential
equation in generalized form as an example. Let the function
u= u(x, t) satisfies a partial differential equation of the follow-
ing form:

ut +N(u,λ ) = 0, x ∈ Ω , t ∈ [0,T ], (1)

where N(u,λ ) is a generalized function with parameter λ that
performs differential operation on u, x is a spatial variable, t is
a temporal variable, Ω is a subset of the Euclidean space, and
T is the termination moment. The traditional physical model
is that given the initial conditions, boundary conditions and
physical parameter λ of u(x, t), the value of the u(x, t) at any
point in time and space can be predicted by solving the partial
differential equation, and when an analytical solution is not
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available, it can be solved by using numerical methods, such
as finite difference method and finite element method, etc. The
PINNs consider the establishment of a neural network û(x, t)
to approximate the solution of the partial differential equation.
f (t,x) = ût + N(û,λ ) is the residual of the partial differen-
tial equation, and the loss function of the PINN is defined as
Loss = Lo +LIC +LBC +LPDE, where

Lo (θ ;No) =
1

2 |No|

No

∑
j=1

∥∥û
(
x j

o, t
j
o;θ
)
−u j

o
∥∥2

2 , (2)

LIC (θ ;Ni) =
1

2 |Ni|

Ni

∑
j=1

∥∥∥û
(

x j
i ,0;θ

)
−h j

i

∥∥∥2

2
, (3)

LBC (θ ;Nb) =
1

2 |Nb|

Nb

∑
j=1

∥∥∥û
(

x j
b, t

j
b;θ

)
−g j

b

∥∥∥2

2
, (4)

LPDE (θ ;Nf) =
1

2 |Nf|

Nf

∑
j=1

∥∥∥ f
(

x j
f , t

j
f ;θ

)∥∥∥2

2
. (5)

Equation (2) represents the data-driven part of the loss
function, and u j

o represents the training data obtained through

observation, numerical simulation and other means. Equa-
tions (3) and (4) represent the initial and boundary condition
constraints, respectively. Equation (5) represents the physi-
cal model-driven part of the loss function, (x j

f , t
j
f ) denotes the

training collocation point of the domain, which can be utilized
by automatic differentiation to efficiently obtain the residual
value f (x j

f , t
j
f ;θ). The trained neural network not only needs

to approximate the function with the smallest possible error
based on the known training data, but also needs to satisfy
the constraints of the partial differential equation as much as
possible. The network structure of the PINNs is shown in
Fig. 1. After inputting the temporal and spatial data, the func-
tion is firstly approximated by the fully-connected neural net-
work, and then automatic differentiation is utilized to derive
the residuals of the partial differential equation, the initial con-
ditions and boundary condition constraints, and put them into
the loss function as regularization terms, and finally use op-
timization algorithms such as the gradient descent method to
obtain the neural network weight parameters and the physical
parameters of the partial differential equation.

No

Yes

MSE < σ

Output

L↼θ,N↽/λoL↼θ,No↽⇁λfL↼θ,Nf↽⇁λbLBC↼θ,Nb↽⇁λiLIC↼θ,Ni↽

PDE

ICs

BCs

Automatic differentiation

Fig. 1. Schematic of physics-informed neural networks for solving partial differential equation.

2.2. Meta learning

While traditional deep learning methods use fixed learn-
ing algorithms to solve problems from scratch, meta-learning
aims to improve the learning algorithm itself, which avoids
many of the challenges inherent in deep learning, such as
data and computational bottlenecks, and generalization prob-
lems. Meta-learning is divided into three main categories,
namely metrics-based approaches, model-based approaches,
and optimization-based approaches. Metric-based approaches
learn a metric or distance function within a task, while model-
based approaches design an architecture or training process
for fast generalization across tasks. Optimization-based meth-
ods achieve fast tuning by adjusting the optimization function

using only a small number of samples. The framework of
meta-learning is widely used in small-sample learning, and its
core idea is to learn generalized prior knowledge on similar
learning tasks so that only a few samples are needed, and the
prior knowledge is used to quickly fine-tune on a new task to
achieve the desired result. Therefore, the key of meta-learning
is to discover the universal laws between different problems
and utilize the universal laws to solve new tasks and problems.
The universal laws need to achieve a balanced representation
of the generalities and characteristics of the tasks. The search
for universal laws mainly relies on the following points.

(i) Discovering and summarizing the links between al-
ready solved problems and new problems, and extracting the
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universal laws of already solved problems for use in solving
new problems.

(ii) Decomposing and simplifying the new problem, find-
ing universal laws in the already solved problem that are
closely linked to the various subtasks of the new problem, and
analyzing the scope of application of these laws.

(iii) Learning logical reasoning in new tasks, using logical
reasoning to make representations of new problems, finding
laws in these representations, and finding solutions to com-
plex new tasks through logical reasoning between the parts of
the new problem.

Meta-learning is essentially a bilevel optimization prob-
lem, where one optimization problem is nested within another
optimization problem. The external optimization problem and
the internal optimization problem are often referred to as the
upper level optimization problem and the lower level optimiza-
tion problem, respectively. The two-layer optimization prob-
lem involves two participants: the upper layer participant is
the meta-learner and the lower layer participant is the base-
learner. The optimal decision of the meta-learner depends on
the response of the base-learner, which itself optimizes its own
internal decisions. These two levels have their own different
objective functions, constraints and decision variables. The

objects and functions of the base-learner and meta-learner are
shown in Fig. 2. Base-learner is the model in the base layer.
The data set on a single task is considered while training the
base-learner each time. Meta-learner is the model in the meta-
layer that summarizes the training experience on all tasks. Af-
ter training the base-learner each time, the meta-learner syn-
thesizes the new experience and updates the parameters in the
meta-learner. The main purpose of meta-learning is to find the
meta-learner F , under the guidance of F , the base-learner q
can get the optimal state q* adapted to the current new task
after a few steps of fine-tuning under the support set Dtr. And
the optimization of F requires the cumulative sum of the losses
of all current tasks, i.e., ∇∑

N
n=1 l (qn,Dte

n ). The meta-learning
works as shown in Fig. 3.

Task 1 Task 2 Task n
New

task

Meta-learner Base-learner

Fig. 2. Schematic diagram of the base-learner and the meta-learner.

Task 1 Task N

Support set

Query set

Support set

Query set

Base-learner: q1

Meta-learner: F

Base-learner: qN

q⇀ ← ∇l↼q↼D
tr↽↽

L/S l↼qN↼D
tr↽↽

l↼q*↼Dte↽↽

  qN ← ∇l↼qN↼D
tr↽↽N

N l↼qN↼D
te↽↽

⇀ N

N

n/

⇀

*

∇L

Fig. 3. The schematic of meta learning’s working mechanism.

2.3. The improved physics-informed neural networks

In the original PINNs, only the PDE residuals f are con-
strained to be zero. However, upon further analysis, it be-
comes evident that if f (𝑥) is zero for any 𝑥, then its deriva-
tive, ∇ f (𝑥), is also zero. Therefore, we make the assumption
that the exact solution of the PDE possesses sufficient smooth-
ness to warrant the existence of the gradient of PDE resid-
uals, ∇ f (𝑥). Consequently, we introduce gradient-enhanced
PINNs, where not only are the PDE residuals zero, but also
their derivatives, as described mathematically by the follow-
ing equation:[30]

∇ f (𝑥) =
(

∂ f
∂x1

,
∂ f
∂x2

, . . . ,
∂ f
∂xd

)
= 0, 𝑥 ∈ Ω . (6)

Based on the aforementioned definition, it is inherent to
derive the loss function for gradient-enhanced PINNs

L(θ ;N) = woLo (θ ;No)+wfLf (θ ;Nf)+wbLb (θ ;Nb)

+wiLi (θ ;Ni)+
d

∑
i=1

wgiLgi

(
𝜃;𝒯gi

)
, (7)

where the loss term of the derivative with respect to xi is

Lgi

(
𝜃;𝒯gi

)
=

1∣∣𝒯gi

∣∣ ∑
𝑥∈𝒯gi

∣∣∣∣ ∂ f
∂xi

∣∣∣∣2 . (8)

Here, 𝒯gi represents the set of residual points for the deriva-
tive ∂ f/∂xi. It is important to emphasize that 𝒯gi (for i =
1,2, . . . ,d) may vary between different equations. To enhance
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the generalization capabilities of PINNs, this study integrates
meta-learning into their training process.

While the original optimizer uses manually designed op-
timization rules, such as the Adam optimizer for updating the
weight vector 𝜃 of a physics-informed neural network with
loss function L(𝜃), meta-learning can improve upon these pre-
viously manually designed optimization rules. Specifically,
the original Adam update rule is as follows:

𝑚t = β1𝑚t−1 +(1−β1)∇θ L(𝜃t−1) ,

𝑣t = β2𝑣t−1 +(1−β2)(∇θ L(𝜃t−1))
2 ,

𝑚̂t =𝑚t/
(
1−β

t
1
)
, 𝑣̂t = 𝑣t/

(
1−β

t
2
)
,

𝜃t = 𝜃t−1 −η𝑤adam = θt −η𝑚̂t/
(√

𝑣̂t + ε

)
, (9)

where 𝑚t and 𝑣t are the first and second moments at time
step t, respectively, with ε being a small regularization con-
stant used for numerical stability, β1,β2 ∈ [0,1) being the ex-
ponential decay rates for the moment estimates, and η being
the learning rate. The meta-learned optimizer’s parameters un-
dergo updates through the following process:

𝜃t = 𝜃t−1 −𝑓(𝑧t ;𝜗), (10)

where 𝑓 is the parameter update function of the learnable op-
timizer, 𝑧t is the input feature, and 𝜗 is the trainable meta-
parameter. For the component form, each parameter θi of the
updated parameter vector 𝜃 is computed in the same way. The
optimizer architecture used in this study utilizes a multilayer
perceptron (MLP), which is simple, but better illustrates the
potentiality of the approach in this paper. Specifically, the up-
date formula for each parameter θi is as follows:

f = λ1 exp
(

λ2sadam
𝜗

)
wadam +

λ3√
vt + ε

dbb
𝜗 exp

(
λ4sbb

𝜗

)
. (11)

The above equation gives the positive constant λi, i =
1,2,3,4, and the wadam corresponding to the Adam update
step. The sadam

𝜗 , sbb
𝜗 and dbb

𝜗 correspond to the output head of
the meta-learning optimizer, while the neural network weights
are 𝜗.

The learnable update formula (11) consists of two terms.
The first term is derived from the Adam update formula and
has a scalable learning rate λ1 exp(λ2sadam

𝜗 ), which ensures
that the update step is in the descent direction. The sec-
ond term corresponds to the black box update term, which
is the product of the direction term dbb

ϑ
and the size term

λ1 exp(λ4sbb
𝜗 ). The denominator

√
vt + ε acts as a preproces-

sor and guarantees that the overall update formula leads to a
decrease in the loss surface.

The inputs 𝑧t provided for the MLP optimizer with output
head dbb

𝜗 , sadam
𝜗 and sbb

𝜗 at optimization step t are specified as
follows:

(i) The neural network weights 𝜃t .
(ii) The gradients of loss function ∇θ L(𝜃t).
(iii) The second momentum accumulators 𝑣t with decay

rates β2 ∈ {0.5,0.9,0.99,0.999} and inverse of the square root
of these second momentum accumulators.

(iv) The time step t.
The present study improved physics-informed neural

networks by utilizing the aforementioned input parame-
ters. All input features, except for the time step, were
normalized such that one of their second-order moment
was equal to 1. The time step was transformed into
a total of eleven features by computing tanh(t/x), where
x ∈ {1,3,10,30,100,300,1000,3000,10k,30k,100k}. Subse-
quently, all features were concatenated and inputted into the
MLP to produce the aforementioned three output heads.

3. Numerical experiments and results
In this section, we conduct experiments to investigate the

solitary wave and rogue wave phenomena utilizing gradient-
enhanced PINNs with meta-learned optimization. Specifi-
cally, we seek to approximate the solitary wave solutions of the
Kaup–Kuperschmidt (KK) equation and rogue waves of the
nonlinear Schrödinger equation. At the end of model training,
we quantitatively evaluate the performance of the enhanced
PINN model for solitary wave and rogue wave simulation.
This assessment encompasses an in-depth analysis of its con-
vergence rate and the accuracy of the prediction results. The
accuracy of the approximate solutions generated by the en-
hanced PINN model is quantified using the L2 norm relative
error, defined as follows:

L2 relative error =

√
∑

N
i=1 |û(xi, ti)−u(xi, ti)|2√

∑
N
i=1 |u(xi, ti)|2

, (12)

where N represents the number of grid points, û(xi, ti) indi-
cates the approximate solution generated by the neural net-
work model, and u(xi, ti) represents the exact solution.

3.1. Numerical simulation of solitary wave of the Kaup–
Kuperschmidt equation

Next, we conduct experimental research on the Kaup–
Kuperschmidt equation,[31,32] which is mathematically de-
fined as follows:

ut +20u2ux +25uxuxx +10uuxxx +uxxxxx = 0. (13)

The KK equation is commonly used to describe the evolu-
tion and nonlinear effects of water waves. It has a wide range
of applications, including oceanography, fluid dynamics, and
nonlinear optics, making it an important tool for studying vari-
ous nonlinear wave phenomena. Meanwhile, researchers have
found that the KK equation can support multiple solutions,
including solitary waves and other nonlinear wave solutions,
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which play a crucial role in the propagation and evolution of
water waves. However, the study and analysis of the KK equa-
tion are typically very complex because it is a highly nonlinear
partial differential equation.

For Eq. (13), we meticulously defined our numerical sim-

ulation parameters, limiting our spatial exploration to the in-
terval [−20,20] and our temporal investigation to the period
[−5,5]. These parameter choices were guided by careful con-
sideration of the following set of initial condition and bound-
ary condition:

u(x,−5) =
24ex+5

(
16+4ex+5 + e2x+10

)
(16+16ex+5 + e2x+10)

2 , (14)

u(−20, t) =
24k2

1 ek1(−20)−k5
1t
(

16+4ek1(−20)−k5
1t + e2(k1(−20)−k5

1t)
)

(
16+16ek1(−20)−k5

1t + e2(k1(−20)−k5
1t)
)2 , (15)

u(20, t) =
24k2

1 ek1(20)−k5
1t
(

16+4ek1(20)−k5
1t + e2(k1(20)−k5

1t)
)

(
16+16ek1(20)−k5

1t + e2(k1(20)−k5
1t)
)2 . (16)

In accordance with the previously stated conditions, the soli-
tary wave solution of the KK equation is expressed as follows:

u(x, t) =
24k2

1 eθ1
(
16+4eθ1 + e2θ1

)
(16+16eθ1 + e2θ1)

2 , (17)

where θ1 = k1x−k5
1t and u(x, t) describes the amplitude of the

wave at position x and time t.
To effectively approximate the precise solution of the KK

equation, we employed a neural network architecture consist-
ing of five hidden layers, each comprising 64 neurons. In terms
of the initial and boundary conditions, we generated a training
dataset through random sampling, incorporating 400 sam-
ples. We selected random spatiotemporal locations to cal-
culate residuals, facilitating the formulation of physical con-
straints. A total of 15000 data points were sampled during the
experiment. Furthermore, a limited set of observations, con-
sisting of 400 data points, was employed. Utilizing these data
samples, we devised a composite loss function. We utilized
a learnable optimizer to optimize the loss function, with the
optimizer’s constant set as λ j = 10−4. Following the training
process, the neural network model was employed to approx-
imate the solitary wave solution of the Kaup–Kuperschmidt
equation. In Fig. 4, both the exact solution and the predictions

generated by the trained model are presented. From Fig. 4,
it is evident that the enhanced PINNs can accurately predict
the precise solution of the KK equation with high precision.
Subsequently, for a detailed analysis of the experimental out-
comes, we selectively examine the prediction results at dif-
ferent moments, comparing them with the exact solution to
assess the accuracy of the improved PINNs. Figure 5 provides
a visual representation of the comparison between the exact
solution and the approximated solution at different times. The
prediction values generated by the enhanced PINNs closely
match the exact solutions, signifying a noteworthy degree of
accuracy. Furthermore, following multiple experiments, we
quantify the disparities between the approximate solution and
the exact solution. The L2 norm relative error between the
predictions generated by the enhanced PINNs and the exact
solution is approximately 8.20× 10−4. With the same train-
ing data and parameter configurations, the L2 norm relative
error between the predictions made by the original PINNs
and the true solution is approximately 5.22× 10−3. Figure 6
displays the error statistics for both the improved PINNs and
the original PINNs. Furthermore, we conduct an analysis of
the model’s training time before and after the enhancements.

Table 1. For the KK equation, the errors of the predicted solutions are compared at different numbers of the neural network layers, different numbers of
neurons, and different numbers of collocation points.

Nf = 10000 Nf = 15000 Nf = 20000

Hidden layers–neurons PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4)

4–40 9.774 12.07 9.076 9.572 8.662 9.040
4–50 9.243 9.823 8.924 9.260 8.172 8.912
4–60 9.061 9.557 8.070 9.324 7.956 8.526
5–40 7.352 9.440 7.073 9.071 6.592 8.013
5–50 7.126 9.159 6.895 8.765 5.906 7.805
5–60 6.916 8.930 5.970 8.270 5.352 7.040
6–40 6.530 8.590 5.340 8.026 4.726 6.229
6–50 6.464 8.012 5.029 7.580 4.354 5.430
6–60 5.980 7.632 4.970 6.985 4.070 5.114
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The results indicate that the enhanced PINNs complete the
training process in approximately 47.6% of the time required
by the original PINNs. To more thoroughly analyze the effects
of the number of neural network layers, the number of neurons
and the number of collocation points on the prediction solu-
tion error, we chose different numbers of the hidden layers,
different numbers of neurons and different numbers of collo-
cation points to conduct numerical experiments and compared
the prediction solution errors of the original PINNs and the

improved PINNs. The experimental results are shown in Ta-
ble 1. Analyzing the experimental results, it can be found that
as the number of neural network layers increases, the number
of neurons increases and the number of collocation points in-
creases, the prediction solution error decreases. In addition, it
is evident that the improved PINNs exhibit superior training
efficiency and yield more accurate prediction outcomes com-
pared to the original PINNs when simulating a single solitary
wave of the KK equation.

(a) True solution (b) True solution

t

t

t

t

x

x

x

x

u
u

(c) Prediction solution (d) Prediction solution

Fig. 4. Exact soliton solutions and predicted solutions of the KK equation: (a) two-dimensional visualization of the true solution, (b) three-
dimensional visualization of the true solution, (c) two-dimensional visualization of the predicted solution of the improved PINNs, (d) three-
dimensional visualization of the predicted solution of the improved PINNs.

u
↼t
↪x
↽

(a) At t/↩. (b) At t/↩.

(c) At t/. (d) At t/.
x x

u
↼t
↪x
↽

x

u
↼t
↪x
↽

u
↼t
↪x
↽

x

Fig. 5. Comparison of the exact solitary wave solution to the predicted solitary wave solution of the KK equation at four different time instances:
(a) t =−4.0, (b) t =−1.0, (c) t = 1.0, and (d) t = 4.0.
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Fig. 6. Visual analysis of errors in the prediction results of the solitary
wave solution of the KK equation: comparison of the errors of the im-
proved PINNs and the original PINNs.

3.2. Numerical simulation of first-order rogue wave of the
nonlinear Schrödinger equation

In order to illustrate the applicability of the improved
PINN to rogue wave prediction, we conduct experimental re-
search on the nonlinear Schrödinger equation,[33–35] which is
mathematically defined as follows:

iut +uxx + |u|2u = 0. (18)

The following solution is obtained by the Hirota transfor-
mation:

u = exp(iθ)
gN

fN
, θ = kx−

(
k2 −1

)
t, (19)

where

fN = ∑
µ=0,1

exp

(
2N

∑
j=1

µ jΓ j +
2N

∑
1≤ j<l

µ jµlA jl

)
, (20)

gN = ∑
µ=0,1

exp

(
2N

∑
j=1

µ jΩ j +
2N

∑
1≤ j<l

µ jµlA jl

)
, (21)

Ω j = i
√

2xsinφ j −
(

2
√

2ik sinφ j +2sin2
φ j cotφ j

)
t

+2iφ j +Ω
(0)
j , j = 1,2, . . . ,2N,

Γj = Ω j −2iφ j, φn = φ
*
n+N +π, Ω

(0)
n = Ω

(0)*
n+N ,

exp
(
A jl
)
=

[
sin 1

2 (φ j −φl)

sin 1
2 (φ j +φl)

]2

, n = 1,2, . . . ,N. (22)

In the above equations, Ω
(0)
n and φn are free complex parame-

ters and k is a real parameter. In this subsection, the value of
k is zero. For the Eq. (18), the study domain for the numeri-
cal simulations is set to the spatial range [−5,5] and the time
range [−5,5]. When choosing these parameters, we carefully
consider the following set of initial and boundary conditions:

u(x,−5) =
(

1− −40i +4
200k2 +40kx+100+2x2 +1

)
× e−i(−5k2−kx+5), (23)

u(−5, t) =
(

1− 8it +4
8k2t2 +40kt +4t2 +51

)
× e−i(k2t+5k−t), (24)

u(5, t) =
(

1− 8it +4
8k2t2 −40kt +4t2 +51

)
× e−i(k2t−5k−t). (25)

In the experiment, simulations are performed for the first-
order rogue wave of the nonlinear Schrödinger equation. First,
we construct a deep neural network with six hidden layers,
each containing 64 neurons. During training, the loss function
is optimized using a learnable optimizer with a constant set
to λ j = 10−4. All weights and biases in the model are ini-
tialized using the Xavier method. For consistency and ease
of performance comparison of subsequent methods, we still
use the initial conditions as special Dirichlet boundary con-
ditions on the spatio-temporal domain. It is worth noting
that the number of observations is only 400, whereas 10000
collocation points were selected for the construction of the
equation constraints and 400 sample points were selected
for the construction of the initial condition constraints and
boundary condition constraints. Figure 7 compares the dif-
ference between the prediction results of the improved PINNs
and the true solution. The relatively good prediction results
convince us that the improved PINNs can effectively pre-
dict the first-order rogue wave of the nonlinear Schrödinger
equation. Figure 8 shows the comparison of the prediction
results between the exact solutions and the improved PINNs at

Table 2. For the first-order rogue wave of the nonlinear Schrödinger equation, the errors of the predicted solutions are compared at different numbers of
the neural network layers, different numbers of neurons, and different numbers of collocation points.

Nf = 10000 Nf = 15000 Nf = 20000

Hidden layers–neurons PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4)

5–40 8.657 21.06 6.965 16.13 6.276 10.13
5–50 8.353 14.27 6.243 10.05 5.882 8.920
5–60 8.046 9.513 6.032 7.624 5.160 6.542
6–40 7.385 9.054 6.100 6.291 5.026 5.925
6–50 6.934 8.905 5.822 5.540 4.610 5.416
6–60 6.572 8.516 5.259 5.162 4.045 5.250
7–40 6.125 8.329 5.247 4.926 3.869 3.535
7–50 5.307 7.226 4.639 4.726 3.056 2.440
7–60 5.252 7.122 4.255 4.170 2.830 2.025

020203-8



Chin. Phys. B 33, 020203 (2024)

(a) True solution (b) True solution
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(c) Prediction solution (d) Prediction solution

Fig. 7. Exact first-order rogue wave solutions and predicted solutions of the nonlinear Schrödinger equation: (a) two-dimensional visualization
of the true solution, (b) three-dimensional visualization of the true solution, (c) two-dimensional visualization of the predicted solution of the
improved PINNs, (d) three-dimensional visualization of the predicted solution of the improved PINNs.
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Fig. 8. Comparison of the exact first-order rogue wave solution to the predicted first-order rogue wave solution of the nonlinear Schrödinger
equation at four different time instances: (a) t =−3.0, (b) t =−1.0, (c) t = 1.0, and (d) t = 3.0.

different moments, and we can find that the two solutions are
in high consistency. Similarly, we calculate the L2 norm rela-
tive error of the prediction results of the improved PINNs with
respect to the true solution, which has a value of 8.33×10−4,

while the L2 norm relative error of the original PINNs with
the same experimental setup is 6.41×10−3, and the compari-
son results are given in Fig. 9. As for the computational effi-
ciency, the time required for the improved PINNs to complete
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the training is only 51.6% of the training time of the original
PINNs. In this study, we also quantitatively analyze the ef-
fects of the number of neural network layers, the number of
neurons, and the number of collocation points on the predic-
tion solution of the first-order rogue waves of the nonlinear
Schrödinger equation, and select different numbers of hidden
layers, different numbers of neurons, and different numbers
of collocation points for numerical experiments, and compare
the prediction solution errors of the original PINNs and the
improved PINNs. The specific experimental results are shown
in Table 2. Analyzing the experimental results, it can be found
that as the number of neural network layers increases, the
number of neurons increases, and the number of collocation
points increases, the prediction solution error is also reduced.
The experiments can show that the improved PINNs outper-
form the original PINNs in terms of both computational effi-
ciency and prediction accuracy.
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Fig. 9. Visual analysis of errors in the prediction results of the first-order
rogue wave solution of the nonlinear Schrödinger equation: comparison
of the errors of the improved PINNs and the original PINNs.

3.3. Numerical simulation of second-order rogue wave of
the nonlinear Schrödinger equation

In this subsection, we continue our study of the second-
order rogue wave of the nonlinear Schrödinger equation. For
the second-order rogue wave solution of Eq. (18), the study
region for the numerical simulations is set to the spatial in-
terval [−10,10] and the time interval [−10,10]. In addition,
the value of k is likewise set to zero. With these parameters,
we carefully consider the following set of initial and boundary

conditions:

u(x,−10) = exp(i(kx+10(k2 −1)))
g2(x,−10)
f2(x,−10)

, (26)

u(−10, t) = exp(i(−10k− (k2 −1)t))
g2(−10, t)
f2(−10, t)

, (27)

u(10, t) = exp(i(10k− (k2 −1)t))
g2(10, t)
f2(10, t)

, (28)

where

f2(x, t) = 8
(
2t2 + x2)3

+12
(
6t2 − x2)2 −32Ct

(
2t2 −3x2)

+54x2 +396t2 −144Ct +16C2 +9,

g2(x, t) = 8
(
2t2 + x2)3 −96it

(
2t2 + x2)2 −36x2 (20t2 + x2)

−528t4 −32
(
2t2 −3x2) t (C+3i)

+6i (15i −16C)x2 +12i (39i +16C) t2

+48Ct +360it −48iC+16C2 +45. (29)

In the above equation, the value of C is 100. First, we
construct a deep neural network that is with seven hidden lay-
ers and 64 neurons in each hidden layer. During the training
process, the learnable optimizer is still utilized to optimize
the loss function, and the constants of the optimizer are set to
λ j = 10−4. In addition, we still use the initial conditions as
special Dirichlet boundary conditions on the spatio-temporal
domain. The number of observations in this experiment is 400,
and 20000 collocation points were selected for the construc-
tion of the differential equation constraints, and 400 sample
points were selected for the initial condition constraints and
boundary condition constraints. Figure 10 compares the dif-
ference between the prediction results of the improved PINNs
and the true solution, from which we find that the improved
PINNs obtain prediction results close to the true solution.
Figure 11 shows the comparison between the prediction re-
sults of the improved PINNs and the true solution at different
moments, and again we can find a high consistency between
the two. Similarly, we calculate the L2 norm relative error
of the prediction results of the improved PINNs with respect
to the true solution, which has a value of 7.10× 10−4, while

Table 3. For the second-order rogue wave of the nonlinear Schrödinger equation, the errors of the predicted solutions are compared at different numbers
of the neural network layers, different numbers of neurons, and different numbers of collocation points.

Nf = 10000 Nf = 15000 Nf = 20000

Hidden layers–neurons PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4) PINNs (10−3) IPINNs (10−4)

6–40 9.627 35.81 9.043 11.24 8.693 9.012
6–50 9.230 30.50 8.954 10.56 8.355 8.520
6–60 9.019 19.85 8.787 9.557 8.240 8.226
7–40 8.875 15.40 8.560 9.220 8.126 8.070
7–50 8.658 9.693 8.376 9.152 7.830 7.692
7–60 8.190 9.342 7.990 8.740 7.479 7.110
8–40 7.795 9.178 7.354 8.615 7.260 7.020
8–50 7.594 9.105 7.242 8.520 6.965 6.528
8–60 7.247 8.896 6.865 7.317 6.042 5.260
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Fig. 10. Exact second-order rogue wave solutions and predicted solutions of the nonlinear Schrödinger equation: (a) two-dimensional visualiza-
tion of the true solution, (b) three-dimensional visualization of the true solution, (c) two-dimensional visualization of the predicted solution of
the improved PINNs, (d) three-dimensional visualization of the predicted solution of the improved PINNs.
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Fig. 11. Comparison of the exact second-order rogue wave solution to the predicted second-order rogue wave solution of the nonlinear
Schrödinger equation at four different time instances: (a) t =−8.0, (b) t =−4.0, (c) t = 0.0, and (d) t = 4.0.

the L2 norm relative error of the original PINNs with the same

experimental setup is 7.49×10−3, and the results of the com-

parison are given in Fig. 12. Also analyzing the computational

efficiency, the time required for the improved PINNs to com-

plete the training is only 59.3% of the training time of the

original PINNs. In this study, we have also taken different
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numbers of neural network layers, neurons, and collocation
points as variables, and analyze the effects of these variables
on the prediction solution of second-order rogue waves for the
nonlinear Schrödinger equation. In the specific experiments,
we select different numbers of neural network layers, neurons,
and collocation points for numerical experiments and compare
the prediction solution errors of the original PINNs and the im-
proved PINNs. The specific experimental results are shown in
Table 3. Analyzing the experimental results, we can get the
conclusion consistent with the previous experiments that with
the increase of the number of neural network layers, the num-
ber of neurons, and the number of collocation points, the pre-
diction solution error is also reduced. The experiment again
demonstrates that for the second-order rogue wave prediction
problem of the nonlinear Schrödinger equation, the improved
PINNs outperform the original PINNs in terms of both com-
putational efficiency and prediction accuracy.
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Fig. 12. Visual analysis of errors in the prediction results of the second-
order rogue wave solution of the nonlinear Schrödinger equation: com-
parison of the errors of the improved PINNs and the original PINNs.

4. Conclusion
We have employed gradient-enhanced physics-informed

neural networks (PINNs) with meta-learned optimization tech-
niques for conducting numerical simulations of solitary waves
and rogue waves. The enhanced PINNs incorporate gradient
information, while the meta-learned optimization techniques
significantly accelerate the training process of PINNs. As a
result, the improved PINN model effectively harnesses more
comprehensive physical insights and showcases superior gen-
eralization capabilities. Our experimental endeavors encom-
pass the prediction of soliton solutions for the KK equation
and rogue wave solution of the nonlinear Schrödinger equa-
tion using these enhanced PINNs, followed by a comprehen-
sive evaluation of the predictive outcomes. Notably, our ex-
perimental results clearly show that the training speed of these
improved PINNs is greatly improved, while the prediction er-
ror is significantly reduced. This overall enhancement sub-
stantially elevates the accuracy and efficiency of solitary wave
and rogue wave simulations. Given the enhanced capacity of
PINNs to simulate solitary wave and rogue wave phenomena,
our future research endeavors are aimed at extending their ap-

plicability to other intricate system simulations. These in-
clude ocean mesoscale eddy simulations, typhoon simulations,
and atmospheric turbulence simulations, among others. Fur-
thermore, we will explore the integration of PINNs with pre-
trained language models to further investigate the potential of
its application in the field of complex physics simulation and
to extend its application to physics problems at various scales.
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