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We study the chiral bound states in a coupled-resonator array with staggered hopping strengths, which interacts with a
two-level small atom through a single coupling point or two adjacent ones. In addition to the two typical bound states found
above and below the energy bands, this system presents an extraordinary chiral bound state located within the energy gap.
We use the chirality to quantify the breaking of the mirror symmetry. We find that the chirality value undergoes continuous
changes by tuning the coupling strengths. The preferred direction of the chirality is controlled not only by the competition
between the intracell and the intercell hoppings in the coupled-resonator array, but also by the coherence between the two
coupling points. In the case with one coupling point, the chirality values varies monotonously with difference between the
intracell hopping and the intercell hoppings. While in the case with two coupling points, due to the coherence between the

two coupling points the perfect chiral states can be obtained.

Keywords: bound states, two-level small atom, coupled-resonator array, chirality

PACS: 03.65.Pm, 03.65.—w

1. Introduction

Waveguide quantum electrodynamics (QED) studies the
interaction of quantum emitters and photons propagating in a
one-dimensional (1D) waveguide. The reduced dimensional-
ity makes it possible for individual photons to be efficiently
absorbed by even a single atom, which gives rise to strong
correlations between photons.!'! A coupled-resonator array
(CRA) is an arrangement of an infinite number of low-loss res-
onators with nearest-neighbor coupling, where photons move
by direct hopping between the adjacent resonator. The CRA is
an important 1D waveguide for studying waveguide QED due
to its advantage of addressability of individual sites, high con-
trollability, and the great degree of flexibility in their geomet-
ric design. The nontrivial modal dispersion relation of CRAs
stimulates the investigation of photon transport which leads to
many intriguing phenomena and application, such as single-
photon switches, [*>! super-cavities, ®7! quantum routers, [¥-10]
and perfect mode conversion.[!!]

One typical arrangement of CRAs is a quantum emit-
ter coupling via Jaynes—Cummings-type interaction to only
one resonator of the CRA with identical physical properties

12-141 I the single-

of resonators and uniform-hopping rates.!
excitation sector, this single-atom CRA supports unbound sta-
tionary states with energies forming a cosine-shaped band, and
two localized atom-photon bound states with energies slightly
outside the continuum, '] where each bound state is local-
ized and symmetrical around the resonator coupling to the
quantum emitter. The dynamics of the excitation in this single-

atom CRA shows that the formation of atom—photon bound

fCorresponding author. E-mail: zhoulan@hunnu.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ad0bf0

states results in the partial field localization and atomic pop-

16,171 The non-local coupling of the quan-

ulation trapping.!
tum emitter to the CRA with the cosine-shaped band has been
studied,"®!°1 bound states with energies outside the band are
also been found.

In this work, we study a system in which a two-level small
atom is coupled to adjacent resonators in a one-dimensional
(1D) CRA with staggered hopping strengths (referring to a
staggered CRA for short) via electric dipoles. It is different
from the system of a two-level giant atom non-locally couples
to two non-adjacent resonators in the Su—Schrieffer—Heeger
(SSH) chain in Ref. [20]. More importantly, this system is
simple to implement. In the absence of the two-level small
atom, the staggered CRA forms two propagating bands with
nonlinear dispersion without bound states, which is different
from the system of a staggered CRA with finite length.[?1-28]
Those propagating bands are the complete basis of the Hilbert
space of the photon which apparently possess the finite proba-
bility to appear at the large distance. When the two-level small
atom is introduced, the bound state can be regarded as a lin-
ear combination of those propagating bands. In this sense, the
localization of the photon around the two-level small atom is
considered as the coherence creation of the propagating bands
in the vicinity of the two-level small atom and the simultane-
ous coherence destruction of the propagating bands at large
distance. Hence the bound states emerge in such system. It
is natural to ask the following questions: How many bound
states in a staggered CRA? Do they still have the reflection
symmetry around the resonator that the two-level small atom

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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is coupled to? If mirror symmetry is broken, how to measure
and adjust this asymmetry? To find the answers to these ques-
tions, we study both local and non-local coupling of a two-
level small atom to the staggered CRA. The local coupling
means that the two-level small atom only interacts with one
resonator. For non-local coupling, we only consider the two-
level small atom only interacts with two adjacent resonators.
The paper is organized as follows. In Section 2, we pro-
pose the model describing the interaction between a staggered
array of coupled resonators and a two-level small atom, and
the equations of the probability amplitudes are presented in
single-excitation subspace. In Section 3, we derive the con-
dition for the single-photon bound states when two bands
are presented, then introduce chirality to measure the mirror
asymmetry of the bound states, achieve the control of the chi-
rality of the bound states when the two-level small atom is
locally or non-locally coupled to the staggered array and con-
duct an in-depth analysis of the directionality of chirality and
the physical mechanisms. Finally, a summary has been made.

2. Model for a two-level small atom non-locally
coupled to a staggered array

The model system we proposed is depicted schematically
in Fig. 1. A 1D array of identical, single-mode resonators
is coupled to an individual two-level small atom. Each res-
onator is modeled as a single harmonic oscillator mode of
frequency @. Nearest-neighbor resonators are coupled with
staggered hopping energies where the two possible hopping
energies t + & and 7 — § are interspersed along the array. The
staggered CRA can be realized by circuit QED, that is, an ar-
ray of coupled inductor—capacitor (LC) resonators is utilized
to simulate the staggered CRA, and the coupling strength be-
tween LC resonators is controlled by capacitance and mu-
tual inductance.>!>) We cast the array into a tight-binding
chain of equally-spaced sites with staggered hopping strength,
which seems similar to the Peierls distorted chain, but the
chain is assumed to be infinitely long in both direction. The
free Hamiltonian of the staggered CRA reads

Hy= ;w (ala; +51k)) —;(ma) (alb;+h.c.)
~Y (= 8) (B] a4 +he.), (1)
J

where the bosonic ladder operator 4; (b ;) annihilate a photon
at the a (b) resonator of the j-th unit cell marked by rectan-
gles in Fig. 1. 7+ &8 is the intracell hopping and ¢ — & is the
intercell hopping. The first term in Eq. (1) is the on-site con-
tribution, the other terms are responsible for the tunneling of
photons between adjacent resonator. For 0 = 0, we retrieve
the CRA with uniform hopping energy usually considered in

the studies of single-photon transport, [5-%-12-14.16-19.29-32] he

Fourier transform and some algebra reveal that the staggered
CRA support Bloch bands and Bloch waves with the disper-
sion relation

Of = 0+\/2(2 +8) +2(2 ~ F)cos(k), ()

where k is the momentum along the staggered CRA. The en-
ergy spectrum of the staggered CRA is two separate bands, the
width of each band is 2(¢ — &) and the band gap is 40.
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Fig. 1. (a) Schematic depiction of a two-level small atom non-local coupled
to the nearest resonators in a staggered array made of coupled resonators.
Dashed boxes indicate the unit cells. (b) The dispersion relation of the dimer
chain for & # 0. All parameters are in units of the hop strength .

The excited state |¢) and ground state |g) of the two-level
small atom are separated by the Bohr frequency €2, and their
transition is electric-dipole coupling to the mode of the adja-
cent resonators at the O-th cell. Under the rotating-wave ap-
proximation the Hamiltonian of the bare two-level small atom
and the transfer of excitations between the two-level small
atom and field in the staggered CRA are described by

By = Qo) (el + (gud) + 5B} 6 +he, ()

where o is the z component of the Pauli matrices which acts
on the two internal states |e) and |g) and 6_ (04) is its corre-
sponding lowering (raising) operator. The non-local coupling
between the two-level small atom and the staggered CRA can
be realized by capacitors, and the coupling strengths can be
adjusted by capacitors.?*!

The operator N = Zj(d;dj + l;;rl;j) + |e){e|] commutes
with the total Hamiltonian H = Hy + H; of the system, which
features a fixed number of excitations. The eigenstates of the
Hamiltonian H can be constructed by the eigenstates of the

conserved quantity N with the ansatz

le) = (Zaja}+2_ﬁj13}+ue6+> 0), 4
J J

where dj- |0) (1;; |0)) denotes a single photon occupying the
mode of the a (b) resonator at the j-th unit cell, and 6 |0)
stands for the two-level small atom excited state. Substituting
the ansatz in stationary Schrédinger equation leads to a set of
relations for the coefficients o;; and f;

Eqj = wo; — (t+5)ﬁj — (l‘— 5) ﬁ];] +gau65j,0,
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efj=0f;—(t+8) 0 — (1 —8) jr1 + gpueSjp,
Eue = Que + g4 0 +ghﬁ0- (@)

By removing the amplitude u., the equations for the ampli-
tudes reduce to

(e—w)aj=(8—1)Bj-1—(t+8)B;
+8;0(Vaoto +GPo) ,

(e—w)Bj=(0—t)aj1—(t+9)a;
+8j0(Gog+ViPo) » (6)

where we have defined local energy-dependent deltalike po-

tentials .
=28 n=ab )
and the effective dispersive coupling strength
8a8b
G= . 8
p— ®)

When one of the coupling strength g, = 0, we retrieve the
model where the two-level small atom interacts with only one
resonator of the staggered array, i.e., the two-level small atom
is locally coupled to the staggered array.

3. Single-photon bound states

In the absence of the two-level small atom, the stag-
gered CRA exhibits two continuous spectrums of propa-
gating waves. The presence of the two-level small atom
breaks down the translation symmetry of the staggered ar-
ray, so the nonpropagating eigenstates are formed, which
are called the bound states (BSs).

dressed atom-field eigenstates localized around the quantum
5,6,8,9,17,19,32

The bound states are
emitter. ! n Fig. 2, we plot the eigen-energy in the
single excitation subspace by numerically diagonalising the
Hamiltonian in the real space. In general, it can be found
that there are three bound states: one lies above all bands
(called BS I), one lies within the band gap (called BS II), and
one lies below all bands (called BS III). Nevertheless, when
ga = 8&» = g the number of bound states can be controlled by
adjusting g and 0, so that there is one, two or three bound
states.

Since bound states are waves that remain localized, we
assume the following solutions to Eq. (6) with ko =0,

o — AfeikojHKﬂ@(_j)’
Ao (),

Breikoil—x(7-1/21@ (_ )
B; =

BEe~ eikoil=x(i=1/21@ () ®

which decay exponentially with the distance from the site that
the two-level small atom is coupled to, where © (j) = 1 for
Jj>0and O (j) =0 for j < 0. The relation of the imaginary

wave vector kK > 0 and the energy of a localized photon outside
of the bands is obtained as

e—m+ \/2 (12 + 82) + (12— 62) (efikolJrKl + eikolfxl)
(10)
by considering the region far away from the two-level small
atom, so do the following ratios:

B (t48) e ¥/ 4 (1 — §) eikoltx(/2)

fo w—¢ '
B _ S (11)
AE T (14 8) e XU 1 (1 — §) e ikol+x(1/2)
which indicates that
Btk (12)
AL By

For ky = 0, equation (10) gives the energy

& = 0 /2(2 +52) +2(:2 — 62 cosh(k1)

lying above or below two bands. For ky = 7, equation (10)
shows that the energy

e = 0 /2(7 +5%) ~2(12 — 62) cosh(k1)

is inside the band gap.

u @
22
>
20
E 20
16
0 1 2 3 4
24 ®
22
>
o0
g 20
I8 ?
16
0 1 2 3 4
g,
24 (©)
22
5
B 20
a
=8
16
14
0 1 2 3 4
g

Fig. 2. The spectrum as a function of the coupling strength with @ = 20.
(@) 02=2156=03,8=0,(b)2=215056=05,8,=0;(c) 2=19.5,
8 =0.7, g, = g» = g- All parameters are in units of the hop strength 7.

020302-3



Chin. Phys. B 33, 020302 (2024)

Applying Egs. (9) and (11) to the discrete scattering equa-
tion (6) at j = %1, the amplitudes for the j = O cell read

o =AF, PBo=BEe </, (13)

By substituting Eq. (13) and spatial exponential-decay solu-
tion (9) to Egs. (6) at j = 0, we achieve the condition for the
existence of the bound state

K .
(t+6—G)* = {g —0-V,+(—-9) f;,ge'ko“fﬂ/ﬂ
L

AE
X [e —0—V,+(t—9) B% e‘kol"(l/2)] (14)
R

as well as the following ratio:

_ L8+ (=5
AKX t+8-G (e—w)(t+6-G) ’
BE  (t+8)eX  (t+8)e +(1—8)e ikl

B 116-G " (e-w)+5-06 ~ P

Af t+6

b (15a)

The number of the bound states completely determined by the
above conditions.

3.1. Local coupling

The local coupling of the two-level small atom to the
staggered CRA corresponds to the case with either g, = 0 or
g» = 0, which means the effective dispersive coupling strength
G = 0. When one fold the system around the line perpendic-
ular to the array and passing the site that the two-level small
atom is coupled to, the left half of the line is not the exact re-
flection of its other half as long as & # 0. This property leads
to the mirror asymmetry of the bound state which is character-
ized by AF # AKX or Bf # BEe ="' in Eq. (9). When g, =0, the
two-level small atom is coupled to the ag resonator, whose site
is the location of the line of the symmetry. Equation (15) in-
dicates that amplitude Aff = Af, which means the asymmetry
is characterized by the amplitudes of the b resonators. When
gq =0, the two-level small atom is coupled to the by resonator,
the line of symmetry is located at coordinate //2. One can find
that BX = BKe ¥ from Eq. (15), so the asymmetry is com-
pletely characterized by the amplitudes of the a resonators.

The above results are consistent with results in Ref. [33].

0.08 p 0.12 5 af
(a) b ° c *lol®
£0s ®) i ool © W
£ 0 0.06 - . o |p
2 * 0.08 "
@ .
= 0.2 0.04 *s 0.06 wlu®
= . y " 8
= . 0.04 xa *
=) &
2 0.1 0.02 » x +®
E * e ".-"“.‘. ,‘M " ’%*'.. s
-y a *
oo xo® LY BN 0 ()M*. *.*.'.M
-4 =2 0 2 4 —10 -5 0 5 10 10 =5 0 5 10
l / l
0.08 ” [ 0.12 p AR
d e * () @
R : o - ® 15
2 0.08 9
= *
3502 * 0.04 .
° . 0.06 tole
= . ¥ 0.04 o Lo
Z ol . . 0.02 ; b e [,o
£ * “‘na.. o 10’ *2e
=™ | ]
okaszes® LY P 0 OM"‘, '*.*'M
—4 -2 0 2 4 10 =5 0 5 10 10 -5 0 5 10

/

Fig. 3. The probability distribution of the bound state I (panels (a) and (d)), III (panels (b) and (e)), and II (panels (c) and (f)). The two-level small
atom is coupled only to the ag resonator in the upper panels (panels (a)—(c)). The two-level small atom is coupled only to the by resonator in lower panels
(panels (d)—(f)). All parameters are in units of the hop strength t and @ = 20, Q =21.5, 6 =0.3.

In Fig. 3, we have plotted the probability distribution of
the bound state I (panels (a) and (d)), III (panels (b) and (e)),
and II (panels (c) and (f)) when g, = 0.7, g, = 0 (panels (a)-
(c))or g, =0, gp, =0.7 (panels (d)—(f)) respectively. The black
line located at origin in each upper panel and coordinate /2
in each lower panel is the line of symmetry. It can be ob-
served that: (i) The red stars (blue dots) distribute symmetri-
cally around the black line in each upper (lower) panel. (ii)
All the bound states prefer to localize at the right side of the
two-level small atom for g, = 0, and vice versa for g, = 0. (iii)
Panels (d), (e), and (f) appear as the reflection of the panels (a),
(b), and (c) followed by a shift to the right by //2 distance, re-

spectively. So in the following, we focus our discussion on the
case with g, = 0.
To further quantify the mirror symmetry of bound states,

we introduce the chirality[34]

SL — SR

S —
SL + SR

(16)

to depict the asymmetry of the bound state in the left-side and
right-side of the symmetry line at the origin
~1

su=Y B[,

Jj=—0

(17a)

o

se=Y [Bi" + 1Bl

=

(17b)
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where S > 0 (S < 0) indicates that the chirality prefers the left
(right) direction, and S — 1 (S — —1) corresponds to perfect
left (right) chirality. The chirality can be further expressed as
M (18)
1+ |Bg/BE[’
with the help of wave function in Eq. (9). To present how to
tune the chirality of these bound states, we plot the chirality S
as a function of § in Fig. 4 with different Bohr frequency Q
for fixed coupling strength.

LOfss-~ ————0=2
~
W S Q=215
0.5FNs AN --=-Q=205
\\\\\\\ \\\
\\§\§\_~~\ N
“ 0 e e
Q=195 AN \C\\\\\
————0Q=185 s \
—0.5F .o _—0—1s AN \\\\‘
\\\ \\\
(a) DTSRI
—1.0 . ~=
—1.0 —0.5 0 0.5 1.0
0
LOfFT~~_ ————0=24
N ~
Waove T Q=215
0.5 F vy So N —===0=205
ARRY ~ N
\\\\\N \\:\
0 e RN —
@ Q=195 AN
————Q=185 SO S TN
—05F a0 =16 AN S N\
S N v\
~ N \,
Lok (b) RN
—1.0 —0.5 0 0.5 1.0
o
1LOfT==2 '
AN RN ————0=24
\ ~ Q=215
05F '~ AN ————0Q=205
So N
[} 0
=195 |77 ==-~_ -
————0=185 ~~o SN
—05F-=-—=02=16 R AN
\\ \
(© AR N
—1.0k - TEECIT
—1.0 —0.5 0 0.5 1.0
o

Fig. 4. The chirality of the bound state I (a), III (b), and II (c) versus & for
local coupling. Here, @ = 20, g, = 0.7. All parameters are in units of the
hop strength 7.

It can be found that (i) one can continuously tune the chi-
rality of bound states I and III over the whole range 6 € [—1,1],
so does the chirality of bound state II as long as the hopping
strengths are staggered. In particular, when & — 0, the chiral-
ity of bound states I and III tends to 0, however the chirality of
bound state II is far from 0. Without the staggering, i.e., 6 =0
the staggered array becomes a uniform array, and bound state
IT disappears. The chirality of bound state II is discontinuous
at (07,0™), which corresponds to the closure and opening of
the band of the staggered CRA, and also to the different topol-
ogy of the staggered CRA for positive or negative &. (ii) The

chirality prefers left direction when 6 < 0 and prefers right di-
rection when 8 > 0, i.e., the photon would like to appear at the
left side of the line of the symmetry when 6 < 0 and at the right
side when § > 0. The underlying mechanism is the following:
the two-level small atom creates a single photon into the mode
of the ag resonator, from where the photon can hop to other
resonator. Single photon hop to the side where the hopping
strength is larger, hence, the hopping strength determines the
chiral. The discontinunity of the chirality of the bound state II
actually relates to the topology of the staggered CRA, where
0 < 0and & > 0 corresponds to opposite widing number. (iii)
The left (right) chirality increases as 2 increases for bound
state I and decreases as £2 increases for bound state III. How-
ever, the chirality of the bound state II increases as the Bohr
frequency Q is closer to the resonator’s frequency @. When
0 = +1, the staggered CRA falls apart to a sequence of dis-
connected dimers. The energy of the dimer which couples to
the two-level small atom is different from the energies @ 4 2¢
of other dimers, whose eigenstates are the even and odd super-
positions of the two sites forming a dimer. A single photon is
completely localized at the dimer the two-level small atom is
coupled. Hence, the chirality is completely determined by the

site which is close to the ag resonator, i.e., the amplitude Sy or

B-1.

3.2. Non-local coupling

We now consider the case that all coupling strength g, #
0. We assume that the two-level small atom is located at the
middle of the unit cell at j = 0, so, the line of symmetry is lo-
cated at coordinate [ /4. The probabilities at the right and left
side of the line become

—1
Su=Y (|a,,-|2+ IBj|2) + ol

(19a)
Jj=—o0
- 2 2
Se =Y (|oy[*+[BI*) + 1ol (19b)
j=1
and the chirality of bound states reads
AK‘2 Kl AK‘ —xl B . B
||e||e+||\|(20)

A e+ AR e+ B[ + B
We firstly discuss the chirality of the bound states when
g4 = gp. In this case, equation (15) becomes
AL _ Br
AR BE
With the help of Eq. (12), we obtain S = 0, which can be under-

stood easily because the system has mirror symmetry around

e . Q21

the line passing through coordinate //4. This result told us
that chirality may arise when g, # g,. In Fig. 5, we plot the
chirality S of the bound state versus J.
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Fig. 5. The chirality of the bound state I (panels (a) and (d)), III (panels (b) and (e)), and II (panels (c) and (f)) versus & for non-local coupling. Here,
g4 =0.7, g = 0.6 for upper panels and g, = 0.6, g, = 0.7 for lower panels. All parameters are in units of the hop strength ¢ and @ = 20.

It can be observed that the chirality of bound states I and
IIT are determined by the coupling strength, i.e., the chiral-
ity of bound states I and III prefers the left direction when
8a > gp and vice versa when g, < gp. One can continuously
tune the chirality of bound states I and III over the whole range
0 € [—1,1], so does the chirality of bound states II as long as
the hopping strengths are staggered. Specially, the chirality of
bound state II can change its direction as 6 varies from neg-
ative to positive. The chirality of bound state III only varies
monotonously with §, and decreases as Q increases. How-
ever, the perfect chirality can be achieved for the bound states
I and II, and the perfect chirality shifts to the right as Q in-
creases. Actually, each lower panel in Fig. 5 can be obtained
by turning the corresponding upper panel 180° about the hori-
zontal axis. Hereafter, we will focus on the case with g, > g.
To understand why the chirality prefers the same direc-
tion for bound states T and III no matter how & change and
why bound state II changes its chirality as 0 changes, we con-
sider the fully dimerized limits characterized by 6 = +¢. Most
dimers yield energies @ & 2¢, the energy other than @ + 2t are
formed by the dimer connected to the two-level small atom.
Discussions can be restricted to the dimers that interact with
the two-level small atom, as shown in Fig. 6. When 6 = —1,
four resonators are involved (see Fig. 6(a)), the two-level small
atom would like to emit the excitation to its left side rather
than its right side. So all bound states prefer the left direction.
When 6§ = ¢, only two resonators are involved (see Fig. 6(b)).
Although the two-level small atom would like to emit the exci-
tation to the ag resonator, it can hop to the by resonator easily.
So the preferred direction of the bound states is decided by

whether the ratio |By/ 0| larger or smaller than one,
LBl %a=8 )

o> (e—0)(e-2)-g;

Here, € is the eigenenergy of the two-level small atom and the
dimer at the j = O cell, it can take three values, g, & and g,,,
where €, is larger than @ + 2¢, & is smaller than w — 2t and
&y 1s within the regime (@ — 2¢, @ +2¢). The poles E; and E»
of Eq. (22) are the eigenergies in the absence of a( resonator
with E| > E;.

(a)
D).

8.l \ g, o \ 8,
| v X ¥
hfl 4 bn a, 4y bo
N N N
2t 2t 2t

‘(I B B § 3
16 18 20 22 24
Q

Fig. 6. Sketch of the system under study when (a) 8 = —t and (b) § =1,
and (c) the eigenenergy of the two-level small atom and the dimer and the
poles E; and E; of Eq. (22) as a function of the £, where @ = 20, g, = 0.9,
2, =04,86=1.

In Fig. 6(b), we plot the eigenergies € and E; as a func-
tion of the Q. It can be seen that &, > E;, & < E», and
E| > €&, > E», which indicates that the chirality of bound state
II is different from that of bound states I and III, i.e., the chi-
rality prefers the right direction for bound state II. The stag-
gered coupled-resonator array is exactly described by the SSH
model in Ref. [20], and the winding number of the SSH model
changes from +1 for 6 > 0 to —1 for 6 < 0 discontinuously.
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This is the nature of the discontinunity of the chirality of the
bound state IL. If § = 0, there is no topological properties of the
uniformed coupled-resonator array and thus the state II also
disappear.

4. Conclusion

For an array of resonators mutually interacted with stag-
gered hopping strengths, we consider its interaction with a
two-level small atom by a coupling point or two coupling
points. Its single-photon spectrum has been studied and it is
found that this system has two energy bands and three discrete
spectra with one lying upper the bands and one lying below the
bands, and another inside the band gap. The stationary states
of the discrete spectra are analytically presented and are chiral
bound states when coupling strengths have different magni-
tudes. One can tune the chirality of bound state II over the
range 0 € [—,0) U (0,7], and continuously tune the chirality
of bound states I and III over the whole range 6 € [—¢,¢]. In
the case with one coupling point, the preferred direction of the
chirality is controlled by the competition between the intracell
hopping and the intercell hopping. In the case with two cou-
pling points, the competition between two coupling strengths
adjusts the chirality of all bound states, in addition, the chiral-
ity of bound state IT change its direction as & varies its sign for
fixed coupling strengths. Due to the discontinunity of the chi-
rality of the bound state II inheriting from the topology of the
CRA, the chirality can be tuned greatly by only slightly change
the magnitude of 0. In Ref. [20], the authors proposed a tun-
able chiral bound states whose chirality is controllable. The
coupling direction and strength between the adjacent super-
conductor qubits are totally controllable because they depend
on the overlap of the tunable chiral bound states, which may
facilitate the construction of the large scale quantum network.
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