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Effective dynamics for a spin-1/2 particle constrained to a curved
layer with inhomogeneous thickness

Guo-Hua Liang(梁国华)† and Pei-Lin Yin(尹佩林)

School of Science, Nanjing University of Posts and Telecommunications, Nanjing 210023, China

(Received 15 August 2023; revised manuscript received 16 October 2023; accepted manuscript online 26 October 2023)

We derive an effective Hamiltonian for a spin-1/2 particle confined within a curved thin layer with non-uniform
thickness using the confining potential approach. Our analysis reveals the presence of a pseudo-magnetic field and effective
spin–orbit interaction (SOI) arising from the curvature, as well as an effective scalar potential resulting from variations in
thickness. Importantly, we demonstrate that the physical effect of additional SOI from thickness fluctuations vanishes in
low-dimensional systems, thus guaranteeing the robustness of spin interference measurements to thickness imperfection.
Furthermore, we establish the applicability of the effective Hamiltonian in both symmetric and asymmetric confinement
scenarios, which is crucial for its utilization in one-side etching systems.

Keywords: curved surface, inhomogeneous thickness, spin-1/2 particle, effective Hamiltonian
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1. Introduction
Research of quantum motion in curved spacetime is a

fundamental and captivating subject in physics, particularly
when examining quantum phenomena occurring in the early
universe and near black holes. Although astronomical ob-
servations provide valuable insights, experimental investiga-
tions on the effects of such large curvature are seemingly im-
possible. However, with advancements in micro and nano-
fabrication technology, laboratories are now able to manu-
facture nanostructures with various geometries.[1–5] Some of
these low-dimensional nanostructures exhibit significant cur-
vature, offering excellent platforms for studying the impact of
curvature on quantum particles. With the aid of analog models,
experiments involving different dynamics on a curved surface
are expected to shed light on how space curvature influences
the corresponding evolution processes. Optical experiments,
for instance, have observed curvature effects on the correla-
tion length of a beam,[6] the phase and group velocities of a
wavepacket[7] and speckle patterns.[8] In the realm of quan-
tum many-body systems, the observation of ultracold atomic
bubbles[9] and Bose–Einstein condensate[10] in shell-shaped
gases has been achieved.

Theoretically, the thin-layer procedure (TLP) was in-
troduced as an appropriate method to describe the quan-
tum dynamics on a curved surface.[11,12] This method natu-
rally incorporates a scalar potential determined by the sur-
face curvature in the effective two-dimensional (2D) equa-
tion, which is known as the geometric potential. Subse-
quently, the predicted potential was experimentally demon-
strated in photonic crystals.[13] The geometric potential is at-
tractive and leads to the formation of bound states, opening

up new possibilities for constructing quantum dots[14,15] and
quantum waveguides.[16–18] Inspired by these applications,
numerous researchers have extended this method to other sce-
narios, including a charge particle in electric and magnetic
fields,[19–21] a Dirac particle,[22–24] a spin-1/2 particle,[25–30]

higher-dimensional induced gauge potential,[31–35] quantum
scattering,[36] photons,[37–39] magnetism,[40,41] and quantum
many-body systems.[42,43] It has been revealed that the effec-
tive dynamics exhibit additional geometric effects associated
with the internal degrees of freedom and properties of the con-
fined particle. Specifically, for spin-1/2 particles, the curvature
induces pseudo-magnetic fields and effective spin–orbit inter-
actions.

Most studies on the effective dynamics on curved surfaces
have focused on motions within a thin layer of constant thick-
ness, assuming that the ground state in the normal direction
is independent of the surface coordinates. However, in real-
ity, it is inevitable for low-dimensional structures to have an
inhomogeneous thickness. Therefore, it is necessary to de-
velop theoretical approaches that take into account the effect
of varying thickness. In a previous work,[44] we extended
TLP and derived the effective dynamics for a scalar particle
confined to a curved surface with inhomogeneous thickness.
It is found that the inhomogeneous confinement could induce
an effective potential which is determined by the morphology
of the thickness function, and is proportional to the ground
state energy. This raises questions regarding spin-1/2 parti-
cles: Does the varying thickness induce additional spin–orbit
interaction? Is the spin-dependent process affected by thick-
ness fluctuations? Here, the extra spin–orbit interaction is sup-
posed to be originated from the spin connection which can be
viewed as an SU(2) gauge field generated by local Lorentz

†Corresponding author. E-mail: lianggh@njupt.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020201-1

https://doi.org/10.1088/1674-1056/ad0715
mailto:lianggh@njupt.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 020201 (2024)

transformation.[45] With this study we wish to clarify the prob-
lems and give the explicit Hamiltonian for a spin-1/2 particle
constrained to a curved surface with inhomogeneous thick-
ness.

The article is organized as follows. In Section 2, we
derive the effective Hamiltonian for a spin-1/2 particle con-
strained to an arbitrary curved surface by an inhomogeneous
confinement. Then we discuss the case of asymmetric con-
fining potential in Section 3 and summarize our result in Sec-
tion 4.

2. Effective dynamics
A curved surface 𝒮 in three-dimensional (3D) Euclidean

space can be described by a position vector 𝑟(q1,q2), where
(q1,q2) are the curvilinear coordinates, as illustrated in Fig. 1.
We assume that a spin-1/2 particle is bounded to a thin layer
with varying thickness by a confining potential Vc. The thick-
ness of the layer is symmetric about 𝒮. Considering the in-
homogeneity of the thickness, we use the adapted coordinate
system (q1,q2,Q3) to parameterize the portion of space near
𝒮,

𝑅(q1,q2,Q3) = 𝑟(q1,q2)+
Q3√

s(q1,q2)
N̂(q1,q2), (1)

where N̂ is the unit vector normal to the surface, and
|Q3|/

√
s(q1,q2) gives the distance from 𝒮. Here, s(q1,q2)

is a dimensionless and continuous function close to unity,
which determines the morphology of thickness. We expect this
parametrization to absorb the inhomogeneity of thickness and
facilitate the separation of dynamics perpendicular and tangent
to the surface.

S

r(q1,q2)

N(q1,q2)^

Fig. 1. Schematic diagram of a curved thin-layer with inhomogeneous
thickness. Surface 𝒮 is in the middle of the layer. A spin-1/2 particle is
confined to the layer (yellow region).

To constrain the particle to 𝒮, the confining potential Vc

should have a deep minimum at the surface (Q3 = 0), thus be-
ing expanded as a power series in Q3,

Vc(Q3) =
m
2

ω
2(Q3/

√
s)2 +O[(Q3)

3], (2)

where m is the particle mass and ω = ω0s(q1,q2), wherein ω0

is a constant intensity parameter. In quantum mechanics, as

a harmonic oscillator potential, the leading term of Vc corre-
sponds to a region with width d ∝ 1/

√
ω , within which the

particle is found with high probability. Therefore, it is reason-
able to define d as the thickness of the thin-layer around 𝒮,
which is proportional to 1/

√
s.

We can straightforwardly obtain

∂a𝑅= ∂a𝑟+
Q3√

s
(∂aN̂)+𝒜aQ3N̂,

∂3𝑅=
1√
s

N̂, (3)

where 𝒜a = ∂a(1/
√

s) and the index a = 1,2 (so does b,c in
the text below). The derivatives of the normal vector N̂(q1,q2)

can be expressed by the tangent vectors of the surface,

∂aN̂ = αab∂b𝑟, (4)

where αab is called the Weingarten curvature matrix. Thus,
the parametrization (1) leads to the covariant components of
the three-dimensional metric tensor via GAB = ∂A𝑅 ·∂B𝑅 with
A,B = 1,2,3. The metric can be split into two parts

GAB = G̃AB +KAB, (5)

where

G̃AB =

(
γab 0
0 1

)
, (6)

KAB =

(
Q2

3𝒜a𝒜b Q3𝒜a/
√

s
Q3𝒜b/

√
s 1/s−1

)
, (7)

with

γab = gab +
Q3√

s
[αg+(αg)T]ab +

Q2
3

s
(αgα)ab, (8)

and gab = ∂a𝑟 · ∂b𝑟 is the 2D metric tensor for the surface
𝒮. Here, G̃AB corresponds to the case of constant thickness,
while KAB is obviously originated from the thickness fluctua-
tion. The determinant of GAB is found to be G = |γ|/s.

It is also necessary to deduce the exact form of the inverse
of the metric tensor, which turns out to be

GAB =

(
λ ab −λ acQ3

√
s𝒜c

−λ bcQ3
√

s𝒜c s(1+Q2
3𝒜cλ cd𝒜d)

)
, (9)

where λ ab = (γab)
−1 is the inverse of γab.

Before considering the dynamic equation, we need intro-
duce the dreibeins E I

A for the 3D metric, which satisfy the
relation GAB = E I

A E J
B δIJ (δIJ is a unit matrix and I,J = 1,2,3

refer to the local flat indices). According to the structure of
GAB, we choose the dreibeins to be

E 3
a = Q3𝒜a, E 3

3 = 1/
√

s, E i
3 = 0, (10)

and other components satisfy γab = E i
a E j

b δi j (i, j = 1,2). The
form of E i

a is the same as the terms of constant thickness case
in Ref. [30], which is

E i
a = e i

a +(Q3/
√

s)αb
a e i

b , (11)
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where e i
a are the veilbeins for the 2D metric gab, namely

gab = ei
ae j

bδi j.
The 3D Hamiltonian for a non-relativistic spin-1/2 parti-

cle moving in a curved space with the confining potential Vc is
of the form

H3D =− h̄2

2m

[ 1√
G

DA(
√

GGABDB)−
1
4

R̄
]
+Vc(Q3). (12)

where R̄ is the Ricci scalar (which will be neglected in the
following as it vanishes when Q3 → 0) and DA is a gauge in-
variant derivative, DA = ∂A + Ω̄A, with the spin connection

Ω̄A =
i
4

ω̄AIJε
IJK

σK , (13)

ω̄AIJ = EB
I(∂AEBJ − Γ̄

C
ABECJ), (14)

where ε IJK is the Levi–Civita symbol and σK are Pauli ma-
trices. To distinguish the geometric quantities in 3D and 2D
space, we mark the ones in 3D space with bars. For exam-
ple, the Christoffel symbols Γ̄ C

AB = GCD(∂BGDA + ∂AGDB −
∂DGAB)/2, while Γ c

ab = gcd(∂bgda +∂agdb −∂dgab)/2.
After some calculations (the calculation details are pre-

sented in Appendix), the tangential components of the spin
connection are obtained,

Ω̄a = Ωa + i(Aso)a +O(Q3), (15)

where Ωa = i
4 ε i jωai jσ3, and (Aso)a = 1

2
√

g εbcσbαac. It is
found that the expression of tangential components are the
same as the case of constant thickness, consisting of two main
parts: Ωa leads to the pseudo-magnetic field and Aso gives the
effective spin–orbit interaction. However, the normal compo-
nent is

Ω̄3 =
i
2

Q3
𝒜c√

s
ε

ab
α

c
bσa +O(Q2

3), (16)

which gives a non-vanishing term up to the first order in Q3,
compared with the constant thickness case.

The corresponding wavefunction Φ for H3D satisfies the
normalization condition∫

|Φ |2
√

Gdq1 dq2 dQ3 = 1. (17)

We are aiming at obtaining an effective Hamiltonian whose
wavefunction describes the quantum probability density on
the 2D surface S. Hence it is necessary to rescale Φ by
(|G|/|g|)1/4, namely Ψ = (|G|/|g|)1/4Φ . The normalization
of the new wavefunction Ψ is then∫

|Ψ |2 dQ3
√

gdq1 dq2 = 1. (18)

It is clear that we can now view
∫
|Ψ |2 dQ3 as a probability

density for a particle moving on 𝒮 with the curvilinear mea-
sure

√
gdq1 dq2. The Hamiltonian should correspondingly be

rescaled as H = (|G|/|g|)1/4H3D(|G|/|g|)−1/4. By introducing

operators D̂a =Da−𝒜a
√

sQ3∂3, the rescaled Hamiltonian can
be written in a compact form

H = − h̄2

2m

[
sG− 1

4 D3
√

GD3G− 1
4

+(gG)−
1
4 D̂a

√
Gλ

abD̂b(g/G)
1
4

]
+Vc(Q3).

(19)

To evaluate the intensity of Vc, we introduce a small and
dimensionless parameter ε and rescale the harmonic frequency
as ω → ω/ε . Through adjusting ε , the harmonic binding
could be large enough to limit the particle to the vicinity of
Q3 = 0. Therefore, ε can be an indicator of different energy
scales and also serve as a perturbative parameter if we rescale
the normal coordinate as Q3 →

√
εQ3. In this way, turning to

Eq. (2) and neglecting the terms of order (Q3)
3 and higher, we

can find that Vc is of the order ε−1. The Hamiltonian (19) can
be written in powers of ε as

H = ε
−1(H0)+ ε

0(H1 +H ′
1)+O(ε1/2), (20)

where

H0 = s
[
− h̄2

2m
∂

2
3 +

m
2

ω0
2(Q3)

2
]
, (21)

H1 =− h̄2

2m
s−

1
4

[ 1
√

g
D̂a(

√
ggabD̂b)

]
s

1
4 +Vg, (22)

H ′
1 =− sh̄2

2m
[2Ω̄3∂3 +(∂3Ω̄3)]. (23)

Here, Vg = − h̄2

2m (M
2 − K) is the well-known geometric

potential, with the mean curvature M = Tr(αab)/2 and
Gaussian curvature K = det(αab). During the calculation,
we have used the fact that

√
|γ| = [1 + Tr(αab)Q3/

√
s +

det(αab)(Q3)
2/s]

√
|g|. Containing Ω̄3, H ′

1 is expected to con-
tribute extra spin–orbit interaction originated from the thick-
ness variation.

In Eq. (20), H0 describes a particle bounded by the har-
monic oscillator potential in the transverse direction and takes
a lead role in H, while H1 +H ′

1 seemingly gives the quantum
dynamics in the tangential direction on 𝒮. Specifically, H ′

1
arises from the variation in thickness, a term not observed in
the case of constant thickness. To get the effective 2D Hamil-
tonian we must separate the wavefunction in the Schrödinger
equation HΨ = EΨ , where E denotes the total energy. In this
paper, we focus on the energy range where the state in the nor-
mal direction is always the ground state. Making the ansatz
Ψ = ∑β uβ (q1,q2)χβ (Q3), where β labels the spin degener-
acy for H0, we obtain[

− h̄2

2m
∂

2
3 +

m
2

ω
2
0 (Q3)

2
]
χβ = εE0χβ , (24)

[H1 +H ′
1 +(s−1)E0]uβ = E1uβ , (25)

where E1 = E −E0. Note that E0 in Eq. (24) is of the order
1/ε , which is supposed to be the ground state energy and also
the dominant part of the total energy E. Equation (25) de-
scribes the 2D effective dynamics on 𝒮 under the transverse
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mode energy E0. Taking into account E0 ∼ ε−1 in Eq. (25),
we must keep (s− 1) ∼ ε , which gives the application range
of our method.

As the spin degeneracy, the effective 2D Hamiltonian
should be a 2×2 matrix, with the elements

ℋββ ′ =
∫

χ
*
β
[H1 +H ′

1 +(s−1)E0]χβ ′ dQ3. (26)

To calculate this integral, one needs to utilize∫
χ*

β
Q3∂3χβ ′ dQ3 = − 1

2 δββ ′ . This equality leads to the con-
clusion ∫

χ
*
β

H ′
1χβ ′ dQ3 = 0, (27)

indicating that, to the order of ε0, the thickness variation of
curved thin-layer does not give rise to an extra spin–orbit inter-
action in the 2D effective Hamiltonian. It should be noted that,
although no physical effect exhibits from the 2D information,
the combination of curvature and thickness gradient does re-
sult in a non-zero spin connection component Ω̄3, which may
affect the spin density distribution in the direction of thickness.

Performing the integral in Eq. (26) we eventually find that
the effective Hamiltonian matrix is diagonal and the explicit
form is

ℋeff =− h̄2

2m
1
√

g
Da(

√
ggabDb)+Vg +(s−1)E0. (28)

In this effective Hamiltonian, Vg and (s− 1)E0 are two scalar
potentials, which are due to the surface curvature and the
thickness variation, respectively. Compared to the geometric
potential Vg, the effective potential (s− 1)E0 depends on the
ground state energy in the normal direction of the surface. It
has been clarified that Ω̄a contained in the gauge derivative is
composed of Ωa and Aso, which lead to the pseudo-magnetic
field with intensity K and the effective spin–orbit interaction
with coupling tensor determined by the Weingarten matrix.

A key conclusion we draw here is that the thickness varia-
tion of the curved thin-layer does not bring an extra spin–orbit
interaction in the effective dynamics. The reason for this is
that obtaining the 2D tangential dynamics requires freezing
and integrating the state perpendicular to the surface, which
inherently neutralizes the detailed information in the thickness
direction. This conclusion suggests that, despite the scalar po-
tential (s− 1)E0, the energy splitting dependent on spin re-
mains unaffected by thickness imperfection in thin-layer sys-
tems with arbitrary geometries, highlighting the reliability of
spin interference measurements in relevant experiments.

3. Asymmetric confinement

The effective Hamiltonian (28) is obtained under the
condition of symmetric confinement in the normal direction,

namely Vc(Q3) is an even function. In reality, many 2D sys-
tems are under the confining potential with inversion asymme-
try. In the following, we study the case of asymmetric confine-
ment to figure out whether the Hamiltonian (28) is still appli-
cable. The system to be considered is shown in Fig. 2(a), with
the modification that one of the layer side is a hard-wall poten-
tial [see Fig. 2(b)], which could totally reflect the wave func-
tion. The corresponding confining potential can be expressed
as

Ṽc(Q3) =

{
∞, Q3 < 0,

Vc(Q3), Q3 ≥ 0.
(29)

(a) (b)

Hard wall

Hard-wall

Vc
~

0 Q3

Fig. 2. (a) Schematic picture of a curved thin-layer with asymmetric
confinement. One side is the same as Fig. 1 and the other side is a hard-
wall potential. (b) The confining potential and bound state as a function
of Q3. The dashed lines correspond to the symmetric confinement.

The Hamiltonian (20) still holds in this condition after re-
placing the confining potential in Eq. (21). As before, we make
the assumption Ψ = ∑β uβ (q1,q2)χ̄β (Q3), where χ̄ (here we
ignore the degenerate index) satisfies the 1D equation[

− h̄2

2m
∂

2
3 +Ṽc/s

]
χ̄ = εE0χ̄. (30)

It is obvious that putting together the new confining potential
Ṽc(Q3) in Q3 > 0 and its mirror image Ṽc(−Q3) in Q3 < 0 re-
covers the harmonic oscillating potential Vc. Considering the
boundary condition, all the odd eigenfunctions χ which vanish
at Q3 = 0 satisfy Eq. (30) in the range Q3 > 0. Taking into ac-
count the normalization, the ground state χ̄(0) =

√
2χ(1), with

χ(1) the first excited state in symmetric case. One can easily
confirm the equality

∫
∞

0 χ̄(0)*Q3∂3χ̄(0)dQ3 = − 1
2 δββ ′ , which

makes the integral of H ′
1 vanish again. Likewise, replacing χ

with χ̄ and performing the integral of H, we can obtain the
same effective Hamiltonian. Therefore, for the thin-layer sys-
tem with asymmetric confinement, ℋeff is still applicable.

4. Conclusion
In conclusion, we obtain an effective Hamiltonian for a

spin-1/2 particle constrained to an arbitrary curved thin layer
with varying thickness by using the confining potential ap-
proach. It is shown that the pseudo-magnetic field and ef-
fective spin–orbit interaction of constant thickness case are
still applicable and thickness variation does not lead to an ex-
tra spin–orbit interaction. This result implies a robustness of
spin-dependent energy splitting to the thickness fluctuations

020201-4



Chin. Phys. B 33, 020201 (2024)

in curved thin-layer systems. Our result is also proved to be
valid for both symmetric and asymmetric confinement cases.
The latter can be utilized to describe one-side etching struc-
tures, which are more common in fabrication of waveguides
and metamaterials. By providing a theoretical tool, this ef-
fective Hamiltonian allows for a quick assessment of the geo-
metric effects on properties of low-dimensional nanostructures
and aids in design processes.

Appendix A: Calculation details in the separa-
tion of dynamics

In differential geometry, the dreibein E I
A is a set of or-

thogonal space vector fields that diagonalize the metric tensor,
GAB = E I

A E J
B δIJ . The conbein EA

I satisfies E I
A EB

I = δ B
A and

E I
A EA

J = δ I
J . Accordingly, the inverse of the dreibein in this

paper is found to be

Ea
i = (E i

a )
−1, E3

3 =
√

s,

E3
1 =

√
sQ3

|E i
a |

[E 2
1 𝒜2 −E 2

2 𝒜1],

E3
2 =

√
sQ3

|E i
a |

[E 1
2 𝒜1 −E 1

1 𝒜2]. (A1)

To calculate the spin connection, we need give the explicit
form of the geometric quantities up to the first or second order
of Q3 (which depends on whether the term contains derivative
to Q3). For the Christoffel symbols, we can find

Γ̄
c

ab =Γ
c

ab +O(Q3),

Γ̄
3

ab = − Γ̄
c

ab𝒜c
√

sQ3 +
s
2
(G3a,b +G3b,a −Gab,3)+O(Q2

3)

=−Γ
c

ab𝒜c
√

sQ3 +
s
2

[
2G3a,b −

2αab√
s
− 2Q3(αgα)ab

s

−2Q3𝒜a𝒜b

]
+O(Q2

3)

=−αab
√

s+Q3[−Γ
c

ab𝒜c
√

s+
√

s∂a𝒜b − (αgα)ab]

+O(Q2
3),

Γ̄
b

3a =Γ̄
b

a3 =
1
2

Gbc
∂3Gac +

1
2

Gb3
∂aG33,

Γ̄
3

3a =
1
2

G3b
∂3Gab,

Γ̄
A

33 =0. (A2)

Next we are able to calculate the spin connection terms,

ω̄ai j =ωai j +O(Q3),

ω̄a3 j = −
√

s
2

Ec
j∂3Gac +O(Q3) =−αacEc

j +O(Q3),

ω̄ai3 = − ω̄a3i = αacEc
i, (A3)

where ωai j = eb
i(∂aeb j −Γ c

abec j).
To calculate the normal component Ω̄3, we must obtain

ω̄3i j =Eb
i

[
α

a
b ea j −

(1
2

Ea
j∂3Gba +

1
2

E3
j∂bG33

)]

=eb
i[−ed

jQ3𝒜b𝒜d −E3
j𝒜b/

√
s]+O(Q2

3), (A4)

ω̄3i3 = Eb
i

[
− 1

2
√

s
G3a

∂3Gab

]
. (A5)

Therefore, we have

Ω̄3 = − i
4

Q3eb
ie

d
j𝒜b𝒜dε

i j3
σ3 +

i
2

Q3
𝒜c√

s
eb

iα
c
bε

i3k
σk +O(Q2

3)

= − i
4

Q3ε
bd𝒜b𝒜dσ3 +

i
2

Q3
𝒜c√

s
ε

ab
α

c
bσa +O(Q2

3)

=
i
2

Q3
𝒜c√

s
ε

ab
α

c
bσa +O(Q2

3). (A6)

The calculation details of Ω̄a can be seen in the appendix
of Ref. [30]. To separate the dynamics in normal and tangen-
tial direction, the Laplacian can be written as

1√
G

DA(
√

GGABDB)

=
1√
G

D3[
√

G(s+Q2
3s2𝒜cλ

cd𝒜d)D3]

+
1√
G

Da(
√

Gλ
abDb)−

√
s√
G

Da(
√

Gλ
acQ3𝒜cD3)

−
√

s√
G

D3(
√

Gλ
bcQ3𝒜cDb). (A7)

By introducing operators D̂a = Da −𝒜a
√

sQ3∂3, the third and
fourth terms can be just integrated into the second term. That
is why we have Eq. (19) in the main text.

Finally, H ′
1 can be calculated as

H ′
1 =− h̄2

2m
s[G−1/4

∂3G1/4
Ω̄3 +G1/4

Ω̄3∂3G−1/4]

=− h̄2

2m
s[2Ω̄3∂3 +G−1/4(∂3G1/4

Ω̄3)+G1/4
Ω̄3(∂3G−1/4)]

=− h̄2

2m
s[2Ω̄3∂3 +(∂3Ω̄3)]. (A8)

It should be noted that the thickness variation function
s(q1,q2) results in no gauge potential in the effective Hamil-
tonian, despite the operator D̂a including the term 𝒜a

√
sQ3∂3.

The reason is that the factor s1/4 in Eq. (22) cancels out these
terms in the integration of the effective Hamiltonian. This is
expectable as the Hamiltonian needs to be Hermitian.
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