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Sharing quantum nonlocality in the noisy scenario
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It was showed in [Phys. Rev. Lett. 125 090401 (2020)] that there exist unbounded number of independent Bobs
who can share quantum nonlocality with a single Alice by performing sequentially measurements on the Bob’s half of
the maximally entangled pure two-qubit state. However, from practical perspectives, errors in entanglement generation
and noises in quantum measurements will result in the decay of nonlocality in the scenario. In this paper, we analyze
the persistency and termination of sharing nonlocality in the noisy scenario. We first obtain the two sufficient conditions
under which there exist n independent Bobs who can share nonlocality with a single Alice under noisy measurements
and the noisy initial two qubit entangled state. Analyzing the two conditions, we find that the influences on persistency
under different kinds of noises can cancel each other out. Furthermore, we describe the change patterns of the maximal
nonlocality-sharing number under the influence of different noises. Finally, we extend our investigation to the case of
arbitrary finite-dimensional systems.
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1. Introduction
Quantum nonlocality is a kind of quantum resource

distinct from entanglement and Einstein–Podolsky–Rosen
(EPR) steering, and has broad applications in quan-
tum information processing.[1–4] Nonlocal correlations of-
fer a quantum advantage in communication complexity
problems,[5] device-independent quantum cryptography,[6,7]

randomness expansion,[8] and measurement-based quan-
tum computation.[9,10] Quantum nonlocality can be demon-
strated by violation of Bell inequalities (or Bell-type
inequalities).[11–13] Furthermore, researchers have also
developed various experimental techniques on quantum
nonlocality.[14–17]

In previous researches, scientists explored the limitations
of nonlocality by asking whether a pair of entangled qubits
could produce a long sequence of nonlocal correlations in
Refs. [18–21]. Silva et al. first introduced this sequential
scenario (see Fig. 1) and demonstrated that at most two se-
quential observers (Bobs) could share nonlocality with a sin-
gle Alice through weak measurements.[18] Since then, ad-
ditional theoretical and experimental findings on nonlocal-
ity sharing have been obtained.[22–31] Brown and Colbeck
found a measurement strategy such that there exists an un-
bounded number of independent Bobs who are able to violate
the Clauser–Horne–Shimony–Holt (CHSH) inequality with a
single Alice by sequentially measuring one half of a maxi-
mally entangled pure two-qubit state ρAB(1) = |φ+⟩⟨φ+| with
|φ+⟩= 1√

2
(|00⟩+ |11⟩).[27] Foletto et al. implemented exper-

imentally the nonlocality-sharing strategy.[32] Zhang and Fei

extended the aforementioned results to the case of arbitrary
finite-dimensional systems.[33] In Refs. [34,35], problems on
sharing network nonlocality were also discussed. However,
the above discussions are always limited to the ideal scenario,
where the initial states and measurements are noiseless.

Recently the topics of noisy network nonlocality were
focused on in Refs. [36,37]. Mukherjee studied er-
ror tolerance of nontrilocal correlations in noisy triangle
networks,[36] where different sources of imperfections were
considered, such as errors in entanglement generation, com-
munications over noisy quantum channels and noises in
measurements.[38–40] Furthermore, the similar problem on per-
sistency of the non-n-local correlations in noisy linear net-
works was analyzed in Ref. [37]. The aforementioned re-
searchers discovered that the influence of noises can result in
the decay of nonlocality in quantum networks. So can it in the
nonlocality-sharing scenario. In this paper, we analyze persis-
tency of sharing nonlocality in the noisy scenario, where the
initial states and measurements have errors in entanglement
generation and white noises, respectively.

The study presents the conditions for nonlocality sharing
termination and infinite nonlocality sharing, respectively, and
uses images to reflect the impact of noise on the maximum
number of independent Bobs who can share the nonlocality of
the noisy initial state with the single Alice. Furthermore, we
investigate the noisy nonlocality sharing in high-dimensional
bipartite systems.

The paper is arranged as follows. In Section 2, we review
some basic results on sharing nonlocality. In Section 3, we
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first focus on the case that the initial state is the two-qubit one.
Here, noises from entanglement generation and measurements
are introduced. Furthermore, we obtain two sufficient con-
ditions of the persistency of sharing nonlocality noisily, and
analyze the change patterns of the maximal number of Bobs
who can share nonlocality with Alice under the influence of
different noises. In Section 4, we devote to generalizing the
persistency to arbitrary finite-dimensional systems.

2. Preliminaries
In this section, we review the results on the nonlocality-

sharing scenario (see Fig. 1).

2.1. Detection of nonlocality

The quantum nonlocality of a bipartite state ρAB can be
proved by violating Clauser–Horne–Shimony–Holt (CHSH)
Bell inequality[41]

SCHSH := ⟨A0B0⟩+ ⟨A0B1⟩+ ⟨A1B0⟩−⟨A1B1⟩ ≤ 2, (1)

where ⟨AxBy⟩ = ∑a,b(−1)a+b p(a,b|x,y) is the joint expecta-
tion value of the observations of Alice and Bob when their
settings are x and y (x,y ∈ {0,1}), and binary outcomes are a
and b (a,b ∈ {0,1}), respectively. Ai and Bi are observables
with r(Ai) ≤ 1 and r(Bi) ≤ 1, i = 0,1. Denote by r(A) the
spectral radius of the matrix A. The distributions are given by
the Born rule

p(a,b|x,y) = tr[(Aa|x ⊗Bb|y)ρAB], (2)

where ∑a(−1)aAa|x = Ax and ∑b(−1)bBb|y = By for Alice’s
measurement set {Aa|x}a,x and Bob’s one {Bb|y}b,y.

2.2. The sequential nonlocality-sharing scenario

Let HA and HB be finite-dimensional complex Hilbert
spaces and ρAB(1) a bipartite state acting on HA ⊗ HB with
dim(HA)= s and dim(HB)= t. Denote by Im the m×m identity
matrix. In Ref. [18], the sequential nonlocality-sharing sce-
nario was proposed (see Fig. 1). Here Alice and Bob(1) share
an initial entangled bipartite state ρAB(1) . Suppose Bob(1) per-
forms the measurement according to binary input Y (1) = y with
binary outcome B(1) = b, the postmeasurement state shared
between Alice and Bob(2) can be described by the Lüders
rule,[27] i.e.,

ρAB(2) =
1
2 ∑

b,y

(
Is ⊗

√
B(1)

b|y

)
ρAB(1)

(
Is ⊗

√
B(1)

b|y

)
, (3)

where B(1)
b|y is the positive operator-valued measurement

(POVM) corresponding to outcome b of Bob(1)’s measure-
ment for input y. Repeating this process, the state ρAB(k) shared
by Alice and Bob(k) can be computed as

ρAB(k) =
1
2 ∑

b,y

(
Is ⊗

√
B(k−1)

b|y

)
ρAB(k−1)

(
Is ⊗

√
B(k−1)

b|y

)
, (4)

where B(k−1)
b|y is the POVM corresponding to outcomes b of

Bob(k−1)’s measurements for input y.

Alice

Bob(1) Bob(2) Bob(n)
POVM POVM POVM

ρAB↼n↽ρAB↼↽ρAB↼↽

Fig. 1. A bipartite entangled state ρAB(1) is initially shared between Al-
ice and Bob(1). Bob(1) performs a POVM on his part. Denote by ρAB(2)

the post-measurement state. Bob(2) also performs a POVM, and this
process continues until Bob(n). One want to ask how many Bobs can
share the nonlocality with Alice at most.

It is dependent on the choice of POVMs in the scenario
of Fig. 1 whether or not ρAB(i) is nonlocal, i = 1,2 . . . ,n.
Denote by {A0|x,A1|x} the POVM of Alice, x = 0,1, where
A0|x +A1|x = Is and A0|x ≥ 0, A1|x ≥ 0. The corresponding ob-
servable is given by Ax = A0|x −A1|x. Similarly, the POVM

{B(k)
0|y,B

(k)
1|y} (y = 0,1) is performed by Bob(k), k = 1,2, . . . ,n.

When s = t = 2, the POVM strategies were introduced in
Ref. [27] such that arbitrarily many independent Bobs can
share the nonlocality of initial maximally entangled pure two-
qubit state ρAB(1) = |φ−⟩⟨φ−| (|φ−⟩ = 1√

2
(|00⟩− |11⟩)) with

the single Alice. These POVM strategies are of the following
forms:

A0|0 : =
1
2
(I2 + cos(θ)σ3 + sin(θ)σ1), (5)

A0|1 : =
1
2
(I2 + cos(θ)σ3 − sin(θ)σ1), (6)

B(k)
0|0 : =

1
2
(I2 +σ3), (7)

B(k)
0|1 : =

1
2
(I2 +ηkσ1), (8)

where σ j ( j = 1,2,3) are Pauli matrices, θ ∈ (0,π/4] and
ηk ∈ (0,1) for any k = 1,2, . . . ,n.

In Ref. [33], Zhang and Fei extended the results in
Ref. [27] to the arbitrary finite-dimensional case. There
the initial state ρAB(1) = |ψ⟩⟨ψ| is an arbitrary-dimensional
bipartite entangled pure state, where |ψ⟩ ∈ HA ⊗ HB with
Schmidt decomposition |ψ⟩ = ∑

s
i=1 ci|iA⟩|iB⟩ and dim(HA) =

s, dim(HB) = t (s ≤ t), with ci ∈ [0,1], ∑
s
i c2

i = 1, and {|iA⟩}s
1

and {|iB⟩}t
1 being the orthonormal bases of HA and HB, respec-

tively. When both s and t are even, the measurement strategies
(POVMs) are chosen as

A0|0 =
1
2
[Is +(I s

2
⊗ (cos(θ)σ3 + sin(θ)σ1))], (9)

A0|1 =
1
2
[Is +(I s

2
⊗ (cos(θ)σ3 − sin(θ)σ1))], (10)

B(k)
0|0 =

1
2
[It +(I t

2
⊗σ3)], (11)

010302-2
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B(k)
0|1 =

1
2
[It +(I t

2
⊗ηkσ1)] (12)

for θ ∈ (0,π/4] and ηk ∈ (0,1), k = 1,2, . . . ,n. When both s
and t are odd, a set of POVMs can be given by

A0|0 =
1
2

[
Is +

(
I[ s

2 ]
⊗ (cos(θ)σ3 + sin(θ)σ1) 0

0 1

)]
, (13)

A0|1 =
1
2

[
Is +

(
I[ s

2 ]
⊗ (cos(θ)σ3 − sin(θ)σ1) 0

0 1

)]
, (14)

B(k)
0|0 =

1
2

[
It +

(
I[ t

2 ]
⊗σ3 0
0 1

)]
, (15)

B(k)
0|1 =

1
2

[
It +ηk

(
I[ t

2 ]
⊗σ1 0
0 1

)]
(16)

for θ ∈ (0,π/4] and ηk ∈ (0,1), k = 1,2, . . . ,n.

3. Sharing nonlocality in noisy two-qubit sys-
tems
In this section, we study persistency and termination on

sharing nonlocality noisily with initial two-qubit states.
Before that, we first introduce the noise generation.

3.1. Noise generation

The first kind of noises comes from entanglement gener-
ation of the initial state. In the experiment, a two-qubit entan-
gled state ρAB(1) = |φ−⟩⟨φ−| with |φ−⟩ = 1√

2
(|00⟩− |11⟩) is

generated by the action of the Hadamard gate ℋ and CNOT
gate on ζ = |10⟩⟨10|.

Let α and δ denote the noisy parameters characteriz-
ing the ℋ gate and CNOT gate, respectively. Starting from
ζ = |10⟩⟨10|, and the noisy Hadamard gate generates[38]

ζ
′
1 = α(ℋ⊗ I2ζℋ† ⊗ I2)+

1−α

2
I2 ⊗ tr1(ζ )

=
1
2
(|00⟩⟨00|+ |10⟩⟨10|)

− α

2
(|00⟩⟨10|+ |10⟩⟨00|). (17)

Subjection of ζ ′
1 to noisy CNOT gives

ρ̄AB(1) = δ (CNOTζ
′
1(CNOT)†)+

1−δ

4
I2 ⊗ I2

=
1
4

[ 1

∑
i, j=0

(1+(−1)i+ j
δ )|i j⟩⟨i j|

−2αδ (|11⟩⟨00|+ |00⟩⟨11|)
]
. (18)

Denote by T (ρ) = (wi, j)3×3 the correlation matrix whose en-
tries are given by wi, j = tr[ρ(σi ⊗ σ j)]. Then T (ρ̄AB(1)) =

diag(−αδ ,αδ ,δ ).
Secondly, the white noises are fixed on POVMs

{A0|i,A1|i}i=0,1 and {B(k)
0|i ,B

(k)
1|i }i=0,1 of parties Alice and

Bob(k), k = 1,2, . . . ,n. Let β1 ∈ [0,1] characterize the noisy

measurement set {A0|0,A1|0} in the sense that it fails to de-
tect with probability 1−β1, i.e., β1 parametrizes a faulty mea-
surement device. Similarly, the noisy parameters for measure-
ments {A0|1,A1|1}, {B(k)

0|0,B
(k)
1|0} and {B(k)

0|1,B
(k)
1|1} are denoted

by β2, γk and µk, k = 1,2, . . . ,n, respectively, and β2 ∈ [0,1],
γk ∈ [0,1], µk ∈ [0,1]. If dim(HA) = s and dim(HB) = t, then
noisy POVMs can be represented as

Ā0|0 = β1A0|0 +
1−β1

2
Is, (19)

Ā0|1 = β2A0|1 +
1−β2

2
Is, (20)

B̄(k)
0|0 = γkB(k)

0|0 +
1− γk

2
It , (21)

B̄(k)
0|1 = µkB(k)

0|1 +
1−µk

2
It . (22)

We take s = t = 2 when we consider the case of the initial
state being a two-qubit state. Then the corresponding noisy
observables are

Ā0 = Ā0|0 − Ā1|0 = β1A0, (23)

Ā1 = Ā0|1 − Ā1|1 = β2A1, (24)

B̄(k)
0 = B̄(k)

0|0 − B̄(k)
1|0 = γkB(k)

0 , (25)

B̄(k)
1 = B̄(k)

0|1 − B̄(k)
1|1 = µkB(k)

1 . (26)

Combing Eqs. (5)–(8) with the form of noisy POVMs (see
Eqs. (19)–(22)), when the initial sharing state is a two-qubit
state we write the noisy measurement strategy as follows:

Ā0|0 :=
1
2
[I2 +β1(cos(θ)σ3 + sin(θ)σ1)], (27)

Ā1|0 :=
1
2
[I2 −β1(cos(θ)σ3 + sin(θ)σ1)], (28)

Ā0|1 :=
1
2
[I2 +β2(cos(θ)σ3 − sin(θ)σ1)], (29)

Ā1|1 :=
1
2
[I2 −β2(cos(θ)σ3 − sin(θ)σ1)], (30)

B̄(k)
0|0 :=

1
2
(I2 + γkσ3), B̄(k)

1|0 :=
1
2
(I2 − γkσ3), (31)

B̄(k)
0|1 :=

1
2
(I2 +µkηkσ1), B̄(k)

1|1 :=
1
2
(I2 −µkηkσ1). (32)

3.2. Persistency of the noisy nonlocality-sharing scenario

In order to analyze the persistency, we first calculate the
expected CHSH value S(k)noisy

CHSH with the noisy initial state and
noisy POVMs. The detail of the proofs for our theorems will
be presented in the appendix.

Theorem 1 For the noisy initial state ρ̄AB(1) in Eq. (18),
if Alice and Bobs perform noisy measurements in Eqs. (27)–
(30) and Eqs. (31)–(32), respectively, then the expected CHSH
value of ρAB(k) is given by

S(k)noisy
CHSH = 21−k(β1 +β2)δ

×
[

γkcos(θ)
k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
010302-3
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+αµkηksin(θ)
k−1

∏
j=1

(
1+
√

1− γ2
j

)]
, (33)

where θ ∈ (0,π/4], δ ,α,βi,ηk,γk and µk ∈ [0,1] for i = 1,2,
k = 1,2, . . . ,n.

In the following, we provide two sufficient conditions of
persistency of sharing nonlocality noisily.

Theorem 2 For the noisy initial state ρ̄AB(1) in Eq. (18),
assume Alice and Bobs perform noisy measurements in
Eqs. (27)–(30) and Eqs. (31)–(32), respectively, then there ex-
ist n Bobs sharing the nonlocality of ρ̄AB(1) with the single Al-
ice if there exists ε > 0 such that

max
k∈{1,2,...,n}

arctan[xk2(ε)]≤ min
k∈{1,2,...,n}

arctan[xk1(ε)], (34)

where

xk1(ε) =

akbk
1+ε

+2k
√

a2
k +( bk

1+ε
)2 −22k

22k − ( bk
1+ε

)2
,

xk2(ε) =

akbk
1+ε

−2k
√

a2
k +( bk

1+ε
)2 −22k

22k − ( bk
1+ε

)2
,

with

ak = (β1 +β2)δγk

k−1

∏
j=1

(1+
√

1−µ2
j ),

bk = (β1 +β2)δαµk

k−1

∏
j=1

(1+
√

1− γ2
j ),

k = 1,2, . . . ,n.

Theorem 3 For the noisy initial state ρ̄AB(1) in Eq. (18),
assume Alice and Bobs perform noisy measurements in
Eqs. (27)–(30) and Eqs. (31)–(32), respectively, if γn(β1 +

β2)δ = 2, then there exist n Bobs who can share the non-
locality of the noisy initial state ρ̄AB(1) with the single Al-
ice for arbitrary given noisy parameters α,γk,µ j ∈ (0,1], k =

1,2, . . . ,n−1 and j = 1,2, . . . ,n.
The set {α,δ ,β1,β2,µk,γk}n

k=1 consists of all noisy pa-
rameters. The condition in Theorem 2 reveals how the persis-
tency of sharing nonlocality in the noisy scenario depends on
all noisy parameters. If, for some n such that Eq. (34) holds
for some ε > 0, but there is no ε > 0 so that Eq. (34) holds
for n+ 1, then Alice can at most share the nonlocality with
n Bobs, and the sharing process stops at nth step. The per-
sistency condition in Theorem 3 is more pragmatic and some
what surprising. Note that γn(β1 +β2)δ = 2 means γn = β1 =

β2 = δ = 1, i.e., their corresponding noises vanish. Theorem 3
reveals that, if the noises parameters β1 = β2 = δ = 1 and
the noise parameter γn = 1 for n ≥ 1, then Alice can share
nonlocality at least with n Bobs whatever the noise parame-
ters α,{γk}n−1

k=1,{µ j}n
j=1 take any values in (0,1]. Why the

phenomenon in Theorem 3 happens? One can find from the
proof of Theorem 3 that when θ is small enough, each index
of persistency ηk = ηk(θ) always can lie in (0,1) for arbitrary
nonzero noisy parameters α,{γk}n−1

k=1,{µ j}n
j=1. Recall the pa-

rameter θ comes from the Alice’s measurement. This means
Alice’s appropriate measurement device can counteract the in-
fluence on persistency under noises from the Hadamard gate
and Bobs’ measurements.

In the aforementioned theorems, it is always assumed that
the initial state is a kind of special noisy maximal entangled
states. Finally, we consider the nonlocality-sharing problem
on the general case that the initial state is an arbitrary two-
qubit state. For an arbitrary two-qubit state ρAB(1) , assume
that Alice and Bobs perform noisy measurements in Eqs. (27)–
(30) and Eqs. (31)–(32), respectively, it follows that the CHSH
value is

S(k)noisy
CHSH = γk21−k

k−1

∏
j=1

(1+
√

1−µ2
j η2

j )

× [(β1 +β2)cos(θ)(𝑐0,T (ρAB(1))𝑏0)

+(β1 −β2)sin(θ)(𝑐1,T (ρAB(1))𝑏0)]

+µkηk21−k
k−1

∏
j=1

(1+
√

1− γ2
j )

× [(β1 +β2)cos(θ)(𝑐0,T (ρAB(1))𝑏1)

+(β1 +β2)sin(θ)(𝑐1,T (ρAB(1))𝑏1)], (35)

where 𝑐0 and 𝑐1 are the two orthogonal eigenvectors corre-
sponding to two largest eigenvalues of T (ρAB(1))T T(ρAB(1)),

respectively, 𝑏i =
T T(ρ

AB(1)
)𝑐i

‖T T(ρ
AB(1)

)𝑐i‖
, i = 0,1, and σ𝑟 = r1σ1 +

r2σ2 + r3σ3 for 𝑟 = (r1,r2,r3), where {σ1,σ2,σ3} are Pauli
operators. It is worth noting that for two vectors 𝑎,𝑏 ∈ R3,
tr[ρ(σ𝑎⊗σ𝑏)] = (𝑎,T (ρ)𝑏), where (·, ·) is the Euclidean in-
ner product for the real vector space R3. The proof of Eq. (35)
can be found in Appendix A. Equation (35) can help us deal
with more cases of different initial states. For instance, as-
sume that ρAB(1) is a Werner state, which can be written as
ρAB(1) =

(1−p)
4 I4 + p|φ−⟩⟨φ−| with p ∈ ( 1

3 ,1]. By the calcula-
tion of Eq. (A12), we get

S(k)noisy
CHSH = 2−1−k(β1 +β2)p

×
[

γkcos(θ)
k−1

∏
j=1

(1+
√

1−µ2
j η2

j )

+µkηksin(θ)
k−1

∏
j=1

(1+
√

1− γ2
j )

]
, (36)

where θ ∈ (0,π/4], δ ,α,βi,ηk,γk and µk ∈ [0,1] for i = 1,2,
k = 1,2, . . . ,n. Similar to the proof of Theorem 3, we can
claim that if γn(β1 + β2)p = 2, then there exist n Bobs who
can share the nonlocality of the initial state ρAB(1) with the sin-
gle Alice for arbitrary given noisy parameters γk,µ j ∈ (0,1],
k = 1,2, . . . ,n−1 and j = 1,2, . . . ,n.
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3.3. Termination of sharing nonlocality in noisy scenarios

As we see from Theorems 2 and 3, different kinds of
noises result in different influences on the decay of nonlocal-
ity. In this section, we discuss the question how the noises
influence the persistency of sharing nonlocality. We divide the
discussion to two cases: state noises and measurement noises.
It is assumed that the noisy parameters are always nonzero, the
given noisy initial state ρ̄AB(1) is presented in Eq. (18) and the
noisy measurements are presented in Eqs. (27)–(32).

3.3.1. Errors on entanglement generation

Let δ = β1 = β2 = µk = γk = 1 for all k = 1,2, . . . ,n, we
investigate the influence of the noisy parameter α on the per-
sistency. By Theorem 1, we have in this case that

S(k)noisy
CHSH = 22−k[cos(θ)

k−1

∏
j=1

(1+
√

1−η2
j )+αηksin(θ)].

For any ε > 0, define a sequence (ηi(θ ,α,ε))i recursively as
η1(θ ,α,ε) = 1−cos(θ)

αsin(θ) and

ηk(θ ,α,ε)

=

(1+ ε)
[
2k−1 − cos(θ)

k−1
∏
j=1

(1+
√

1−η2
j (θ ,α,ε))

]
αsin(θ)

, (37)

whenever 0 < ηk−1(θ ,α,ε)< 1, where θ ∈ (0,π/4] and α ∈
[0,1]. One can check that 0 < ηm(θ ,α,ε) < 1 for all m ≤ k
if and only if there exist k Bobs who can share nonlocality
with Alice, and the nonlocality-sharing behavior terminates
once if there is l such that ηl(θ ,α,ε) equals to or lager than
1. As we know from Ref. [27], if α = 1 (this means all the
corresponding noise vanishes), then for any given positive in-
teger k, there exists θ closed to 0 enough such that one can
chose η j(θ ,α) ∈ (0,1) for all j = 1,2, . . . ,k. However, by
Theorem 3, the similar can be done for any noise parameter
α ∈ (0,1].

We plot the functional values of ηk(θ ,α) as a function
of α in the image (see Fig. 2(a)) for k = 1,2,3,4 when we
take ε = 10−5. In Fig. 2(b), the corresponding ηk(θ ,α) falls
into the interval (0,1) when (θ , α) lies in the lower region
of each curve for k = 1,2,3,4. When α moves from 1 to
0 and θ moves from 0 to 1 respectively, the maximal num-
ber nB

max of Bobs who can share the nonlocality with Al-
ice will decrease and can be calculated by determining how
many ηk(θ ,α)s lie in the interval (0,1). From Fig. 2(b),
one can see clearly the value of nB

max when (θ ,α) lies in the
given region [0.05,π/4]× (0,0.95]. For instance, there are
at most three Bobs sharing the nonlocality with Alice when
(θ ,α) = (0.1,0.9).

k=1
k=2
k=3
k=4

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

α
θ

1.0

1.0

1.0

2.0
2.0

0

0
0

0.2 0.4

0.5

0.6
0.8θ

α

η1(θ,α)
η2(θ,α)
η3(θ,α)
η4(θ,α)
1

(a)

(b)

Fig. 2. (a) The yellow, blue, green and red surfaces represent the values
of η1(θ ,α), η2(θ ,α), η3(θ ,α) and η4(θ ,α), respectively, as functions
of parameters θ and α . The purple plane denotes the unit plane. Due
to the limit of accuracy of the computer calculation, the images with
k ≥ 5 cannot be plotted. (b) The blue, orange, green and red curves
represent η1(θ ,α) = 1, η2(θ ,α) = 1, η3(θ ,α) = 1 and η4(θ ,α) = 1,
respectively.

n n
nn

α α

α α

θ=0.5 θ=0.05

θ=0.00005
θ=0.0005

Fig. 3. The value of the vertical axis n = nB
max is the maximal number

of Bobs who can share nonlocality with Alice.

To see what happens when (θ ,α) lies in the region
(0,0.05)× (0.95,1), we exhibit the change pattern of nB

max de-
pendent on the noise parameter α ∈ (0.95,1) when θ is fixed
as 0.5, 0.05, 0.0005 and 0.00005 respectively (see Fig. 3). It is
surprising that when θ is given, the value of nB

max keeps invari-
ant if α moves from 0.95 to 1. Also, in Fig. 3, as θ decreases,
the nB

max increases, i.e., the persistency becomes better.
Moreover, when we observe the influence of the noise pa-

rameters δ and β1 + β2 in Eq. (33), it is not difficult to con-
clude that the change pattern of nB

max on δ and that on β1 +β2
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are the same. Therefore, we will merge the discussions of the
above two cases to Case 2 in Subsection 3.3.2 hereinafter.

3.3.2. Noises come from measurements

Case 1. For any n ≥ 1, cosider the case that γ1 =

γ2 = · · · = γk = γ and α = δ = β1 = β2 = µk = 1 for all
k = 1,2, . . . ,n. By Theorem 1 we have

S(k)noisy
CHSH = 22−k

[
γcos(θ)

k−1

∏
j=1

(1+
√

1−η2
j )

+ηksin(θ)(1+
√

1− γ2)k−1
]
. (38)

Take a small ε > 0 and define a sequence {ηi(θ ,γ,ε)}n
i=1 by

ηk(θ ,γ,ε)

= (1+ ε)

2k−1 − γcos(θ)
k−1
∏
j=1

(1+
√

1−η2
j (θ ,γ,ε))

sin(θ)(1+
√

1− γ2)k−1
(39)

whenever 0 < ηk−1(θ ,γ,ε) < 1 with η1(θ ,γ,ε) = (1 +

ε) 1−γcos(θ)
sin(θ) for θ ∈ (0,π/4] and γ ∈ [0,1]. If ηk(θ ,γ,ε) < 1,

k = 1,2, . . . ,n, for some given ε > 0 and there exists no ε > 0
so that we still have ηn+1(θ ,γ,ε) < 1, then there are at most
n Bobs sharing the nonlocality with Alice. Similarly, we
plot the function values of ηk(θ ,γ) again when ε = 10−5 in
Fig. 4(a), and show the ranges of 0 < ηk(θ ,γ)< 1 in Fig. 4(b)
for k = 1,2,3, i.e., when (θ ,γ) lies in the right-hand sides of
each curves, the corresponding 0 < ηk(θ ,γ)< 1.

Similarly, the maximal number nB
max of Bobs who can

share the nonlocality with Alice can be calculated by deter-
mining how many ηk(θ ,γ)s lie in the interval (0,1). Also from
Fig. 4(b), the value of nB

max can be straightforward investigated
when (θ ,γ) lies in the given region [0.4,π/4]× (0,0.9]. For
instance, nB

max = 2 when (θ ,γ) = (0.4,0.9).

How nB
max will change in the region (0,0.4)× (0.9,1)?

We describe the change pattern of nB
max dependent on the noise

parameter γ ∈ (0.9,1) when θ is fixed at 0.4, 0.32, 0.27 and 0.1
respectively (see Fig. 5). We see that when θ is given, nB

max in-
creases if γ moves from 0.9 to 1. On the other hand, in the four
plots of Fig. 5, the best persistency (here the better persistency
is defined as the greater expectation of nB

max in each figure) oc-
curs when θ = 0.27. Moreover, in Fig. 5(b), the unique blue
dot such that nB

max = 3 occurs since the corresponding (θ ,γ)

lies in the cusp range of the green curve in Fig. 4(b).

Finally it is similar to analyze the change pattern of nB
max

depending on noisy parameters µks. We do not give the elab-
oration on the case to avoid repetition.

γ
θ

(b)

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

k=1
k=2
k=3

1.0

1.0

2.0

2.0

0

0
0

0.2

0.2
0.4

0.40.6
0.6

0.8 0.8

θ

γ

η1(θ,γ)
η2(θ,γ)
η3(θ,γ)
1

(a)

Fig. 4. (a) The yellow, blue and green surfaces represent the values of
η1(θ ,γ), η2(θ ,γ) and η3(θ ,γ), respectively, as functions of parameters
θ and γ . The red plane denotes z = 1. Due to the limit of accuracy of
the computer calculation, the images with k ≥ 4 cannot be plotted. (b)
The blue, orange, and green curves represent η1(θ ,γ) = 1, η2(θ ,γ) = 1
and η3(θ ,γ) = 1, respectively.

(a) θ=0.5

n

γ

n

γ

n

γ

n

γ

(b) θ=0.32

(d) θ=0.1(c) θ=0.27

Fig. 5. The value of the vertical axis n = nB
max is the maximal number

of Bobs who can share nonlocality with Alice.

Case 2. 0 < β1 +β2 < 2 and α = δ = γk = µk = 1 for all
k = 1,2, . . . ,n. In this case, we have

S(k)noisy
CHSH

= 21−k(β1 +β2)

[
cos(θ)

k−1

∏
j=1

(1+
√

1−η2
j )+ηksin(θ)

]
, (40)

and obtain the corresponding sequence {ηi(θ ,β1 +β2,ε)}n
i=1

as

ηk(θ ,β1 +β2,ε)
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= (1+ ε)

2k

β1+β2
− cos(θ)

k−1
∏
j=1

(1+
√

1−η2
j (θ ,β1 +β2,ε))

sin(θ)
,

(41)

where 0 < ηk−1(θ ,β1 + β2,ε) < 1 with η1(θ ,β1 + β2,ε) =

(1 + ε)
2

β1+β2
−cos(θ)

sin(θ) for ε > 0, θ ∈ (0,π/4] and β1 + β2 ∈
[0,2]. Let x = β1 + β2. If ηk(θ ,x,ε) < 1, k = 1,2, . . . ,n,
and ηn+1(θ ,x,ε) ≥ 1, then there are at most n Bobs sharing
the nonlocality with Alice. We also plot the function values
of ηk(θ ,x) again when ε = 10−5 in Fig. 6(a), and show the
ranges of 0 < ηk(θ ,x) < 1 in Fig. 6(b), i.e., (θ , x) lies in the
right-hand sides of each curves for k = 1,2,3.

θ

(b)

0 0.5 1.0 1.5 2.0
0

0.2

0.4

0.6

0.8

x

k=1
k=2
k=3

1.0

1.0

2.0

2.0

00

0

0.4

0.5 1.5

0.8

(a)

η1(θ,x)
η2(θ,x)
η3(θ,x)
1

θ

x

Fig. 6. (a) The yellow, blue and green surfaces represent the values of
η1(θ ,x), η2(θ ,x) and η3(θ ,x), respectively, as functions of parameters
θ and x. The red plane denotes z= 1. Due to the limit of accuracy of the
computer calculation, the images with k ≥ 4 cannot be plotted. (b) The
blue, orange, and green curves represent the functions η1(θ ,x) = 1,
η2(θ ,x) = 1 and η3(θ ,x) = 1, respectively.

n

x

n

x

n

x

n

x

(a) θ=0.4 (b) θ=0.2

(d) θ=0.05(c) θ=0.1

Fig. 7. The value of the vertical axis n = nB
max is the maximal number

of Bobs who can share nonlocality with Alice dependent on the noisy
parameter x = β1 +β2. When θ is fixed, n increases if x moves to 1.

Similarly, from Fig. 6(b), the value of nB
max can be

straightforward investigated when (θ ,x) lies in the given re-
gion [0.4,π/4]×(0,1.8]. For instance, nB

max = 1 when (θ ,x) =
(0.4,1.5). In the region (0,0.4)× (1.8,2), we describe the
change pattern of nB

max depending on the noise parameter
x ∈ (1.8,2) when θ is fixed as 0.4, 0.2, 0.1 and 0.05 respec-
tively (see Fig. 7). We see that when θ is given, nB

max increases
if x moves from 1.8 to 2. On the other hand, in the four plots
of Fig. 7, the best persistency occurs when θ = 0.2.

4. The high-dimensional systems
In this section, we consider the persistency on sharing

nonlocality noisily in the case of arbitrary finite-dimensional
systems. The initial state with white noises is

ρ̃AB(1) = ν |ψ⟩⟨ψ|+ (1−ν)

st
Ist (42)

with the noisy parameter ν ∈ [0,1].
We also affix white noises on measurements Eqs. (9)–

(16). Then, when both s and t are even, the noisy measurement
strategies are defined as

Ā0|0 =
1
2
[Is +β1(I s

2
⊗ (cos(θ)σ3 + sin(θ)σ1))], (43)

Ā0|1 =
1
2
[Is +β2(I s

2
⊗ (cos(θ)σ3 − sin(θ)σ1))], (44)

B̄(k)
0|0 =

1
2
[It + γk(I t

2
⊗σ3)], (45)

B̄(k)
0|1 =

1
2
[It +µk(I t

2
⊗ηkσ1)] (46)

for θ ∈ (0,π/4] and k = 1,2, . . . ,n. When both s and t are odd,
a set of noisy POVMs are chosen to be

Ā0|0 =
1
2

[
Is +β1

(
I[ s

2 ]
⊗ (cos(θ)σ3 + sin(θ)σ1) 0

0 1

)]
, (47)

Ā0|1 =
1
2

[
Is +β2

(
I[ s

2 ]
⊗ (cos(θ)σ3 − sin(θ)σ1) 0

0 1

)]
, (48)

B̄(k)
0|0 =

1
2

[
It + γk

(
I[ t

2 ]
⊗σ3 0
0 1

)]
, (49)

B̄(k)
0|1 =

1
2

[
It +µkηk

(
I[ t

2 ]
⊗σ1 0
0 1

)]
(50)

for θ ∈ (0,π/4] and k = 1,2, . . . ,n.
Theorem 4 For the noisy initial state ρ̃AB(1) in Eq. (42),

assume that the Alice and Bobs perform noisy measurements
Eqs. (43), (44) or (47), (48) and Eqs. (45), (46) or (49), (50),
respectively. If β1 ≥ β2, then the expected CHSH value of
ρAB(k) satisfies the inequality

S̃(k)noisy
CHSH ≥ 21−k(β1 +β2)ν

[
γkcos(θ)

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
+Lµkηksin(θ)

k−1

∏
j=1

(
1+
√

1− γ2
j

)]
, (51)
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where θ ∈ (0,π/4], ν , βi, γk, ηk and µk ∈ [0,1] for i = 1,2,
k = 1,2, . . . ,n, L = 2(c1c2+c3c4+ · · ·+c2[ s

2 ]−1c2[ s
2 ]
) and c j is

the Schmidt coefficient of |ψ⟩ for j = 1,2, . . . ,c2[ s
2 ]

.
A proof of Theorem 4 will be given in Appendix D.
By Theorem 4, we get a sufficient condition of persis-

tency of sharing nonlocality noisily in the case of the arbitrary-
finite dimension.

Theorem 5 For the noisy initial state ρ̃AB(1) in Eq. (42),
assume the Alice and Bobs perform noisy measurements as in
Eqs. (43), (44) or (47), (48) and Eqs. (45), (46) or (49), (50),
respectively, and β1 ≥ β2. Then there exist n Bobs sharing the
nonlocality of the noisy initial state ρ̃AB(1) with Alice if there
exists ε > 0 such that

max
k∈{1,2,...,n}

arctan[yk2(ε)]≤ min
k∈{1,2,...,n}

arctan[yk1(ε)], (52)

where

yk1(ε) =

ekdk
1+ε

+2k
√

e2
k +( dk

1+ε
)2 −22k

22k − ( dk
1+ε

)2
,

yk2(ε) =

ekdk
1+ε

−2k
√

e2
k +( dk

1+ε
)2 −22k

22k − ( dk
1+ε

)2
,

with

ek = (β1 +β2)νγk

k−1

∏
j=1

(
1+
√

1−µ2
j

)
,

dk = (β1 +β2)νµkL
k−1

∏
j=1

(
1+
√

1− γ2
j

)
for any k = 1,2, . . . ,n, L = 2(c1c2 + c3c4 + · · ·+ c2[ s

2 ]−1c2[ s
2 ]
)

and ci is the Schmidt coefficient of |ψ⟩, i = 1,2, . . . ,c2[ s
2 ]

.
Furthermore, we get another sufficient condition for the

persistency of sharing nonlocality when part of the noises dis-
appears, which extends the sufficient persistency condition for
the two-qubit case to the arbitrary finite-dimension case.

Theorem 6 For the noisy initial state ρ̃AB(1) in Eq. (42),
let the Alice and Bobs perform noisy measurements in
Eqs. (43), (44) or (47), (48) and Eqs. (45), (46) or (49), (50),

respectively. If γn(β1 +β2)ν = 2 for some n, then there exist
at least n independent Bobs who can share the nonlocality of
the noisy initial state ρ̃AB(1) with the single Alice for arbitrary
given noisy parameters γk,µ j ∈ (0,1], k = 1,2, . . . ,n− 1 and
j = 1,2, . . . ,n.

5. Discussion and conclusion
The aim of the paper is to determine how many Bobs can

share the nonlocality with Alice at most in a noisy environ-
ment. For a given measurement strategy, two kinds of noises
are considered on the initial states and measurements respec-
tively. We establish a CHSH type inequality and obtain two
persistency conditions of sharing nonlocality noisily. We also
analyze the influence of the noises to persistency, that is, the
maximal number of Bobs who can share with Alice. It is sig-
nificant to find other anti-noise measurement strategy, which
can result in the better persistency.

Note also that we consider only two different noise fac-
tors. From experimental perspectives, it would be more inter-
esting to analyze errors that occur during physical implemen-
tation, such as the exponential decrease in coherence of quan-
tum states. Apart from loss in coherence, nonlocality sharing
becomes challenging due to photon loss, noise in photon de-
tection, and many other factors.

Appendix A: Proof of Theorem 1
Proof of Eq. (35) Denote by 𝑐0 and 𝑐1 the two or-

thogonal eigenvectors corresponding to the two largest eigen-
values of T (ρ̄AB(1))T T(ρ̄AB(1)), respectively. We define 𝑏i =

T T(ρ̄
AB(1)

)𝑐i

‖T T(ρ̄
AB(1)

)𝑐i‖
, i = 0,1, and σ𝑟 = r1σ1 + r2σ2 + r3σ3 for 𝑟 =

(r1,r2,r3), where {σ1,σ2,σ3} are Pauli operators. It is worth
noting that for two vectors 𝑎,𝑏∈R3 we have tr[ρ(σ𝑎⊗σ𝑏)] =

(𝑎,T (ρ)𝑏), where (·, ·) is the Euclidean inner product for the
real vector space R3.

When the noisy measurement strategy Eqs. (27)–(32) are
performed, then the CHSH value of Alice and Bob(k) can be
computed as follows:

S(k)noisy
CHSH = tr[ρAB(k)((Ā0 + Ā1)⊗ B̄(k)

0 )]+ tr[ρAB(k)((Ā0 − Ā1)⊗ B̄(k)
1 )]

= tr[ρAB(k)((β1A0 +β2A1)⊗ γkB(k)
0 )]+ tr[ρAB(k)((β1A0 −β2A1)⊗µkB(k)

1 )]

= β1γktr{ρAB(k) [(cos(θ)σ𝑐0 + sin(θ)σ𝑐1)⊗σ𝑏0 ]}+β2γktr{ρAB(k) [(cos(θ)σ𝑐0 − sin(θ)σ𝑐1)⊗σ𝑏0 ]}
+β1µkηktr{ρAB(k) [(cos(θ)σ𝑐0 + sin(θ)σ𝑐1)⊗σ𝑏1 ]}−β2µkηktr{ρAB(k) [(cos(θ)σ𝑐0 − sin(θ)σ𝑐1)⊗σ𝑏1 ]}. (A1)

By using the Lüders rule, we have

ρAB(k) =
1
2 ∑

b,y

(
I2 ⊗

√
B̄(k−1)

b|y

)
ρAB(k−1)

(
I2 ⊗

√
B̄(k−1)

b|y

)
=

1
2

[(
I2 ⊗

√
B̄(k−1)

0|0

)
ρAB(k−1)

(
I2 ⊗

√
B̄(k−1)

0|0

)
+
(

I2 ⊗
√

B̄(k−1)
1|0

)
ρAB(k−1)

(
I2 ⊗

√
B̄(k−1)

1|0

)
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+
(

I2 ⊗
√

B̄(k−1)
0|1

)
ρAB(k−1)

(
I2 ⊗

√
B̄(k−1)

0|1

)
+
(

I2 ⊗
√

B̄(k−1)
1|1

)
ρAB(k−1)

(
I2 ⊗

√
B̄(k−1)

1|1

)]
=

1
8

(
2+2

√
1− γ2

k−1

)
ρAB(k−1) +

1
8
(2−2

√
1− γ2

k−1)(I2 ⊗σ𝑏0)ρAB(k−1)(I2 ⊗σ𝑏0)

+
1
8
(2+2

√
1−µ2

k−1η2
k−1)ρAB(k−1) +

1
8

(
2−2

√
1−µ2

k−1η2
k−1

)(
I2 ⊗σ𝑏1

)
ρAB(k−1)

(
I2 ⊗σ𝑏1

)
=

[
1
2
+

1
4

(√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

)]
ρAB(k−1) +

1−
√

1− γ2
k−1

4
(I2 ⊗σ𝑏0)ρAB(k−1)(I2 ⊗σ𝑏0)

+
1−
√

1−µ2
k−1η2

k−1

4
(I2 ⊗σ𝑏1)ρAB(k−1)(I2 ⊗σ𝑏1), (A2)

where the third equation comes from√
1
2
(I2 ±ηkσ𝑏i) =

(
√

1+ηk +
√

1−ηk)I2 ± (
√

1+ηk −
√

1−ηk)σ𝑏i

2
√

2
(A3)

for i = 0,1. Then, using Eq. (A2), we have

(𝑐0,T (ρAB(k))𝑏0) =

(
1
2
+

√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

4

)
(𝑐0,T (ρAB(k−1))𝑏0)

+
1−
√

1− γ2
k−1

4
tr[(I2 ⊗σ𝑏0)ρAB(k−1)(I2 ⊗σ𝑏0)(σ𝑐0 ⊗σ𝑏0)]

+
1−
√

1−µ2
k−1η2

k−1

4
tr[(I2 ⊗σ𝑏1)ρAB(k−1)(I2 ⊗σ𝑏1)(σ𝑐0 ⊗σ𝑏0)]

=

(
1
2
+

√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

4

)
(𝑐0,T (ρAB(k−1))𝑏0)

+
1−
√

1− γ2
k−1

4
tr[ρAB(k−1)(σ𝑐0 ⊗σ𝑏0σ𝑏0σ𝑏0)]+

1−
√

1−µ2
k−1η2

k−1

4
tr[ρAB(k−1)(σ𝑐0 ⊗σ𝑏1σ𝑏0σ𝑏1)]

=

(
1
2
+

√
1−µ2

k−1η2
k−1

2
)(𝑐0,T (ρAB(k−1))𝑏0

)
. (A4)

Similar to Eq. (A4), we get

(𝑐1,T (ρAB(k))𝑏1)

=

(
1
2
+

√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

4
−

1−
√

1− γ2
k−1

4
+

1−
√

1−µ2
k−1η2

k−1

4

)
(𝑐1,T (ρAB(k−1))b1)

=

(
1
2
+

√
1− γ2

k−1

2

)
(𝑐1,T (ρAB(k−1))𝑏1), (A5)

(𝑐0,T (ρAB(k))𝑏1)

=

(
1
2
+

√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

4
−

1−
√

1− γ2
k−1

4
+

1−
√

1−µ2
k−1η2

k−1

4

)
(𝑐0,T (ρAB(k−1))𝑏1)

=

(
1
2
+

√
1− γ2

k−1

2

)
(𝑐0,T (ρAB(k−1))𝑏1), (A6)

(𝑐1,T (ρAB(k))𝑏0)

=

(
1
2
+

√
1− γ2

k−1 +
√

1−µ2
k−1η2

k−1

4
+

1−
√

1− γ2
k−1

4
−

1−
√

1−µ2
k−1η2

k−1

4

)
(𝑐1,T (ρAB(k−1))𝑏0)

=

(
1
2
+

√
1−µ2

k−1η2
k−1

2

)
(𝑐1,T (ρAB(k−1))𝑏0). (A7)
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By recursion, we get

(𝑐0,T (ρAB(k))𝑏0)

= 21−k(𝑐0,T (ρ̄AB(1))𝑏0)
k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
, (A8)

(𝑐1,T (ρAB(k))𝑏1)

= 21−k(𝑐1,T (ρ̄AB(1))𝑏1)
k−1

∏
j=1

(
1+
√

1− γ2
j

)
, (A9)

(𝑐0,T (ρAB(k))𝑏1)

= 21−k(𝑐0,T (ρ̄AB(1))𝑏1)
k−1

∏
j=1

(
1+
√

1− γ2
j

)
, (A10)

(𝑐1,T (ρAB(k))𝑏0)

= 21−k(𝑐1,T (ρ̄AB(1))𝑏0)
k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
. (A11)

It follows from Eqs. (A8)–(A11) and (A1) that

S(k)noisy
CHSH = γk21−k

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
× [(β1 +β2)cos(θ)(𝑐0,T (ρ̄AB(1))𝑏0)

+(β1 −β2)sin(θ)(𝑐1,T (ρ̄AB(1))𝑏0)]

+µkηk21−k
k−1

∏
j=1

(
1+
√

1− γ2
j

)
× [(β1 +β2)cos(θ)(𝑐0,T (ρ̄AB(1))𝑏1)

+(β1 +β2)sin(θ)(𝑐1,T (ρ̄AB(1))𝑏1)]. (A12)

Proof of Theorem 1 For the case of T (ρ̄AB(1)) =

diag(−αδ ,αδ ,δ ), from Eq. (A12) we have

(𝑐1,T (ρ̄AB(1))𝑏0)

=
1

‖T T(ρ̄AB(1))𝑐0‖
(𝑐1,T (ρ̄AB(1))T T(ρ̄AB(1))𝑐0) = 0, (A13)

(𝑐0,T (ρ̄AB(1))𝑏1)

=
1

‖T T(ρ̄AB(1))𝑐1‖
(𝑐0,T (ρ̄AB(1))T T(ρ̄AB(1))𝑐1) = 0, (A14)

(𝑐0,T (ρ̄AB(1))𝑏0) = δ , (A15)

(𝑐1,T (ρ̄AB(1))𝑏1) = αδ . (A16)

Using Eqs. (A13)–(A16) in Eq. (A12), we get

S(k)noisy
CHSH = 21−k(β1 +β2)δ

[
γkcos(θ)

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
+αµkηksin(θ)

k−1

∏
j=1

(
1+
√

1− γ2
j

)]
. (A17)

Appendix B: Proof of Theorem 2
From S(k)noisy

CHSH > 2, k = 1,2, . . . ,n, it is equivalent to

ηk >

2k

(β1+β2)δ
− γkcos(θ)

k−1
∏
j=1

(
1+
√

1−µ2
j η2

j

)
sin(θ)αµk

k−1
∏
j=1

(
1+
√

1− γ2
j

) . (B1)

Define a function

f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1)

=

2k

(β1+β2)δ
− γkcos(θ)

k−1
∏
j=1

(1+
√

1−µ2
j η2

j )

sin(θ)αµk
k−1
∏
j=1

(1+
√

1− γ2
j )

.

Obviously, f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1)>

0, then the inequality (B1) can be written as

ηk > f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1),

i.e.,

ηk

f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1)
> 1,

we have

inf
(

ηk

f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1)

)
> 1,

this implies that there exists ε > 0 such that ηk = (1 +

ε) f (θ ,α,δ ,β1,β2,µ1, . . . ,µk,γ1, . . . ,γk,η1, . . . ,ηk−1).
Denote by 𝒳k the set {ε,α,δ ,β1,β2,µi,γi}k

i=1. Further-
more, we define a sequence ηk(θ ,𝒳k) as follows:

ηk(θ ,𝒳k) =


(1+ ε)

2k

(β1+β2)δ
− γkcos(θ)

k−1
∏
j=1

(
1+
√

1−µ2
j η2

j (θ ,𝒳 j)
)

sin(θ)αµk
k−1
∏
j=1

(
1+
√

1− γ2
j

) if 0 < ηk−1(θ ,𝒳k−1)< 1,

∞ otherwise,

(B2)

with η1(θ ,𝒳1) = (1+ε)
2

(β1+β2)δ
−γ1cos(θ)

sin(θ)αµ1
for some ε > 0 and θ ∈ (0,π/4]. We note that ηi(θ ,𝒳i)> 0, i = 1,2, . . . , for θ ∈ (0, π

4 ]

and ε > 0. In order to ηk(θ ,𝒳k)< 1, i.e.,

(1+ ε)

[
2k

(β1 +β2)δ
− cos(θ)γk

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j (θ)
)]

< sin(θ)αµk

k−1

∏
j=1

(
1+
√

1− γ2
j

)
. (B3)
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If ηi(θ ,𝒳i)< 1 for i = 1,2, . . . ,k−1, then

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j (θ ,𝒳 j)
)
>

k−1

∏
j=1

(
1+
√

1−µ2
j

)
.

Thus, ηk(θ ,𝒳k)< 1 when

(1+ ε)

[
2k

(β1 +β2)δ
− cos(θ)γk

k−1

∏
j=1

(1+
√

1−µ2
j )

]

< sin(θ)αµk

k−1

∏
j=1

(
1+
√

1− γ2
j

)
. (B4)

Set

ak = (β1 +β2)δγk

k−1

∏
j=1

(
1+
√

1−µ2
j

)
, (B5)

bk = (β1 +β2)δαµk

k−1

∏
j=1

(
1+
√

1− γ2
j

)
. (B6)

We can rewrite inequality (B4) as (1+ ε)(2k − cos(θ)ak) <

bksin(θ) and get[
22k −

(
bk

1+ ε

)2]
tan2(θ)− 2akbk

1+ ε
tan(θ)+22k −a2

k < 0.

(B7)

The solution of inequality (B7) satisfies

tan(θk) ∈ (xk1(ε),xk2(ε)), (B8)

where

xk1(ε) =

akbk
1+ε

−2k
√

a2
k +( bk

1+ε
)2 −22k

22k − ( bk
1+ε

)2
,

xk2(ε) =

akbk
1+ε

+2k
√

a2
k +( bk

1+ε
)2 −22k

22k − ( bk
1+ε

)2

for any k= 1,2, . . . ,n, i.e., θk ∈ (arctan[xk2(ε)],arctan[xk1(ε)]).
Therefore, if

max
k∈{1,2,...,n}

arctan[xk2(ε)]≤ min
k∈{1,2,...,n}

arctan[xk1(ε)], (B9)

for some ε > 0, then there exists θ ∈ ( max
k∈{1,2,...,n}

arctan[xk2(ε)],

min
k∈{1,2,...,n}

arctan[xk1(ε)]) such that ηk(θ ,𝒳k) < 1 for any k =

1,2, . . . ,n.

Appendix C: Proof of Theorem 3
From assumption, γn(β1 +β2)δ = 2, denote by 𝒴k the set of given nonzero parameters {ε,α,µs,γt}k,k−1

s=1,t=1, one has

ηk(θ) :=


(1+ ε)

2k−1 − cos(θ)
k−1
∏
j=1

(
1+
√

1−µ2
j η2

j (θ)
)

sin(θ)αµk
k−1
∏
j=1

(
1+
√

1− γ2
j

) if 0 < ηk−1(θ)< 1,

∞ otherwise,

(C1)

with η1(θ) = (1+ ε) 1−cos(θ)
sin(θ)αµ1

, θ ∈ (0, π

4 ] and ε > 0, which corresponds to inequality (B2).

To obtain the bound of the terms of the sequence {ηk(θ)|k = 1,2, . . . ,n}, we use the following inequalities:
√

1− x2 ≥ 1−x2

for x ∈ [0,1]; cos(θ)≥ 1−θ 2/2 and sin(θ)≥ θ/2 for θ ∈ (0,π/4]. Then we have

ηk(θ)≤ (1+ ε)

2k−1 − (1− θ 2

2 )
k−1
∏
j=1

(2−µ2
j η2

j (θ))

θ

2 αµk
k−1
∏
j=1

(2− γ2
j )

= (1+ ε)2k
1− (1− θ 2

2 )
k−1
∏
j=1

(1− µ2
j η2

j (θ)

2 )

θαµk
k−1
∏
j=1

(2− γ2
j )

. (C2)

We can define a new sequence (pi(θ))i of the following form:

pk(θ) :=


(1+ ε)2k

1− (1− θ 2

2 )
k−1
∏
j=1

(1− µ2
j p2

j (θ)

2 )

θαµk
k−1
∏
j=1

(2− γ2
j )

if 0 < pk−1(θ)< 1,

∞ otherwise,

(C3)

with p1(θ) = (1+ε) θ

αµ1
and ηk(θ)≤ pk(θ). We have p1(0) = 0, and p1(θ) is a continuous positive function and 0 < p1(θ)< 1

for all θ ∈ (0,θ1) with θ1 =
αµ1
1+ε

. As p2(θ) = (1+ ε)θ (1+ε)2(4−θ 2)+2α2

α3µ2(2−γ2
1 )

, therefore, p2(θ) is also a continuous positive function

and p2(0) = 0, this implies that there exists 0 < p2(θ)< 1 for θ ∈ (0,θ2).
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Next, we proceed by induction to show that there ex-
ists θk > 0 such that 0 < pk(θ) < 1 when θ ∈ (0,θk). Sup-
pose that p j(θ) is a continuous function and p j(0) = 0, then
we can find interval (0,θ j) such that 0 < p j(θ) < 1 for
j = 1,2, . . . ,k − 1. It implies that 0 < p j(θ) < 1 for any
j = 1,2, . . . ,k−1 when θ ∈ (0, min

j∈{1,2,...,k−1}
θ j). Then, we can

calculate to get pk(0) = 0 and pk(θ) is also a continuous func-
tion. It follows from 0 < p j(θ)< 1 for any j = 1,2, . . . ,k−1
when θ ∈ (0, min

j∈{1,2,...,k−1}
θ j) that pk(θ) is a positive func-

tion. Therefore, we can get that 0 < pk(θ)< 1 on the interval
(0,θk). It follows by induction that for any n ∈ N we can find
a θ ∈ (0, min

j∈{1,2,...,n}
θ j) such that 0 < pn(θ)< 1.

Finally, as ηk(θ) ≤ pk(θ) we have 0 < ηi(θ) < 1 when
θ ∈ (0, min

j∈{1,2,...,n}
θ j) for all i = 1,2 . . . ,n.

Appendix D: Proof of Theorem 4
In the following, we give a brief proof, which is similar

to the proof of Theorem 1. When both s and t are even, we use
Eqs. (43), (44) and Eqs. (45), (46) as noisy measurements, we
get

S̃(k)noisy
CHSH = tr[ρAB(k)((Ā0 + Ā1)⊗ B̄(k)

0 )]

+ tr[ρAB(k)((Ā0 − Ā1)⊗ B̄(k)
1 )]

= tr[ρAB(k)((β1A0 +β2A1)⊗ γkB(k)
0 )]

+ tr[ρAB(k)((β1A0 −β2A1)⊗µkB(k)
1 )]

= β1γktr[ρAB(k)(A0 ⊗B(k)
0 )]

+β2γktr[ρAB(k)(A1 ⊗B(k)
0 )]

+β1µktr[ρAB(k)(A0 ⊗B(k)
1 )]

−β2µktr[ρAB(k)(A1 ⊗B(k)
1 )], (D1)

where

A0 = I s
2
⊗ (cos(θ)σ3 + sin(θ)σ1),

A1 = I s
2
⊗ (cos(θ)σ3 − sin(θ)σ1), (D2)

B(k)
0 = I t

2
⊗σ3, B(k)

1 = ηkI t
2
⊗σ1. (D3)

For the case k = 1, we have

tr[ρAB(1)(I s
2
⊗σ3 ⊗ I t

2
⊗σ1)]

= tr[ρAB(1)(I s
2
⊗σ1 ⊗ I t

2
⊗σ3)] = 0, (D4)

tr[ρAB(1)(I s
2
⊗σ3 ⊗ I t

2
⊗σ3)] = ∑

i
c2

i = 1, (D5)

tr[ρAB(1)(I s
2
⊗σ1 ⊗ I t

2
⊗σ1)] = L, (D6)

where L = 2(c1c2 + c3c4 + · · ·+ c2[ s
2 ]−1c2[ s

2 ]
). Then we get

tr[ρ̃AB(1)(I s
2
⊗σ3 ⊗ I t

2
⊗σ1)]

= tr[ρ̃AB(1)(I s
2
⊗σ1 ⊗ I t

2
⊗σ3)] = 0, (D7)

tr[ρ̃AB(1)(I s
2
⊗σ3 ⊗ I t

2
⊗σ3)] = ν ∑

i
c2

i = ν , (D8)

tr[ρ̃AB(1)(I s
2
⊗σ1 ⊗ I t

2
⊗σ1)] = νL. (D9)

It follows from the Lüders rule, Eqs. (A3)–(A5) in
Ref. [33] and Eqs. (D2), (D3), (D7)–(D9) that Eq. (D1) is
transformed into

S̃(k)noisy
CHSH

= (β1 +β2)[γkcos(θ)tr[ρAB(k)(I s
2
⊗σ3 ⊗ I t

2
⊗σ3)]

+µkηksin(θ)tr[ρAB(k)(I s
2
⊗σ1 ⊗ I t

2
⊗σ1)]]

= (β1 +β2)[γkcos(θ)(21−k
ν

k−1

∏
j=1

(1+
√

1−µ2
j η2

j ))

+µkηksin(θ)21−k
νL

k−1

∏
j=1

(1+
√

1− γ2
j )]

= (β1 +β2)21−k
ν [γkcos(θ)

k−1

∏
j=1

(1+
√

1−µ2
j η2

j )

+µkηkLsin(θ)
k−1

∏
j=1

(1+
√

1− γ2
j )]. (D10)

Then, we consider the case that both s and t are odd,
which is the most complex case. In this case, we use Eqs. (47),
(48) and Eqs. (49), (50) as the noisy measurements for Alice
and Bob(k), respectively. By calculation, we get

tr[ρAB(1)(A0 ⊗B(k)
0 )] = cos(θ)(1− c2

s )+ c2
s , (D11)

tr[ρAB(1)(A0 ⊗B(k)
1 )] = ηk(c2

s + sin(θ)L), (D12)

tr[ρAB(1)(A1 ⊗B(k)
0 )] = cos(θ)(1− c2

s )+ c2
s , (D13)

tr[ρAB(1)(A1 ⊗B(k)
1 )] = ηk(c2

s − sin(θ)L), (D14)

where

A0 =

(
I[ s

2 ]
⊗ (cos(θ)σ3 + sin(θ)σ1) 0

0 1

)
, (D15)

A1 =

(
I[ s

2 ]
⊗ (cos(θ)σ3 − sin(θ)σ1) 0

0 1

)
, (D16)

B(k)
0 =

(
I[ t

2 ]
⊗σ3 0
0 1

)
, (D17)

B(k)
1 = ηk

(
I[ t

2 ]
⊗σ1 0
0 1

)
(D18)

for some θ ∈ (0,π/4] and k = 1,2, . . . ,n. Similar to the proof
of Theorem 1, we can get

tr[ρAB(k)(A0 ⊗B(k)
0 )]

=
k−1

∏
j=1

(
1
2
+

1
2

√
1−µ2

j η2
j

)
tr[ρ̃AB(1)(A0 ⊗B(k)

0 )], (D19)

tr[ρAB(k)(A0 ⊗B(k)
1 )]

=
k−1

∏
j=1

(
1
2
+

1
2

√
1− γ2

j

)
tr[ρ̃AB(1)(A0 ⊗B(k)

1 )], (D20)

tr[ρAB(k)(A1 ⊗B(k)
0 )]
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=
k−1

∏
j=1

(
1
2
+

1
2

√
1−µ2

j η2
j

)
tr[ρ̃AB(1)(A1 ⊗B(k)

0 )], (D21)

tr[ρAB(k)(A1 ⊗B(k)
1 )]

=
k−1

∏
j=1

(
1
2
+

1
2

√
1− γ2

j

)
tr[ρ̃AB(1)(A1 ⊗B(k)

1 )]. (D22)

Combining the form of noisy initial state ρ̃AB(1) with
Eqs. (D11)–(D22) and β1 ≥ β2, Eq. (D1) can be rewritten as

S̃(k)noisy
CHSH = β1γktr[ρAB(k)(A0 ⊗B(k)

0 )]

+β2γktr[ρAB(k)(A1 ⊗B(k)
0 )]

+β1µktr[ρAB(k)(A0 ⊗B(k)
1 )]

−β2µktr[ρAB(k)(A1 ⊗B(k)
1 )]

= ν

[
(β1 +β2)γk(cos(θ)(1− c2

s )+ c2
s )

×
k−1

∏
j=1

(
1
2
+

1
2

√
1−µ2

j η2
j

)
+ηkµk[c2

s (β1 −β2)+(β1 +β2)Lsin(θ)]

×
k−1

∏
j=1

(
1
2
+

1
2

√
1− γ2

j

)]

+
1−ν

st

[
(β1 +β2)γk

k−1

∏
j=1

(
1
2
+

1
2

√
1−µ2

j η2
j

)

+(β1 −β2)µkηk

k−1

∏
j=1

(
1
2
+

1
2

√
1− γ2

j

)]

≥ 21−k(β1 +β2)ν
[
γkcos(θ)

k−1

∏
j=1

(
1+
√

1−µ2
j η2

j

)
+Lµkηksin(θ)

k−1

∏
j=1

(
1+
√

1− γ2
j

)]
, (D23)

where L = 2(c1c2 + c3c4 + · · ·+ c2[ s
2 ]−1c2[ s

2 ]
).

For the case of even (odd) t and odd (even) s, it is analo-
gous to prove inequality (51).

Acknowledgements
This work is supported by the National Natural Science

Foundation of China (Grant Nos. 12271394 and 12071336)
and the Key Research and Development Program of Shanxi
Province (Grant No. 202102010101004).

References
[1] Scarani V 2019 Bell nonlocality (London: Oxford University) pp. 4–11
[2] Bell J S 1964 Phys. Phys. Fiz. 1 195

[3] Barrett J, Linden N, Massar S, Pironio S, Popescu S and Roberts D
2005 Phys. Rev. A 71 022101

[4] Wiseman H M, Jones S J and Doherty A C 2007 Phys. Rev. Lett. 98
140402

[5] Cleve R and Buhrman H 1997 Phys. Rev. A 56 1201
[6] Barrett J, Hardy L and Kent A 2005 Phys. Rev. Lett. 95 010503
[7] Masanes L, Pironio S and Acı́n A 2011 Nat. Commun. 2 238
[8] Colbeck R and Kent A 2011 J. Phys. A: Math. Theor. 44 095305
[9] Raussendorf R and Briegel H J 2001 Phys. Rev. Lett. 86 5188

[10] Raussendorf R, Browne D E and Briegel H J 2003 Phys. Rev. A 68
022312

[11] Brunner N, Cavalcanti D, Pironio S, Scarani V and Wehner S 2014 Rev.
Mod. Phys. 86 419

[12] Bell J S 2004 Speakable and Unspeakable in Quantum Mechanics, 2nd
edn. (Cambridge: Cambridge University) pp. 169–172

[13] Einstein A, Podolsky B and Rosen N 1935 Phys. Rev. 47 777
[14] Gröblacher S, Paterek T, Kaltenbaek R, Brukner Č, M. Żkowski, As-
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