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Differences between two methods to derive a nonlinear Schrödinger
equation and their application scopes
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The present paper chooses a dusty plasma as an example to numerically and analytically study the differences between
two different methods of obtaining nonlinear Schrödinger equation (NLSE). The first method is to derive a Korteweg–de
Vries (KdV)-type equation and then derive the NLSE from the KdV-type equation, while the second one is to directly derive
the NLSE from the original equation. It is found that the envelope waves from the two methods have different dispersion
relations, different group velocities. The results indicate that two envelope wave solutions from two different methods
are completely different. The results also show that the application scope of the envelope wave obtained from the second
method is wider than that of the first one, though both methods are valuable in the range of their corresponding application
scopes. It is suggested that, for other systems, both methods to derive NLSE may be correct, but their nonlinear wave
solutions are different and their application scopes are also different.

Keywords: dusty plasmas, nonlinear waves, particle-in-cell simulation
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1. Introduction
Wave phenomena are a very common physical phe-

nomenon that exist in many different systems, ranging from
microscopic to macroscopic scales, from molecules to as-
tronomical bodies.[1–6] Typical examples include plasma
waves,[7–23] optical communications,[24–27] collective motion
of particles in granular matter,[28,29] optical and acoustic wave
phenomena in Bose–Einstein condensates,[30–36] etc.

Wave phenomena can be divided into two types: linear
waves and nonlinear waves. The nonlinear waves usually
can be approximately described by KdV equation[37–43] and
NLSE.[44–50] These two equations can describe many differ-
ent types of nonlinear wave phenomena.

It is worth noting that there are multiple methods
available to obtain NLSE, such as the reductive perturba-
tion method,[51–53] Krylov–Bogoliubov–Mitropolsky (KBM)
method,[54–56] canonical transformation method,[57] inverse
scattering transform method,[58] and so on.

The present paper is focused on two different methods to
obtain the NLSE: One is to indirectly derive the NLSE, which
is first to derive a KdV equation and then derive the NLSE step
by step from the KdV equation,[59–64] while the other is to di-
rectly derive the NLSE from the original equation.[44–50,65,66]

Although both methods can describe nonlinear waves, it is
currently unknown whether the nonlinear waves described by
these two methods are the same and which method is more ac-
curate. Therefore, this is a problem that requires further study.

We investigated this problem based on dusty plasma and
obtained the following results: First, the dispersion relation

and group velocity of the envelope waves obtained by the two

methods are different. Second, we used PIC numerical simu-

lation method[67–74] to verify the two methods and found that

both methods are correct for small amplitude envelope waves.

Third, we investigated the dependence of wave amplitude on

the perturbation parameter εε ′ for the first method and the de-

pendence of wave amplitude on the perturbation parameter ε

for the second method. The perturbation parameter ε ′ actually

stands for the quantity of f̃d/ fd0, where f̃d represents the per-

turbed amplitude of the perturbations, while fd0 represent its

corresponding amplitude at equilibrium state. For small am-

plitude, f̃d/ fd0 is small enough, i.e., ε ′ is small enough. The

parameter ε actually stands for the quantity of λD/λ , where λD

represent the Debye length, while λ represents the wavelength

of the envelope waves. For long wave length approximation,

ε is small enough.[70,73–76] Our results show that as the per-

turbation parameters increases, the envelope waves amplitude

gradually increases. In addition, we found that as the enve-

lope wave amplitude increases, the deviation between numer-

ical and analytical results gradually increases. We determined

the applicable scope of each method based on the deviation

between numerical and analytical results and found that the

method of directly deriving NLSE from the original equations

has a wider applicable scope than that of step-by-step deriving

NLSE from KdV equation. Lastly, we investigated the depen-

dence of envelope width on wave amplitude numerically and

analytically.
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2. Theoretical model
We now study dust acoustic waves in two-temperature-

ion dusty plasma which contain negatively charged dust par-
ticles, free electrons, and two different kinds of free ions.
One kind of ions is high-temperature, while the other is low-
temperature. Charge neutrality condition at equilibrium is
nil0 + nih0 = Zd0nd0 + ne0, where nα0 is the number density
of unperturbed particles of species α . α = il, ih, e, and d rep-
resent the low-temperature ion, the high-temperature ion, the
free electron, and the dust particles, respectively. Zd0 is the un-
perturbed number of charges residing on the dust grain mea-
sured in the unit of electron charge. Suppose that the dusty
plasma is unmagnetized and collisionless. We now consider
one-dimensional dust acoustic wave propagating in the x di-
rection. The dimensionless equations of motion of the system
can be given as follows:[77]

∂nd

∂ t
+

∂ (ndud)

∂x
= 0, (1)

∂ud

∂ t
+ud

∂ud

∂x
+

γ ′

nd

∂nd

∂x
=

∂φ

∂x
, (2)

∂ 2φ

∂x2 = nd +ne−nil−nih, (3)

where nd and ud refer to the number density and the ve-
locity of dust fluid. φ is the electrostatic potential. γ ′ =

γTd/Zd0Teff. ne = ν esβ1φ , nil = µl e−sφ , and nih = µh e−sβ2φ

are the number densities of electrons, lower temperature ions,
and higher temperature ions respectively, ν = ne0/(Zd0nd0),
µl = nil0/(Zd0nd0), µh = nih0/(Zd0nd0), β1 = Til/Te, β2 =

Til/Tih, and s = 1/(vβ1 +µ1 +µhβ2). Te, Til, Tih, and Td

are the temperatures of the electrons, the low temperature
ions, the high temperature ions, and the dust particles respec-
tively. Teff is the effective temperature which satisfy 1/Teff =

(ne0/Te +nil0/Til +nih0/Tih)/Zd0nd0.
All physical quantities in Eqs. (1)–(3) are normalized

ones. They are normalized as follows: nd is normalized by
nd0, nil, nih, and ne are all by Zd0nd0, Zd by Zd0, x by the
Debye length λD = (kBε0Teff/nd0Zd0e2)2, t by the inverse of
dust plasma frequency ω−1 = (ε0md/nd0Zd0

2e2)1/2, ud by the
dust-acoustic speed cd = (kBzd0Teff/md)

1/2, φ by kBTeff/e, kB

is boltzmann constant, ε0 is vacuum permittivity.[77]

3. Derivation of NLSE for the system
To study nonlinear waves in a nonlinear system, two

main methods are commonly used. One is to derive a KdV
equation for localized waves using the reductive perturbation
technique in the limit of small but finite amplitude and long
wavelength.[37–43] The other method is to derive an NLSE
when there are background waves present.[44–50]

There are also two different methods to derive an NLSE.
One method involves first deriving a KdV equation and then

obtaining an NLSE from the KdV equation.[59–64] The other
method is to derive the NLSE from the original equation
of motion,[44–50,65,66] for example, by obtaining an NLSE
from hydrodynamical equations. A fundamental question is
whether the NLSE and its solutions obtained from these two
different methods are the same, and which one is more accu-
rate. This paper aims to address these questions.

3.1. Derivation of NLSE from the CKdV equation

In this section, we will derive the NLSE from a coupled
KdV (CKdV) equation for this system. Then we will com-
pare its solutions with numerical results. Additionally, we will
discuss the application scope of the analytical solution.

First, we derive a CKdV equation. By using the follow-
ing expansions ξ = ε ′ (x− v0t), τ = ε ′3t, nd = 1+ ε ′2nd1 +

ε ′4nd2+ · · ·, ud = ε ′2ud1+ε ′4ud2+ · · ·, and φ = ε ′2φ1+ε ′4φ2+

· · ·, where ε ′ is a small parameter, v0 is the velocity of the dust
acoustic KdV solitary waves. We then can obtain nd1 = −φ1,
ud1 =−v0φ1, v0

2 = 1+ γ ′, and the KdV equation

∂φ1

∂τ
+Aφ1

∂φ1

∂ξ
+B

∂ 3φ1

∂ξ 3 = 0, (4)

where A = −(1/2v0)
[
3+2γ ′+

(
vβ1

2−µl−µhβ2
2
)

s2
]

and
B = 1/2v0. It is found that A may attends to zero or A = 0 in
certain regions of system parameters.[77]

Generally, we can use the KdV equation to approximately
describe nonlinear waves in dusty plasmas. However, when
the coefficients in the KdV equation are zero, the equation
is no longer applicable. To address this specific condition of
nonlinear wave behavior, we derived a new equation called
the CKdV equation. The CKdV equation is an extension
of the KdV equation that overcomes the limitation of zero
coefficients. These coefficients can be tuned according to
specific physical conditions, allowing the CKdV equation to
more accurately describe the nonlinear wave in dusty plas-
mas, including phenomena that cannot be covered by the KdV
equation.[77]

Therefore, the CKdV equation can be obtained by using
different perturbation methods:[74] nd = 1+ ε ′nd1 + ε ′2nd2 +

ε ′3nd3 + · · ·, ud = ε ′ud1 + ε ′2ud2 + ε ′3ud3 + · · ·, φ = ε ′φ1 +

ε ′2φ2 + ε ′3φ3 + · · · . We then have: nd1 = −φ1, ud1 = −v0φ1,
v0

2 = 1+ γ ′, and a CKdV equation[74] as follows:

∂φ1

∂τ
+Aφ1

∂φ1

∂ξ
+Cφ1

2 ∂φ1

∂ξ
+B

∂ 3φ1

∂ξ 3 = 0, (5)

where A = −(1/2v0)
[
3+2γ ′+

(
vβ1

2−µl−µhβ2
2)s2

]
, B =

1/2v0, C = 1/2v0
(
15+26γ ′+12γ ′2

)
, and B > 0,C > 0.

Second, we now derive an NLSE from CKdV equation of
Eq. (5) by using the following transformations:

φ1 =
∞

∑
m=1

ε
m

l=+∞

∑
l=−∞

φ
(m,l)(X ,T )eil(kξ−ωτ), (6)
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where X = ε(ξ −V τ), T = ε2τ , V is the group velocity. Sub-
stituting Eq. (6) into the CKdV equation of Eq. (5), we obtain
the dispersion relation ω =−Bk3, group velocity V =−3Bk2,
φ (1,0) = 0, φ (1,l) = 0 for | l |> 1, φ (2,2) = (A/6Bk2)[φ (1,1)]2,
φ (2,0) = (A/V ) | φ (1,1) |2 and NLSE as follows:

i
∂φ (1,1)

∂T
+P

∂ 2φ (1,1)

∂X2 +Q | φ (1,1) |2 φ
(1,1) = 0, (7)

where P = −3Bk, Q = (A2/6Bk)−Ck. For an NLSE, when
PQ > 0, the equation possesses bright envelope soliton solu-
tions. Conversely, when PQ < 0, the equation possesses dark
envelope soliton solutions.

In the present paper, we only consider the case of PQ > 0,
i.e., bright envelope soliton solutions. For this case, there are
modulation instability which has been well studied in the pre-
vious investigations.[78–81] Therefore, in this paper, we do not
do further research on modulation instability. Then, the enve-
lope wave solution of Eq. (7) is as follows:

φ
(1,1)=±

√
2(PK2−Ω)

Q
sech

[√
(PK2−Ω)

P
ζ

]
e i(KX−ΩT ), (8)

where Ω = PK2− 1
2 Qa2, cg = 2PK, ζ = X−cgT . K and a are

two constants.
In the laboratory coordinates, the envelope solitary wave

solution of Eq. (8) expressed in the electric potential is

φ(x, t) = ±εε
′

√
2(PK2−Ω)

Q
sech

{
εε
′
√

(PK2−Ω)

P

× [x− (1+V ε
′2 + cgεε

′2)t]
}

× e i[ε ′(k+εK)x−ε ′(Kε+KεV ε ′2+ε2ε ′2Ω+k+ωε ′2)]t . (9)

It is noted from Eq. (9) that the group velocity and phase
velocity in the laboratory coordinates are as follows:

VG = 1+V ε
′2 + cgεε

′2,

VP =
Kε +KεV ε ′2 + ε2ε ′2Ω + k+ωε ′2

k+ εK
.

The dependence of the other physical quantities on φ(x, t) are
n(x, t) = 1−φ(x, t), u(x, t) =−φ(x, t).

3.2. Derivation of NLSE from original hydrodynamical
equations

In this section, we will use a different method for de-
riving the NLSE from the hydrodynamical equations given in
Eqs. (1)–(3). We will also compare the numerical results with
the analytical ones. Moreover, we will infer the application
scope of the analytical solution. Later, we will also provide a
comparison between the two methods employed for deriving
the NLSE.

We use the following transformations

φ =
∞

∑
m=1

ε
m

l=+∞

∑
l=−∞

φ
(m,l)(ξ ,τ)eil(kx−ωt), (10)

ud =
∞

∑
m=1

ε
m

l=+∞

∑
l=−∞

u(m,l)(ξ ,τ)eil(kx−ωt), (11)

nd = 1+
∞

∑
m=1

ε
m

l=+∞

∑
l=−∞

n(m,l)(ξ ,τ)eil(kx−ωt), (12)

where ξ = ε(x−Vt), τ = ε2t, V is the group velocity. Sub-
stituting these expansions into Eqs. (1)–(3), we have n(1,1) =
−(k2/ω2)φ (1,1), u(1,1) =−(k/ω)φ (1,1), and the dispersion re-
lation ω2 = k2/(k2 +1), n(1,l) = u(1,l) = φ (1,l) = 0 when | l |>
1, n(1,0) = u(1,0) = φ (1,0) = 0, the group velocity

V =
ω

k
(1−ω

2) =
dω

dk
,

n(2,2) = A22[φ
(1,1)]2, u(2,2) = B22[φ

(1,1)]2,

φ
(2,2) =C22[φ

(1,1)]2,

n(2,0) = A20 | φ (1,1) |2, u(2,0) = B20 | φ (1,1) |2,
φ
(2,0) =C20 | φ (1,1) |2,

where

A22 =
3k4

2ω4 −
k2

ω2 C22,

B22 =
k3

2ω3 −
k
ω

C22,

C22 =
3k4

2ω2 +
s2ω2

2 [νβ 2
1 −µl−µhβ 2

2 ]

k2−ω2[4k2 + s(νβ1 +µl +µhβ2)]
,

A20 =
2k3

V ω3 +
k2

ω2V 2 −
1

V 2 C20,

B20 =
k2

ω2V
− 1

V
C20,

C20 =
2V k3

ω3 + k2

ω2 +V 2s2[νβ 2
1 −µl−µhβ 2

2 ]

1−V 2s(νβ1 +µl +µhβ2)
,

and NLSE as follows:

i
∂φ (1,1)

∂τ
+P

∂ 2φ (1,1)

∂ξ 2 +Q | φ (1,1) |2 φ
(1,1) = 0, (13)

where

P = −
(

3ω2V
2k

)
,

Q = k(B22 +B20)+
ω

2
(A20 +A22)−

ω3s2

2k2

× [(vβ1
2−µl−µhβ2

2)(C20 +C22)

+
s
2
(vβ1

3−µl−µhβ2
3)].

One of an envelope solution of Eq. (13) expressed in the
electric potential in the experimental coordinates is

φ = ±ε

√
2(PK2−Ω)

Q

× sech
{

ε

√
(PK2−Ω)

P
[x− (V + cgε)t]

}
025203-3
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× e i[(k+εK)x−(ω+εKV+ε2Ω)t]. (14)

It is noted from Eq. (14) that the group velocity and phase
velocity expressions in the laboratory coordinates are as fol-
lows: VG = V + cgε , VP = (ω + εKV + ε2Ω)/(k+ εK). Re-
lations among physical quantities are n = 1− (k2/ω2)φ(x, t),
u =−(k/ω)φ(x, t).

4. Comparisons between two different envelope
waves obtained from two different methods
We have obtained two different expressions for envelope

nonlinear waves, given by Eqs. (9) and (14), which were ob-
tained from two different methods. One method involved first
deriving a CKdV equation and then obtaining the NLSE, while
the other method involved directly obtaining the NLSE from
the hydrodynamical equations.

In this section, we will compare the differences between
the two solutions and identify the differences. Additionally,
we will determine the application scope of the two methods.

4.1. Comparisons the dispersion relation and the group ve-
locity of the two methods

Firstly, in order to understand the differences in the enve-
lope waves obtained from the two methods, we compared the
dispersion relation and the group velocity of the two methods
in Figs. 1(a) and 1(b), respectively.

0 0.2 0.4 0.6 0.8 1.0

-0.4

0

0.4

0.8

0 0.2 0.4 0.6 0.8 1.0
0.2

0.4

0.6

0.8

1.0

 First method
 Second method

|ω
|

k

(a)

 First method
 Second method

V

k

(b)

Fig. 1. (a) The dispersion relation obtained from two different meth-
ods. (b) The group velocity of the envelope wave obtained from two
methods.

As shown in Fig. 1, two different methods have significant
different behaviors for dispersion relation and group velocity.
The wave frequency of the envelope wave obtained by the first
method is smaller than that obtained by the second method for
the same wave number. Moreover, the frequencies increase
with the increase of the wave number. The group velocity of

the envelope wave obtained by the first method is larger than
that obtained by the second method for the same wave num-
ber. These results suggest that the envelope wave obtained by
the two methods are significantly different. The purpose of the
present paper is to verify the correctness of these two different
methods. If both the two methods are correct, we will fur-
ther compare the two methods and determine their respective
application scope.

4.2. Comparisons the numerical results and the analytical
result between two methods

In this section, we aim to compare the differences be-
tween the two solutions using the PIC numerical method, and
then determine the application scope of each solution.

4.2.1. Particle-in-cell method

Particle-in-cell (PIC) simulation is commonly used for
numerical work in plasma physics and particle dynamics be-
cause it provides an effective way to model the behavior of
charged particles in a self-consistent electromagnetic field.
PIC simulations are particularly well-suited for studying phe-
nomena such as plasma waves, particle acceleration, and inter-
actions between particles and fields. So, we use PIC method
to simulate the envelope waves in this paper.

During the simulation process, the dust grains are repre-
sented by a limited number of “super-particles” (SPs), while
both electrons and ions are treated as Boltzmann-distributed
fluids. Each SP is assigned a weight factor, denoted by S,
which represents the number of real particles it represents.
Initially, the SPs are uniformly distributed in the simulation
space, and their initial weight parameters S and velocities are
determined from the initial conditions.[69,70]

To carry out the simulation, the simulation region is par-
titioned into several grid cells using the PIC method. As the
dust particles move along their trajectories, they constantly ex-
change information with the background grid. At each time
step, the positions and velocities of the SPs are weighted to all
the grids, allowing for the calculation of the charge density ρg

(or electric current density Jg). Once the charge density ρg is
obtained, numerical solutions of either Maxwell’s equations
(for the electromagnetic model) or the Poisson–Boltzmann
equation (for the electrostatic model) are used to derive the
electric field at each grid. In the electrostatic model, the mag-
netic field is assumed to be zero.[71–73]

Subsequently, the electric field imposed on each SP is de-
termined, driving each SP according to Newton’s equation.
This equation can be numerically solved using the leap-frog
algorithm. Finally, the new positions and velocities of each SP
are determined, and the simulation process repeats until com-
pletion. The summary of a computational cycle of the PIC
method is shown in Fig. 2.[71,72]

025203-4
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dt

   Weighting
 particle→grid 

   Field solver

  Interpolation

 grid→particle  
   Particle mover

↼xp↪vp→ρg↪Jg↽
↼ρg↪Jg→Εg↪Bg↽

↼Εg↪Bg→FP)
↼FP→vp→xp)

Fig. 2. The summary of a computational cycle of the PIC method.

4.2.2. The initial conditions for the numerical simula-
tion of the envelope wave

The simulation parameters we use are as follows: the spa-
tial step is ∆x = 0.5, the time step is ∆t = 0.01, the number
of grid cells is Nx = 30000, the number of super particles
contained in per cell is 100, the total length of the x axis is
Lx = ∆xNx, x0 = 3000. We choose periodic boundary con-
ditions. The other parameters are Te = 5 eV, Til = 0.3 eV,
Tih = 5 eV, Td = 200 K, Zd0 = 1000, nd0 = 1.0× 1012 m−3,
nil0 = 1.0×1014 m−3, nih0 = 1.0×1015 m−3, k = 0.1, K = 0.1,
a = 1.

The initial conditions of the first method are given from
Eq. (9) as follows:

n|t=0 = 1−
{

εε
′

√
2(PK2−Ω)

Q

× sech
[

εε
′
√

(PK2−Ω)

P
(x− x0)

]
× cos[ε ′(k+ εK)(x− x0)]

}
, (15)

u|t=0 = −
{

εε
′

√
2(PK2−Ω)

Q

× sech
[

εε
′
√

(PK2−Ω)

P
(x− x0)

]
× cos[ε ′(k+ εK)(x− x0)]

}
. (16)

The initial conditions of the second method are given

from Eq. (14) as follows:

n|t=0 = 1− k2

ω2

{
± ε

√
2(PK2−Ω)

Q

× sech
[

ε

√
(PK2−Ω)

P
(x− x0)

]
× cos[(k+ εK)(x− x0)]

}
, (17)

u|t=0 = − k
ω

{
± ε

√
2(PK2−Ω)

Q

× sech
[

ε

√
(PK2−Ω)

P
(x− x0)

]
× cos[(k+ εK)(x− x0)]

}
. (18)

4.2.3. Comparisons between two methods

Figure 3 displays the envelope wave obtained by the first
method at different time t through PIC numerical simulations.
The numerical results exhibit excellent agreement with the an-
alytical solutions derived from Eq. (9), as shown in Fig. 4.
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Fig. 3. The PIC simulation results of the first method at different time
t = 0, t = 2555.59/ω−1, t = 5111.18/ω−1, where εε ′ = 0.01, A= 0.37.

Likewise, the numerical results of the envelope wave ob-
tained by the second method at different time t is shown in
Fig. 5. The numerical results obtained through PIC simula-
tions also show good agreement with the analytical solutions
derived from Eq. (14), as depicted in Fig. 6.
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Fig. 4. The comparisons between PIC simulation results and the analytical ones of the first method at different time t = 0, t = 2555.59/ω−1,
t = 5111.18/ω−1, where εε ′ = 0.01, A = 0.37.
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It is evident from Figs. 3 and 4 that the analytical result
of the envelope wave obtained by the first method seems valid,
as the numerical results show that it can propagate stably. This
suggests that the NLSE obtained by the first method is correct.
Similarly, figures 5 and 6 indicate that the analytical result of
the envelope wave obtained by the second method is also valid,
and therefore, the NLSE obtained by the second method is cor-
rect as well.

While figures 4 and 6 show good agreement between the
numerical and analytical results for both methods, it is un-
clear if this agreement holds for larger amplitude (φm) enve-
lope waves. In order to understand it, we compare the numer-
ical results with that of the analytical ones for larger ampli-
tude waves for both cases by varying the parameter of ε since
ε indirectly stands for the wave amplitude (It is noted from
Eqs. (9) and (11) that the amplitudes of the envelope waves

contain the parameter of ε), while keeping the other parame-
ters constants.
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Fig. 5. The PIC simulation results of the second method at different
time t = 0, t = 2537.59/ω−1, t = 5075.19/ω−1, where ε = 0.01.
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Fig. 6. The comparisons between PIC simulation results and the analytical ones of the second method at different time t = 0, t = 2537.59/ω−1,
t = 5075.19/ω−1, where ε = 0.01.
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Fig. 7. The comparisons between PIC simulation results and the analytical ones at different time t, where φm = 0.005. (a) The result of the first
method. (b) The result of the second method.

The waveforms for the numerical and analytical results

of the different amplitude envelope waves at different time for

two different methods are shown in Figs. 7 (φm = 0.005), 8

(φm = 0.015), and 9 (φm = 0.025). By examining these fig-

ures, we can determine whether the numerical and analytical

results are in good agreement for larger amplitude envelope
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waves. Notice from Figs. 7 and 8 that both the numerical and
analytical results are in good agreement for larger amplitude
waves. However, in Fig. 9, the difference between the numeri-
cal and analytical results is more obvious for both methods. It
appears that as the amplitude of the envelope wave increases
the differences between the numerical results and analytical
ones become more pronounced.

To gain further insight into the differences between the
PIC numerical results and the analytical ones for both meth-
ods, we present the dependence of the wave amplitude (φm) on

εε ′ or ε for the two cases in Fig. 11. It can be observed from
Fig. 11, that the amplitude of the envelope wave increases with
increasing of εε ′ or ε . As εε ′ or ε increases, i.e., wave ampli-
tude increases, the differences between the analytical results
and the numerical ones obtained from both methods become
larger. In other word, the analytical results are valid if the
amplitude is small enough. Based on these results, the appli-
cation scope of both methods can be determined from Fig. 10.
Specifically, the first method can be applied when φm < 0.01,
while the second method can be applied when φm < 0.015.
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Fig. 8. The comparisons between PIC simulation results and the analytical ones at different time t, where φm = 0.015. (a) The result of the first
method. (b) The result of the second method.
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Fig. 9. The comparisons between PIC simulation results and the analytical ones at different time t, where φm = 0.025. (a) The result of the first
method. (b) The result of the second method.
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Analytical result
PIC simulation result 
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Fig. 10. Comparisons between the numerical results and the analytical
ones. (a) The dependence of the wave amplitude (φm) on the parameter
εε ′ for the first methods. (b) The dependence of the wave amplitude
(φm) on the parameter ε for the second methods.
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Fig. 11. Comparisons between the numerical results and the analytical
ones of the dependence of the width of envelope waves on the wave
amplitude: (a) for the first method and (b) for the second method.

To further understand the differences between the two
methods, the dependence of the width of the envelope waves
(W ) on the wave amplitude (φm) is shown numerically and an-
alytically in Fig. 11. It seems from Fig. 11 that the deviation
of the wave width between the analytical results and the nu-
merical ones of the first method is obvious when the wave am-
plitude is larger than 0.01, while the deviation of the second

method is still not significant even when the wave amplitude
is around 0.02. Therefore, the application scope of the enve-
lope wave obtained from the second method is wider than that
from the first method.

5. Discussion and conclusion
The present paper chooses a dusty plasma as an exam-

ple to numerically and analytically study the differences be-
tween two different methods of obtaining NLSE. It is found
that the envelope waves from the two methods have different
dispersion relations, different group velocities. Specifically,
the wave frequency of the first method is lower than that of the
second one for the same wave number, while the group veloc-
ity of the first method is larger than that of the second method
for the same wave number. It is noted that the two methods
are completely different.

Additionally, the application scopes of two different
methods are shown. The results indicate that the application
scope of the envelope wave obtained from the second method
is wider than that of the first method. It is suggest that both
methods to derive NLSE are correct in the regime of their ap-
plication scope. In other words, if the amplitude of the en-
velope solitary wave is smaller that a critical values (the crit-
ical values are different for two different methods), the an-
alytical results are valuable to describe the real solutions of
the envelopes waves. If the amplitude of the envelope solitary
wave is larger than this critical value, the neglected higher or-
der terms in deriving the NLSE play an important role which
should not be neglected.

In conclusion, although both methods are valuable within
the range of their respective application scopes, the two enve-
lope wave solutions obtained from the two different methods
are completely different. For other systems, both methods may
also be used to derive the NLSE and obtain an envelope wave
or other nonlinear waves such as Rogue waves, but their solu-
tions are possibly different.
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[63] Özer M N and Taşcan F 2009 Chaos, Solitons Fractals 40 2265
[64] Fedele R and Schamel H 2002 Eur. Phys. J. B 27 313
[65] Yoshimura K and Watanabe S 1991 J. Phys. Soc. Jpn. 60 82
[66] Chabchoub A, Kibler B, Finot C, Millot G, Onorato M, Dudley J M

and Babanin A V 2015 Ann. Phys. 361 490
[67] Changmai S and Bora M P 2020 Sci. Rep. 10 20980
[68] Tskhakaya D, Matyash K, Schneider R and Taccogna F 2007 Contrib.

Plasma Phys. 47 563
[69] Gao D N, Zhang H, Zhang J, Li Z Z and Duan W S 2017 Phys. Plasmas

24 043703
[70] Qi X, Xu Y X, Duan W S and Yang L 2014 Phys. Plasmas 21 013702
[71] Zhang H, Qi X, Duan W S and Yang L 2015 Sci. Rep. 5 14239
[72] Zhang H, Yang Y, Hong X R, Qi X, Duan W S and Yang L 2017 Phys.

Rev. E 95 053207
[73] Zhang J, Yang Y, Xu Y X, Yang L, Qi X and Duan W S 2014 Phys.

Plasmas 21 103706
[74] Duan W S and Shi Y R 2003 Chaos, Solitons Fractals 18 321
[75] Wang F P, Han J f, Zhang J, Gao D N, Li Z Z, Duan W S and Zhang H

2018 Phys. Plasmas 25 032121
[76] Li Z Z and Duan W S 2021 Phys. Plasmas 28 043704
[77] Zhang H, Chen Y X, Wei L, Wang F P, Zhang W P and Duan W S 2023

J. Plasma Phys. 89 905890212
[78] Seadawy A R and Lu D 2017 Results Phys. 7 43
[79] Rahman M H, Chowdhury N A, Mannan A, Rahman M and Mamun A

A 2018 Chin. J. Phys. 56 2061
[80] Sultana S and Kourakis I 2011 Plasma Phys. Controlled Fusion 53

045003
[81] Chowdhury N A, Mannan A, Hasan M M and Mamun A A 2019

Plasma Phys. Rep. 45 459

025203-9

https://doi.org/10.1029/JA087iA04p02087
https://doi.org/10.1029/JA083iA04p01447
https://doi.org/10.1029/JA083iA04p01447
https://doi.org/10.5194/angeo-22-4071-2004
https://doi.org/10.1103/PhysRevLett.97.094501
https://doi.org/10.1103/PhysRevLett.97.094501
https://doi.org/10.1098/rsta.1953.0006
https://doi.org/10.4007/annals.2012.175-2
https://doi.org/10.1103/PhysRevX.2.011015
https://doi.org/10.1103/PhysRevX.2.011015
https://doi.org/10.1017/S0022112080002765
https://doi.org/10.1090/S0273-0979-07-01159-7
https://doi.org/10.1090/qam/2010-68-01
https://doi.org/10.1017/S0022112001007224
https://iopscience.iop.org/article/10.1088/1126-6708/2002/12/054/meta
https://iopscience.iop.org/article/10.1088/1126-6708/2002/12/054/meta
https://doi.org/10.1086/apj.2004.611.issue-1
https://doi.org/10.1086/apj.2004.611.issue-1
https://doi.org/10.1051/0004-6361/201118194
https://doi.org/10.1088/0305-4470/33/21/305
https://doi.org/10.1088/0305-4470/33/21/305
https://doi.org/10.1016/S2095-3119(13)60492-X
https://doi.org/10.1016/S2095-3119(13)60492-X
https://doi.org/10.1103/PhysRevB.93.245153
https://doi.org/10.1038/nature22387
https://doi.org/10.1038/nature22387
https://doi.org/10.1038/nphoton.2006.91
https://doi.org/10.1088/0253-6102/56/2/23
https://doi.org/10.1088/0253-6102/56/2/23
https://doi.org/10.1016/0030-4018(93)90494-P
https://doi.org/10.1103/PhysRevE.97.052905
https://doi.org/10.1016/0960-0779(95)80026-D
https://doi.org/10.1103/PhysRevA.70.023609
https://doi.org/10.1103/PhysRevA.70.023609
https://doi.org/10.1103/PhysRevLett.95.170410
https://doi.org/10.1088/0953-4075/41/21/215302
https://doi.org/10.1088/0953-4075/41/21/215302
https://doi.org/10.1103/PhysRevLett.94.080404
https://doi.org/10.1126/science.287.5450.97
https://doi.org/10.1103/PhysRevLett.79.553
https://doi.org/10.1016/j.physd.2006.05.007
https://doi.org/10.1103/PhysRevE.99.050201
https://doi.org/10.1103/PhysRevE.99.050201
https://doi.org/10.1137/1014101
https://doi.org/10.1016/0021-9991(91)90223-8
https://doi.org/10.1016/j.physleta.2018.12.009
https://doi.org/10.1103/PhysRevE.103.022216
https://doi.org/10.1017/S0022112080002765
https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevE.89.012907
https://doi.org/10.1103/PhysRevE.89.012907
https://doi.org/10.1103/PhysRevE.85.066601
https://doi.org/10.1103/PhysRevE.85.066601
https://doi.org/10.1016/j.aop.2015.07.003
https://doi.org/10.1103/PhysRevE.91.053304
https://doi.org/10.1088/1572-9494/ac2055
https://doi.org/10.1103/PhysRevA.51.1382
https://doi.org/10.1016/j.cam.2016.12.019
https://doi.org/10.1016/j.cam.2016.12.019
https://doi.org/10.1016/j.physleta.2010.05.046
https://doi.org/10.1063/1.4742181
https://doi.org/10.1063/1.1772379
https://doi.org/10.1088/1402-4896/abff85
https://doi.org/10.1016/j.chaos.2017.12.011
https://doi.org/10.1016/j.chaos.2017.12.011
https://doi.org/10.1063/1.870561
https://doi.org/10.1103/PhysRevLett.98.064102
https://doi.org/10.1103/RevModPhys.61.763
http://www.jetp.ras.ru/cgi-bin/dn/e_034_01_0062.pdf
https://doi.org/10.1063/1.1664700
https://doi.org/10.1063/1.1665772
https://doi.org/10.1006/jdeq.1998.3417
https://doi.org/10.1016/j.chaos.2007.10.012
https://doi.org/10.1140/epjb/e2002-00160-7
https://doi.org/10.1143/JPSJ.60.82
https://doi.org/10.1016/j.aop.2015.07.003
https://doi.org/10.1038/s41598-020-77772-x
https://doi.org/10.1002/ctpp.v47:8/9
https://doi.org/10.1002/ctpp.v47:8/9
https://doi.org/10.1063/1.4979354
https://doi.org/10.1063/1.4979354
https://doi.org/10.1063/1.4861617
https://doi.org/10.1038/srep14239
https://doi.org/10.1103/PhysRevE.95.053207
https://doi.org/10.1103/PhysRevE.95.053207
https://doi.org/10.1063/1.4898687
https://doi.org/10.1063/1.4898687
https://doi.org/10.1016/S0960-0779(02)00657-4
https://doi.org/10.1063/1.5020829
https://doi.org/10.1063/5.0045180
https://doi.org/10.1017/S0022377823000296
https://doi.org/10.1017/S0022377823000296
https://doi.org/10.1016/j.rinp.2016.11.038
https://doi.org/10.1016/j.cjph.2018.09.020
https://doi.org/10.1088/0741-3335/53/4/045003
https://doi.org/10.1088/0741-3335/53/4/045003
https://doi.org/10.1134/S1063780X19050027
https://doi.org/10.1134/S1063780X19050027

	1. Introduction
	2. Theoretical model
	3.  Derivation of NLSE for the system
	3.1.  Derivation of NLSE from the CKdV equation 
	3.2. Derivation of NLSE from original hydrodynamical equations 

	4. Comparisons between two different envelope waves obtained from two different methods
	4.1. Comparisons the dispersion relation and the group velocity of the two methods
	4.2. Comparisons the numerical results and the analytical result between two methods
	4.2.1. Particle-in-cell method
	4.2.2. The initial conditions for the numerical simulation of the envelope wave
	4.2.3. Comparisons between two methods


	5. Discussion and conclusion
	References

