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The evolution of the probability density function of a stochastic dynamical system over time can be described by a
Fokker—Planck—Kolmogorov (FPK) equation, the solution of which determines the distribution of macroscopic variables in
the stochastic dynamic system. Traditional methods for solving these equations often struggle with computational efficiency
and scalability, particularly in high-dimensional contexts. To address these challenges, this paper proposes a novel deep
learning method based on prior knowledge with dual training to solve the stationary FPK equations. Initially, the neural
network is pre-trained through the prior knowledge obtained by Monte Carlo simulation (MCS). Subsequently, the second
training phase incorporates the FPK differential operator into the loss function, while a supervisory term consisting of local
maximum points is specifically included to mitigate the generation of zero solutions. This dual-training strategy not only
expedites convergence but also enhances computational efficiency, making the method well-suited for high-dimensional
systems. Numerical examples, including two different two-dimensional (2D), six-dimensional (6D), and eight-dimensional
(8D) systems, are conducted to assess the efficacy of the proposed method. The results demonstrate robust performance in
terms of both computational speed and accuracy for solving FPK equations in the first three systems. While the method is
also applicable to high-dimensional systems, such as 8D, it should be noted that computational efficiency may be marginally

compromised due to data volume constraints.

Keywords: deep learning, prior knowledge, FPK equation, probability density function

PACS: 05.10.Gg, 07.05.Mh, 05.10.Ln

1. Introduction

The Fokker—Planck—Kolmogorov (FPK) equation gov-
erns the temporal evolution of probability density functions
(PDFs) within a stochastic dynamic system, which stands as
one of the foundational equations for investigating stochas-
tic phenomena. The FPK equation is widely utilized in many
fields, such as biology,!" chemistry,!?! economics,?! applied
mathematics,[*! statistical physics,’® and engineering.[®! By
integrating the PDF of the stochastic dynamic system, one can
obtain the probability distribution and mathematic expectation
of macroscopic variables. When the excitation of the stochas-
tic dynamic system is Gaussian white noise, the corresponding
FPK equation is one type of the second-order parabolic par-
tial differential equation (PDE), whose analytical solution can
be obtained only in some particular cases. Therefore, in most
cases, the numerical method is considered feasible to solve the
FPK equation.

In the past few decades, a large number of numerical
methods based on meshing have been used to solve the FPK
equation, such as the finite element method,!”! finite dif-
ference method,®! path integration method,!! and variation
method.''”) The disadvantage of the above methods is that
they can only be solved at grid points, and the solution at
any points other than grid points requires reconstruction or in-
terpolation. Moreover, for high-dimensional systems, the de-
pendence of those methods on grid division leads to a sharp
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increase in the amount of data, and the solution procedure
would be quite time- and resource-consuming. In addition,
Monte Carlo simulation (MCS) is also frequently employed to
address the FPK equation,!!!! which approximates the proba-
bility density distribution either by sampling extended trajec-
tories of the stochastic differential equation (SDE) or through
the application of the conditional Gaussian framework.[!?] The
correctness of the solution for this method depends on the vol-
ume of data collected, despite the fact that it does not require
interpolation. Furthermore, for high-dimensional systems, it
can be barely possible to obtain the joint probability density
function (JPDF) of high accuracy using the aforementioned
approaches due to the large computational cost involved.
Recently, the increasing abundance of computing re-
sources and the rapid development of neural networks (NNs)
has provided a promising way to solve the PDEs.!'3~!7] For
general high-dimensional parabolic PDEs, Han et al.['3] de-
signed a deep learning (DL) framework which used back-
ward SDEs to reformulate PDEs and used NNs to approxi-
mate the gradient of solutions. Raissi et al.l'* proposed a DL
method to solve the forward-backwards SDEs and their cor-
responding high-dimensional PDEs. Subsequently, they pro-
posed physics-informed neural network (PINN) by embedding
physical information into the NN.I'>) The method could be
applied to a wide range of classical problems in fluids and
quantum mechanics. Berg e al.!'% used deep feedforward
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artificial NNs to approximate the solution of PDEs in com-
plex geometry and emphasized the advantages of the deep
NN compared with the shallow one. Sirignano et al.l'”! were
dedicated to solving higher-dimensional PDEs using a deep
Galerkin method which trained the NN to meet the differen-
tial operator form, initial and boundary conditions. Despite
the fact that the FPK equation is a PDE, the methods men-
tioned above cannot be used to solve the FPK equation. The
primary cause is that the equation format lacks a constant term
and there is no probability distribution at the boundary, which
make that zero is used as a trial solution. Consequently, nu-
merous methods for solving FPK equation based on DL have
been proposed.['2"1 Among them, Xu et al.l"® proposed
a method for solving general Fokker—Planck (FP) equations
based on DL called DL-FP, which innovatively added nor-
malization conditions and set penalty factors in the supervi-
sion conditions to avoid zero trial solution and skip local op-
tima. However, the normalization condition of this method
is closely related to global information, which means that the
calculation data will grow exponentially with the increase of
dimension, and the method will thus fall into the curse of di-
Subse-
quently, Zhang et al.'! optimized the training data on the

mension when solving higher-dimension problems.

basis of DL-FP. A suitable and small number of discrete inte-
gral points and integral volumes were obtained through multi-
ple k-dimensional-tree (KD-tree) segmentation of the random
data set, which solved the problem brought by the global in-
formation that needs to be considered. Furthermore, they de-
signed a new DL framework that included multiple NNs and
matched one NN for each dimension, making the training data

(201 Wang et al.™*!1 pro-

grow linearly instead of exponentially.
posed an iterative selection strategy of Gaussian neurons for
radial basis function neural networks (RBFNN) which is ap-
plied to obtain the steady-state solution of the FPK equation.
The strategy is much more efficient than the RBFNN method
with uniformly distributed neurons. Another approach is to
use the PDF calculated from prior data to supervise the so-
lution of the FPK equation instead of the supervision of the
normalization condition.*>23] Among them, Zhai ez al.!*] de-
veloped a meshless FPK solver that used prior data from the
solution of the FPK equation obtained from MCS as a super-
vised condition instead of a normalized condition, which not
only excluded zero solution but also avoided data explosion.
Nevertheless, that method still needs improvement, since the
prior data supervising the solution obtained from numerical
simulations is relatively rough.

In general, the speed and accuracy of the above meth-
ods are not always guaranteed. For the DL-FP method,!'®!
the presence of normalization conditions in the loss function
makes the solution less efficient and less applicable. For mesh-

23]

free methods, ! it is a good idea to utilize prior knowledge to

guide the solution process to avoid normalization conditions.
However, it is not a suitable choice to use prior knowledge
containing gradient information errors together with the FPK
differential operator to guide the solution process, even if the
NN is robust. Inspired by the above methods, we propose a DL
method based on prior knowledge (DL-BPK) to solve the FPK
equation. The proposed method is composed of dual training
processes: the pre-training process and the routine training or
prediction process. In pre-training, the prior knowledge ob-
tained from MCS is injected into the training to obtain a pre-
trained model. The role of the pre-trained model is to make
the NN jump out of the local optimum faster to accelerate the
training process, especially in high dimension, which is sim-
ilar to the function of initializing network parameters. Based
on the pre-trained model, the FPK differential operator is used
as a supervised condition to make the final solution sufficiently
smooth and accurate. In addition to the FPK differential oper-
ator, a supervised condition should be set to suppress the gen-
eration of zero solutions. Herein, the points with the highest
probability density within a small range under the pre-trained
model, which is the local maximum point, will be selected
as the supervision points. There are two reasons for this set-
ting: one is to avoid generating zero trial solution, and the
other is to minimize perturbations in the shaping of the PDF,
attributable to the absence of gradient information errors. Fi-
nally, the PDF generated by the NN undergoes normalization,
a process that serves to correct errors in the PDF value. In sum-
mary, the main contributions of this article are as follows: (i)
Introducing a new supervised condition based on local maxi-
mum points and FPK differential operator forms, significantly
improving the accuracy and robustness of the solution; (ii) The
implementation of pre-trained models based on prior knowl-
edge reduces training costs and accelerates the convergence of
NNs.

The rest of this article is organized as follows: the DL-
BPK method is detailly described in Section 2.
tion 3, we use four examples to verify the effectiveness of our

In Sec-

method. These examples include two two-dimensional (2D)
systems, one six-dimensional (6D) system, and one eight-
dimensional (8D) system. At the same time, the comparisons
between the proposed method and the analytical solution, as
well as other methods, are carried out to demonstrate the su-
periority of the proposed method. In Section 4, the impact
of the pre-trained model and penalty factors on the results are
discussed. Finally, Section 5 presents conclusions to close this

paper.

2. Methodology

In this section, the FPK equation and the necessary con-
ditions for its solution are described in detail in Subsection 2.1

010202-2
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and a detailed introduction to the DL-BPK method is then pro-
vided in Subsection 2.2.

2.1. The FPK equation
Consider the general form of SDEs

X=fX)+o (X)W (), (1)

where X = [x,...,X;,...,x,]" denotes an n-dimensional vari-
able, f(X) represents an n-dimensional vector function of X,
0(X) serves as a square matrix that is assumed to be constant
later in the paper and W (¢) is an n-dimensional standard Gaus-
sian white noise. For Eq. (1), the probability density distribu-
tion that X obeys is described by its corresponding FPK equa-
tion

Lepg = — Z

(oo™, ;p(X)], )

where Lppk is the FPK differential operator, and p(X), the so-
lution of the FPK equation, denotes the PDF of the stochastic
process X. Here, this paper studies the stationary FPK equa-
tion with natural boundary, which takes the following form:

0 02
X),—pX),=—=p(X)|=0.
Moreover, the boundary conditions should be satisfied
)}5130 p(X)=0. 4)

Then, the normalization condition should be preserved for
PDF

Xmax
/ p(X)dX =1 5)
Xmin

Combining Eqs. (2) and (3), it can be seen that the station-
ary FPK equation is a type of the second-order PDE. There is
no constant term in the equation, which means that zero will
become its trial solution. In short, the solution of FPK equa-
tion should bear the following four characteristics: (i) it must
conform to the form of FPK equation; (ii) the probability den-
sity at the boundary is 0; (iii) as a PDF, normalization should
be considered; (iv) it should be nonnegative.

2.2. The algorithm

Before describing the proposed method, two existing
methods to solve the FPK equation are first introduced. The
method proposed in Ref. [18] sets the discretization form of
Egs. (3)—(5) as three supervised conditions in the loss function
of the NN, and introduces a penalty factor. The form of the
loss function is as follows:

1 Np D 2
L= al-N—D-Z|£FPK(Pe (x°))]

i=1

Mo 2

Z A)CDlmp9 (XiD) -1

i=1

+i-)N:B\ (xB)[ ©)
Ns = Pol4A; 5

+as-

where pg () represents the trial solution of the FPK equation
obtained by NN, 0 being the parameters of the NN, which
will be updated continuously during training of the NN. The
second term in Eq. (6) is the integral approximation of all the
uniformly discrete points in the region to satisfy the normal-
ization condition. It indicates that the number of the calcu-
lation points increases exponentially with the increase of di-
mensionality, which leads to considerable growth in computa-
tional cost, and makes the application of this method in high-
dimensions almost impractical. In addition, the redundancy
of supervised conditions inevitably makes the NN easy to fall
into local optima, and even unable to converge after a long
time. Even though the penalty factor alleviates this problem to
some extent, the effect is not ideal. It is still necessary to find
an approach to make the NN skip the turbulence in the early
training stage and accelerate the fitting.

Another method to solve the FPK equation is using the
PDF calculated from prior data instead of the normalized con-
dition to supervise the solution of FPK equation.?3 The asso-
ciated loss function is given by

1 Nx
L= V'Z|EFPK(P9(X5‘))|2
X =1

1Y o
—-Y |pe(X}) = p(X])|", %)

+
Ny i=1

where p(-) is an approximate estimate of the probability den-
sity, as determined by MCS. The second term in Eq. (7) serves
to replace both the normalization and boundary conditions.
This suggests that the exclusive use of Ny training points with
probability density, as opposed to using a large number of
points for normalization, can yield superior guidance for PDF
generation. As a result, it effectively mitigates the challenge
of data explosion encountered in high-dimensional cases. Al-
though the presence of the FPK operator has been demon-
strated to confer robustness to NNs and facilitate the use of
rough prior knowledge in approximating FPK equation solu-
tions, such prior knowledge can still pose challenges for NN
training. Specifically, it can complicate the initial training pro-
cess and potentially limit the accuracy of the final solution.
To address this problem, a pre-trained model is intro-
duced to prevent the difficulty of fitting NNs. Meanwhile, the
normalization condition is replaced by newly added supervi-
sion conditions to avoid zero trial solution. The detailed pro-
cedures of the DL-BPK method for solving FPK equation are
described below, and the flow chart is shown in Fig. 1.
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Step 1 Constructing the training set
Due to the limited training set of NNs, MCS is utilized
to obtain the range of variables in each dimension, and the
range is defined as the bounded domain 2. Each dimen-
sion of Q is then discretized by step length Ax. For the n-
dimensional case, the range of its variables in each dimen-
sion is assumed to be [a,b]", and the number of training
data and that of boundary data are Np = ((b—a) /Ax)" and
=2n((b—a) /Ax)""", respectively. As a result, the train-
ing set becomes Tp = {XD IS .Q}l 1>
formly spaced grld points covering £2; the boundary set is
Ts = {XB € 8!2} No ,» Which represents the boundary of the
Subsequently, we adopt the Euler—-Maruyama

which consists of uni-

training set.
method to generate a long trajectory for Eq. (1), and select
{x5eq }f\’:sl . The prob-
ability density of this training data can be obtained from MCS

Ns points to form a training set Tg =

simulation. The training set 75 and p(Ts) are used as prior
knowledge to pretrain the NNs. An important clarification is
that the MCS used to generate prior knowledge in this study
were run on small sample sizes. Although this approach comes

Deep neural
network {

at the expense of the accuracy of the a priori knowledge ob-
tained, it does speed up the collection of data.

Step 2 Training the NNs

Setting the loss function as follows:

= = Z\Pel (X3 —p(x5)[}
B2 ®)

1 M
+VB';’p91(X1

Similar to Eq. (6), pg(-) is employed to denote the PDF solu-
tion obtained from the NN. To differentiate the results from the
dual-training stages of the DL-BPK method, we use pg, (-) and
Pe, () for the PDF solutions after the first and second rounds
of training, respectively. In the method proposed in this paper,
the NNs need pre-training to prevent the difficulties in fitting
during the actual training process. £; should be minimized
to ensure that the obtained pretrained model can generate the
distribution of prior knowledge, and MCS is applied to get the

PDF of prior data.

__________________________

A stochastic
dynamical system

MCS
simulation

Obtain prior [
knowledge

l

Construct
training set

Ve e e e e e e e e e e e e —————— -

Calculate £y

T—{ Update network parameters

N

Loss value is small

| Update network parameters |—

Get the local

Calculate £,

Loss value is small

Pre-trained model

maximum points 71, |i

enough?

Construct training set

:TD. uniformly distributed grid points in the domain

1T : boundary points

% ZIPG](XS) p(xf)|* +— lesl(XBﬂ

NDUs

Normalization

FPK equation

Predicted solution of the

Compare with analytical
solution of the FPK equation

Z|L+pk(pgz AP+ o Zh:gz(X) po, D[

Fig. 1. Flow chart of the DL-BPK method.

In addition, in the actual training process, £; in Eq. (8)
can be reduced to a satisfactory value with only thousands of
iterations, which is due to the simplicity of the loss function
term and the small amount of data. It should be noted that
the time cost for obtaining the pre-trained model is small. The
accuracy of the solution of the pre-trained model still needs
improvement, so further training is performed. In this train-
ing, Lppk is considered as a supervision condition, and it is
also necessary to constrain it to prevent the generation of zero

solutions. The loss function for this further training is defined

as follows:
Lo=Ei+A-E, &)
[ Niu‘,s c ( (XDUS)) ’ (10)
1= NDUS ~ FPK | P6, )
| Qe 2
Ey= N—LZ,.; |pe, (X)) — po, (X)| 7, (11)

where pg, (X)) is the probability density of the pretrained
model at XiL, and the data set 7Tp includes Ny points sam-
pled from the local maximum points of PDF of the pre-trained
model (N, = 1 for a general monostable distributed system).
It can be seen from Egs. (10) and (11) that E; ensures the fi-
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nal solution is in the FPK form, and E, supervises the solu-
tion of the FPK equation using the PDF calculated at local
maximum points by the pre-trained model. The main purpose
of Ej is to exclude zero solution. The local maximum points
are selected to avoid introduction of spatially related gradient
noise information. It should be noted that although the NN
has good robustness, elimination of noise information greatly
facilitates E training and enhances the accuracy of training
results. In summary, the pretrained model is designed to pro-
vide more suitable initial parameters for subsequent training,
which plays a significant role in the fast fitting of NN, espe-
cially when solving high-dimensional problems. In addition,
since £, does not include a loss function term with spatial
gradient noise information, the accuracy of the final solution
is satisfactory, as to be shown in Section 3.

Step 3 Setting the parameters of the NN

In this paper, the Adam optimizer is used to minimize L;
and L. Unless otherwise specified, the NNs all have 4 hid-
den layers and 20 hidden nodes. To guarantee both the non-
negativity and differentiability of the PDF output generated by
the NN, the sigmoid function is employed as the activation
function. In Eq. (9), the FPK form controls the smoothness of
the solution, which directly affects the accuracy of the solu-
tion. Therefore, we are more interested in the decline of E;.
In this regard, the penalty factor A is designed to influence the
process of supervised training, and to reduce the weight of E,
so that the NN approaches the shape of the exact solution. It
should be pointed out that due to the reduction of E, weight
and the rough probability density of the local maximum point,
the final solution cannot well satisfy the normalization condi-
tions. In order to make the final result standardized, the Vegas
integral technology!?®! is used to complete the normalization.

3. Examples

In this section, four numerical examples are provided to
support our conjecture, and to prove that DL-BPK method can
be used successfully. In the first example, we showcase the
advantages of DL-BPK over other deep learning methods in
terms of both speed and accuracy, while also examining the
influence of the number and type of supervision points on the
results. The second example considers a 2D steady-state tog-
gle switch system, using MCS results to demonstrate the suit-
ability of DL-BPK. The third and fourth examples further il-
lustrate the applicability of the method to high-dimensional
systems.

3.1. A two-dimensional stochastic gradient system

Considering a 2D stochastic gradient system (%3]

¢ = —dx(x> +y*—1 ol
{x x(x=+y )+y+olj, (12)

y=—4y(x*+y*—1)—x+ol,
where I7 and I, are independent standard Gaussian white
noise excitation with zero mean-value and o denotes the noise

intensity. Then letting V =V (xy) = (x2 +y?— 1)2 and the re-
duced stationary FPK equation is

(3] (-]
a dx B dy
0% 9*p(x,y) | 0% 9 p(x,y)

2 odx? 2 9y?

=0, 13)

and the precise steady-state solution can be expressed as
ps(x,y) = C-exp[-2V(x,y)/0?), (14)

where C being the normalized constant. In this example, the
selected calculation area is Q = [—2,2]* and the system pa-
rameter 0 = 1.

Utilizing the DL-BPK method, we set Ax = 0.04, so the
training set Tp comprised 10* data, while the boundary set T
encompassed 400 data. For the system (12), Ts was acquired
by selecting 10* training data from the trajectory obtained
by running the Euler—-Maruyama numerical method with 103
steps. The probability density of 7g can be obtained through
MCS and the penalty factor is set to A = 0.01. The DL-BPK
method is then employed to solve Eq. (13) according to the
steps described in Subsection 2.2. The pretrained model is
obtained after 2000 iterations of the NN, and the training set
as well as the loss function were updated and further trained
4x* times to get the final result as shown in Fig. 2. The DL-
BPK solution closely mirrors the exact solution determined
by Eq. (14), with a maximum absolute error in the JPDF of
approximately 1.4 x 10™*. Figure 2(f) shows the comparison
of the exact solution and the DL-BPK solution for marginal
probability density function (mPDF) of p(x), where p(y) is
identical. Visually, the outcomes are practically indiscernible.
In addition, by comparing the results of DL-BPK and the pre-
trained model, it can be seen that Lppg greatly improve the
accuracy and smoothness of the solution. It is also proved
that the accuracy of the DL-BPK solution would not be af-
fected by the pre-trained model. The result of the pre-trained
model is not satisfactory, but its accuracy is not the focus of
our research. The function of the pre-trained model is more
embodied in accelerating NN fitting. Moreover, it should be
mentioned that in this example, we selected 4 uniformly sam-
pled local maxima of the PDF of the circular distribution of
the pre-trained model as the supervision points.

In order to illustrate the advantages of the pre-training and
to demonstrate the superiority of the DL-BPK method in train-
ing speed, we tested DL-BPK, DL-FP!'8! and the mesh-free
data-driven solver(>3 simultaneously to solve system (12). In
order to assess and measure the effectiveness and accuracy of
the proposed method, we defined

_lpe—psl,

Racc =1
[1psl

)
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where pg being the exact solution, and ||||2 denoting the L norm. The closer R, is to 1, the higher the result accuracy is. This
test used data set of the same size and ran on the same device. The experimental conditions and parameter settings are shown in

Table 1, in which the optimizer defaults to Adam and the learning rate automatically adjusts with the number of iterations, and

the obtained results are shown in Fig. 3.

(a) 0.25 b 0.25 c 0.25
2.0 (b) 2.0 (c)
0.20 020
0.15 015
0.10 0.10
0.05 0.05
@ é o 0 0.00
0.016 x10~
G (e) 1.4
0014 20
15 R s 1.2 o4
- 0.012 - 5 :
10 o y
0.5 7 0.010 ' ' 0.3
J " 0.5 - s E
> 00 ’ 0.008 = 00 - &
0.2
05 N\ .~ ’/ 0.006 0.5 0.6
o \ 1.0 . ' 0.1
- 0.004 0.4
-1.5 -15 m—— Exact solution
-2.0 ooz | 0.2 — = DL-BPK solution
%0 -0 00 10 20 Ry — T30 T T

T

x

Fig. 2. Results for system (12): (a) solution of pre-trained model; (b) solution of DL-BPK; (c) exact solution; (d) solution error of pre-trained

model; (e) solution error of DL-BPK; (f) contrast of solution for one-dimensional (1D) mPDF.

Table 1. Experimental environment and parameter settings.

Activati E i tal
Method Train set Penalty factor Network size ¢ 1va' ron P ferlmen a
function environment
Python:3.7.12
DL-BPK  Tp+Tp+Ts A=10 sigmoid yion
. Pytorch:1.13.1
4 hidden layers CUDA:12.0
DL-FpI18l Tp+Ts a; = 100,a; =0.1  and 20 hidden nodes tanh o
CPU: Intel i7-12700H
Mesh-free!  Tp + T + Ts - sigmoid ~ GPU: NVIDIA GeForce RTX3060

1.0

0.8

Pre-trainin

. 0.6 process 1.060
H 0/995
& o4 .990 /_/'/
: 0.985 5 3 1 5
A (10%)
0.2 — DL-BPK
— DL-FP
— Mesh-free
0 0 1 2 3 4 5

Iterations (10%)

Fig. 3. Comparison of results from different methods.

It is clearly observed that the NN can be fitted more
quickly after pre-training. Compared to other methods, the
proposed DL-BPK method achieves the same accuracy with
fewer iterations: an accuracy of over 99.8% in less than 420

seconds (including pre-training). It can also be seen through
local zooming in Fig. 3 that the final accuracy of DL-BPK
is very high, reaching around 99.97%. Additionally, figure 3
also shows that other deep learning methods may fall into fluc-
tuations in the early stage of training, which requires a lot of
time to get rid of. It further validates the importance of pre-
training. Furthermore, we will discuss in detail the effect of
errors of pre-trained PDF on the final PDF in terms of conver-
gence speed and ultimate error in Subsection 4.1.

In addition, the advantage of using local maximum points
as the supervision points are verified using this example. To
this end, 4, 20, 100, and 400 local maximum points are ob-
tained from the prior distribution as supervision points, and
then 4, 20, 100, and 400 points are randomly selected from
the trajectory of the system (12) as supervision points. Their
probability density is obtained from the exact solution with ar-
tificially injected noise, rather than from the pre-trained model.
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The purpose is to study the performance of the solution with
rough supervision points, by adjusting the magnitude of the
noise intensity, which simulated the actual solving process us-
ing inaccurate information. Specifically, we obtain a set of
supervision points 7;. and calculate py(X[), then pg, (X) =
(1 —€&+2eU) - ps(XF), where U is uniformly distributed on
[0, 1]. The maximal relative error € of noise is set to 0, 0.1,
0.3, 0.5, and 0.8, respectively. It should be noted that this test
is trained 10* times on the basis of the pre-trained model to en-
sure that the NN basically fit. The results are shown in Fig. 4.

1.00 -
¥ —
0.99 F e
0.98
: I . \\\
I~ 0.97 " .
. .
0.96 | T x
Local maximum poir\lt\sx\ +
0.95 L= =— Randomly sampled points ~~ .
BN -4 @& N.=100
N, =20 N, =400
0.94 L L
0 0.1 0.3 0.5 0.8

Noise intensity e

Fig. 4. Accuracy under different numbers and types of supervision
points and different noise intensities.

It is evident that using local maximum points as super-
vision points mitigates the impact of increased noise intensity
on result accuracy. In contrast, when supervision points are
randomly sampled, accuracy tends to decline as noise inten-
sity rises. This phenomenon can be attributed to two factors:
First, the probability density at randomly sampled supervision
points varies significantly, exacerbating the gradient informa-
tion error between them when noise is high, thereby affecting
the minimization of E;. Second, when the supervision point
corresponds to a local maximum in the PDF, any inaccuracies
in its value are offset during the final normalization process.
Finally, it is worth noting that increasing the number of su-
pervision points, whether they are local maximum points or
randomly sampled points from the trajectory, improves adapt-
ability to roughness. However, to minimize the reliance on

(a) 40 (b)

1.5 1.5

1.0 1.0

prior knowledge, the preference is to select a smaller number

of supervision points.

3.2. A 2D multi-stable toggle switch system

It is challenging to solve multi-stable systems with low
noise, and we would like to test the performance of the DL-
BPK method in such special situations. Considering a toggle
switch system!?”!

. b+x*
¥=—>+—— —x+olj,
b+x% 42
2 (15)
y bty +0ol;
=" 2,
Y b+x%+y? Y

where I and I are the independent standard Gaussian white
noise excitation with zero mean-value and ¢ denotes the noise

intensity. The reduced stationary FPK equation is

_ b2 _
d <b+x—2—i—y2 —x>p(x,y)
B ox
([ b+y? 1
) (b—I—x—z—Fyz —y)p(x,y)
_ 5
0% d%p(x,y) = o%d*p(x,y)
+7 o2 > )2 =0. (16)

For this system, the selected calculation area is 2 = [0, 1.5]2
and constant b = 0.25. We set Ax = 0.015, so the training
set Tp comprised 10* data, while the boundary set 7 encom-
passed 400 data. For Eq. (15), Ts was acquired by selecting
10* training data from the MCS simulation with 103 steps and
the penalty factor is set to 0.001. For Eq. (16), the results of
DL-BPK method on JPDF are shown in Fig. 5. In addition,
similar to the above example, the DL-FP, mesh-free, and DL-
BPK method proposed in this paper are tested on this example.
It should be noted that this system does not have an analytical
solution, so we will compare the results of 10® steps simulated
using MCS, which took 1.5 hours, and the final results and

comparison are shown in Fig. 6.

) 4.0
8 3.5
3.0
1.0
6 2.5
>
2.0
4
0.5 15
2 1.0
0.5
o9)

Fig. 5. The DL-BPK solution of system (15) with different noise intensities: (a) c = 0.05, (b) 6 = 0.1, (¢) 0 =0.15.
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From Figs. 5 and 6, the results clearly indicate that find-
ing a solution becomes more challenging when the noise in-
tensity is low. However, the DL-BPK method still maintains
good performance in less than 500 seconds (including pre-
training). This is attributed to the adaptability of the method
when local maximum points are used as supervision points,
even in the presence of rough prior knowledge distributions.
This has been proven in system (12). As the noise intensity

A DL-FP

increases, the performance of the Mesh-free method also im-
proves, likely due to the increased accuracy of the prior knowl-
edge. As for the DL-FP method, its inability to capture the
distribution characteristics of the system even after more than
3 x 10* iterations highlights the particular challenges posed by
this system. This also underscores the significant advantages

of using prior knowledge when solving complex systems.

@ Mesh-free V¥V DL-BPK

MCS @ Pre-trained model
| 7=005 3 (a) 20 =01
¢

4 ﬂ. 15
w3 =
E E 1.0
g =)

2

0.5
1 s AAAAL M, ,
A,
A Aa,
0 M 0.0

(b)

 0.8f

0.0 02 04 06 08
T

1.0 12 14

00 02 04 06 08

x

1.0 12 14 00 02 04 06 08 10 12 14

x

Fig. 6. Comparison of results of different methods for mPDF p(x) under three different incentives.

For bistable distribution systems with low noise intensity,
the accuracy of the distribution is compromised when fewer
MCS simulations are used to obtain prior knowledge. The
inaccuracy subsequently affects the distribution of the pre-
trained model and the probability density of the supervision
points, thereby slightly impacting the final results. We antici-
pate addressing this issue through improved sampling methods
in future work. It is worth noting that there have been stud-
ies focused on solving low-noise systems.!?*! Additionally, the
test yielded optimal results when the number of hidden nodes
was set to 50, aligning with observations in system (15). This
suggests that wider NNs are more effective at approximating
highly concentrated probability distributions compared to their
narrower counterparts.

3.3. A 6D system

Consider a 6D system!!"]

xlzyla P

. %

Y1 :*J’I*TXIJFGIIL
x2:y27

. A% 17
YZ:_)’Z—T]CZ‘F(EB, a7
x3 =)3,

A%
y3=-—y3— T"'Gﬂ_é,
x3

wherein, I; (where i = 1, 2, 3) denotes independent stan-
dard Gaussian white noise excitation with zero mean-value
and o; (where i = 1, 2, 3) denotes the noise intensity. And
V =V (x1,x2,x3) = % (x%—kx%—kx%) + %(xlxz + x1x3). The

corresponding stationary FPK equation is

_dnp) d(n2p) 9 (y3p)
dxi Jx 0x3
av v
Gl G
a1 dy2
av
-5
dys
2 32 2 32 2 2
T N L (18)
2 dy; 2 dy; 2 0y3
where 67 = 0 = 05 = 4H. The exact steady-state solution is

pS(xlvylvx23y2ax3ay3)

1 1 1 1

= C-exp (‘ A 6*12)’%— 6*22)’%— 632)%), (19)
where C being the normalization constant. For this system, the
range of training set is set to [—5,5]°, and there are 5.0 x 10°
data in the training set 7p, and 1.5 x 10° data in the bound-
ary set Tg. 1.0 x 10° points are sampled from the trajectory
of the system (17) to form 7g. The probability density of Tg
can be obtained through MCS and the penalty factor is set to
A = 0.01. The pre-training is carried out 5000 times and then
the actual training 5 x 10* times to obtain the final solution.
The results of Eq. (18) are shown in Fig. 7. By comparing the
final solution with Eq. (19), which is the exact solution, the
DL-BPK method still performs well in terms of accuracy on
the six dimensions.
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Fig. 7. Results for system (17) with 0'12 = 0'22 = 0'32 = 2.0. Comparing probability densities on central slices in 6D state space: (a) p(x1,x2|y; =

y2 = x3 =y3 =0) of pre-trained model; (b) p(x1,x2[y1 =y2 =x3=1y3

=0) of DL-BPK method; (c) analytical p(x;,x2 |y

=y =x3=y3=0);

(d) solution error of panel (a); () solution error of panel (b). Similarly, panels (f)—(j) are solutions for p(x;,xz|others are 0.6).

1.00
0.98
0.96
0.94
0.92
0.90
0.88
0.86
0.84

—— Accuracy of solution
- - Loss value of E;

RaCC
log(Eh)

0 1 2 3 4 5
Iterations (10%)

Fig. 8. Evolution of solution accuracy and the value of the loss function
with the number of iterations. The solid line signifies the accuracy, cor-
responding to the left axis, while the dotted line indicates the value of
the loss function, aligned with the right axis.

As can be seen from Fig. 8, the accuracy of the solution
exceeded 99.13% after 2.0 x 10* iterations and the calculation
time was less than 1560 s (including pre-training), which im-
plies that the method is still applicable in high-dimensional
situations. The final result has an accuracy of approximately
99.65%, which is remarkable for high-dimensional systems.
The accuracy of the solution decreased in the early training
stage due to the fact that £ of the pre-trained model is so large
that, the effect of E, in fitting the NN was temporarily over-
whelmed. When the value of E; returned to a normal level, the
supervision points begin to play a role in suppressing the gen-
eration of zero solution, and the accuracy of the solutions start
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to improve. The accuracy of the final solution is demonstrated
by showing results near the center of the 6D state space. It is
obvious that the DL-BPK method is still applicable in high-
dimensions, and the accuracy is maintained at a good level. At
the same time, it is worth noting that we only trained 5.0 x 10*
times on the basis of the pre-trained model to achieve satisfac-
tory accuracy, which will be very difficult for other methods.

X10—5

a 1.80 b
50 5.0 ()
1.75
25 1.70 2.5
y 1.65
g 00 2 0.0
1.60
25 1.55 w25
o 1.50
250 25 00 25 50 050
o 1.45
x10~°
d 1.80
50 d
1.75
23 1.70
1.65
g 00
1.60
23 155
1.50
-5.0
%50 25 00 25 50
o 1.45

To further illustrate the applicability of this method in higher-
dimensions, the slice probability density far from the center of
the 6D state space is shown in Fig. 9.

As shown in Fig. 9, in the region where the probability
density approaches zero, the result acquired from the proposed
DL-BPK still shows good agreement with the exact probabil-
ity distribution.

X106
1.0
0.8
0.6
0.4
0.2
2
. .
5.0 ©)
2.0
2.5
1.5
& 0.0
1.0
2.5
0.5
-5.0
=50 2.5 0.0 2.5 5.0

Z1

Fig. 9. Comparing probability densities on slices far from the center in 6D state space: (a) p(xi,x2|y; = y2 = x3 = y3 = 2.0) of pre-trained

model; (b) p(x1,x2|y1 =y2 =x3 =y3 =2.0) of DL-BPK method; (c) analytical p(x1,x2|y1 =y2 =x3 =3

(e) solution error of panel (b).

3.4. A 8D system

The applicability of the DL-BPK method in higher-
dimensions is of great interest. Nevertheless, it is generally
challenging to verify the results in high-dimensional situa-
tions, so a linear system with known exact distributions is
chosen.!?*! Considering the following SDE with linear deter-
ministic part

X =—-2x1+x+olj,
% = Xi—1 — 2xi +xip1 + o1},
XN =xy_1—2xy +oly,

i=2,....,N—1, (20)
where I;, i =1,...,N denotes the independent standard Gaus-
sian white noise with zero mean-value, while ¢ = 1 signifies
the noise intensity. X = (x1,x2,... 7xN)T is the column vector
of variables. The deterministic part of system (20) has the ma-
trix form AX. The invariant probability measure of system (20)
satisfies

ps(X) =212 |Z|_1/2exp(%XT2_1X>. 1)

We determine X by solving the Lyapunov equation AX +
YAT 421 = 0. Given the symmetry of A, we can represent X

=2.0); (d) solution error of panel (a);

as £ = 1A~!in Eq. (21). The dimension N was set to 8. It is
almost impractical to perform uniform sampling at such high
dimensions, even if the sampling is extremely sparse. Hence,
we use random sampling from within the domain and from
the boundary to generate Tp and Tg, containing 1.0 x 10° and
5.0 x 10° points respectively. Then, T also is used as the train-
ing set in this experiment, which has 1.0 x 10> data sampled
from the trajectory of Eq. (20). The probability density of
Ts is obtained through MCS and the penalty factor is set to
A =0.01. The final solution was achieved through 2 x 10*
times of pre-training and then 5 x 10° times of training which
took nearly 30 hours. The training cost in this experiment is
enormous, although it is only two dimension higher than sys-
tem (17). And we are more interested in the applicability of
high-dimensions, so there will be a sacrifice in efficiency to
some extent.

It can be seen from Fig. 10 that the agreement between
the exact solution and DL-BPK solution is acceptable only
near the central slice, and when it is far from the central slice,
the numerical value is no longer of the same magnitude as
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the exact solution. Such a phenomenon might result from
the fact that more representative training sets for NNs are re-
quired when solving higher-dimensional systems. Assuming
100 grids are divided into each dimension, there will be 106
points in the entire space. Therefore, for an 8D system, the

amount of data of points in its space is extremely terrifying.
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This results in the training set used in this paper being unable
to quickly traverse the entire space, which leads to an increase
in training costs. Therefore, how to sample more representa-
tive data is still a problem that must be solved when facing
high-dimensional problems. This is also the focus and direc-
tion of our future research.
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Fig. 10. Results for system (20) with N = 8: (a) p(x1,x2 |x(3N8) = 0) of DL-BPK; (b) analytical p(xj,x> |x(3wg) =0); (¢) p(x1,x3 |x(214N3) =0)
of DL-BPK; (d) analytical p(x1,x3|x(2 4~8) = 2.0); (€) p(x1,%2|x(38) = 2.0) of DL-BPK; (f) analytical p(x1,x2[x(3.5) = 2.0).

4. Discussion

The advantages of the proposed DL-BPK method in com-
putational efficiency and accuracy have been demonstrated in
the previous section. Further experiments are also conducted
to investigate the impact of different numbers of supervision
points on the robustness of the method. In this section, the
following two aspects of the DL-BPK method are studied, re-
spectively: (i) the significance of the pre-trained model to the
calculation performance, and (ii) the role of the penalty factors
in the proposed method.

4.1. The significance of pre-training

The influence of the pre-trained model on the accuracy
and speed is discussed first. We will discuss the systems (12)
and (17), which represent the low-dimensional and high-
dimensional cases respectively. The experimental conditions
are identical to those described in Section 3, except that the
pre-training step is canceled, so that the impact of pre-training
on accuracy could be reflected. It should be noted that in
the absence of pre-training scenarios, pg, (X) is obtained by
MCS.

Additionally, the total training times of NNs with and
without pre-training are the same. We can clearly observe in
Fig. 11 that the accuracy of the results obtained without pre-
training is much lower than that with pre-training. Especially

for system (17), which is a 6D system, the results without pre-
training are extremely poor. This test shows that the presence
of pre-training is vital for the enhancement of solution accu-
racy as well as efficiency, which is particularly evident in high-
dimensional situations.

Since the existence of the pre-training step casts great in-
fluence on solution accuracy, it is necessary to study further
the impact of the errors of the pre-trained model on the fi-
nal result. According to Subsection 2.2, the accuracy of the
pre-trained model is primarily determined by the prior knowl-
edge obtained by the MCS. Therefore, adjusting the number of
MCS steps to affect the accuracy of the pre-trained model is
reasonable. For system (12), the prior knowledge is obtained
by MCS with 103, 10%, 5 x 10%, and 10 steps respectively, and
these four cases are referred to as case I-IV. Then the models
that have been pre-trained for 2000 and 5000 times are used
as the basis for subsequent training, and the results are shown
in Fig. 12. It can be seen from Figs. 12(b) and 12(c) that the
error of the pre-trained model hardly interferes with the final
calculation in terms of convergence speed and ultimate error.
The accuracy of case I in Fig. 12(c) fluctuates significantly
in the initial stage, mainly due to highly rough prior knowl-
edge (induced by few iteration steps of MCS) which leads to
E increasing with iteration during the pre-training process as
shown in Fig. 12(d). However, it is gratifying that the introduc-
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tion of FPK differential operator can quickly repair the NN in

the subsequent training.

In short, the pre-trained model facilitates quick fitting of
the NN by jumping out of local saddle points when solving
high-dimensional systems, and the inclusion of the pre-trained
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model is essential for the accuracy of the final result. How-

tance since it has little impact on the final result, which means
that the DL-BPK method is not entirely determined by the ac-
curacy of MCS and has excellent self-correction ability.
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Fig. 11. Results for system (12) and (17): (a) analytical p(x,x>) of system (12); (b) solution error without pre-training (1.5 x 10* training times in
total); (c) solution error with pre-training 2000 times (1.5 x 10* training times in total); (d) analytical p(x;,x; |others are 0) of system (17); (e) solution
error without pre-training (2.5 x 10* training times in total); (f) solution error with pre-training 5000 times (2.5 x 10* training times in total).
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Fig. 12. The effect of errors of the pre-trained PDF on the final NN PDF in terms of convergence speed and ultimate error: (a) evolution of the
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4.2. The role of the penalty factors

The effect of the penalty factors is discussed using sys-
tems (12), (17), and (20). It is important to mention that we
have excluded system (15) from consideration due to the ab-
sence of an exact solution and the resulting inability to quan-
tify the accuracy of its outcomes. The FPK equation is solved
with penalty factors of different magnitudes, and other rele-
vant parameters and settings remain the same as in Section 3.
Each experimental result is the average of three independent
trials and the final results are shown in Fig. 13.

It can be seen that penalty factors of different magnitudes
have little impact on the results of each system. Only when the
penalty factor is 1 x 1074, is the result accuracy of a 2D sys-
tem extremely poor. The reason is that the probability density
value at the local maximum point of the 2D system is small.
When the penalty factor is too small, it may cause the supervi-
sion points to lose its ability to prevent zero solution. However,
the specific rules for setting the penalty factor need further in-
vestigation, which may relate to the error and the magnitude in
the probability density at the supervision points. In general, it
will not happen that an unreasonable setting of penalty factors
causes the inability to solve the correct results. Compared with
the DL-FP method, the method proposed does not entirely rely
on penalty factors. The primary function of the penalty factor
is controlling the NN to fit in the direction of the FPK differen-
tial operator, which is crucial to improve the smoothness and
accuracy of the results, and to prevent zero solution.

1.00
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0.98F
0.97F
o 0.96 f—
0.95k L
0.4 2D system (12)
0.2t b
—— 8D
90*4 lOL?’ lOL2 lOL1 100

Penalty factor

Fig. 13. The impact of penalty factors on different systems.

5. Conclusions

This paper introduces a numerical method, DL-BPK, de-
signed to solve FPK equations efficiently and accurately, and
with applicability in high-dimensional systems. The basic idea
is using prior knowledge to obtain a pre-trained model, and
taking the discretization form of the FPK equation as a loss
function to ensure the smoothness of the solution. To avoid
the generation of zero solution, the supervision points with
probability density are taken as a term in the loss function.
The accuracy of DL-BPK solution in the first 2D system, as

well as other 6D and 8D systems reaches 99.97%, 99.65%,
and 95.55%, respectively. For the remaining 2D toggle switch
system, DL-BPK solution also achieves good consistency with
the MCS results. The proposed method outperformed other
NN-based methods for solving the FPK equation in both accu-
racy and efficiency.

Due to the introduction of supervision points in the loss
function, the influence of the number of points and the selec-
tion rules on the results are studied. The results indicate that
the points with the highest probability density within a specific
range, the local maximum points of PDF, should be selected as
the supervision points. Next, we delved into the significance
of pre-trained model. All the results validate our conjecture
and confirm the practicality of the proposed method. This pro-
vides some implications for solving higher-dimensional prob-
lems. Besides, the impact of penalty factors on results and
possible setting rules are also discussed. The results indicate
that different levels of penalty factors will have different im-
pacts on the results. In general, and the recommended value
lies between 0.1 and 1 x 10™*. Proper selection of penalty
factors will bring the focus of NN training closer to the FPK
form, facilitating the smoothness of the solution. Moreover,
the setting of penalty factors also depends on the probability
density of the supervision points, which is determined by the
system equation and noise intensity. Specific and strict rules
still need to be studied through more models.

To compare with the exact solution, relatively simple dy-
namic systems are used to test the accuracy of the DL-BPK
method, and future work will focus on the solution of complex
nonlinear dynamic systems. It should be pointed out that since
the focus of this study is not on how to sample datasets effec-
tively, there are some data explosion issues in 8D and higher
dimensional systems, which undoubtedly have a significant ef-
fect on computational cost and may limit the application of
this method in higher dimensions. Therefore, data optimiza-
tion and more efficient sampling methods will be the focus of
our future research. Additionally, this paper only studies the
FPK equation for the case of standard Gaussian white noise,
and we will further consider the cases under non-Gaussian col-
ored noise or extreme events.
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