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The capacity to extract work from a quantum heat machine is not only of practical value but also lies at the heart
of understanding quantum thermodynamics. In this paper, we investigate optimal work extraction for quantum systems
with work storage, where extracting work is completed by a unitary evolution on the composite system. We consider
the physical requirement of energy conservation both strictly and on average. For both, we construct their corresponding
unitaries and propose variational quantum algorithms for optimal work extraction. We show that maximal work extraction
in general can be feasible when energy conservation is satisfied on average. We demonstrate with numeral simulations
using a continuous-variable work storage. Our work show an implementation of a variational quantum computing approach
for simulating work extraction in quantum systems.
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1. Introduction
Work extraction from heat engineers plays a central

role in thermodynamics due to its practical and fundamental
importance.[1–4] For quantum systems, identifying how differ-
ent types of quantum resources, e.g., entanglement, coherent,
or squeezing, can affect the work extraction has drawn much
attention.[5–12] Moreover, work extraction can be exploited for
formulating quantum thermodynamics as well as for character-
izing symmetry-protected thermal equilibrium.[13] Apart from
those theoretical interests, recent quantum technology ad-
vances have also enabled us to build quantum heat engines and
explore quantum thermodynamics on various quantum plat-
forms such as trapped ions and superconducting qubits.[14–17]

For different setups, investigating the amount of ex-
tractable work as well as the protocol of realization can be
important as it is operational.[18–20] In a prototypical scenario,
the work can be extracted from a quantum system by a cyclic
unitary evolution.[21] The maximal extractable work, called
ergotropy,[3] may be realized by optimizing the cyclic unitary
evolution. Another scenario includes a work storage and the
unitary operator should be performed on the composite sys-
tem for transferring the energy from the system to the work
storage.[22,23] For generic quantum systems, determining the
optimal extractable work as well as constructing the associ-
ated cyclic unitary operator are in general hard as they de-
mand optimization in an exponentially growth space. Such
difficulty is intrinsic to quantum systems of many degrees of
freedom.[24–26]

On the other hand, with advances both in quantum hard-
ware and quantum algorithms, quantum computing has been
widely exploited for simulating both static and dynamic prop-
erties of quantum systems.[27] For instance, the thermodynam-
ics of quantum systems can be investigated by preparing equi-
librium thermal states at finite temperatures and measuring the
observables.[28] While recent protocols for optimal work ex-
traction often concern systems with a few degrees of freedom,
the current advances have enabled us to simulate work extrac-
tion for larger quantum systems.[29–31]

In this paper, we propose a variational quantum comput-
ing approach for simulating optimal work extraction for quan-
tum systems with a work storage.[32–35] With a unitary trans-
formation, energy can be transferred from the system to the
work storage. We enforce energy conservation in work ex-
traction and consider energy conservation both strictly and on
average. We give constructions of unitaries satisfying strict
and average energy conservation respectively, and formulate
their corresponding variaitonal quantum algorithms. By nu-
meral simulation with a fully connected quantum Ising model,
we demonstrate the variational quantum computing approach
for the work extraction and compare results for the strict and
average energy conservation.

The paper is organized as follows. In Section 2, we intro-
duce the concept of maximum extractable work and its evalu-
ation with a variational quantum algorithm. In Section 3, we
discuss the work extraction with work storage under two dif-
ferent scenarios and propose their simulations with a hybrid-
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variable quantum circuit. The simulation results are presented
in Section 4. Finally, we give conclusions in Section 5.

2. Maximum extractable work
In this section, we briefly review the maximum ex-

tractable work for a quantum system and propose a variational
quantum algorithm for evaluating the maximum extractable
work.[3,21]

How much work can be extracted from a heat engine is
not only of practical value but also lies at the heart of formulat-
ing the second law of thermodynamics. Investigation of work
extraction has also been generalized for quantum heat engines
under different circumstances in recent years.[36–38] Here we
restrict our discussion to a prototypical scenario, where work
extraction is achieved by performing a cyclic unitary evolution
on an isolated quantum system S (see Fig. 1). The maximum
extractable work in this scenario is quantified as ergotropy WE.
It is possible to generalize the setup to a more realistic pro-
cess of work extractable by letting the system contact the heat
bath.[39]

U

U

W

Work storage

Fig. 1. Illustration of work extraction for quantum systems after a cyclic
unitary evolution without (up) and with work storage (bottom). Without
work storage, the energy is extracted as much work as possible from the
system by a cyclic unitary evolution U . When there is work storage, the
extracted energy can be used for work, e.g., lifting a weight.

There are two situations here. When there is no work
storage, work extraction is just to extract as much energy as
possible from a system through some unitary evolution. How-
ever, the goal of extracted work in practice should be of util-
ity. In this case, one can introduce work storage in which the
extracted energy is utilized, for instance, for lifting a weight.
The work storage can also refer to a battery that can store the
extracted energy for later usage.

We first formulate the work extraction and the
ergotropy[40,41] by considering a quantum system described
by the Hamiltonian H and initialized in a quantum state de-
noted by a density matrix, ρs(t = 0) = ρs0. By manipulat-
ing the cyclic varying external field V (t) in a period τ , the
quantum system evolves under a time-dependent Hamiltonian,
H(t) = H +V (t), where the time-dependent V (t) accounts for
a transfer of work during the evolution. In a single cyclic pro-
cess, the system S is coupled to an external field in a period

0≤ t ≤ τ , and decouple at t > τ . The density matrix at time t
follows the Schrödinger equation

ih̄ρ̇s(t) = [H(t),ρs(t)] . (1)

The work extracted from the system after the cyclic evolution
can be obtained as the energy difference of the system,

W = Tr(ρs0H)−Tr(ρs(τ)H). (2)

As the initial energy E0 = Tr(ρs0H) is fixed for a given initial
state ρs0, the ergotropy can be obtained by finding the lowest
energy of the final state, Ef = Tr(ρs(τ)H). In the following,
we derive the expressions of the final state Tr(ρs(τ)) as well
as the ergotropy.

It is useful to decompose the initial state and the Hamil-
tonian as:

ρs0 = ∑
j≥1

p j|ψ j〉〈ψ j|, p1 ≥ p2 ≥ ·· · ,

H = ∑
k≥1

Ek|Ek〉〈Ek|, E1 ≤ E2 ≤ ·· · , (3)

where 〈ψi|ψ j〉 = δi j, Ek and |Ek〉 are the eigenvalues and
eigenstates of the Hamiltonian, respectively. Here we have
sorted all probability densities of ρs in descending order and
eigenvalues of the system Hamiltonian in ascending order.

It is important to note that a unitary transformation on ρs0

will not change the probability distribution {pi}. Then it can
be verified that the final state for the ergotropy should be a
mixture of pure states {|E j〉} with a higher probability for a
lower-energy state |E j〉. In this regard, the final state can be
expressed as

ρs (τ) = ∑
j≥1

p j|E j〉〈E j|, p1 ≥ p2 ≥ ·· · . (4)

The ergotropy then can be derived as

WE = ∑
j,k

p jEk

(∣∣〈ψ j|Ek〉
∣∣2−δ jk

)
. (5)

The task is to find a cyclic unitary transformation that the
maximum work or the ergotropy WE can be extracted. From
above it can be deduced that such a unitary operator for maxi-
mal work extraction can be written as

U = ∑
j
|ψ j〉〈E j|. (6)

It can be verified that U†U = ∑ j |ψ j〉〈ψ j|= 1.
While U in Eq. (6) can be explicitly given, it requires

diagonalizing both the initial state ρs0 and the Hamiltonian
H. For a generic many-body quantum system, the value of
ergotropy as well as the corresponding unitary transformation
for extracting the maximum work are not easy to obtain, as can
be argued by the curse of exponential growth of Hilbert space
with the system size for diagonalization. Such a challenge can
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be solved by quantum computing. Since the goal is to maxi-
mize the extracted energy, it is suitable to exploit a variational
quantum computing approach, where the desired unitary op-
erator U can be optimized by maximizing the energy reduced
for the system. It should be stressed that the optimized U is
specified for a given initial state ρs0 and may not be the same
as the one in Eq. (6) which is general for all initial states given
in Eq. (3).

As it is essential to find a unitary operator in the final state
that the lowest energy, we can consider it as an optimization
problem and exploit a variational quantum algorithm to find
an optimal unitary operator. It should be emphasized that the
unitary operator is parameterized by the cyclic evolution of
time-dependent Hamiltonian H(t), which may be limited by
the degree of control Hamiltonian V (t). As a consequence, the
optimal extractable work may be smaller than the ergotropy.
In this work, we assume that the system is highly controllable
and can be used to generate arbitrary unitary operators. Thus,
we relax the condition of cyclic unitary evolution to a uni-
tary operator generated by a quantum circuit composed of se-
quences of quantum gates. The unitary operator represented
the quantum circuit should be generated with a cyclic evolu-
tion of time-dependent Hamiltonian as both can be universal
for quantum computing. In other words, we exploit a digital
quantum computing approach for simulating work extraction
in quantum systems, leaving an analog quantum simulation
with more realistic cyclic Hamiltonian evolution for future in-
vestigation.

Now we propose a variational quantum algorithm for
evaluating the ergotropy. For a parameterized quantum cir-
cuit U(θ), the final state evolved from ρs0 by U(θ) can be
expressed as, ρs(θ) =U(θ)ρs0U†(θ). The variational energy
for the final state is

E(θ) = Tr [ρs(θ)H] = Tr
[
U(θ)ρs0U†(θ)H

]
. (7)

The variational energy can be set as the cost function and
should be minimized by finding the optimized parameter set
θ ∗, which can refer to a hybrid quantum–classical optimiza-
tion procedure. The variational quantum algorithm is closely
related to the subspace-search variational quantum eigensolver
(SS-VQE),[42,43] whose cost function is a weighted linear
combination of variational energies with a set of orthogonal
initial state and the same parameterized unitary operator. Al-
ternatively, one can view that the cost function of SS-VQE
takes the form of Eq. (7). Ideally, the unitary operator U(θ ∗)

should transform each |ψ j〉 into the k-th lowest-energy eigen-
state of the system Hamiltonian, and thus the extracted energy
is equal to the ergotropy. The variational quantum algorithm
can obtain an approximate ergotropy, which depends both on
the expressivity of the ansatz U(θ) as well as the optimization.
In Algorithm 1, we present the algorithm.

Algorithm 1: U(θ ∗)

Input: Parameter θ to be optimized, system Hamiltonian H,
initial state ρs.
Output: U(θ ∗)

1 Construct a quantum circuit U (θ) with reference;
2 Apply U (θ) to the initial state ρs of the system, then obtain

ρs (θ) =U (θ)ρsU† (θ);
3 The system energy can be expressed as E = Tr(ρs (θ)H);
4 The gradient descent algorithm is used to minimize system en-

ergy E;
5 When E reaches the minimum value, the optimization stops

and the optimization parameter θ ∗ is obtained;
6 Bring θ ∗ back to U (θ) to get U(θ ∗) for the final desired solu-

tion.

The obtained U(θ ∗) has some capacity for generalization.
For any density matrix composed of a mixture of pure states
as follows:

ρ
′
s0 = ∑

j≥1
p′j|ψ j〉〈ψ j|, p′1 ≥ p′2 ≥ ·· · . (8)

It can be verified that the ergotropy for the system H initialized
in the state ρ ′s0 can be evaluated with the same U(θ ∗). In this
regard, U(θ ∗) can be applied for maximum work extraction
for a class of state given in Eq. (8).

3. Work extraction with work storage
Previously, we proposed a variational quantum algorithm

for maximal work extraction where the quantum system is not
coupled to work storage. In practice, however, work should
be output and the work storage is necessary. In this section,
we investigate work extraction with the work storage. Follow-
ing Ref. [1], the work storage is chosen to be described by a
continuous variable for two reasons. First, a continuous vari-
able can be used for simulating a process of doing work such
as lifting a weight. Second, the continuous variable allows
for non-deterministic work extraction (to be explained later in
Eq. (2)). As a comparison, a qubit work storage with Hamil-
tonian Hw = gZ can only allow for deterministic work extrac-
tion. We consider a system of qubits.[20,44–46] In this regard,
the whole system consists of both discrete-variable qubits and
one continuous-variable, and it is conventional to simulate it
with a hybrid-variable quantum circuit.[1,47–49]

With a work storage, the energy can be transferred from
the system to the work storage, and therefore energy conser-
vation can be considered in this setup. We investigate energy
conservation in two scenarios. The first is restriction which
requires that energy conservation should be respected in the
process of work extraction.[20,45] In other words, the unitary
transformation should commute with the Hamiltonian of the
whole system. The second relaxes the condition and requires
energy conservation on average.[1] For both scenarios, we pro-
pose variational quantum algorithms for optimal work extrac-
tion.
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We use a simple example to tell the difference between
strict energy conservation and average energy conservation.
The Hamiltonian of the two systems is HA = ZA and HB = ZB,
and the total Hamiltonian H = ZA +ZB. Considering the evo-
lutionary operator U = e−iZAZBt which always satisfies the
commutation with the total Hamiltonian. Then the total en-
ergy is always conserved, regardless of the initial state chosen.
On the other hand, if one chooses the evolution operator U as
U = XAXB, then U does not satisfy the commutation relation
with the total Hamiltonian H. The total energy is still con-
served for an initial state |01〉 or |10〉 but is changed for other
initial states such as |00〉 or |11〉. In this regard, energy con-
servation is kept on average for some given states and one can
call it as average energy conservation.

3.1. Strict energy conservation

We first investigate the situation in which the unitary op-
erator commutes with the total Hamiltonian.[13,49] The Hamil-
tonian of the work storage can be expressed in terms of the
position operator x. We assume that the coupling between the
system and the working storage only exists in the process of
extracting and transferring energy by implementing a unitary
operator on the composite system. Before and after the unitary
operation, the interaction between the system and the work
storage can be ignorable. Then, the total Hamiltonian of the
system and work storage can be expressed as follows:

Hsw = H⊗ I + I⊗ x. (9)

Now we aim to construct the desired unitary operator CU.
Two conditions need to be satisfied for CU during the process
of transferring work: (i) Energy conservation must be ensured,
meaning that the energy lost by the system must be equal to
the energy gained by the working storage, even if not all of the
extracted work is transferred to the working storage. i.e.,

[CU,Hsw] = 0. (10)

(ii) The energy transfer should not depend on the initial
state of the work storage. That is, CU should be invariant un-
der energy shifts of the work storage:

[CU, I⊗ p] = 0, (11)

where p is the momentum operator of the work storage.
Following Kitaev construction,[50] the unitary operator

CU satisfying the above two conditions (i) and (ii) can be writ-
ten as follows:

CU = e−i pH (U⊗ I) e i pH . (12)

This unitary operator is equivalent to the unitary operator
found in Refs. [13,44]. The CU acts on the composite system

and couples the system with the work storage with the opera-
tor e−i pH . This is an evolution of Hamiltonian pH which in-
volves both discrete variable qubits and continuous variables,
which can be decomposed into a set of quantum gates involv-
ing a hybrid-variable quantum gate,[48,51] e.g., e−iθ pZ (Z is
Pauli matrix). Such a hybrid-variable gate can be engineered
on the mainstream quantum platforms. An illustrative quan-
tum circuit for CU is shown in Fig. 2.

System

Work 
storage

e-ipĤ̂
eipĤ̂

Υ(θ)

Fig. 2. Quantum circuit for CU which commutes with the Hamiltonian
of the composite system. The unitary operator U(θ) is constructed by
a parameterized quantum circuit and the optimal θ should be obtained
by minimizing the transferred energy to the work storage.

We suppose that initially the system and the work stor-
age are uncorrelated. The transferred work can be expressed
as an energy increase for the work storage before and after the
operation of CU:

WU = Tr
[
CU(ρs⊗ρw)C

†
U(I⊗ x)

]
− Tr [(ρs⊗ρw)(I⊗ x)] . (13)

The transferred work is also equal to the energy loss of the
system

WU = Tr [(ρs⊗ρw)(H⊗ I)]

− Tr
[
CU(ρs⊗ρw)C

†
U(H⊗ I)

]
. (14)

In this regard, the transferred work is equal to the extracted
work. We use the transferred work preferably in the presence
of work storage.

The transferred work is a function of the unitary opera-
tor U performing on the system. What is the optimal U that
maximizes the extracted work WU? It is tempting to insert the
U(θ ∗) that can get the ergotropy without the work storage as
in Section 3. One may expect that the same ergotropy can be
obtained with the work storage. However, such a scheme fails.
The reason is that there will be correlation energy between
the system and the work storage after performing U(θ ∗) on a
generic initial state. Instead, the optimal U should be obtained
by maximizing the extracted work WU. For a given initial state,
this is equal to the task of minimizing the energy of the final
state,

EU = Tr
[
CU (ρs⊗ρw)C†

U (I⊗ x)
]
. (15)

We adopt a VQA similar to one for work extraction without
the work storage. With a parameterized quantum circuit U(θ),
we can obtain the EU(θ̃

∗) by finding the optimal parameter set
θ̃ ∗ with a hybrid quantum–classical optimization procedure.

020312-4



Chin. Phys. B 33, 020312 (2024)

The coupling of the system and the work storage makes the
computation harder. However, since the coupling is fixed, the
optimization only evolves the system where U(θ) performs.
In Algorithm 2, the corresponding variational quantum algo-
rithm is outlined.

Algorithm 2: CU(θ
∗)

Input: Parameter θ to be optimized, system Hamiltonian H,
initial state of the system ρs, initial state of the work storage
ρw.
Output: CU(θ

∗)

1. Construct a parameterized quantum circuit CU(θ) for the sys-
tem and work storage as a whole;

2. Apply CU(θ) to the initial state ρs ⊗ ρw of the system and
work storage as a whole, the result is represented by ρ (θ) =

CU(θ)ρs⊗ρwC†
U(θ);

3. Use gradient descent algorithm to minimize the final energy
E = Tr [ρ (θ)(H⊗ I)] of the system;

4. Stop the optimization when E reaches the minimum value, and
obtain the optimized parameter θ ∗;

5. Inserting θ ∗ into CU(θ) gives the evolution operator CU(θ
∗)

for the entire system and work storage.

The advantage of this approach is that it is operationally
simple and does not require additional computational de-
mands. However, the work transferred by CU from (ρs⊗ρw)

may not be the same as the work extracted by U from ρs.
Notably, the optimal transferred work W (U) typically will be
smaller than the ergotropy. In the next section, we will con-
sider a setup where the optimal transferred work can be equal
to the ergotropy.

3.2. Average energy conservation

When restricting the unitary operator to be commutative
with the total Hamiltonian, the optimal transferred energy will
be smaller than the ergotropy. A possible way to reach the
ergotropy is to relax the restriction to average energy conser-
vation, which requires that energy is conserved before and af-
ter the unitary transformation.[44,52–54] We give an expression
of the unitary operator as well as how to construct it with a
variational quantum computing approach.

We suppose that the system is initially uncorrelated with
the work storage. Under such a setup, the work will be maxi-
mally extracted if the energy of the system is minimized. For
a density matrix as a mixture of {|ψ j〉} with a descent order
of weighting, p1 ≥ p2 ≥ ·· · , each |ψ j〉 should be transformed
into the j-th lowest-energy eigenstate of the system Hamilto-
nian, while the probability p j is unchanged. The energy dif-
ference ε j is

ε j = 〈ψ j|H|ψ j〉−E j. (16)

The work extracted from the system is equal to the weighted
sum of the work extracted for each pure state |ψ j〉, namely,
WE = ∑ j p jε j. Each state transformation |ψ j〉 → |E j〉 should

be accompanied by an energy transfer of ε j to the work stor-
age. Thus, the unitary operator may be constructed as follows:

AU = ∑
j
|E j〉〈ψ j|⊗Γ (ε j), (17)

where Γ (ε) = e i pε shifts the position of the continuous vari-
able by ε and thus the working storage gains energy of ε . By
construction, the unitary operator V will conserve the energy
but typically not commute with Hsw.

As seen in Eq. (17), the construction of V requires
a knowledge of all eigenstates of H and usually, it is a
formidable task. We consider that the initial density matrix is
low-rank, e.g., the mixture is dominated by a few components
and the number of elements in the set of pure states {|ψ j〉} is
small. In this case, we may refer to a variational quantum com-
puting approach in that the work can be maximally extracted
and transferred to the work storage.[2]

To be more general, we suppose that the set {|ψ j〉} is
given but unknown. Moreover, it respects the descent order-
ing when forming a mixed state. As |ψ j〉 are orthogonal, it is
possible to make a unitary transformation between the com-
putational basis | j〉 and {|ψ j〉}. The unitary operator can be
parameterized as S(ϑ), which gives the following transforma-
tion:

S (ϑ) |ψ j〉= | j〉, j = 0,1,2, . . . . (18)

With S(ϑ), one then can turn each conditional shift opera-
tor |E j〉〈ψ j| ⊗Γ (ε j) as | j〉〈 j| ⊗Γ (ε j) which can be imple-
mentable on a digital quantum computer.

We also denote a unitary transformation from |ψ j〉 to |E j〉
as U(θ). With both S(ϑ) and U(θ), the unitary operator for
work extraction with work storage can be expressed as (also
see Fig. 3 for the quantum circuit). In this way, AU can be
expressed as

AU(ϑ ,θ) = ∑
j

S†(ϑ)| j〉〈 j|S(ϑ)U(θ)⊗Γ (ε j). (19)

With S(ϑ), it is possible to decompose the conditional
translation operator into | j〉〈 j| ⊗Γε j which is implementable.
In the following, we give a procedure to determine AU(ϑ ,θ)

by dividing the task into three major subroutines: training
S(ϑ), training U(θ), and evaluating {ε j}.

System

Work 
storage

S(ϑ) S†(ϑ) U(ϑ)

Γεj

Fig. 3. The quantum circuit diagram for the unitary operator AU in
Eq. (19) introduces a new operator S (ϑ) to transform the initial un-
known but given quantum state into a computational basis. Then, the
conditional translation operator | j〉〈 j| ⊗Γε j is used to perform work
transfer operations to ensure energy conservation, and the operator
U (θ) is the same as one for maximal work extraction.
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(I) Training S(ϑ)

The unitary operator S(ϑ) should satisfy Eq. (18). It aims
to transform the system from an unknown but given quantum
state |ψ j〉 to the computational basis | j〉. To transform with the
right ordering, we design a Hamiltonian Ho = ∑ j j| j〉〈 j| and
the cost function turns out to be,

Eo(ϑ) = Tr(Hoρs0)

= ∑
j

p j〈ψ j|S†(ϑ)HoS†(ϑ)|ψ j〉. (20)

The cost function reminds us of the SS-VQE. In fact, it uses
SS-VQE in a reverse way. Since p1 ≥ p2 ≥ ·· · , S†(ϑ)|ψ j〉 =
| j〉 can be enforced by minimizing Eo(ϑ). The algorithm for
determining S(ϑ) is outlined in Algorithm 3.

Algorithm 3: S (ϑ ∗)

Input: Parameter ϑ to be optimized, initial state ρs

Output: S (ϑ ∗)
1. Construct a parameterized quantum circuit S (ϑ);
2. Assume a system’s Hamiltonian Hm, with eigenstates |ψ j〉 and

eigenvalues j, where j = 0,1,2 · · · ;
3. Apply the quantum circuit S (ϑ) to the initial state of the sys-

tem to obtain ρs (ϑ) = S (ϑ)ρsS† (ϑ);
4. The energy of the initial state in the system can be represented

as E = Tr(ρs (ϑ)Hm). Use gradient descent algorithm to min-
imize E;

5. Stop optimizing when E reaches its minimum value, and ob-
tain the optimized parameter ϑ ;

6. Substitute ϑ into S (ϑ) to obtain the desired S (ϑ ∗).

(II) Training U(θ) and evaluating {ε j}
According to the previous part of this article, U(θ) can

be determined by the variational quantum algorithm in the Al-
gorithm 1. In this regard, the optimal U(θ ∗) for evaluating the
ergotropy can be adopted directly here. Then each transferred
energy ε j can be evaluated as

ε j = 〈ψ j|H|ψ j〉−〈ψ j|U†(θ ∗)HU(θ ∗)|ψ j〉. (21)

It should be pointed out that the approach relies on two
variational quantum algorithms and the capacity of maximal
work extraction can depend on many factors, including both
the ansatzes and the optimization. Notably, the energy may
only be approximately conserved as the energy transformation
may be affected by the accuracy of S(ϑ).

4. Simulation results
In this section, we present simulation results for work ex-

traction without and with the work storage. The Hamiltonian
of the system is chosen as a fully-connected transverse Ising
model. We first investigate the maximum extractable work in
the absence of the work storage. Then, the optimal work ex-
traction is explored with the work storage for the cases of strict
and average energy conservation, respectively.

4.1. Maximum extractable work

We consider a quantum system described by the fully con-
nected transverse Ising model, which can be written as

Hs =
N

∑
i=1

aiZi +
N

∑
i=1

i−1

∑
j=1

Ji jXiX j. (22)

The coefficients ai and Ji j of the Hamiltonian function are ar-
tificially chosen randomly to be close to each other, in order to
prevent the coefficients of some terms from differing too much
and thus the energy eigenvalues of the different eigenstates of
the system from varying too much, which may make the search
for minima using the gradient descent algorithm less difficult.
Of course, the choice of these coefficients does not affect the
final calculation results.
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Fig. 4. Quantum circuits for two ansatzes. (a) U1(θ) is the hardware-efficient
ansatz; (b) U2(θ) is the Hamiltonian variational ansatz.

For variational evaluation of the ergotropy by quantum
computing, a chosen ansatz is important. For this we consider
two widely applied ansatzes as illustrated in Fig. 4. The first
one, denoted as U1 (θ), is a hardware-efficient ansatz that con-
sists lays of single-qubit rotations and two-qubit gates.[55] For
n blocks, it contains a total of 2nL parameters, where L is the
number of qubits. The second one is the Hamiltonian vari-
ational ansatz, which is physically inspired by exploiting the
structure of Hamiltonian. By writing H =∑

m
i=1 Hi where terms

in each Hi are commutative, the unitary evolution is generated
by alternating evolution of Hi. Under n layers of a quantum
circuit, it contains a total of mn parameters, which is inde-
pendent of the number of qubits. Although the ansatz U2(θ) is
typically less expressive than the ansatz, it is easier to optimize
and often can represent some special states, e.g., the ground
state.[56,57] However, it is not known whether the ansatz U2(θ)
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is suitable for maximal work extraction. For the Hamiltonian
in Eq. (22), we can choose

H1 =
N

∑
i=1

aiZi, H2 =
N

∑
i=1

i−1

∑
j=1

Ji jXiX j,

and thus m = 2.
As for demonstration, the number of qubits in Hs is set

as N = 3 . To test the performances of the two ansatzes, we
choose several random initial mixed quantum states.

We first set the initial state of the system to a diagonal
density matrix. The density matrix of the initial state can be
represented as diag [0,0.04,0.1,0.41,0,0.16,0.29,0]. The di-
agonal elements of this matrix are the probability densities.
Each probability density of the initial state is randomly se-
lected and satisfies the condition that the total probability den-
sity adds up to 1.

Next, the initial state is set as a non-diagonal ma-
trix. The method involves simultaneously rotating all com-
putational basis states | j〉〈 j| of the diagonal matrix by the
same random angle, ensuring that these computational basis
states remain orthogonal. We use a tunable rotation operator
e i2π(θxiσx+θyiσy+θzσzi) and randomly select the rotation param-
eter θ1 = (0.31,0.725,0.12) ,θ2 = (0.59,0.13,0.126) ,θ3 =

(0.17,0.29,0.32) for three qubits. Next, the resulting op-
erators are applied to the 2 basis vectors of each of the
three quantum bits, and their results are then direct prod-
uct with each other to obtain 8 mutually orthogonal com-
putational basis vectors. Then, the probability density
(0.29,0.18,0,0,0.11,0,0.42,0) of each computational basis
vector is randomly selected under the condition that the prob-
abilities sum to 1, after which they are multiplied and then
summed. This gives us a randomized non-diagonal matrix ini-
tial state. We do not directly discern any useful information
from the density matrix of this random initial state, including
its initial eigenstate and individual probability densities.

The calculation results of the initial state as a diagonal
matrix are shown in Fig. 5(a). The accuracy of U1 (θ) ansatz
increases with the circuit depth and finally reaches the maxi-
mum extractable work. Instead, the U2 (θ) ansatz fails to get
the ergotropy for an increasing circuit depth, indicating that
the Hamiltonian variational ansatz is not expressive enough
for maximal work extraction. The results for an initial state of
a non-diagonal density matrix are shown in Fig. 5(b), which
also exhibit similar behaviors for two ansatzes.

In addition, we test the capacity of generalization for the
optimal U1(θ

∗) by showing the work extraction for a class
of initial states respecting the order of mixing weights. As
shown in Fig. 6, the same U1(θ

∗) at a specified circuit depth
p can give the optimal transferred work for all initial states
in the class. Moreover, the U1(θ

∗) can give to the maximal
extractable work when the circuit depth is large enough. We

should point out that the capacity of generalization is not lim-
ited to the use of U1(θ

∗), while the ability to obtain the maxi-
mal extractable work is ansatz-dependent.

DEmax
U1
U2

DEmax
U1
U2

(a)

(b)

Fig. 5. Capacity of work extraction for different ansatz U1 and U2 as
given in Fig. 4, showing that the ansatz U1 can give to the maximal ex-
tractable work ∆Emax. The initial density matrix is diagonal in panel (a)
and non-diagonal in panel (b).

DEtrain
ρtrain

ρnew
DEnew

Fig. 6. Generalization ability of variational quantum algorithm for work
extraction. The unitary evolution trained for the initial state ρtrain with
maximal work extraction ∆Etrain can give the maximal work extraction
∆Enew for a new initial state ρnew, once ρnew has the same ordering of
mixing as ρtrain (see Eq. (8)).

4.2. Energy extraction with work storage

The work storage is represented by a continuous variable
and is initialed in the state of zero Fock number |0〉.

For the case of strict energy conservation, we consider
two strategies for optimal work extraction. Firstly, we insert
the optimal unitary operator U1 (θ

∗) obtained without the work
storage directly into CU as shown in Fig. 6 for evaluations
of the transferred work. Secondly, we directly optimize θ in
C(θ) by maximizing the transferred work, and the optimal θ

is denoted as θ̃ ∗. For the case of average energy conserva-
tion, the obtained optimal unitary operator U1 (θ

∗) without the
work storage is used for constructing the optimal AU for max-
imal work extraction.
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It is clear from Fig. 7 that all three are capable of transfer-
ring work. The transferred work of AU is always equal to the
extracted work from the system by U1 (θ

∗) in it, and when the
depth of the circuit is sufficient, AU succeeds in transferring
all the extracted work to the work storage without any loss
of work. In contrast, while inserting the optimal U1 (θ

∗) di-
rectly into the CU also succeeds in transferring work, it only
transfers a small fraction of the ergotropy. This limitation
is inherent to this approach. As the method of optimizing
θ directly in CU(θ) by maximizing the transferred work re-
quires far more computation than the previous two methods,
we limit the quantum circuit depth to less than 6. It can be
seen that when the number of layers is less than or equal to 6,
the method can achieve a much better result than plugging the
optimum U1 (θ

∗) directly into CU. However, it is still not pos-
sible to extract and transfer the maximum extractable work, as
expected.

CU(θ*)

CU(θ*)

AU(θ*)

~

Fig. 7. Comparison of optimal work extractions for three different
cases. For strict energy conservation, the CU(θ

∗) inserts the U(θ ∗)
obtained for maximal work extraction without the work storage, while
the CU(θ̃

∗) is obtained by maximizing the work transfer from the sys-
tem to the work storage. The A(θ ∗) corresponds to the case of energy
conservation on average.

We also investigated the distribution of the probability
density of the position of work storage before and after trans-
ferring the work, and we selected the results of the distribution
of the position of each of the three cases when the respective
transferring work reaches the maximum value, and the results
are shown in Fig. 8.

CU(θ*)
CU(θ*)
AU(θ*)

~

Initial state

Fig. 8. Comparison of the displacements of the working storage after
the three different unitaries (CU(θ

∗), CU(θ̃
∗), and A(θ ∗)) performing

on the initial state of zero Fock number |0〉.

The green line shows the initial probability density dis-
tribution, with the particles concentrated at position 0. The

red curve is the result of the youngest CU (θ ∗), which has a
more uniform distribution of positions, with the overall aver-
age position shifted slightly to the right from the initial posi-
tion. The yellow curve is the result of the youngest CU(θ̃

∗),
whose overall distribution shape is similar to that of CU (θ ∗),
but the overall shift to the right is larger. The blue line is the
result of the calculation of the youngest AU (θ ∗), and the im-
age result shows two obvious peaks, which correspond to the
probability density distribution of the initial state, and their co-
ordinates correspond to the transfer work from the

∣∣ψ j
〉

state
to the

∣∣E j
〉

state.

5. Conclusions
In summary, we have proposed a variational quantum

simulation of optimal work extraction for quantum systems
with work storage described by a continuous variable. We
have considered energy conservation in the unitary transfor-
mation for work transfer both in a strict way and on average.
In both scenarios, we have proposed their implementation with
quantum circuits and the optimal work extractions using vari-
ational quantum algorithms. We have shown that the maxi-
mally extractable work can only be realized for energy con-
servation on average, which has been verified by numeral sim-
ulation with a fully connected quantum Ising model. While
our work focuses on the digital quantum simulation of work
extraction, the variational quantum algorithm developed here
may be useful for exploiting work extraction by optimizing the
cyclic varying control fields in more realistic setups.
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