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We investigate the t–W scheme for the anti-ferromagnetic XXX spin chain under both periodic and open boundary
conditions. We propose a new parametrization of the eigenvalues of the transfer matrix. Based on it, we obtain the exact
solution of the system. By analyzing the distribution of zero roots at the ground state, we obtain the explicit expressions
of the eigenfunctions of the transfer matrix and the associated W operator (see Eqs. (10) and (70)) in the thermodynamic
limit. We find that the ratio of the quantum determinant with the eigenvalue of W operator for the ground state exhibits
exponential decay behavior. Thus this fact ensures that the so-called inversion relation (the t–W relation without the W -
term) can be used to study the ground state properties of quantum integrable systems with/without U(1)-symmetry in the
thermodynamic limit.
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1. Introduction

Quantum integrable systems, defined by the Yang–Baxter
equation[1,2] or the Lax representation,[3] provide crucial in-
sights in quantum field theory, condensed matter physics and
statistical physics. They serve as reliable benchmarks for
studying many-body effects, settling debates on fundamental
concepts, and exhibiting phenomena such as thermodynamic
phase transitions[4] and the generation of fractional charges.[5]

These models also have many applications in different fields,
such as cold atoms[6–10] and AdS/CFT correspondence.[11,12]

The eigenvalue problem of quantum integrable systems
with U(1) symmetry has been tackled by using the methods
including coordinate Bethe ansatz,[13] T –Q relation[14,15] and
algebraic Bethe ansatz.[16–20] It should be emphasized that
there exist the integrable models which do not possess the
U(1) symmetry. Due to the U(1) symmetry broken, it is
very hard to construct the suitable reference state. Thus the
exact solution of this kind of integrable systems is a chal-
lenging issue. Several techniques have been developed to ad-
dress this problem, including gauge transformation,[21] fusion-
based T –Q relation,[22,23] q-Onsager algebra,[24,25] separation
of variables,[26,27] modified algebraic Bethe ansatz[28,29] and
off-diagonal Bethe ansatz.[30,31] The eigenvalues of the trans-

fer matrix of the quantum integrable systems without U(1)
symmetry are characterized by the inhomogeneous T –Q rela-
tions. However, the associated Bethe ansatz equations (BAEs)
are inhomogeneous and the corresponding distributions of
Bethe roots are very complicated. Consequently, the ther-
modynamic Bethe ansatz[32–36] does not work and it is very
hard to calculate the exact physical properties in the ther-
modynamic limit, such as the ground state, elementary exci-
tations and thermodynamic quantities including specific heat
and magnetic susceptibility at the finite temperature.

Recently, a novel Bethe ansatz known as the t–W scheme
has been proposed,[37] which effectively tackles the challenges
posed by the inhomogeneous T –Q relations. Taking the XXZ
spin chain with open boundary condition as an example, we
showed the power of this approach with the help of inhomo-
geneous parameters.[38] The main advantage of this method is
that the related BAEs are homogeneous and we can take the
thermodynamic limit. We calculated the exact physical quan-
tities such as ground state energy, elementary excitations and
surface energy. We also extended the method to the twisted
boundary situation.[39] Subsequently, we generalized the t–W
method to the finite temperature. The thermodynamic quan-
tities including the free energy of the XXX spin chain with
periodic boundary condition were computed.[40] Later, we ap-
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plied this method to the supersymmetric t–J model,[41] Hub-
bard model[42] and integrable J1–J2 model with competition
interactions,[43,44] among other notable achievements.[45,46]

The t–W relation can be used to determine the energy
spectrum directly. Typically, the W operator can be neglected
in the thermodynamic limit, resulting in the t–W relation be-
coming equivalent to the inversion relation,[2,47,48] but the ex-
act proof is absent. Now, we focus on this issue. Our first
investigation is as follows. By putting the inhomogeneous pa-
rameters into the transfer matrix, we prove that the t–W rela-
tions are closed at the inhomogeneous points, where the coef-
ficients of the W terms are zero. The inhomogeneous param-
eters are utilized as the auxiliary functions to determine the
distribution of zero roots in the thermodynamic limit.[38] In
this paper, we analytically obtain the eigenfunction of the W
operator in the thermodynamic limit at the ground state, and
demonstrate that the leading term in the t–W relation is quan-
tum determinant instead of the W term. We take the isotropic
spin-1/2 chain as an example. The model Hamiltonian reads

Hp =
N

∑
n=1

(σ x
n σ

x
n+1 +σ

y
n σ

y
n+1 +σ

z
nσ

z
n+1), (1)

for the periodic boundary condition (PBC) and

Ho =
N−1

∑
n=1

(σ x
n σ

x
n+1 +σ

y
n σ

y
n+1 +σ

z
nσ

z
n+1)

+
η

p
σ

z
1 +

η

q
(σ z

N +ξ σ
x
N), (2)

for the open boundary condition (OBC), where σα
n is the

Pauli matrix along the α-direction at n-th site, α = (x, y, z),
σα

N+1 = σα
1 , p, q, ξ are the boundary parameters associated

with the boundary fields and η = i.
The paper is organized as follows. In Section 2, we intro-

duce the XXX spin chain with periodic boundary condition.
We show the integrability, t–W solutions and the eigenfunc-
tion of the transfer matrix and W operator at the ground state
in the thermodynamic limit. In Section 3, we generalized these
results to the open boundary case. Section 4 includes the sum-
mary and further discussions. Appendix A gives the detailed
derivation of the t–W relation and Appendix B shows the Her-
mitian property of the transfer matrix with PBC.

2. Closed chain
2.1. Integrability

Throughout this paper, V denotes a two-dimensional lin-
ear space and {|m〉,m = 0,1} are its orthogonal bases. We
shall adopt the standard notations. For any matrix A∈End(V ),
A j is an embedding operator in the tensor space V ⊗V ⊗·· · ,
which acts as A on the j-th space and as identity on the other

factor spaces. For the matrix B ∈ End(V ⊗V ), Bi, j is an em-
bedding operator of B in the tensor space, which acts as iden-
tity on the factor spaces except for the i-th and j-th ones.

Let us introduce the R-matrix R0, j(u) ∈ End(V0⊗Vj),

R0, j(u) =


u+η 0 0 0
0 u η 0
0 η u 0
0 0 0 u+η

 , (3)

where u is the spectral parameter and η is the crossing param-
eter. The R-matrix (3) has the following properties:

initial condition : R0, j(0) = ηP0, j,

unitary relation : R0, j(u)R j,0(−u) = φ(u)× id,

crossing relation : R0, j(u) =−σ
y
0 Rt0

0, j(−u−η)σ y
0 ,

PT-symmetry : R0, j(u) = R j,0(u) = R
t0 t j
0, j (u),

Z2-symmetry : σ
α
0 σ

α
j R0, j(u) = R0, j(u)σα

0 σ
α
j , for α = x,y,z,

fusion condition : R0, j(±η) = η(±1+P0, j) =±2ηP(±)
0, j , (4)

where φ(u) = η2− u2, t0 (or t j) denotes the transposition in
the space V0 (or Vj), P0, j is the permutation operator possess-
ing the property

R j,k(u) = P0, jR0,k(u)P0, j, (5)

P(−)
0, j is the one-dimensional antisymmetric project opera-

tor defined in the one-dimensional subspace spanned by
1√
2
(|12〉0, j − |21〉0, j), P(+)

0, j is the three-dimensional sym-
metric projector defined in the three-dimensional subspace
spanned by the orthogonal bases {|11〉0, j, 1√

2
(|12〉0, j +

|21〉0, j), |22〉0, j}, P(−)
0, j +P(+)

0, j = id. The R-matrix (3) satisfies
the Yang–Baxter equation (YBE)

R1,2(u1−u2)R1,3(u1−u3)R2,3(u2−u3)

= R2,3(u2−u3)R1,3(u1−u3)R1,2(u1−u2). (6)

Starting from the R-matrix, we construct the monodromy ma-
trix as

T0(u) = R0,N(u−θN)R0,N−1(u−θN−1) · · ·R0,1(u−θ1), (7)

where V0 is the auxiliary space, V1⊗V2⊗·· ·⊗VN is the phys-
ical or quantum space, N is the number of sites and {θ j| j =
1, . . . ,N} are the inhomogeneous parameters. The transfer ma-
trix t(u) of the XXX spin-1/2 closed chain is given by

t(u) = tr0T0(u), (8)

where tr0 denotes trace over the auxiliary space V0. The trans-
fer matrix t(u) is the generating function of conserved quan-
tities in the system, and the Hamiltonian (1) is generated by
t(u) as

Hp = 2η
∂ ln t(u)

∂u

∣∣∣∣
u=0,{θ j=0}

−N. (9)
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The transfer matrices with different spectral parameters com-
mute mutually, i.e., [t(u), t(v)] = 0, which ensures the integra-
bility of the model (1).

2.2. The t–W scheme

By using the fusion technique,[49,50] we consider the
product of transfer matrices t(u) and t(u−η)

t(u)t(u−η) = tr1,2 {T2(u)T1(u−η)}

= tr1,2

{
T2(u)T1(u−η)(P(−)

1,2 +P(+)
1,2 )

}
= tr1,2

{
P(−)

1,2 T2(u)T1(u−η)P(−)
1,2

}
+tr1,2

{
P(+)

1,2 T2(u)T1(u−η)P(+)
1,2

}
= a(u)d(u−η)× id+d(u)W(u), (10)

where the functions a(u) and d(u) are given by

a(u) =
N

∏
j=1

(u−θ j +η), d(u) = a(u−η), (11)

a(u)d(u−η) is the quantum determinant and W(u) is a new
operator. The detailed proof is given in Appendix A. At the
points of {u = θ j}, the operator relation (10) can be simplified
as

t(θ j)t(θ j−η) = a(θ j)d(θ j−η), j = 1, . . . ,N, (12)

due to the fact d(θ j) = 0.
From the definition, we know that both t(u) and W(u)

are the operator-valued polynomial of u with degree N. More-
over, the matrices t(u) and W(u) commutate with each other,
namely,

[t(u), t(v)] = [W(u),W(v)] = [t(u),W(v)] = 0. (13)

Thus they have common eigenstates. Acting the operator iden-
tities (10) and (12) on the common eigenstate |Ψ〉, we obtain
the t–W relation

Λ(u)Λ(u−η) = a(u)d(u−η)+d(u)W (u), (14)

Λ(θ j)Λ(θ j−η) = a(θ j)d(θ j−η), j = 1, . . . ,N, (15)

where Λ(u) and W (u) are the eigenvalues of the transfer ma-
trix t(u) and W(u) operator, respectively,

t(u) |Ψ〉= Λ(u) |Ψ〉, W(u) |Ψ〉=W (u) |Ψ〉.

From the construction of transfer matrix (8), we conclude that

Λ(u), as a function of u, is a polynomial of degree N, (16)

W (u), as a function of u, is a polynomial of degree N. (17)

Meanwhile, Λ(u) and W (u) satisfy the asymptotic behaviors

lim
u→∞

Λ(u) = 2uN + · · · , lim
u→∞

W (u) = 3uN + · · · . (18)

2.3. Exact solution

In order to obtain the exact solution of the spin-1/2 XXX
closed chain described by the Hamiltonian (1), let us take the
homogeneous limit, i.e., {θ j = 0}. Usually, the eigenvalues
Λ(u) and W (u) are expressed by the T –Q relations with the
help of Bethe roots. Here, we quantify Λ(u) and W (u) by
their zero roots as

Λ(u) = 2
N

∏
j=1

(u− z j +
η

2
), W (u) = 3

N

∏
j=1

(u−w j), (19)

where {z j| j = 1, . . . ,N} and {w j| j = 1, . . . ,N} are the zero
roots of Λ(u) and W (u), respectively.

Substituting Eq. (19) with {u= z j− η

2 } and {u=w j} into
the t–W relation (14) with {θ j = 0}, we obtain that the zero
roots {z j} and {w j} should satisfy the BAEs

(z j +
η

2
)N (z j−

3
2

η)N =−(z j−
η

2
)N W (z j−

η

2
),

j = 1, . . . ,N, (20)

Λ(w j)Λ(w j−η) = (w j +η)N (w j−η)N ,

j = 1, . . . ,N. (21)

Further analysis gives that the 2N roots satisfy the constrains

{z∗j}= {z j}, {w∗j}= {w j}. (22)

The detailed proof can be found in Appendix B.
The eigenvalues of the Hamiltonian (1) can be expressed

in terms of the zero roots {z j} as

Ep =−2η×
N

∑
j=1

1
z j− η

2
−N. (23)

For the finite system size N, one can solve the BAEs (20) and
(21) numerically. Substituting the values of roots into Eq. (23),
one obtains the energy of the system. The most interesting
thing is the thermodynamic limit where N tends to infinity,
which will be addressed in the next subsection.

2.4. Ground state eigenfunctions in the thermodynamic
limit

We fist consider the distribution of zero roots. According
to the exact numerical calculation with finite N and the ana-
lytic analysis with infinite N, we find that all the zero roots
form the conjugate pairs around the line ±lη/2 with a pos-
itive integer l ≥ 2, which is called as the l-strings. At the
ground state, both z-roots and w-roots form the 2-strings. For
even N, the patterns of roots with N = 6,8,10,12 are shown
in Fig. 1. We can find that all the z-roots form conjugate pairs
as {u(2)j ±η | j = 1, . . . ,N/2} with real u(2)j and all the w-roots

form conjugate pairs as {ū(2)j ±
3η

2 | j = 1, . . . ,N/2} with real
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ū(2)j . Substituting the 2-strings into Eq. (19), we obtain the
ground state eigenvalues Λg(u) and Wg(u) as

Λg(u) = 2
N/2

∏
j=1

(u−u(2)j −
η

2
)(u−u(2)j +

3η

2
), (24)

Wg(u) = 3
N/2

∏
j=1

(u− ū(2)j −
3
2

η)(u− ū(2)j +
3
2

η). (25)

Now we analyze the leading terms of the eigenvalues. For this
purpose, we define

Λg(u) = exp(N[λ
(0)
g (u)+

1
N

λ
(1)
g (u)+O(

1
N2 )]), (26)

Wg(u) = exp(N[ω
(0)
g (u)+

1
N

ω
(1)
g (u)+O(

1
N2 )]), (27)

where λ
(0)
g (u) and ω

(0)
g (u) are the highest order terms of u, and

λ
(1)
g (u) and ω

(1)
g (u) are the second higher order terms. In the

thermodynamic limit N → ∞, the leading terms of Λg(u) can
be obtained by taking the derivatives of logarithm of Eqs. (24)
and (26)

∂

∂u
λ
(β )
g (u) =

∫
∞

−∞

(
1

u−λ − η

2
+

1

u−λ + 3η

2

)
ρ
(β )
g (λ )dλ ,

β = 0,1, (28)

where ρ
(β )
g (λ ) is the density of z-roots at the ground state. The

leading terms of Wg(u) are determined by taking the deriva-
tives of logarithm of Eqs. (25) and (27) as

∂

∂u
w(β )

g (u) =
∫

∞

−∞

(
1

u−λ − 3η

2

+
1

u−λ + 3η

2

)
ρ
(β )
w (λ )dλ ,

β = 0,1, (29)

where ρ
(β )
w (λ ) is the density of w-roots.

1.5

1.0

0.5

0

-0.5

-1.0

-1.5

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Re

I
m

N/↪ z-roots

N/↪ w-roots

N/↪ z-roots

N/↪ w-roots

N/↪ z-roots

N/↪ w-roots

N/↪ z-roots

N/↪ w-roots

Fig. 1. Patterns of zero roots at the ground state with N = 6,8,10,12. The
data are obtained by using the exact numerical diagonalization with the
inhomogeneous parameters {θ j = 0}.

The role of inset inhomogeneous parameters is to help
us to determine the density of z-roots. Take the difference of

Eq. (15) at two nearest inhomogeneous points. In the ther-
modynamic limit, we set that the density of inhomogeneous
parameters as the δ -function. Then we have

∂

∂u
ln[Λg(u)Λg(u−η)]

=
∂

∂u
ln[(u+η)N(u−η)N ]+O

(
1
N

)
, (30)

where O(1/N) is the order-dependent correction. Substituting
Eq. (26) into Eq. (30), we have

∂

∂u

[
λ
(0)
g (u)+λ

(0)
g (u−η)

]
=

1
u+η

+
1

u−η
, λ

(0)
g (0) = 0,

∂

∂u

[
λ
(1)
g (u)+λ

(1)
g (u−η)

]
= 0, λ

(1)
g (0) = 0. (31)

Substituting Eq. (28) with β = 0 into Eq. (31), we have∫
∞

−∞

(
1

u−λ − η

2
+

1
u−λ + η

2
+

1

u−λ − 3η

2

+
1

u−λ + 3η

2

)

×ρ
(0)
g (λ )dλ =

1
u+η

+
1

u−η
. (32)

Solving Eq. (32) by the Fourier transformation

f̃ (ω) =
1

2π

∫
∞

−∞

f (t)e−iωt dt, f (t) =
∫

∞

−∞

f̃ (ω)e iωt dw, (33)

we obtain the solution of densities of z-roots as

ρ
(0)
g (λ ) =

1
2cosh(πλ )

, ρ
(1)
g (λ ) = 0. (34)

By incorporating the 2-string structure into the energy ex-
pression (23) and integrating it with the densities (34) as the
weighting factor, we can directly determine the ground state
energy in the thermodynamic limit

Eg = −2N i
∫

∞

−∞

(
1

λ + i
2

+
1

λ − 3i
2

)(
ρ
(0)
w (λ )+ρ

(1)
w (λ )

)
dλ

−N

= (1−4ln2)N, (35)

which is consistent with the result obtained through algebraic
Bethe ansatz.[31] Substituting Eq. (34) into Eq. (28) and taking
the integral, we obtain

λ
(0)
g (u) = ln

2Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

, λ
(1)
g (u) = 0. (36)

In the derivation, we have used the formula∫
∞

0

e−t − e−ut

1− e−t dt− γ =
d

du
lnΓ(u), (37)

where γ is the Euler–Mascheroni constant. According to the
formula

lnΓ(x+1) =
1
2

ln(2πx)+ x ln(x)− x

+ ln
(

1+
1

12x
+

1
288x2 + · · ·

)
, (38)
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the λ
(0)
g (u) can be expanded with respect to u as

λ
(0)
g (u) = lnu+ ln

cosh πu
2

sinh πu
2

+
η

2u
+

1
2u2 +O

(
1
u2

)
,

Im(u)< 1. (39)

From Eqs. (26), (36) and (39), we obtain that the eigenvalue
of the transfer matrix at the ground state in the thermodynamic
limit is

Λg(u) =
(

2Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

)N

eO( 1
N ). (40)

Now, we calculate the leading terms of W (u). Substitut-
ing z j = u(2)j + η

2 into the BAEs (20), we obtain

(u(2)j +
3η

2
)N (u(2)j −

η

2
)N =−(u(2)j +

η

2
)N Wg(u

(2)
j +

η

2
),

j = 1, · · · , N
2
, (41)

where {u(2)j } are real. Taking the complex conjugation of the
above relation, we have

(u(2)j +
η

2
)N (u(2)j −

3η

2
)N =−(u(2)j −

η

2
)NWg(u

(2)
j −

η

2
),

j = 1, . . . ,
N
2
. (42)

Multiplying Eq. (41) with Eq. (42), we obtain

(u(2)j +
3η

2
)N(u(2)j −

3η

2
)N =Wg(u

(2)
j +

η

2
)Wg(u

(2)
j −

η

2
),

j = 1, . . . ,
N
2
. (43)

Taking the derivative of logarithm of the above equation, we
arrive at

1
N

∂

∂u
ln[Wg(u+

η

2
)Wg(u−

η

2
)]

=
1

u+ 3η

2

+
1

u− 3η

2

+O
(

1
N2

)
. (44)

Substituting Eq. (27) into Eq. (44), we have

∂

∂u
[w(0)

g (u+
η

2
)+w(0)

g (u− η

2
)] =

1

u+ 3η

2

+
1

u− 3η

2

,

∂

∂u
[w(1)

g (u+
η

2
)+w(1)

g (u− η

2
)] = 0. (45)

Substituting Eq. (29) into the above equations and solving it by
the Fourier transformation, we obtain the density of w-roots as

ρ
(0)
w (λ ) =

1
2cosh(πλ )

, ρ
(1)
w (λ ) = 0. (46)

Substituting Eq. (46) into Eq. (29), we have

∂

∂u
w(0)

g (u) =
∂

∂u
ln

Γ( 3
2 +

iu
2 )Γ(

3
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

=
∂

∂u
ln
(
(u+η)(u−η)

2u
tanh

πu
2

)
. (47)

Taking the integration, we obtain

w(0)
g (u) = ln

(
C(0)

w

2
(u+η)(u−η)

u
tanh

πu
2

)
, (48)

where C(0)
w is the integration constant. Thus the ground state

eigenvalue Wg(u) can be expressed as

Wg(u) =

(
(u+η)(u−η)

u

)N(C(0)
w

2
tanh

πu
2

)N

×eω
(1)
g (0) eO( 1

N ). (49)

Substituting Eq. (49) into the t–W relation (14) with
{θ j = 0}, we obtain

Λg(u)Λg(u−η)

= (u+η)N(u−η)N eO( 1
N )

= (u+η)N(u−η)N
[

1+
(

C(0)
w

2
tanh

πu
2

)N

C(1)
w eO( 1

N )

]
. (50)

When u → ∞, from the asymptotic behavior of Λg(u) or
Eq. (40), we know that the coefficient of the highest order
term of the left hand side of Eq. (50) is 4. In order to meet
this constraint, the left hand side of Eq. (50) should also be 4,
which gives that C(0)

w = 2 and C(1)
w = 3. Due to the fact that

tanh πu
2 < 1, the second term of the right hand side of Eq. (50)

turns to zero when N→∞, which gives that the W function can
be neglected in the thermodynamic limit. Then we conclude
that the t–W relation (14) can be used to study the ground state
physical properties.

3. Open chain
3.1. Integrability

Next, we consider the open boundary condition. The
boundary reflections are characterized by the reflection ma-
trices

K−(u) =
(

p+u 0
0 p−u

)
,

K+(u) =
(

q+u+η ξ (u+η)

ξ (u+η) q−u−η

)
, (51)

which satisfy the reflection equation (RE)

R1,2(λ −u)K−1 (λ )R2,1(λ +u)K−2 (u)

= K−2 (u)R1,2(λ +u)K−1 (λ )R2,1(λ −u), (52)

and the dual reflection equation

R1,2(−λ +u)K+
1 (λ )R2,1(−λ −u−2η)K+

2 (u)

= K+
2 (u)R1,2(−λ −u−2η)K+

1 (λ )R2,1(−λ +u). (53)
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Due to the boundary reflection, we should introduce the re-
flecting monodromy matrix

T̂0(u) = R0,1(u+θ1)R0,2(u+θ2) · · ·R0,N(u+θN). (54)

The double-row monodromy matrix U0(u) is

U0(u) = T0(u)K−0 (u)T̂0(u), (55)

which satisfies the RE

R1,2(λ −u)U1(λ )R2,1(λ +u)U2(u)

= U2(u)R1,2(λ +u)U1(λ )R2,1(λ −u). (56)

The transfer matrix for the open boundary case is constructed
as

to(u) = tr0{K+
0 (u)U0(u)}. (57)

Using the crossing symmetry of the R-matrix (4), we can
demonstrate

to(u) = to(−u−η). (58)

The YBE and RE lead to that the transfer matrices
with different spectral parameters commutate mutually, i.e.,
[to(u), to(v)] = 0. Thus to(u) is the generating function of con-
served quantities and the system is integrable. The Hamilto-
nian (59) is generated by the transfer matrix t(u) as

Ho = η
∂ ln to(u)

∂u

∣∣∣∣
u=0,{θ j=0}

−N. (59)

3.2. The t–W scheme

Following the idea of fusion, we still consider the prod-
uct of two transfer matrices with certain shift of the spectral
parameter

to(u)to(u−η)

= tr1,2
{

K+
2 (u)U2(u)K+

1 (u−η)U1(u−η)
}

= tr1,2

{
K+t2

2 (u)K+
1 (u−η)U t2

2 (u)U1(u−η)
}

(4)
=

1
ρ2(2u−η)

tr1,2

{
K+t2

2 (u)K+
1 (u−η)Rt2

2,1(−2u−η)

×Rt2
1,2(2u−η)U t2

2 (u)U1(u−η)
}

=
1

ρ2(2u−η)
tr1,2

{(
K+

1 (u−η)R2,1(−2u−η)K+
2 (u)

)t2

×(U2(u)R1,2(2u−η)U1(u−η))t2
}

=
1

ρ2(2u−η)
tr1,2

{(
K+

1 (u−η)R2,1(−2u−η)K+
2 (u)

)
×(U2(u)R1,2(2u−η)U1(u−η))

(
P(−)

2,1 +P(+)
2,1

)}
=

1
ρ2(2u−η)

tr1,2

{(
K+

1 (u−η)R2,1(2u−η)K+
2 (u)

)

×(U2(u)R1,2(2u−η)U1(u−η))P(−)
2,1

+
(
K+

1 (u−η)R2,1(−2u−η)K+
2 (u)

)
×(U2(u)R1,2(2u−η)U1(u−η))P(+)

2,1

}
= ∆

o(u)/
(
(u+

η

2
)(u− η

2
)
)
+ to

2 (u), (60)

where ρ2(u) =−u(u+2η).
The first term of Eq. (60) give a number which is the

quantum determinant

∆
o(u) = ao(u)do(u−η)(u+

η

2
)(u− η

2
), (61)

where the functions ao(u) and do(u) are

ao(u) =
u+η

u+ η

2
(u+ p)(

√
1+ξ 2 u+q)

×
N

∏
j=1

(u−θ j +η)(u+θ j +η), (62)

do(u) = ao(−u−η)

=
u

u+ η

2
(u− p+η)(

√
1+ξ 2(u+η)−q)

×
N

∏
j=1

(u−θ j)(u+θ j). (63)

The second term of Eq. (60) is a new operator which is
the fused transfer matrix[31,51,52] up to a constant

to
2 (u) =

1
ρ2(2u−η)

×tr1,2

{
K+
{1,2}(u)T{1,2}(u)K

−
{1,2}(u)T̂{1,2}(u)

}
. (64)

From the fusion of the reflection matrices and mondromy ma-
trices

K+
{1,2}(u) = P(+)

2,1 K+
1 (u−η)R2,1(−2u−η)K+

2 (u)P(+)
1,2

= 2uK(1)+
{1,2}(u), (65)

K−{1,2}(u) = P(+)
1,2 K−2 (u)R1,2(2u−η)K−1 (u−η)P(+)

2,1

= 2uK(1)−
{1,2}(u), (66)

T{1,2}(u) = P(+)
1,2 T2(u)T1(u−η)P(+)

1,2

=
N

∏
l=1

(u−θl)T
(1, 1

2 )

{1,2} (u), (67)

T̂{1,2}(u) = P(+)
2,1 T̂2(u) T̂1(u−η)P(+)

2,1

=
N

∏
l=1

(u+θl)T̂
(1, 1

2 )

{1,2} (u), (68)

we obtain

to
2 (u) =

4u2

ρ2(2u−η)
do(u)Wo(u), (69)

117504-6



Chin. Phys. B 32, 117504 (2023)

where

Wo(u) = tr{1,2}

{
K(1)+
{1,2}(u)T

(1, 1
2 )

{1,2} (u)K
(1)−
{1,2}(u)T̂

(1, 1
2 )

{1,2} (u)
}
.

(70)

Then the operator identity (60) can be expressed as

to(u)to(u−η) = ∆
o(u)× id/((u+

η

2
)(u− η

2
))

+
4u2

ρ2(2u−η)
do(u)Wo(u). (71)

At the inhomogeneous points {u = θ j}, equation (71) reduces
to

(θl +
η

2
)(θl−

η

2
)to(θl)to(θl−η) = ∆

o(θl),

j = 1, . . . ,N. (72)

The fusion does not break the integrability of the system,
thus the transfer matrix and the fused transfer matrix com-
mutate with each other. Thus they have common eigenstates.
Acting the operator relation (71) on a common eigenstate, we
obtain the t–W relation

∆
o(u)− (u+

η

2
)(u− η

2
)Λ̄(u)Λ̄(u−η)

= u2
N

∏
j=1

(u−θ j)(u+θ j)W̄ (u), (73)

where Λ̄(u) and W̄ (u) are the eigenvalues of the transfer ma-
trix to(u) and the fused one Wo(u), respectively. At the points
of inhomogeneous point, the eigenvalue Λ̄(u) satisfies

(θl +
η

2
)(θl−

η

2
)Λ̄(θl)Λ̄(θl−η) = ∆

o(θl),

j = 1, . . . ,N. (74)

3.3. Exact solution

The exact solution of the system does not depend on the
inhomogeneous parameters. Thus we set them as zero. From
the definitions, we know that the eigenvalue function Λ̄(u) is
a polynomial of u with degree 2N + 2 and also satisfies the
crossing symmetry and asymptotic behavior

Λ̄(−u−η) = Λ̄(u), lim
u→∞

Λ̄(u) = 2u2N+2 + · · · . (75)

The eigenvalue function W̄ (u) is a polynomial of u with degree
of 2N +4 and has asymptotic behavior

W̄ (−u) = W̄ (u), lim
u→∞

W̄ (u) = (ξ 2−3)u2N+4 + · · · . (76)

Based on above analysis, we parameterize Λ̄(u) and W̄ (u) as

Λ̄(u) = 2
N+1

∏
j=1

(u− z j +
η

2
)(u+ z j +

η

2
), (77)

W̄ (u) = (ξ 2−3)
N+2

∏
k=1

(u−wk)(u+wk), (78)

where {z j| j = 1, . . . ,N +1} and {wk|k = 1, . . . ,N +2} are the
roots of the corresponding polynomials, which are completely
determined by the BAEs

∆(z j−
η

2
) = (z j−

η

2
)2N+2 W̄ (z j−

η

2
),

j = 1, . . . ,N +1, (79)

∆(wk) = (wk +
η

2
)(wk−

η

2
)Λ̄(wk)Λ̄(wk−η),

k = 1, . . . ,N +2, (80)

where ∆(u) is the quantum determinant with homogeneous
limit {θ j = 0}

∆(u) = (u−η)(u+η)(u− p)(u+ p)(
√

1+ξ 2 u+q)

×(
√

1+ξ 2 u−q)(u+η)2N(u−η)2N . (81)

The eigenvalue of the Hamiltonian (2) is determined by the
solutions of the above BAEs

Eo =
N+1

∑
j=1

η2

η2

4 − z2
j

−N. (82)

The Hermitian of the Hamiltonian (2) requires that the
boundary parameters satisfy

p∗ =−p, q∗ =−q, ξ
∗ = ξ . (83)

The above constrains imply

R†(u) =−R(−u∗),
(

K(±)(u)
)†

=−K(±)(−u∗), (84)

which gives rise to the Hermitian properties of the transfer ma-
trix and its eigenvalue

(to(u))† = to(−u∗), Λ̄
∗(u) = Λ̄(−u∗). (85)

Combining the expansions (77) and (78), the t–W rela-
tion (73) and the Hermitian relation (85), we conclude that if
z j is a root of Λ̄(u), then z∗j must be the root and that if w j is a
root of W̄ (u), then w∗j must be the root.

3.4. Eigenfunctions in the thermodynamic limit at the
ground state

As shown in Fig. 2, at the ground state, the z-roots and
w-roots form the 2-strings. Besides the bulk conjugate pairs
around the ±η lines, there exist boundary conjugate pairs at
the imaginary axis. We can conclude that the z-roots form con-
jugate pairs as {±z1η ,u(2)j ±η | j = 1, . . . ,N} with real z1,u

(2)
j ,

and w-roots form conjugate pairs as {±χ1η ,±χ2η ,w(2)
j ±

3η

2 | j = 1, . . . ,N} with real χ1,χ2,w
(2)
j . Substituting these 2-

strings into Eqs. (77) and (78), we obtain

Λ̄g(u) = 2
(
u− (z1−

1
2
)η
)(

u+(z1 +
1
2
)η
)
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×
N/2

∏
j=1

(u−u(2)j −
η

2
)(u+u(2)j −

η

2
)

×(u−u(2)j +
3η

2
)(u+u(2)j +

3η

2
)

= 2
(
u− (z1−

1
2
)η
)(

u+(z1 +
1
2
)η
)

×exp(2N(λ̄
(0)
g (u)+

1
2N

λ̄
(1)
g (u)+O(

1
N2 ))), (86)

W̄g(u) = (ξ 2−3)(u−χ1η)(u+χ1η)(u−χ2η)(u+χ2η)

×
N/2

∏
j=1

(u−w(2)
j −

3
2

η)(u+w(2)
j −

3
2

η)

×(u−w(2)
j +

3
2

η)(u+w(2)
j +

3
2

η)

= (ξ 2−3)(u−χ1η)(u+χ1η)(u−χ2η)(u+χ2η)

×exp(2N(ω̄
(0)
g (u)+

1
2N

ω̄
(1)
g (u)+O(

1
N2 ))), (87)

Λ̄g(0) = 2(z1−
1
2
)(z1 +

1
2
)

×exp(2N(λ̄
(0)
g (u)+

1
2N

λ̄
(1)
g (u)+O(

1
N2 )))

= 2 pq≡ 2 pq̄
√

1+ξ 2, (88)

where the leading terms are determined by

∂

∂u
λ̄
(β )
g (u) =

∫
∞

−∞

(
1

u−λ − η

2
+

1

u−λ + 3η

2

)
ρ
(β )
g (λ )dλ ,

β = 0,1, (89)

∂

∂u
ω̄

(β )
g (u) =

∫
∞

−∞

(
1

u−λ −η
+

1
u−λ +η

+
1

u−λ −2η

+
1

u−λ +2η

)
ρ
(β )
w (λ )dλ , β = 0,1. (90)

Taking the difference of Eq. (74) at two inhomogeneous
points and considering the continuum limit, we have

∂

∂u
ln
[
(u+

η

2
)(u− η

2
)Λ̄(u)Λ̄(u−η)

]
=

∂

∂u
ln∆(u)+O(

1
N
). (91)

Similarly with the periodic boundary case, substituting
Eq. (86) into Eq. (91), we have

∂

∂u
[λ̄

(0)
g (u)+ λ̄

(0)
g (u−η)] =

1
u+η

+
1

u−η
, λ̄

(0)
g (0) = 0,

∂

∂u
[λ̄

(1)
g (u)+ λ̄

(1)
g (u−η)]

=
1

u+η
+

1
u−η

+
1

u+ pη
+

1
u− pη

+
1

u+ q̄η
+

1
u− q̄η

− 1
u+ η

2
− 1

u− η

2
− 1

u+ η

2
− 1

u− η

2
− 1

u+(z1− 1
2 )η

− 1
u− (z1− 1

2 )η
− 1

u+(z1 +
1
2 )η
− 1

u− (z1 +
1
2 )η

,

λ̄
(1)
g (0) = ln(2 pq̄

√
1+ξ 2)− ln

[
2(z1 +

1
2
)(z1−

1
2
)
]
. (92)

Substituting Eq. (89) into Eq. (92) and solving it by the Fourier
transformation, we obtain the densities of z-roots at the ground
state as

ρ̃
(0)
g (w) =

a2(w)
2π
[
a1(w)+a3(w)

] ,
ρ̃
(1)
g (w) =

1
2π
[
a1(w)+a3(w)

][a2(w)+a2p(w)+a2q̄(w)

−a1(w)−a2z1−1(w)−a2z1+1(w)
]
, (93)

where ρ̃
(β )
g (w) is the Fourier transformation of ρ

(β )
g (λ ) and

an(w) = e−n|w|/2. By incorporating the 2-string structure into
the energy expression (82) and integrating it with the densi-
ties (93) as the weighting factor, we obtain the ground state
energy

Eo
g = −N i

∫
∞

−∞

(
1

z+ i
2

+
1

z− 3i
2

)
×
∫

∞

−∞

e iωz(
ρ̃
(0)
g (ω)+ ρ̃

(1)
g (ω)

)
dω dz+

1
z2

1−
1
4

−N

= (1−4ln2)N−1+π−2ln2+
1
|p|

+

√
1+ξ 2

|q|

−2 i
∫

∞

0

e−|p|w + e−|q|w/
√

1+ξ 2

1+ e−w . (94)

Substituting the densities (93) into Eq. (89), we arrive at

λ̄
(0)
g (u) = ln

2Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

, (95)

λ̄
(1)
g (u) = ln

[
4
√

1+ξ 2(
u− (z1− 1

2 )η
)(

u+(z1 +
1
2 )η
)
(u+ η

2 )

×
cosh(πu

2 −
iπ
4 )

sinh(πu
2 −

iπ
4 )

Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

×
Γ( p+1

2 + iu
2 )Γ(

p+2
2 −

iu
2 )

Γ( p
2 +

iu
2 )Γ(

p+1
2 −

iu
2 )

×
Γ( q̄+1

2 + iu
2 )Γ(

q̄+2
2 −

iu
2 )

Γ( q̄
2 +

iu
2 )Γ(

q̄+1
2 −

iu
2 )

]
, (96)

which implies

Λ̄g(u) =
8
√

1+ξ 2

u+ η

2

cosh(πu
2 −

iπ
4 )

sinh(πu
2 −

iπ
4 )

Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

×
Γ( p+1

2 + iu
2 )Γ(

p+2
2 −

iu
2 )

Γ( p
2 +

iu
2 )Γ(

p+1
2 −

iu
2 )

×
Γ( q̄+1

2 + iu
2 )Γ(

q̄+2
2 −

iu
2 )

Γ( q̄
2 +

iu
2 )Γ(

q̄+1
2 −

iu
2 )

×
(

2Γ(1+ iu
2 )Γ(

3
2 −

iu
2 )

Γ( 1
2 +

iu
2 )Γ(1−

iu
2 )

)2N

eO( 1
N ). (97)
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Fig. 2. The patterns of z-roots and w-roots in complex plane at the ground
state with N = 6,η = i, p =−1.2i, q̄ = 0.8i,ξ = 1. The data are obtained
by the exact numerical diagonalization. The blue asterisks indicate z-roots
{z j +

η

2 } and red circles represent the w-roots {w j} with the inhomoge-
neous parameters {θ j = 0}.

Now, we consider the leading terms of W̄g(u) in the
thermodynamic limit. Analogous to the case of the peri-
odic boundary condition, we set the variable z j = u(2)j +η in
BAEs (79) and multiply it by its conjugate counterpart. As a
result, we obtain

∆(u(2)j +
η

2
)∆(u(2)j −

η

2
)

= (u(2)j +
η

2
)2N+2(u(2)j −

η

2
)2N+2

×W̄ (u(2)j +
η

2
)W̄ (u(2)j −

η

2
). (98)

By taking the derivative of the logarithm of Eq. (98), we obtain

1
2N

∂

∂u
ln[W (u+

η

2
)W (u− η

2
)]

=
1

2N
∂

∂u

(
ln
[
∆(u+

η

2
)∆(u− η

2
)
]

− ln
[
(u+

η

2
)2N+2(u− η

2
)2N+2])+O(

1
N2 ). (99)

Substituting Eq. (87) into Eq. (99), we have

∂

∂u

(
ω̄

(0)
g (u+

η

2
)+ ω̄

(0)
g (u− η

2
)
)
=

1

u+ 3η

2

+
1

u− 3η

2

,

∂

∂u

(
ω̄

(1)
g (u+

η

2
)+ ω̄

(1)
g (u− η

2
)
)

=
1

u+ 3
2 η

+
1

u− 3
2 η

+
1

u+(p+ 1
2 )η

+
1

u− (p+ 1
2 )η

+
1

u+(p− 1
2 )η

+
1

u− (p− 1
2 )η

+
1

u+(q̄+ 1
2 )η

+
1

u− (q̄+ 1
2 )η

+
1

u+(q̄− 1
2 )η

+
1

u− (q̄− 1
2 )η

−
(

1
u+ 1

2 η
+

1
u− 1

2 η
+

1
u+(χ1 +

1
2 )η

+
1

u− (χ1 +
1
2 )η

+
1

u+(χ1− 1
2 )η

+
1

u− (χ1− 1
2 )η

+
1

u+(χ2 +
1
2 )η

+
1

u− (χ2 +
1
2 )η

+
1

u+(χ2− 1
2 )η

+
1

u− (χ2− 1
2 )η

)
.(100)

Substituting Eq. (90) into Eq. (100) and solving it by the
Fourier transformation, we obtain the densities of w-roots at
the ground state

ρ̃
(0)
w (w) =

a2(w)
2π
[
a1(w)+a3(w)

] , (101)

ρ̃
(1)
w (w) =

1
2π
[
a1(w)+a3(w)

][a3(w)+a2p+1(w)+a2p−1(w)

+a2q̄+1(w)+a2q̄−1(w)−a1(w)−a2χ1−1(w)

−a2χ1+1(w)−a2χ2−1(w)−a2χ2+1(w)
]
. (102)

Substituting the densities (101) and (102) into Eq. (90), we
arrive at

∂

∂u
ω̄

(0)
g (u) =

∂

∂u
ln

Γ( 3
2 +

iu
2 )Γ(

3
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

=
∂

∂u
ln
[
(u+η)(u−η)

2u
tanh

πu
2

]
, (103)

∂

∂u
ω̄

(1)
g (u) =

∂

∂u
ln
(

(u− pη)(u+ pη)(u− q̄η)(u+ q̄η)

(u−χ1η)(u+χ1η)(u−χ2η)(u+χ2η)

×
Γ( 3

2 +
iu
2 )Γ(

3
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

×
Γ( 1

2 +
iu
2 )Γ(

1
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

)
. (104)

Then the leading terms can be obtained by taking the integra-
tion of the above equation and the finial results are

ω̄
(0)
g (u) = ln

(
C̄(0)

w

2
(u+η)(u−η)

u
tanh

πu
2

)
, (105)

ω̄
(1)
g (u) = ln

(
(u− pη)(u+ pη)(u− q̄η)(u+ q̄η)

(u−χ1η)(u+χ1η)(u−χ2η)(u+χ2η)

×
Γ( 3

2 +
iu
2 )Γ(

3
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

Γ( 1
2 +

iu
2 )Γ(

1
2 −

iu
2 )

Γ(1+ iu
2 )Γ(1−

iu
2 )

)
+ lnC̄(1)

w . (106)

Thus the the ground state eigenfunction W̄g(u) in the thermo-
dynamic limit can be expressed as

W̄g(u) = 4C̄(1)
w (ξ 2−3)(u− pη)(u+ pη)(u− q̄η)

×(u+ q̄η) tanh2 πu
2

× (u+η)2N+1(u−η)2N+1

u2N+2

×
(

C̄(0)
w

2
tanh

πu
2

)2N

. (107)

Substituting Eq. (107) into the t–W relation (73), we have

(u+
η

2
)(u− η

2
)Λ̄g(u)Λ̄g(u−η)

= (1+ξ
2)(u− pη)(u+ pη)(u− q̄η)

×(u+ q̄η)(u−η)2N+1(u+η)2N+1
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×
{

1− 4(ξ 2−3)
1+ξ 2 C̄(1)

w tanh2 πu
2

(
C̄(0)

w

2
tanh

πu
2

)2N

eO( 1
N )

}
.

(108)

When u tends to infinity, the coefficient of the highest order
term of the left hand side of Eq. (108) is 4. Thus the corre-
sponding coefficient of the right hand side of Eq. (108) should
also be 4, which gives C̄(0)

w = 2 and C̄(1)
w = 1/4. Because

tanh πu
2 < 1, the second term of the right hand side of Eq. (108)

is negligible in the thermodynamic limit.

4. Conclusion
In this paper, we take the XXX spin chain as an example

to study the t–W scheme for the quantum integrable systems.
We present the exact solutions of the model with periodic and
generic open boundary conditions. We also obtain the analyti-
cal expressions of the ground state eigenfunctions of the trans-
fer matrix and W operator in the thermodynamic limit. By
analyzing these expressions, we find that the ratio of the quan-
tum determinant with the W function converges to zero when
the number of size tends to infinity. Thus the main contribu-
tion in the t–W relation comes from the quantum determinant.
This finding serves as a compelling proof of the validity of the
extensively applied inversion relation in the field of integrabil-
ity.

Appendix A: Proof of the t–W relation
Starting from the YBE (6) with certain shift of spectral

parameter and using the fusion technique,[49,50] we obtain

R2,3(u)R1,3(u−η)P(−)
1,2 = P(−)

1,2 R2,3(u)R1,3(u−η)P(−)
1,2

= (u+η)(u−η)× id. (A1)

We see that the fusion result of R-matrices with one-
dimensional antisymmetric projector P(−)

1,2 is a number. The

fusion of monodromy matrices with P(−)
1,2 gives

P(−)
1,2 T2(u)T1(u−η)P(−)

1,2 = a(u)d(u−η)× id. (A2)

Then we obtain the first term in the very relation (10).
The fusion of R-matrices with the three-dimensional sym-

metric projector P(+)
1,2 gives

P(+)
1,2 R2,3(u)R1,3(u−η)P(+)

1,2 = u×R
(1, 1

2 )

{1,2},3(u), (A3)

where R
(1, 1

2 )

{1,2},3(u) is the 6×6 fused R-matrix with the form of

R
(1, 1

2 )

{1,2},3(u)=



u+η

u−η
√

2η√
2η u

u
√

2η√
2η u−η

u+η


. (A4)

Then the fusion of monodromy matrices reads

P(+)
1,2 T2(u)T1(u−η)P(+)

1,2 = d(u)T
(1, 1

2 )

{1,2} (u), (A5)

where T
(1, 1

2 )

{1,2} (u) is the fused monodromy matrix which is con-

structed by the fused R-matrix R
(1, 1

2 )

{1,2}, j(u) as

T
(1, 1

2 )

{1,2} (u) = R
(1, 1

2 )

{1,2},N(u−θN) · · ·R
(1, 1

2 )

{1,2},1(u−θ1). (A6)

Then we arrive at that the W(u) operator in Eq. (10) is the
fused transfer matrix as

W(u) = tr{1,2}T
(1, 1

2 )

{1,2} (u). (A7)

From the constructions (A4) and (A6), we know that the W(u)
operator is an operator polynomial of u with the degree N.

Appendix B: Hermitian property of the transfer
matrix

The R-matrix (3) has the Hermitian relation

R†
0, j(u) =−R0, j(−u∗). (B1)

Based on it, we obtain the Hermitian conjugation of the trans-
fer matrix in the homogeneous limit as

t†(u) = tr0

{
[R0,N(u) · · ·R0,1(u)]

†
}

= tr0

{
R†

0,1(u) · · ·R
†
0,N(u)

}
(B1)
= (−1)N tr0 {R0,1(−u∗) · · ·R0,N(−u∗)}

= (−1)N tr0

{
Rt0

0,N(−u∗) · · ·Rt0
0,1(−u∗)

}
(4)
= tr0

{
σ

y
0 R0,N(u∗−η) · · ·R0,1(u∗−η)σ

y
0

}
= tr0 {R0,N(u∗−η) · · ·R0,1(u∗−η)}

= t(u∗−η). (B2)

With the help of the t–W relation (10), we find that the W(u)
operator satisfies

W†(u) =W(u∗). (B3)

The relations (B2) and (B3) imply that the corresponding
eigenvalues have the properties

Λ
∗(u) = Λ(u∗−η), W ∗(u) =W (u∗). (B4)

Combining the relations (B4) and (14)–(19), we conclude that
if z j is the solution of Λ(u), its complex conjugation z∗j must
be the solution, and if w j is a solution of W (u), the w∗j must be
the solution.
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