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Mottness is at the heart of the essential physics in a strongly correlated system as many novel quantum phenomena
occur in the metallic phase near the Mott metal–insulator transition. We investigate the Mott transition in a Hubbard model
by using the dynamical mean-field theory and introduce the local quantum state fidelity to depict the Mott metal–insulator
transition. The local quantum state fidelity provides a convenient approach to determining the critical point of the Mott
transition. Additionally, it presents a consistent description of the two distinct forms of the Mott transition points.

Keywords: critical point, metal–insulator transition, local quantum state fidelity, strongly correlated system,
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1. Introduction
The Mott metal–insulator transition (MIT),[1–3] resulting

from the interplay between the kinetic energy t and the on-site
Coulomb repulsive interaction U among electrons, represents
a fundamental manifestation of strong electron correlation ef-
fects. Experimental investigations have demonstrated the pres-
ence of the unconventional superconductivity and other exotic
quantum phenomena in the metallic phase close to the Mott
MIT.[3] This is why the quantitative determination of the crit-
ical point of the Mott MIT is crucial to deeply understanding
the essential physics of these novel quantum phenomena in
strongly correlated systems.

Although enormous efforts have been made at the exper-
imental and theoretical levels to understand the physical ori-
gin of the Mott MIT, together with the associated novel quan-
tum phenomena,[3] the quantitative determination of the criti-
cal point of the Mott MIT is still a challenging issue. In early
studies, it was shown in the Gutzwiller approximation that the
quasiparticle coherent weight can be used as a physical quan-
tity to determine the critical point of the Mott MIT, where
the quasiparticle coherent weight ZF disappears and the effec-
tive mass diverges as 1/ZF when the strength of the Coulomb
interaction approaches its critical value.[4–6] The quasiparti-
cle coherent peak around the Fermi surface comes mainly
from the scattering of electrons on the local-spin fluctuations.
Hence, its disappearance at the critical point of MIT can also

be tracked by analyzing the energy dependence of the electron
self-energy with different Coulomb repulsive interactions.[7]

Later, a systematic analysis[8] based on the dynamical mean-
field theory (DMFT) indicated that at low-temperature, the
opening of the gap and the vanishing of the quasiparticle co-
herent peak do not happen at the same critical value of Uc.
Instead, MIT is found as a function of U/t, with the corre-
sponding metallic and insulating solutions coexisting between
Uc2 and Uc1, respectively. Since then, a series of studies fo-
cusing on the region of the metallic and insulating solutions
coexisting between Uc2 and Uc1 has been made.[9–15] In prac-
tice, these studies also indicate that the quasiparticle coher-
ent weight ZF may not be able to mark out these two distinct
forms of the critical points in the MIT due to the coexistence
of a branch of metastable metallic solution that connects the
two stable metallic and insulating solutions of ZF.[16,17] In this
case, a natural question is raised: is there a more proper phys-
ical quantity to present the existence of the two distinct forms
of the critical points in the Mott MIT?

In this paper, we study the one-band Hubbard model by
using the DMFT with the Lanczos method as its impurity
solver. It is confirmed that the local quantum state fidelity
(LQSF), as a proper physical quantity, can provide a conve-
nient way to identify the critical point of the Mott MIT. In par-
ticular, it can give a consistent description of the two different
forms of the critical points in the Mott MIT.
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2. Models and methods
The one-band Hubbard model is the simplest model that

captures the essential physics of MIT in a strongly correlated
system. The Hamiltonian of the one-band Hubbard model is
given by[18–21]

H =−t ∑
⟨i j⟩σ

d†
iσ d jσ −µ ∑

iσ
d†

iσ diσ +
U
2 ∑

iσ
niσ niσ̄ , (1)

where the summation ⟨i j⟩ is over all sites i, and for each site
i, restricted to its nearest-neighbor (NN) sites j, t denotes the
electron NN hopping amplitude, U is the on-site Coulomb re-
pulsion between electrons, and µ is the chemical potential. d†

iσ

(diσ ) is the creation (annihilation) operator for an electron with
spin σ at lattice site i, and niσ is the occupation number opera-
tor of electrons at lattice site i. Unless explicitly stated, we set
t = 1 as the energy scale in this paper. The electron Green’s
function of the Hubbard model (1) can be expressed formally
as

𝒢σ (𝑘,ω) =
1

ω +µ − ε𝑘−Σσ (𝑘,ω)
, (2)

where the energy dispersion in the tight-binding approxima-
tion can be obtained directly by ε𝑘 = ∑i j ti j e i𝑘·(𝑅i−𝑅 j), while
the effect of interaction in the Hubbard model (1) has been
encoded in the electron self-energy Σσ (𝑘,ω). It should be
emphasized that in the infinite-dimensional system, this elec-
tron self-energy Σσ (𝑘,ω) is momentum independent. The
DMFT[22,23] provides an approximate solution to this electron
self-energy Σσ (𝑘,ω) in a finite-dimensional system by setting
Σσ (𝑘,ω) = Σ

(AIM)
σ (ω), where the momentum independence

of the electron self-energy Σ
(AIM)
σ (ω) can be obtained in terms

of an auxiliary impurity model consisting of a single inter-
acting site in a self-consistently determined bath.[15] In other
words, the auxiliary impurity model provides a way to calcu-
late the local electron self-energy Σ

(AIM)
σ (ω) and to use the

entire repertoire of the electron Green’s function with the con-
tribution to the electron self-energy taken from the auxiliary
impurity system rather than from a perturbation expansion.[24]

We evaluate the electron self-energy of the Hubbard
model (1) by using the DMFT with the Lanczos method as
its impurity solver. In the framework of the DMFT, the Hub-
bard model (1) is mapped onto an effective single impurity
model by dropping the nonlocal contribution to the electron
self-energy,

Himp = ∑
mσ

εmc†
mσ cmσ +∑

mσ

Vm(c†
mσ dσ +d†

σ cmσ )

+∑
σ

(ε −µ)d†
σ dσ +

U
2 ∑

σ

ndσ ndσ̄ , (3)

which becomes exact in the limit of the infinite lattice
coordination.[25] Here, d†

σ (dσ ) creates (annihilates) a par-

ticle in the impurity orbital and c†
mσ (cmσ ) creates (annihi-

lates) an electron in a conduction band, where the impurity
orbital and conduction band are coupled with each other via
effective parameters εm and Vm, which are determined by the
self-consistent DMFT calculation utilizing an impurity solver.
In the following discussions, we introduce the local-electron
Green’s function in real-space as[26,27]

𝒢σ (τ) =−⟨Tτ dσ (τ)d†
σ (0)⟩, (4)

with the imaginary time τ = it. This local-electron Green’s
function (4) in energy space can be obtained directly by per-
forming the Fourier transformation

𝒢σ (iωn) =
∫

β

0
dτ e iωnτ𝒢σ (τ), (5)

𝒢σ (τ) =
1
β

∞

∑
n=−∞

e−iωnτ𝒢σ (iωn), (6)

where −β ≤ τ ≤ β and the fermionic Matsubara frequency
ωn = (2n+1)π/β with n = 0,±1,±2, . . ..

The local properties of the Hubbard model on the Bethe
lattice can be obtained via a single-site impurity problem sup-
plemented by the following self-consistent relation:[28,29]

𝒢−1
0σ

(iωn) = iωn +µ − t2𝒢σ (iωn), (7)

where 𝒢0σ is the bare Green’s function. The self-consistent
relation ensures that the on-site (local) component of the
Green’s function [𝒢ii(iωn) =

1
N ∑k 𝒢(𝑘, iωn)] coincides with

the Green’s function 𝒢σ (iωn) calculated from the effective ac-
tion.

The Green’s function 𝒢imp(iωn) of the impurity model (3)
is then calculated by the Lanczos method,[30–32] which can be
expressed explicitly as[8,28,33]

𝒢imp(iωn) = 𝒢+
σ (iωn)+𝒢−

σ (iωn), (8)

with 𝒢+
σ (iωn) and 𝒢−

σ (iωn) given by

𝒢+
σ (iωn) =

⟨φ0|dσ d†
σ |φ0⟩

iωn −a(+)
0 − b(+)2

1

iωn−a(+)
1 −

b(+)2
2

iωn−a(+)
2 −···

, (9)

𝒢−
σ (iωn) =

⟨φ0|d†
σ dσ |φ0⟩

iωn +a(−)
0 − b(−)2

1

iωn+a(−)
1 −

b(−)2
2

iωn+a(−)
2 −···

, (10)

where an (bn) is the nth sub-diagonal element of the tridiag-
onalized Hamiltonian obtained by the Lanczos method and
|φ0⟩ is the ground state of the Hamiltonian (3). In our cal-
culations, we choose nb = 7 and β = 1024 to assure the ac-
curacy of the self-consistency calculations, especially in the
low-energy region. It is worth noting that β plays a role of
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frequency cutoff,[28] and hence 1/β can be regarded as a ficti-
tious temperature. In this work, we restrict our calculations to
zero-temperature conditions.

The Green’s function behaves differently depending on
whether the eigenstates are localized or extended,[34] which
helps us to obtain the interaction effect on the phase transi-
tions. For an interaction-driven Mott transition, the ground
state of the metallic phase is gapless, while the Mott insulat-
ing ground state has a gap. As discussed in Refs. [35–38],
there is a short-range entanglement in gapped quantum states,
which corresponds to a symmetry-protected topological (SPT)
order.[37] We extend the classification method of the SPT
phases in higher dimensions to label-gapped quantum phases
based on the four occupation states of electrons on an impu-
rity site. Additionally, the fidelity per site method[39,40] is
in accord with the DMFT idea of mapping a lattice model
onto an effective single-site impurity model.[8] It has been
demonstrated that the fidelity per site method can help us
understand how quantum phase transitions are influenced by
quantum fluctuations.[39,40] Considering the scenario of the
SPT[35–38,41,42] and the sensitive feature of fidelity in detect-
ing quantum fluctuation,[40] we introduce the local quantum
state fidelity[43] of single impurity site as

Lo =− 1
β

∞

∑
n=−∞

e iωn0+𝒢imp(iωn)⟨Φo
imp|P̂|Φo′

imp⟩, (11)

with

|Φo
imp⟩=

4

∑
s=1

ps|ps⟩= p1|0⟩+ p2| ↑⟩+ p3| ↓⟩+ p4| ↑↓⟩.

Here, P̂ is the net spin projection operator for impurity site
with ⟨0|P̂|0⟩ = ⟨↑↓ |P̂| ↑↓⟩ = 0, ⟨↑ |P̂| ↑⟩ = 1, and ⟨↓ |P̂| ↓⟩ =
−1. |Φo

imp⟩ (|Φo′
imp⟩) represents the ground state wave function

of the single impurity site with an interaction strength of U
(U + 0+). The factor e iωn0+ is introduced to ensure the con-
vergence of the summations.

In the metallic phase, the average spin of the DMFT im-
purity ⟨σ⟩t is zero[44] because of the high symmetry of the spin
at the impurity site obtained by Landau’s theory. The prob-
abilities of doublon and holon[45] occurrence are equal, i.e.,
p2

1 = p2
4, and the probabilities of spin-up and spin-down states

have p2
2 = p2

3, and therefore the LQSF remains zero (Lo = 0).
However, the insulating ground state of the DMFT impurity
model is double-degenerate with singly occupied states of op-
posite spins (| ↑⟩ or | ↓⟩), and thus Lo has two solutions as
Lo = ±C, where C is a finite positive constant. Because both
the positive and negative signs of Lo indicate the same insu-
lating phase, we only show the absolute value of Lo in the
figures. As a result, a sudden rise of the LQSF at the critical
interaction Uc will be found (note that Lo =±C does not mean

that the system is antiferromagnetic or ferromagnetic). Specif-
ically, the local moment of the impurity site is zero due to the
double degeneration of the ground state. Therefore, the Mott
MIT can be depicted by the LQSF. It is worth noticing that the
behavior of Lo is the same as the topological invariant found
in Ref. [46].

To evaluate the frequency summation over the Matsubara
Green’s function, we need to further simplify the above for-
mula by considering the interacting Matsubara Green’s func-
tion at the poles, which holds

[𝒢σ (iωn)] = [𝒢σ (−iωn)]
*,

ωn =
(2n+1)π

β
, n = 0,1,2, . . . . (12)

With the help of the above Eq. (12), the LQSF of
the impurity site can be rewritten explicitly as Lo =

−(2/β )Re∑
∞
n=0 e iωn0+𝒢imp(iωn)⟨Φo

imp|P̂|Φo
imp⟩, indicating

that Lo can be directly obtained by a summation of the posi-
tive frequencies in the effective on-site problem.

3. Results
We define the quasiparticle coherent weight ZF as[27,47]

1
ZF

= 1− ∂

∂ω
ReΣσ (ω)|ω=0 ≈ 1− ImΣσ (iω0)

ω0
, (13)

where the local self-energy Σσ (iωn) is obtained from the lo-
cal Green’s function in Eq. (7). In the following discussions,
we study the Mott MIT of the Hubbard model at half-filling
in terms of the evolution of the LQSF Lo at the impurity site
with the on-site Coulomb repulsive interaction U . In Fig. 1 we
plot 2Lo as a function of interaction U , where the red dashed-
line indicates the position of the critical point of the Mott MIT.
For a better comparison, the evolution of the quasiparticle co-
herent weight ZF (blue solid-line) with U is also presented in
Fig. 1. ZF usually decreases with increasing U and keeps very
close to zero when approaching the critical interaction Uc of
the Mott MIT, near which the systematic errors of ZF increase
significantly, leading to difficulties in the quantitative deter-
mination of the critical point of MIT. More crucially, within
the framework of DMFT, two metallic results with different
slope dZF/dU are found to coexist in a finite range of inter-
action strengths,[16,17] and thus comparing the respective en-
ergies with the energy of the insulator is suggested.[17] Conse-
quently, it becomes quite difficult and inconvenient to numer-
ically determine the actual critical interaction Uc by the quasi-
particle coherent weight. In a striking contrast to the complex
of ZF that has two metallic solutions in the coexistence region
of interaction U , the LQSF Lo keeps equal to zero for both
the metastable and stable metallic solutions when U < Uc, as
shown in Fig. 1.
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Fig. 1. The local quantum state fidelity Lo (red dotted line) as a function
of interaction U . The Mott metal–insulator transition occurs at a criti-
cal value of Uc = 6.5. For comparison, the evolution of the quasiparticle
coherent weight ZF with U (blue solid line) is also presented. In the nu-
merical calculations we chose nb = 7 and β = 1024.

However, at the critical point Uc = 6.5 of MIT, the LQSF
jumps abruptly from Lo = 0 in the metallic phase to 2Lo ≈ 1.0
in the insulating phase. Our results indicate clearly that the
LQSF Lo at the impurity site is very sensitive to the existence
of the resonant peak at the Fermi level, which therefore is a
more proper physical quantity to quantitatively depict the crit-
ical point of the Mott MIT.

As to the two classes of solutions, (i) the solution from
the metallic phase towards the critical interaction of MIT
(the metallic-phase solution Uc2) and (ii) the solution from
the insulating phase towards the critical point of MIT (the
insulating-phase solution Uc1 ), the LQSF Lo as a more proper
physical quantity of MIT can give a natural explanation of the
difference between the metallic and insulating solutions. In
this case, we have made a series of calculations for 2Lo, and
the results of the metallic solution of 2Lo (red dotted line) and
the insulating solution (blue solid line) are plotted in Fig. 2,
where Uc1 = 4.7 and Uc2 = 6.5 are the critical points of the
insulator-to-metal transition and the metal-to-insulator tran-
sition, respectively. Our findings of the critical interactions
are in agreement with the DMFT results from the numeri-
cal renormalization group solver[5] Uc1 = 5.0 and Uc2 = 5.88,
and the dynamical density renormalization group method[48]

Uc1 = 4,76 and Uc2 = 6.14. The results in Fig. 2 show that
apart from a metallic phase in the weak interaction region
(U < Uc1) and an insulating phase in the strong interaction
region (U > Uc2), there is an intermediate interaction region
(Uc1 < U < Uc2), where the metallic solution coexists with
the insulating solution. Within this intermediate interaction
region, 2Lo as a function of U exhibits a hysteretic behavior
since both the metallic and insulating solutions are found to
be attractive points of a particle–hole symmetry system.[15]

The results in Figs. 1 and 2 therefore show that Lo is a more
proper physical parameter to give a quantitative description of
the Mott MIT in a strong correlation system.
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Fig. 2. The local quantum state fidelity Lo as a function of interaction
U . The blue line indicates the critical point at Uc1 = 4.7, while the red
line denotes the critical point at Uc2 = 6.5. Within the region between
the two critical points of Uc1 and Uc2, the insulating solution (blue solid
line) and metallic solution (red dotted line) coexist. Inset: the comparison
of the local quantum state fidelity (blue solid line) and the quasiparticle
coherent weight (green dotted line) for the insulating-phase solution.

Although the summation of Matsubara frequency is from
zero to infinity, the actual calculation is performed numerically
with the infinitude of Matsubara frequency n= 0,1,2, . . . ,∞→
n = 0,1,2, . . . ,nmax replaced by a finite nmax. In this case,
we have made a series of calculations for 2Lo as a function
of U at different cutoff nmax, and the results are plotted in
Fig. 3, where the critical points at nmax = 2048, nmax = 8192,
nmax = 32768 and nmax = 65536 are very close to each other,
indicating that for the large enough nmax, the error bars are
small enough. In particular, Uc can be extrapolated as Uc = 6.5
in the case of nmax = ∞.

1.0

0.8

0.6

0.4

0.2

0
0 2.01.0 4.03.0 6.05.0 8.0 9.07.0

U

2
L
o

.

.

.

.

.

.

U
c

     
n ↼4↽

n/

n/

n/

n/

Fig. 3. The local quantum state fidelity Lo as a function of the interaction
U for various cutoff values n in the series summation. The evolution of
Uc with n (circles) is presented (inset) along with the fitting line (solid
line) and its extension (dashed line).

The Hilbert space of each site in the Hubbard model (1)
consists of four states, |0⟩, | ↑⟩, | ↓⟩, | ↑↓⟩, corresponding to the
zero, spin-up, spin-down and double-electron-occupied states,
respectively. The probabilities of the zero, spin-up, spin-down
and double-occupied states at the single impurity site of the
metallic solution are plotted in Fig. 4, which shows clearly

017102-4



Chin. Phys. B 33, 017102 (2024)

that the probabilities of the zero and double-occupied states
are equal and decrease simultaneously in the metallic phase.
However, the probability of the spin-up singly occupied state
increases with the increase of the on-site Coulomb interaction
U and jumps to p2 ≈ 1 at the critical point Uc2 = 6.5. The
same feature for the probability of the spin-down singly occu-
pied state is found in the insulating phase due to the degener-
ation (see Fig. 4 inset). Concomitantly, the LQSF is equal to
zero when the probability of the spin-up singly occupied state
is equal to that of the spin-down singly occupied state in the
metallic phase. However, in a striking contrast to the case in
the metallic phase, the feature of the probability of the spin-up
singly occupied state is quite different from that of the proba-
bility of the spin-down singly occupied state in the insulating
phase, and a jump of the LQSF is found at the critical point
due to the presence of two degenerate solutions with opposite
spin occupancies. The above results correspond to the theoret-
ical prediction of Eq. (11). This is why the LQSF in Eq. (11)
is a more proper physical quantity to give a quantitative depic-
tion of two distinct forms of the critical points in the MIT of a
strongly correlated system.
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0 3 6 9
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
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Fig. 4. The probabilities p2 of the zero-occupied state |0⟩ (red dashed
line), spin-up occupied state | ↑⟩ (cyan solid line), spin-down occupied
state | ↓⟩ (blue dashed line) and double-occupied state | ↑↓⟩ (green solid
line) in the impurity ground state as a function of the interaction U . Inset:
another solution with opposite p2 of the spin-up and spin-down occupied
states when U >Uc, demonstrating the double-degeneration of the ground
state within the insulating phase.

4. Conclusions
Based on the one-band Hubbard model, we have stud-

ied the Mott MIT in a strongly correlated system by using
the combined approach of the DMFT and the Lanczos tech-
nique. Our results clearly demonstrate that the LQSF serves
as a proper physical quantity for depicting the Mott MIT in a
strongly correlated system. It allows for quantitative determi-
nation of the critical points and provides a consistent descrip-
tion of two distinct forms of the critical points. The LQSF can
be also used to discuss the novel physics in orbital-selective

Mott insulators[49] and superconductors.[50,51] In particular, it
may be applied to explain the hysteresis observed experimen-
tally in Mott-field effect transistors.[52] These related works
are currently under study.
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