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Due to the spatial characteristics of orbital angular momentum, vortex fields can be applied in the fields of quantum
storage and quantum information. We study the realization of spatially modulated vortex fields based on four-wave mixing
in a four-level atomic system with a diamond structure. The intensity and spiral phase of the vortex field are effectively
transferred to the generated four-wave mixing field. By changing the detuning of the probe field, the phase and intensity of
the generated vertex four-wave mixing field can be changed. When the probe field takes a large detuning value, the spatial
distribution of the intensity and phase of the vertex four-wave mixing field can be effectively tuned by adjusting the Rabi
frequency or detuning value of the coupled field. At the same time, we also provide a detailed explanation based on the
dispersion relationship, and the results agree well with our simulation results.

Keywords: coherent optical effects, four-wave mixing, orbital angular momentum
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1. Introduction
Atomic coherence refers to the interference phenomenon

that when light interacts with matter, different energy levels
of atoms become mutually correlated, and then quantum inter-
ference occurs in different transition paths. Atomic coherence
can effectively tune the nonlinear optical properties of atomic
systems or solid media, leading to the emergence of impor-
tant quantum interference phenomena such as coherent pop-
ulation trapping (CPT),[1] lasing without inversion (LWI)[2,3]

and electromagnetically induced transparency (EIT).[4,5] EIT
is a typical atomic coherence phenomenon that uses a strong
coherent field to couple the two energy levels of an atom, so
that the absorption of the probe field is reduced or even trans-
parent at the two-photon resonance. Because EIT technol-
ogy can make the signal light pass through the medium with-
out absorption and accompanied by a large nonlinear refrac-
tive index, the realization of high-efficiency four-wave mixing
(FWM) by EIT has been widely studied.[6–10] Deng et al. pro-
posed theoretically how to obtain optically coherent FWM by
using a pump field with slow light group velocity.[11] Wu et
al. gave the high-efficiency FWM field by using EIT-induced
suppression of nonlinear absorptions.[12] Wu et al. obtained
the FWM field with the same group velocity and pulse shape
as those of the input pump field based on multiphoton destruc-
tive interference.[13] Xiao et al. studied the coexisting FWM
and six-wave mixing channels via dual-EIT windows in a Y-
type atomic system.[14]

Vortex light is a kind of light field with special phase

structure and peculiar topological characteristics, whose wave-
front phase contains the spiral phase factor related to the or-
bital angular momentum (OAM) and the light intensity is zero
at the center.[15,16] In recent years, because the optical vortex
field has practical application in the manipulation of OAM for
information processing, there has been much research work
on vortex optics.[17–19] In 2012, Walker and colleagues used
FWM technology to transfer the orbital angular momentum
of pump light to the generated FWM light in Rb vapor.[20] In
2014, Ding et al. made two back-propagating pump and signal
lights carrying orbital angular momentum interact with an M-
type 85Rb atomic ensemble. As a result, a gear-shaped inter-
ference pattern was observed in the generated FWM light, and
the input signal light was doughnut shaped.[21] In 2018, Wang
et al. studied the interference image of vortex light based on
the photonic band gap structure and found that the interfer-
ence image of vortex detection can be distorted by chang-
ing the input angle of the vortex field.[22] In 2019, Jing et
al. obtained multiplexed continuous variable entanglements
of orbital angular momentum by using FWM in hot atomic
vapor.[23] In recent years, people have used a vortex field to
obtain an adjustable spatially correlated FWM field in various
atomic models,[24–26] semiconductor nanostructures[27–29] and
a quantum-dot nanostructure.[30,31]

In this paper, we focus on the interaction between vortex
light and matter, and study the transfer of vortex light between
different light modes. Vortex light carrying OAM has been
used to perform information processing. Further quantum and
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optical networks need to have a network node and quantum
repeater, such that the information can be transferred in a con-
trolled way. The interaction of light with matter can provide
such a platform, and FWM has been proven to be an effec-
tive method for converting the information between different
light channels. Thus, we theoretically propose a scheme to ob-
tain the vortex FWM field with OAM in a four-level diamond-
configuration atomic system. We found that in the FWM pro-
cesses, the vortex FWM field can be spatially modulated and
the generated FWM mode has a fidelity of approximately 1 by
adjusting the corresponding parameters. By tuning the detun-
ing of the probe field, the spatial distribution of the intensity
and phase of the vortex FWM field can be effectively con-
trolled. In particular, when the Rabi frequency of the coupled
field increases, the intensity of the generated FWM field also
increases, and the distorted phase is effectively suppressed. In
addition, when the probe field has a certain detuning value, the
distorted FWM field can also be suppressed by changing the
detuning value of the coupled field.

2. Atomic model and relevant equations
We analyze a four-level diamond-configuration atomic

system as shown in Fig. 1. The levels |1〉, |2〉, |3〉 and |4〉 can
correspond to the states |1〉= |5S1/2,F = 2〉, |2〉= |5P1/2,F =

2〉, |3〉= |5P3/2,F = 2〉 and |4〉= |5D3/2,F = 1〉, respectively,
in the cold 85Rb. A weak Gaussian pulse field with the Rabi
frequency Ωp = Ωp0 exp[−(x2+y2)/ω2

p0]exp(−t2/τ2), where
ωp0 and Ωp0 are the transverse waist and initial amplitudes and
τ is the pulse width, couples the intermediate level |2〉 and the
ground level |1〉. A continuous-wave field Ωc drives the inter-
mediate level |2〉 and the excited level |4〉. The intermediate
level |3〉 and the excited level |4〉 are coupled by an OAM field
Ωv, which is defined as

Ωv =

{
Ωv0Ω (r) e−iφ l ,

Ωv0Ω (r) e iφ l ,
(1)

where Ω (r)=
√

2p!/(π (p+ |l|)!)
(√

2r
ω0

)|l|
L|l|p
(

2r2

ω2
0

)
e−r2/ω2

0 ,

and Ωv0, ω0, L|l|p , φ and r =
√

x2 + y2 correspond to the am-
plitude, the beam waist, the Laguerre polynomial, azimuthal
angle and the radius, respectively, while l and p represent the
azimuthal index and radial index of L|l|p , respectively. In addi-
tion, a FWM field Ωm is generated between level |1〉 and level
|3〉.

Under the rotating-wave and electric-dipole approxima-
tion, with the approximation h̄ = 1, the interaction Hamilto-
nian can be written as

HI = ∆p|2〉〈2|+(∆p +∆c−∆v)|3〉〈3|+(∆p +∆c)|4〉〈4|
−(Ωp e i𝑘p·𝑟|2〉〈1|+Ωm e i𝑘m·𝑟|3〉〈1|

+Ωc e i𝑘c·𝑟|4〉〈2|+Ωv e i𝑘v·𝑟|4〉〈3|+h.c.). (2)

Here ∆p = ω21−ωp, ∆c = ω42−ωc, ∆v = ω43−ωv are the
detuning of coherent fields and Ωc = Ecd42/(2h̄) is Rabi fre-
quency of the coupled field. d42 represents the transition ma-
trix element from energy level |4〉 to energy level |2〉 and kn

(n = p,m,c,v) are wave vectors and fulfill the phase matching
condition km = kp + kc + kv. We use wave vectors to describe
the state of atomic system as

|Ψ〉 = a1 |1〉+a2 e i𝑘p·𝑟 |2〉+a3 e i(𝑘p+𝑘c−𝑘v)·𝑟 |3〉
+a4 e i(𝑘p+𝑘c)·𝑟 |4〉 . (3)

Ωp

∆p

Ωc

∆c

Ωv

Ωm

∆v

|4>

|3>

|1>

|2>

Fig. 1. A four-level atomic scheme with a diamond structure.

Then, with the Schrödinger equation d |Ψ〉/dt =

−iHI |Ψ〉, we can obtain the dynamical equations of atomic
probability amplitudes as

∂a2

∂ t
=−i

(
∆p− iΓ2

)
a2 + iΩca4 + iΩpa1,

∂a3

∂ t
=−i

[(
∆p +∆c−∆v

)
− iΓ3

]
a3 + iΩva4 + iΩma1,

∂a4

∂ t
=−i

[(
∆p +∆c

)
− iΓ4

]
a4 + iΩca2 + iΩva3, (4)

where Γj ( j = 2,3,4) is the decay rate from level | j〉 to level
|1〉. Considering the slowly varying envelope approximation,
the propagation behavior of the probe field and FWM field can
be described by the Maxwell equation

∂Ωp

∂ z
+

1
c

∂Ωp

∂ t
= iκpa2a∗1,

∂Ωm

∂ z
+

1
c

∂Ωm

∂ t
= iκma3a∗1, (5)

where κp = 2πNωp|d21|2/(h̄c) and κm = 2πNωm|d31|2/(h̄c)
are the propagation constants, d21 and d31 are the electric
dipole matrix elements and N is the atomic density. In the
limit of a weak probe, the atom is initially prepared in level
|1〉 (i.e., |a1|2 = 1). Then, Eqs. (4) and (5) are changed into
the Fourier form as(

ω−∆p + iΓ2
)

A2 +ΩcA4 +Ωp = 0,[
ω−

(
∆p +∆c−∆v

)
+ iΓ3

]
A3 +ΩvA4 +Ωm = 0,[

ω−
(
∆p +∆c

)
+ iΓ4

]
A4 +ΩcA2 +ΩvA3 = 0 (6)

and

∂Up

∂ z
+

1
c

∂Up

∂ t
= iκpA2,
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∂Um

∂ z
+

1
c

∂Um

∂ t
= iκmA3, (7)

where ω is the Fourier frequency and A j ( j = 2,3,4) and Up,m

are the Fourier transforms of a j ( j = 2,3,4) and Ωp,m, respec-
tively. Using Eq. (6), the solutions are derived as

A2 =
M2Ωp

M
+

ΩcΩvΩm

M
,

A3 =
ΩvΩcΩp

M
+

M1Ωm

M
, (8)

with M = γ ′2Ω 2
v + γ ′3Ω 2

c − γ ′2γ ′3γ ′4, M1 = γ ′2γ ′4 −Ω 2
c , M2 =

γ ′3γ ′4−Ω 2
v , γ ′2 = ω−∆p + iΓ2, γ ′3 = ω−

(
∆p +∆c−∆v

)
+ iΓ3

and γ ′4 = ω−
(
∆p +∆c

)
+ iΓ4. By using the initial conditions

of the probe field and FWM field, i.e., Up (z = 0,ω) 6= 0 and
Um (z = 0,ω) = 0, the new FWM field can be obtained as

Um (z,ω) =Up (0,ω)
F+F−

F−−F+
(e izλ+ − e izλ−), (9)

where F± =
(
kpM2− kmM1±

√
G
)
/(2kpM2ΩcΩv), G =(

kpM2− kmM1
)2
+4kmkpΩ 2

c |Ωv|2 and λ±=
ω

c +
kpM2+kmM1

2M ±
√

G
2M . The dispersion relations λ+ and λ− are used to describe
two modes in Eq. (9), in which the λ− mode is rapidly ab-
sorbed after a short propagation distance L, while the λ+ mode
still exists. Then, we give the inverse Fourier transform of Um

as

Um(L, t) =

{
Ũm e−iφ l e iLλ+ ,

Ũm e iφ l e iLλ+ ,
(10)

where Ũm = kmΩ(r)Ωv0ΩcΩp(η+)
F+F−

F−−F+
, η+ = t − z/υg+

and υg+ = 1/Re{[∂λ+]ω=0} is the group velocity of the λ+

mode. By using λ+ = Re(λ+) + i Im(λ+), Eq. (10) can be
rewritten as

Um(L, t) =

{
Ũm e−L Im(λ+) e−i[φ l−LRe(λ+)],

Ũm e−L Im(λ+) e i[φ l−LRe(λ+)].
(11)

From Eq. (10), we find that |Ũm e−L Im(λ+)|2 affects the inten-
sity of the vortex mixing field, while e∓i[φ l−LRe(λ+)] deter-
mines the distribution pattern and twist direction of the vortex
FWM phase in the inner and outer rings, respectively.

3. Numerical calculation and discussion
In this section we discuss the effects of the detuning of

two acting fields and the intensity of the coupled field on the
phase and intensity of vortex FWM. Figure 2 shows the phase
and intensity patterns of the vortex FWM field versus posi-
tions x and y for different detunings of the probe field. When
the detuning of the probe field is zero, the phase of the vortex
FWM field is normal and its strength shows a strong double-
ring pattern (see Figs. 2(c) and 2(h)). However, as the ab-
solute value of detuning increases, the phase of vortex FWM
field becomes more and more distorted (see Figs. 2(a), 2(b),
2(d) and 2(e)), and its intensity decreases significantly (see
Figs. 2(f), 2(g), 2(i) and 2(j)). The above phenomena can be
explained by the dispersion relation. In Fig. 3, we point out
that when the detuning of the probe field takes different val-
ues, the real and imaginary parts of the dispersion λ+ vary
with the radius r. When the detuning of the probe field is res-
onant (i.e., ∆p = 0), the real part of the dispersion is zero, and
its imaginary part is lower than 0.10, which makes the phase
of the generated vortex FWM normal, and its intensity shows
an obvious double-ring structure. When the detuning value
of the probe field changes greatly, the imaginary part of the
dispersion also increases, indicating that the generated FWM
field is absorbed by the medium, so the double-ring structure
of intensity becomes weaker. It should be noted that when the
detunings of the probe field are negative, the real parts of the
dispersion are greater than zero. However, when the detunings
of the probe field are positive, the real parts of the dispersion
are less than zero. Therefore, it can reasonably explain that
the phase distortion direction of FWM in Figs. 2(a) and 2(b) is
completely opposite to that in Figs. 2(d) and 2(e).
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Fig. 2. The phase (a)–(e) and intensity (f)–(j) curves of the vortex FWM field as a function of position when the detuning of the probe field takes
different values: (a), (f) ∆p = −10γ; (b), (g) ∆p = −5γ; (c), (h) ∆p = 0; (d), (i) ∆p = 5γ; and (e), (j) ∆p = 10γ . The relevant parameters are
γ = 2π MHz, Γ2 = 0.66γ , Γ3 = 5.7γ , Γ4 = 6.0γ , Ωc = 15γ , Ωv0 = 50γ , L = 0.01 m, ∆c = ∆v = 0.0.
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Fig. 3. The real part Reλ+ and the imaginary part Imλ+ of the dispersion relation versus radius r when the detuning of the probe field takes
different values: (a), (f) ∆p =−10γ; (b), (g) ∆p =−5γ; (c), (h) ∆p = 0; (d), (i) ∆p = 5γ; and (e), (j) ∆p = 10γ . The other parameters are the same
as those in Fig. 2.

Figure 4 shows the effect of the detuning of the coupled
field ∆c on the vortex FWM when the detuning of the probe
field is ∆p = 10γ . As the detuning value of the coupled field
decreases from zero to −4γ , −8γ and −10γ , the phase distor-
tion of the vortex FWM becomes weaker, and its phase returns
to normal when the detuning value is−10γ . At the same time,
the strength of vortex FWM becomes stronger, and its double-
ring structure becomes more and more obvious. In order to ex-
plain the above phenomenon, we show the real and imaginary
parts of the dispersion, λ+, versus radius r with different val-
ues of ∆c in Fig. 5. As shown in Fig. 5, when the ∆c value de-

creases from zero to −8γ , the amplitude of the real part of the
dispersion decreases. When ∆c =−10γ meets the two-photon
resonance (∆c +∆p = 0), the real part of the dispersion is very
close to zero. Similarly, the imaginary part of the dispersion,
i.e., the corresponding absorption, also decreases from zero to
−8γ . When the probe field and the coupled field meet the two-
photon resonance, the dispersion absorption reaches its mini-
mum value. Therefore, when ∆p = 10γ , by modulating the
detuning of the coupled field the distortion of the FWM phase
is suppressed and the strength of the FWM field is greatly im-
proved.
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Fig. 4. The phase (a)–(d) and intensity (e)–(h) curves of the vortex FWM field as a function of position for different detunings of the coupled field
when ∆p = 10γ: (a), (e) ∆c = 0; (b), (f) ∆c =−4γ; (c), (g) ∆c =−8γ; and (d), (h) ∆c =−10γ . The other parameters are the same as those in Fig. 2.
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Figure 6 shows that when ∆p = 10γ , the phase pattern

and intensity distribution of the vortex FWM field are adjusted
by increasing the Rabi frequency of the coupling field Ωc. In
Fig. 6, when the detuning of the probe field is 10γ , with the
enhancement of the Rabi frequency Ωc, the degree of phase
distortion of the vortex FWM field decreases and finally re-
turns to normal. At the same time, the FWM field becomes
stronger and stronger with the increase of Ωc. Figure 7 shows
the real and imaginary parts of the dispersion λ+ versus radius
r for different values of Ωc. As can be seen, with the enhance-
ment of the Rabi frequency Ωc, the amplitudes of the real and
imaginary parts of the dispersion λ+ gradually decrease and
approach zero.
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Fig. 6. The phase (a)–(d) and intensity (e)–(h) curves of the vortex FWM field as a function of position for different Rabi frequencies of the coupled
field Ωcγ , when ∆p = 10γ: (a), (e) Ωc = 15γ; (b), (f) Ωc = 25γ; (c), (g) Ωc = 35γ; and (d), (h) Ωc = 45γ . The other parameters are the same as
those in Fig. 2.
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We all know that fidelity describes the quality between the
generated FWM field and the input angular momentum light.
Based on Ref. [32], the fidelity is defined as

F =
|
∫

x
∫

y UmΩ ∗v dxdy|2∫
x
∫

y|Um|2 dxdy×
∫

x
∫

y|Ωv|2 dxdy
. (12)

Figure 8 shows the change of fidelity F with propagation dis-
tance L under different values of detuning of the probe field.
When the detection field is resonant with the transition energy
level, i.e., ∆p = 0, the value of fidelity F is close to one, and

its value hardly changes with the propagation distance. How-
ever, when the detuning value of the probe field increases, the
fidelity decreases sharply with propagation distance due to the
absorption of the generated FWM field by the system. When
the detuning of the probe field has a certain value we can use
two methods to improve the fidelity, one is to enhance the
strength of the coupling field, Ωc, and the other is to change
the detuning of the coupled field, ∆c, so that the system meets
the two-photon resonance condition. Figure 9(a) shows that
when ∆p = 10γ the fidelity of the FWM field increases as the
coupled field strength increases. This result is consistent with
Figs. 6 and 7. Due to the enhanced Rabi frequency of the
coupled field, the coherence between the field and the atom is
enhanced, and the EIT phenomenon becomes apparent, result-
ing in large FWM fidelity values. In addition, Fig. 9(b) shows
how to increase the fidelity of FWM by changing the detun-
ing value of the coupling field when ∆p = 10γ . As shown
in Fig. 9(b), when the probe field and coupled field satisfy
two-photon resonance (i.e., ∆p +∆c = 0), the fidelity of FWM
reaches the maximum value and is approximately equal to one.
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4. Conclusion
In conclusion, we have investigated a four-level diamond-

configuration atomic system for realizing a spatially correlated
vortex four-wave mixing field. It is found that under the slow
light mechanism, the phase and intensity modes of orbital an-
gular momentum can be transferred from the coupled field to
the generated four-wave mixing field. By changing the detun-
ing value of the probe field, the spatial pattern of the intensity
and phase of the vortex four-wave mixing field can be con-
trolled. It is worth noting that when the probe field has a large
detuning value, in order to achieve a high intensity and an un-
twisted vortex mixing field, on the one hand, it is possible to
enhance the Rabi frequency of the coupled field; on the other
hand, the detuning value of the coupled field can be changed

to satisfy the two-photon resonance condition. Finally, we fur-
ther study the influence of the above parameters on the fidelity
of the four-wave mixing field and find that when the probe field
has a certain detuning value, the fidelity can only be increased
and approach 1 by increasing the Rabi frequency of the cou-
pled field or making the system satisfy two-photon resonance.
Our research may be applied to the field of quantum optics and
quantum information based on orbital angular momentum.
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Rev. A 99 033812
[18] Wang H H, Wang J, Kang Z H, Wang L and Gao J Y 2019 Phys. Rev.

A 100 013822
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