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Sharing quantum nonlocality in the noisy scenario
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It was showed in [Phys. Rev. Lett. 125 090401 (2020)] that there exist unbounded number of independent Bobs
who can share quantum nonlocality with a single Alice by performing sequentially measurements on the Bob’s half of
the maximally entangled pure two-qubit state. However, from practical perspectives, errors in entanglement generation
and noises in quantum measurements will result in the decay of nonlocality in the scenario. In this paper, we analyze
the persistency and termination of sharing nonlocality in the noisy scenario. We first obtain the two sufficient conditions
under which there exist n independent Bobs who can share nonlocality with a single Alice under noisy measurements
and the noisy initial two qubit entangled state. Analyzing the two conditions, we find that the influences on persistency
under different kinds of noises can cancel each other out. Furthermore, we describe the change patterns of the maximal
nonlocality-sharing number under the influence of different noises. Finally, we extend our investigation to the case of

arbitrary finite-dimensional systems.

Keywords: Bell nonlocality, quantum measurement, quantum noise

PACS: 03.65.Ud, 03.67.—a

1. Introduction

Quantum nonlocality is a kind of quantum resource
distinct from entanglement and Einstein—Podolsky—Rosen
(EPR) steering,
tum information processing.!'# Nonlocal correlations of-

and has broad applications in quan-

fer a quantum advantage in communication complexity
problems,! device-independent quantum cryptography,®7]
randomness expansion,/8! and measurement-based quan-
tum computation.[®!%1 Quantum nonlocality can be demon-

strated by violation of Bell inequalities (or Bell-type

inequalities).['!~131  Furthermore, researchers have also
developed various experimental techniques on quantum
nonlocality.[14-17]

In previous researches, scientists explored the limitations
of nonlocality by asking whether a pair of entangled qubits
could produce a long sequence of nonlocal correlations in
Refs. [18-21].
scenario (see Fig. 1) and demonstrated that at most two se-

Silva et al. first introduced this sequential

quential observers (Bobs) could share nonlocality with a sin-

U8 Since then, ad-

gle Alice through weak measurements.
ditional theoretical and experimental findings on nonlocal-
ity sharing have been obtained.”>3!! Brown and Colbeck
found a measurement strategy such that there exists an un-
bounded number of independent Bobs who are able to violate
the Clauser—Horne—Shimony—Holt (CHSH) inequality with a
single Alice by sequentially measuring one half of a maxi-
mally entangled pure two-qubit state p, o) = [¢T)(¢ | with
loF) = %(|00> +]11)).27! Foletto et al. implemented exper-

imentally the nonlocality-sharing strategy.*’! Zhang and Fei

fCorresponding author. E-mail: hekanquantum@ 163.com
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DOI: 10.1088/1674-1056/ad062d

extended the aforementioned results to the case of arbitrary
finite-dimensional systems.[33] In Refs. [34,35], problems on
sharing network nonlocality were also discussed. However,
the above discussions are always limited to the ideal scenario,
where the initial states and measurements are noiseless.
Recently the topics of noisy network nonlocality were
[36,37].

ror tolerance of nontrilocal correlations in noisy triangle
[36

focused on in Refs. Mukherjee studied er-

networks, %%l where different sources of imperfections were
considered, such as errors in entanglement generation, com-
munications over noisy quantum channels and noises in

(38401 Fyrthermore, the similar problem on per-

measurements.
sistency of the non-n-local correlations in noisy linear net-
works was analyzed in Ref. [37]. The aforementioned re-
searchers discovered that the influence of noises can result in
the decay of nonlocality in quantum networks. So can it in the
nonlocality-sharing scenario. In this paper, we analyze persis-
tency of sharing nonlocality in the noisy scenario, where the
initial states and measurements have errors in entanglement
generation and white noises, respectively.

The study presents the conditions for nonlocality sharing
termination and infinite nonlocality sharing, respectively, and
uses images to reflect the impact of noise on the maximum
number of independent Bobs who can share the nonlocality of
the noisy initial state with the single Alice. Furthermore, we
investigate the noisy nonlocality sharing in high-dimensional
bipartite systems.

The paper is arranged as follows. In Section 2, we review

some basic results on sharing nonlocality. In Section 3, we

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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first focus on the case that the initial state is the two-qubit one.
Here, noises from entanglement generation and measurements
are introduced. Furthermore, we obtain two sufficient con-
ditions of the persistency of sharing nonlocality noisily, and
analyze the change patterns of the maximal number of Bobs
who can share nonlocality with Alice under the influence of
different noises. In Section 4, we devote to generalizing the
persistency to arbitrary finite-dimensional systems.

2. Preliminaries

In this section, we review the results on the nonlocality-
sharing scenario (see Fig. 1).

2.1. Detection of nonlocality

The quantum nonlocality of a bipartite state psp can be
proved by violating Clauser—Horne—Shimony—Holt (CHSH)
Bell inequality 4!

SchusH := (AoBo) + (AoB1) + (A1Bo) — (A1B1) <2, (1)

where (ABy) = ¥, ,(—1)*"p(a,b|x,y) is the joint expecta-
tion value of the observations of Alice and Bob when their
settings are x and y (x,y € {0,1}), and binary outcomes are a
and b (a,b € {0,1}), respectively. A; and B; are observables
with r(A;) <1 and r(B;) <1, i =0,1. Denote by r(A) the
spectral radius of the matrix A. The distributions are given by
the Born rule

p(a,b|x,y) = tr[(Aa\x®Bb|y)pAB]; 2

where Y, (—1)"A,x = A, and Zb(fl)bBb‘y = B, for Alice’s
measurement set {A,|, } 4, and Bob’s one {By, }5.,.

2.2. The sequential nonlocality-sharing scenario

Let Hy and Hp be finite-dimensional complex Hilbert
spaces and p, 1) a bipartite state acting on Hy ® Hp with
dim(H4 ) = s and dim(Hp) =t. Denote by I, the m x m identity
matrix. In Ref. [18], the sequential nonlocality-sharing sce-
nario was proposed (see Fig. 1). Here Alice and Bob(!) share
an initial entangled bipartite state p, 1). Suppose Bob!) per-
forms the measurement according to binary input ¥ (1) = y with
binary outcome B = b, the postmeasurement state shared
between Alice and Bob(® can be described by the Liiders
rule,[?"l je.,

1 /
Pap2 = 5 ; <1s & Bl(;Ty))pAB“) (Is @ Bé};), (3)
y

(1
bly
(POVM) corresponding to outcome b of Bob!)’s measure-

where B, is the positive operator-valued measurement

ment for input y. Repeating this process, the state p, ) shared
by Alice and Bob™®) can be computed as

1 [ (k— | (ke
pAB(k) = 5 bZ (Ix & BEJI‘C) 1)>pAB(1<—1) (Is & B/(J‘(} 1>)7 (4)
Y

(k=1)
bly

Bob*~1)’s measurements for input y.

Alice

PABO)

POVM |POVM
Bob(jl) Bob®

where B is the POVM corresponding to outcomes b of

_PAB® PABM)

POVM
..... Bob(n)

Fig. 1. A bipartite entangled state p, 5(1) is initially shared between Al-
ice and Bob("). Bob(!) performs a POVM on his part. Denote by p,p2)

the post-measurement state. Bob® also performs a POVM, and this
process continues until Bob™. One want to ask how many Bobs can
share the nonlocality with Alice at most.

It is dependent on the choice of POVMs in the scenario
of Fig. 1 whether or not p,,u is nonlocal, i = 1,2...,n.
Denote by {Ag|,Aj|,} the POVM of Alice, x = 0,1, where
Agjx A1y = Iy and Ag), > 0, Ay|, > 0. The corresponding ob-
servable is given by Ay = Ao, —Aj),. Similarly, the POVM
{BE)]|{37B§]‘<;} (y =0,1) is performed by Bob®, k=1,2,...,n.
When s = ¢ = 2, the POVM strategies were introduced in
Ref. [27] such that arbitrarily many independent Bobs can
share the nonlocality of initial maximally entangled pure two-
qubit state p, 50y = 07) (67| (167) = 5(100) — [11))) with
the single Alice. These POVM strategies are of the following

forms:
Agp: = %(Iz—kcos(e)cg—ksin(e)crl), %)
Aot = %(Iz—kcos(e)cg—sin(e)oq), (6)
By = St o) )
Bg;g = %(Iz—knkal), 8)

where ¢; (j = 1,2,3) are Pauli matrices, 6 € (0,7/4] and
M € (0,1) forany k=1,2,...,n.

In Ref. [33], Zhang and Fei extended the results in
There

the initial state p, 1) = |W)(y| is an arbitrary-dimensional

Ref. [27] to the arbitrary finite-dimensional case.

bipartite entangled pure state, where |y) € Hy ® Hp with
Schmidt decomposition |y) = Y7, ¢;ia)|ig) and dim(Hy) =
s, dim(Hg) =1 (s <t), with ¢; € [0,1], ¥ic7 = 1, and {ia) }}
and {|ip) }| being the orthonormal bases of H4 and Hp, respec-
tively. When both s and ¢ are even, the measurement strategies
(POVMs) are chosen as

1

5[Is—i-(l% ® (cos(0)o3 +sin(0)o1))],  (9)

Agy = %[H(z% % (cos(0)as —sin(8)51))],  (10)

Ao =

o1
By = i+ Iy ®03)), "

010302-2
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1
By} = 51l + (1 2 meo)] (12)

for 6 € (0,7/4] and N € (0,1), k =1,2,...,n. When both s
and ¢ are odd, a set of POVMSs can be given by

o= L (T2 O+ 0@ 0Y]
Ao =% :13+ <1m®(cos(9)gs—sin<9>‘fl) ?)] (14)
sl =1 :1,+ <’m§“’3 ‘m (1)
B =3 :an (’mg@‘ﬁ ?)} (16)

for 6 € (0,7/4] and ;. € (0,1), k=1,2,...,n.

3. Sharing nonlocality in noisy two-qubit sys-
tems

In this section, we study persistency and termination on
sharing nonlocality noisily with initial two-qubit states.
Before that, we first introduce the noise generation.

3.1. Noise generation

The first kind of noises comes from entanglement gener-
ation of the initial state. In the experiment, a two-qubit entan-
gled state p, ) = 97 )(¢ | with [¢7) = 1(/00) —[11)) is
generated by the action of the Hadamard gate H and CNOT
gate on § =|10)(10].

Let o and & denote the noisy parameters characteriz-
ing the ‘H gate and CNOT gate, respectively. Starting from
¢ =110)(10|, and the noisy Hadamard gate generates!*!

C = aMHobiH ob)+~—2hew ()
= 5 (100){00] +[10)10])
f%(|oo><10|+|10><00|). (17)

Subjection of | to noisy CNOT gives

. 1-8
p,p1) = 8(CNOTE{(CNOT)T) + L®DL

1 1
=1 Y (+(-

i,j=0

1)78)]ij) (i)l
—2a:8(|11){00]+ 00} (11])|. (18)
Denote by T(p) =

tries are given by w; ; = tr[p(c; ® 0;)].
diag(—ad,ad,9).

(wi, J-)3X3 the correlation matrix whose en-
Then T(pAB(l)) =

Secondly, the white noises are fixed on POVMs
{Agji,A1)iti=0,1 and {Bow i }, —o0,1 of parties Alice and
Bob®, k=1,2,...,n. Let B; € € [0,1] characterize the noisy

measurement set {Agjg,Ajjo} in the sense that it fails to de-
tect with probability 1 — By, i.e., | parametrizes a faulty mea-
surement device. Similarly, the noisy parameters for measure-
ments {Agy1,Aii}, {Byjy, By} and {B{j].B|
by B, 1 and Wy, k =1,2,...,n, respectively, and 3, € [0,1],
% € [0,1], ux € [0,1]. If dim(Hs) = s and dim(Hp) = 1, then
noisy POVMs can be represented as

i } are denoted

Aop = PrAopo+ I_Tﬂlls, (19
Ao = BoAop + I_TBZIS, (20)
0‘0 kaO‘OJr 27k1,, (21)
BY) = Bl + 22)

We take s =t = 2 when we consider the case of the initial
state being a two-qubit state. Then the corresponding noisy
observables are

Ag = Agp— Ay = BiAo, (23)
Ay =Ag — Ay = BA1, (24)
By = By — By =By . (25)
B = By - Bl = B, (26)

Combing Egs. (5)—(8) with the form of noisy POVMs (see
Egs. (19)-(22)), when the initial sharing state is a two-qubit
state we write the noisy measurement strategy as follows:

Ao 1= %[lz—i- B (cos(6) 03 +sin(8) a1 )], @7
Ay = %[12—,81 (cos(8) o3 +sin(0) )], 28)
Agyy = %[124—[32(005(6)0'3 ~sin(6)0y)], (29)
Al\l = %[12—[32(0%(6)0‘3—sin(9)c71)]7 30)
By = ;(lzﬂfm) By = %(Iz ~woy), (3D

B

o1 1
By = 5 (24 o), B} == 5 (b= o). (32)

3.2. Persistency of the noisy nonlocality-sharing scenario

In order to analyze the persistency, we first calculate the
expected CHSH value S(C})Irg;_l[sy with the noisy initial state and
noisy POVMs. The detail of the proofs for our theorems will
be presented in the appendix.

Theorem 1 For the noisy initial state p, (1) in Eq. (18),
if Alice and Bobs perform noisy measurements in Egs. (27)—
(30) and Egs. (31)—(32), respectively, then the expected CHSH

value of p, zx is given by

S(c&“s‘i‘fy =2"%Bi+ )5

X {}/kcos(e) H (l +4/1 —u}n})

010302-3
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k=1
+aesin(0) [ | (1 1 y})} . (33)
j=1
where 0 € (0,7/4], §,a, Bi, Mk, ¥ and W, € [0,1] fori = 1,2,
k=1,2,...,n.

In the following, we provide two sufficient conditions of
persistency of sharing nonlocality noisily.

Theorem 2 For the noisy initial state p, 1) in Eq. (18),
assume Alice and Bobs perform noisy measurements in
Egs. (27)—-(30) and Egs. (31)—(32), respectively, then there ex-
ist n Bobs sharing the nonlocality of p, 51 with the single Al-
ice if there exists € > 0 such that

max arctan|xp(€)] < min arctan|xy (€)], (34
ke{1,2,...n} bia e)] = ke{12,.m} Pra(8)], (34)
where
by b
e+ 2 a4 ()P -2
X1 (€) = " R ;
2= (1)
abe _ ok a2+(”7k)2_22k
xk2(8) _ I+e k I+e
b )
22— ()
with

k-1
ar = (B +B2)Sn [J(1+/1—u),
j=1

k—1

b= (Bi+B) o [ T(1+/1—7),
=1

J
k=1,2,...,n.

Theorem 3 For the noisy initial state p,(1) in Eq. (18),
assume Alice and Bobs perform noisy measurements in
Egs. (27)-(30) and Egs. (31)—(32), respectively, if ,(B1 +
B2)6 = 2, then there exist n Bobs who can share the non-
locality of the noisy initial state p,,i) with the single Al-
ice for arbitrary given noisy parameters o, %, t; € (0,1}, k =
1,2,...,n—1and j=1,2,...,n.

The set {a,d, Bi, B2, Uk, Y}, consists of all noisy pa-
rameters. The condition in Theorem 2 reveals how the persis-
tency of sharing nonlocality in the noisy scenario depends on
all noisy parameters. If, for some n such that Eq. (34) holds
for some € > 0, but there is no € > 0 so that Eq. (34) holds
for n+ 1, then Alice can at most share the nonlocality with
n Bobs, and the sharing process stops at nth step. The per-
sistency condition in Theorem 3 is more pragmatic and some
what surprising. Note that ,(8; + 52)6 =2 means ¥, = f§; =
Br =06 =1, i.e., their corresponding noises vanish. Theorem 3
reveals that, if the noises parameters B; = f, = § = 1 and
the noise parameter }, = 1 for n > 1, then Alice can share
nonlocality at least with n Bobs whatever the noise parame-
ters a,{yk}z;},{uj}’}:l take any values in (0,1]. Why the

phenomenon in Theorem 3 happens? One can find from the
proof of Theorem 3 that when 6 is small enough, each index
of persistency 1, = 1x(0) always can lie in (0,1) for arbitrary
nonzero noisy parameters o, {yk}z;ll, {u;}j_;. Recall the pa-
rameter 6 comes from the Alice’s measurement. This means
Alice’s appropriate measurement device can counteract the in-
fluence on persistency under noises from the Hadamard gate
and Bobs’ measurements.

In the aforementioned theoremes, it is always assumed that
the initial state is a kind of special noisy maximal entangled
states. Finally, we consider the nonlocality-sharing problem
on the general case that the initial state is an arbitrary two-
qubit state. For an arbitrary two-qubit state p,.1), assume
that Alice and Bobs perform noisy measurements in Egs. (27)—
(30) and Egs. (31)—(32), respectively, it follows that the CHSH
value is

. k—1
st = 2o i
=
X [(B1 + B2)cos(8)(co, T (P51 )bo)
+(B1 = B2)sin(0)(c1, T (pp1))bo)]

k—1
+wn2 [0+ /1-79)
j=1

X [(B1+ B2)cos(0)(co, T(py50))b1)
+(B1 + B2)sin(0)(c1, T (py50))b1)],  (35)

where ¢y and c; are the two orthogonal eigenvectors corre-

sponding to two largest eigenvalues of T(pAB(l))TT(p () )

_ T (p, 1) e
ITT(p 51y Jeill”

10y + 1303 for r = (r1,r,r3), where {0},0,,03} are Pauli

respectively, b; i=0,1, and o, = rjo1 +
operators. It is worth noting that for two vectors a,b € R,
tr[p (0, ® 03)] = (a,T(p)b), where (-,-) is the Euclidean in-
ner product for the real vector space R3. The proof of Eq. (35)
can be found in Appendix A. Equation (35) can help us deal
with more cases of different initial states. For instance, as-
sume that p, 1) is a Werner state, which can be written as
Pap) = <1;—”)14—&—p|(}5’)((])’| with p € (3, 1]. By the calcula-
tion of Eq. (A12), we get

k)nois 1
SR — 21k (By + Bo)p

k—1
 eos(@) TJ(1 /1= 7n3)

j=1
k=1

+mmmWHF1hhﬁw (36)

j=1
where 0 € (0,7/4], 8,0, B, Mk, Y and w € [0,1] fori = 1,2,
k=1,2,...,n. Similar to the proof of Theorem 3, we can
claim that if %,(B; + B2)p = 2, then there exist n Bobs who
can share the nonlocality of the initial state p, z1) with the sin-
gle Alice for arbitrary given noisy parameters ¥, i; € (0, 1],
k=1,2,...,n—1and j=1,2,...,n.

010302-4
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3.3. Termination of sharing nonlocality in noisy scenarios

As we see from Theorems 2 and 3, different kinds of
noises result in different influences on the decay of nonlocal-
ity. In this section, we discuss the question how the noises
influence the persistency of sharing nonlocality. We divide the
discussion to two cases: state noises and measurement noises.
It is assumed that the noisy parameters are always nonzero, the
given noisy initial state p, 51y i presented in Eq. (18) and the

noisy measurements are presented in Eqs. (27)—(32).

3.3.1. Errors on entanglement generation

Letd=f1=Ph=w="y=1forallk=1,2,...,n, we
investigate the influence of the noisy parameter o on the per-

sistency. By Theorem 1, we have in this case that

k—1

Sg‘l){nso}ilsy = 22*[cos(8) H(] + M) + angsin(0)].
=1

~

For any € > 0, define a sequence (1;(0, o, €)); recursively as

(0, 0,8) = 1228 and

nk(ea 0678)
(1—&—8)[2"*1—005(6)1(1_]1(1—&- 1—17}(6,06,8))}
j=1

- asin(6) » 37)

whenever 0 < 1m;_1(0,¢,€) < 1, where 0 € (0,7/4] and o €
[0,1]. One can check that 0 < n,,,(0,¢t,€) < 1 for all m <k
if and only if there exist k Bobs who can share nonlocality
with Alice, and the nonlocality-sharing behavior terminates
once if there is / such that 1;(0, o, €) equals to or lager than
1. As we know from Ref. [27], if &« = 1 (this means all the
corresponding noise vanishes), then for any given positive in-
teger k, there exists 6 closed to 0 enough such that one can
chose n;(0,a) € (0,1) for all j =1,2,...,k. However, by
Theorem 3, the similar can be done for any noise parameter
o € (0,1].

We plot the functional values of 1;(0, ) as a function
of o in the image (see Fig. 2(a)) for k = 1,2,3,4 when we
take € = 1073, In Fig. 2(b), the corresponding 1 (8, &) falls
into the interval (0,1) when (6, @) lies in the lower region
of each curve for k = 1,2,3,4. When @ moves from 1 to
0 and 8 moves from O to 1 respectively, the maximal num-

B
ber ny ..

of Bobs who can share the nonlocality with Al-
ice will decrease and can be calculated by determining how

many 1(0,)s lie in the interval (0,1). From Fig. 2(b),

B

one can see clearly the value of ny,,

when (0, ) lies in the
given region [0.05,7/4] x (0,0.95]. For instance, there are
at most three Bobs sharing the nonlocality with Alice when

(6,0) = (0.1,0.9).

0.8
(b) k=1
k=2
E=3
0.6} —k=4
< 04
0.2}
-
0,
0 02 04 06 08 10

«

Fig. 2. (a) The yellow, blue, green and red surfaces represent the values
of n1(6,a),n2(6, ), N3(6, 0) and N4 (H, cx), respectively, as functions
of parameters 6 and «. The purple plane denotes the unit plane. Due
to the limit of accuracy of the computer calculation, the images with
k > 5 cannot be plotted. (b) The blue, orange, green and red curves
represent 111 (0,a) =1, M2 (0,@) =1, n3(6,¢) =1 and q4(6,00) = 1,
respectively.

S 0=05 S 0=0.05
4 4
e 3 s 3
2 2
! 1
0095 096 007 008 009 1.0 0055096097055 099 T
« (a3
. 0 — 0.0005 . 0 = 0.00005
4 4
s 3 s 3
2 2
I I
005 096 007 008 009 1.0 0665006 007 008 009 L0
o «

Fig. 3. The value of the vertical axis n = nZ,, is the maximal number

of Bobs who can share nonlocality with Alice.

To see what happens when (0,c) lies in the region
(0,0.05) x (0.95, 1), we exhibit the change pattern of n3_ de-
pendent on the noise parameter o € (0.95,1) when 0 is fixed

as 0.5, 0.05, 0.0005 and 0.00005 respectively (see Fig. 3). Itis

B

surprising that when 6 is given, the value of n7,,

keeps invari-
ant if o moves from 0.95 to 1. Also, in Fig. 3, as 0 decreases,

the 2,

increases, i.e., the persistency becomes better.
Moreover, when we observe the influence of the noise pa-
rameters 0 and B; + 3, in Eq. (33), it is not difficult to con-

clude that the change pattern of 5 on & and that on ; + 3

max
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are the same. Therefore, we will merge the discussions of the

above two cases to Case 2 in Subsection 3.3.2 hereinafter.

3.3.2. Noises come from measurements

Case 1.
r=-=%=vand « =06 =P =P = =1 for all
k=1,2,...,n. By Theorem 1 we have

For any n > 1, cosider the case that y; =

. k—1
smeisy _ 52k [ycos<e> [a+/1-m)
i=1

J

+mysin(0)(1+ /1 —yZ)’”} (38)

Take a small € > 0 and define a sequence {1;(0,7,€)}"_, by

nk(ea ’)/78)
k—1

241 —ycos(6) [1(1+y/1- n:(6,7.€))

=
sin(6)(1++/1—y?)k1

whenever 0 < M,_1(0,7,€) < 1 with n1(8,7,&) = (1 +
€) 1;7;?;59) for 6 € (0,7/4] and y € [0,1]. If n(0,7,€) < 1,
k=1,2,...,n, for some given € > 0 and there exists no € > 0

= (1+¢) (39)

so that we still have 1,,41(0,7,€) < 1, then there are at most
n Bobs sharing the nonlocality with Alice. Similarly, we
plot the function values of 1;(8,7) again when &€ = 107 in
Fig. 4(a), and show the ranges of 0 < 1;(6,7) < 1 in Fig. 4(b)
for k =1,2,3, i.e., when (6,7) lies in the right-hand sides of

each curves, the corresponding 0 < 1(6,7) < 1.

B
max

share the nonlocality with Alice can be calculated by deter-

Similarly, the maximal number n of Bobs who can
mining how many 1 (6, ¥)s lie in the interval (0, 1). Also from
Fig. 4(b), the value of nZ , can be straightforward investigated
when (6,7) lies in the given region [0.4, /4] x (0,0.9]. For
instance, n8, =2 when (8,7) = (0.4,0.9).

How nB,, will change in the region (0,0.4) x (0.9,1)?
We describe the change pattern of n, dependent on the noise
parameter ¥ € (0.9, 1) when 6 is fixed at 0.4, 0.32,0.27 and 0.1
respectively (see Fig. 5). We see that when 8 is given, n?_, in-
creases if Y moves from 0.9 to 1. On the other hand, in the four

plots of Fig. 5, the best persistency (here the better persistency

B

is defined as the greater expectation of ny,,

in each figure) oc-
curs when 6 = 0.27. Moreover, in Fig. 5(b), the unique blue

dot such that n®

o ax = 3 occurs since the corresponding (6,7)

lies in the cusp range of the green curve in Fig. 4(b).
Finally it is similar to analyze the change pattern of n,__
depending on noisy parameters Ls. We do not give the elab-

oration on the case to avoid repetition.

0.6 —

S
([T
W =

0.2

0 0.2 0.4 0.6 0.8 1.0
Y

Fig. 4. (a) The yellow, blue and green surfaces represent the values of
Nn1(0,7), 12(6,7) and N3(6, 7), respectively, as functions of parameters
6 and y. The red plane denotes z = 1. Due to the limit of accuracy of
the computer calculation, the images with £ > 4 cannot be plotted. (b)
The blue, orange, and green curves represent 171 (6,7) = 1, 12(6,7) = 1
and 13(0,7) = 1, respectively.

(a)0 =05 (b) 6 =10.32
5 5
4 4
g 3 s 3
2 2
I I
0050 002 004 096 008 1.0 0650 0.2 004 006 008 1.0
¥ ¥
6 ¢
(c) 9 =027 (d)6=01
5 5
4 4
s 3 23
2 b s
I 1
0650 002 094 096 098 1.0 0050 002 004 096 008 10
¥ v

Fig. 5. The value of the vertical axis n = nb, is the maximal number

of Bobs who can share nonlocality with Alice.

Case2. 0<fBi+Pr<2ando=06=17y = =1forall
k=1,2,...,n. In this case, we have

(k)noisy
SCHSH

k=1

I:Il(l +y/1=m7)+ nksin(G)] , (40)

J

= 2By + o) [cosw)

and obtain the corresponding sequence {7;(0, 51 + B2,€)};
as

nk(97B] +ﬁ2v8)
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‘ k=1
pgs —os(O) L1+ /1= n7 (0.1 + Pa.c)

sin(0) ’
(41)

where 0 < 1—1(6, 1 + B2, €) < 1 with 01(0,B1 + B2, €) =

ﬁfcos(e)

(1 +£)W for € >0, 6 € (0,7/4] and B1 + B> €
0,2 Letx =B +p. If m(0,x,6) <1, k=12...n,
and 1,11(0,x,€) > 1, then there are at most n Bobs sharing
the nonlocality with Alice. We also plot the function values
of M(6,x) again when & = 107> in Fig. 6(a), and show the
ranges of 0 < M(60,x) < 1 in Fig. 6(b), i.e., (6, x) lies in the
right-hand sides of each curves for k = 1,2,3.

=(1+¢)

1 mm(f,x
o n2(0,x
E 30,
E1
0
X
0.8
b
(b) k1
k=2
0.6 k=3
< 0.4
0.2
0
0 0.5 1.0 1.5 2.0
xT

Fig. 6. (a) The yellow, blue and green surfaces represent the values of
11(6,x), M2(0,x) and n3(6,x), respectively, as functions of parameters
0 and x. The red plane denotes z = 1. Due to the limit of accuracy of the
computer calculation, the images with k > 4 cannot be plotted. (b) The
blue, orange, and green curves represent the functions 1;(6,x) = 1,
M2(6,x) =1 and 13(0,x) = 1, respectively.

6
s (a) 0 =04 s () =02
4 4
23 23
] ————— ] S ————
1 J R rrerm——
T80 185 160 195 20 T80 185 160 105 20
x x
. ()0 =01 . (d) 6 =0.05
4 4
s 3 €3
P B —
- 1
T80 185 100 195 20 OT80 185 1o0 105 20
x x

Fig. 7. The value of the vertical axis n = nZ, is the maximal number
of Bobs who can share nonlocality with Alice dependent on the noisy

parameter x = f3; + B,. When 8 is fixed, n increases if x moves to 1.

Similarly, from Fig. 6(b), the value of nB, can be
straightforward investigated when (0,x) lies in the given re-
gion [0.4,7/4] x (0,1.8]. For instance, n5_ =1 when (8,x) =
(0.4,1.5). In the region (0,0.4) x (1.8,2), we describe the
change pattern of nB, depending on the noise parameter
x € (1.8,2) when 6 is fixed as 0.4, 0.2, 0.1 and 0.05 respec-

tively (see Fig. 7). We see that when 6 is given, n?

© ax increases

if x moves from 1.8 to 2. On the other hand, in the four plots
of Fig. 7, the best persistency occurs when 6 = 0.2.

4. The high-dimensional systems

In this section, we consider the persistency on sharing
nonlocality noisily in the case of arbitrary finite-dimensional
systems. The initial state with white noises is

(1

v)

ﬁAB(l) = VW/><W| + Iy (42)

St
with the noisy parameter v € [0, 1].

We also affix white noises on measurements Eqs. (9)—
(16). Then, when both s and ¢ are even, the noisy measurement

strategies are defined as
_ 1 .
Agjo = E[IS +Bi(I5 @ (cos(0)o3 +sin(0)01))], (43)

Ay = %[ls+ﬁ2(l% ® (cos(8)os —sin(0)oy))], (44)

- 1
Bf)]f()) =5l +nly ®03)), (45)
- 1
Bga =5+ w1y @mon)] (46)

for 6 € (0,m/4] and k = 1,2,...,n. When both s and ¢ are odd,
a set of noisy POVMs are chosen to be

Ao = % _Ierﬁl (I[E] ® (cos(G)(c)ﬁ +sin(68)oy) (1))]’ @7
o — % ilf+ﬁz<l[5]®(cos(6)g3—sin(O)Gl) (1))] )
ngg;:gw(’lél?@ m 49)
B =5 :Iz+uknk<’[%]ff’61 m (50)

for 6 € (0,7/4] and k =1,2,...,n.

Theorem 4 For the noisy initial state p,z1) in Eq. (42),
assume that the Alice and Bobs perform noisy measurements
Egs. (43), (44) or (47), (48) and Egs. (45), (46) or (49), (50),
respectively. If B; > B, then the expected CHSH value of
P4 satisfies the inequality

. k—1
St = 2740+ v [meos(®) [T (1 /1= )
-
k—1
+Liygesin(0) [ | (1+ 1—1/})], (51)
=1

~
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where 0 € (0,7m/4], v, Bi, %, Mk and Wy € [0,1] for i = 1,2,
k=1,2,...,n, L= 2(C1C2+C3C4+~~‘+6‘2[%]_1C2[%]) and c;j is
the Schmidt coefficient of |y) for j =1,2,... NSIE

A proof of Theorem 4 will be given in Appendix D.

By Theorem 4, we get a sufficient condition of persis-
tency of sharing nonlocality noisily in the case of the arbitrary-
finite dimension.

Theorem 5 For the noisy initial state p, (1) in Eq. (42),
assume the Alice and Bobs perform noisy measurements as in
Eqgs. (43), (44) or (47), (48) and Egs. (45), (46) or (49), (50),
respectively, and B; > B,. Then there exist n Bobs sharing the
nonlocality of the noisy initial state p, 1) with Alice if there
exists € > 0 such that

ke{rlrjlze?”n} arctan[y (€)] < ke{III.,IZi,r.l..,n}arCtan[ykl(S)L (52)
where
yii(€) = i +2k\/m,
2% ()2
2% ()2
with

ec=Bi+B)vi]]

k=1
J=1

(14 i)

k
de = B+ B)visL [T (1+/1- %)

Jj=1

forany k =1,2,...,n, L=2(cjco+c3c4+ -+ +C2[%]_1C2[%])
and c; is the Schmidt coefficient of |y), i =1,2,...,cy3).
Furthermore, we get another sufficient condition for the
persistency of sharing nonlocality when part of the noises dis-
appears, which extends the sufficient persistency condition for
the two-qubit case to the arbitrary finite-dimension case.
Theorem 6 For the noisy initial state p, 1) in Eq. (42),
let the Alice and Bobs perform noisy measurements in
Egs. (43), (44) or (47), (48) and Eqgs. (45), (46) or (49), (50),

respectively. If ¥,(B; + B2)v = 2 for some n, then there exist
at least n independent Bobs who can share the nonlocality of
the noisy initial state p, 1) with the single Alice for arbitrary
given noisy parameters ¥, u; € (0,1], k=1,2,...,n—1 and
j=12,....n

5. Discussion and conclusion

The aim of the paper is to determine how many Bobs can
share the nonlocality with Alice at most in a noisy environ-
ment. For a given measurement strategy, two kinds of noises
are considered on the initial states and measurements respec-
tively. We establish a CHSH type inequality and obtain two
persistency conditions of sharing nonlocality noisily. We also
analyze the influence of the noises to persistency, that is, the
maximal number of Bobs who can share with Alice. It is sig-
nificant to find other anti-noise measurement strategy, which
can result in the better persistency.

Note also that we consider only two different noise fac-
tors. From experimental perspectives, it would be more inter-
esting to analyze errors that occur during physical implemen-
tation, such as the exponential decrease in coherence of quan-
tum states. Apart from loss in coherence, nonlocality sharing
becomes challenging due to photon loss, noise in photon de-
tection, and many other factors.

Appendix A: Proof of Theorem 1

Proof of Eq. (35) Denote by ¢y and c¢; the two or-
thogonal eigenvectors corresponding to the two largest eigen-
values of T(p,1))T T (Pap)), respectively. We define b; =

T7(p, 1) )ei
[RCARE
(r1,72,73), where {01,0,,03} are Pauli operators. It is worth

i=0,1, and 6, = rj0] + 10 + r3o3 for r =

noting that for two vectors a, b € R? we have tr[p (6, ® 0p)] =
(a,T(p)b), where (-,-) is the Euclidean inner product for the
real vector space R3.

When the noisy measurement strategy Eqs. (27)—(32) are
performed, then the CHSH value of Alice and Bob®) can be
computed as follows:

Sy = e[ ) (Ao +A1) @ BY)] + el (Ao — A1) @ BY))

= tr[p 50 ((B1Ao + BrA1) ® nBY

))] +tr[p, g0 ((B1Ao — BoA1) ®.ukB§k))]

= Bitr{pyp00[(c0s(8) O, +5in(0)0c; ) © Oy |} + Bretr{ Py i) [(cOS(8) Oy —5in(0) e, ) @ Oy |}

+ BitMitr{p g [(c0s(8) ¢, +5in(8)0c, ) @ Op, |} — B2 Mitr{p gt [(c0S(0) Oy —sin(0)O¢, ) @ O, |}

By using the Liiders rule, we have

(k=1)

1 i -
Papt) = 5 )y (12 RV Bl<7b' )>pAB(k*1> (IZ ® 4/ Byy
by

(e "

_ (1)
0[0 B

0[0

)pAB(k—I) (12®

)

)+ (BBl

(AD)

k—1) B(kq))

)PAB<H> (12 ©4/Bijo

010302-8
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(12@ \/Bol\cl Y )pAB<k D I2® \/BE)U >) + (12@ \/3(1\1 )PAB(k%) (12@ \léﬁl_l))}
1 1
§(2+2\/ % I)PABw h+ g2 =2/ 1= )L © Goy ) pypx1) (12 © Oty
1
T3 (2+24/ 1= 1) Papi ( 2y 1_“137177/371) (2@ 0b, ) papi) (12 @ Ob,)

11 L= /1=%,
:{ +Z<\/1_Yk 1+\/1_“k i 1)]pAB’< vt (I ® Oby ) Pygik-—1) (12 © Oy )
Y. L= i,
4

where the third equation comes from

1 I T—n)h=+ (/1 g ,
m:w F T+ nk>22 g T~ /T 100, )

for i =0, 1. Then, using Eq. (A2), we have

<1 \/1 _71371"‘\/1 —Nk2177131>
—+ (
,/lf}/k
tr[(l ® Oy ) Popt-1) (12 @ Oy ) (Ocy @ O]
\/l_ﬂk M L
tr[(l2 ® O, )P pk-1) (12 @ Op, ) (Ocy @ O]
1 \/1 _71?—1 +\/1 — i
= + 4 (C()vT(pAB(k*I))bO)

- 1—7’1371 1_\/1_111371771?71 [

_|_

(12 & Gbl )pAB(k—l) (12 & Gbl )7 (AZ)

(€0, T(Pypw )bo) = 0, T(P4p-1))bo)

+——tlPapu-1)(Ocy © Oy Oby Oy ) + ) tr[p k1) (Ocy ® Ob, Oby Ob, )]
2 2
TRV Sy LA e
= (2 G T(pAB<k1>>bo> . (A

Similar to Eq. (A4), we get

(e1,T(Pypw)b1)

1 \/1*71371+\/1*“1?71771371 1*\/1*7]371 —/1 “k M
=\zt 1 - 1 (e1, T(pype-1))b1)
1— 2
R VA /]
= (+>(C1,T(PAB(“))61)7 (AS)

2 2
(C()vT(pAB(k))bl)

1 \/1_7’1%—14‘\/1_“1(2—17713—1 1_\/1_713—1 —y/! :“k 1M
= (+ - ) (co, T(Pypu-1))b1)
2 4 4
VARl
=5+ )(co.T(pypu-1)b1), (A6)

2 2
(e1, T (P50 )b0)

1 \/1_71371‘#\/1_“1?71”1371 1_\/1_7’1371 —y/1 “k M
= 5"’ 4 + 4 Clv PABk 1))b0)
1y L= ue i,
= (‘F)(Cl?T(PAB(kl))bO)' (A7)

2 2
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By recursion, we get

C 7T P 0 )b nois;
(co, T (Papw )bo) S(Ck})ISHy 21K(B1 4 Bo)6 {}lkcos(e)

k

=2"%(co, T(P51))b0) <1+m>’ (A8)

|
_

Using Eqgs. (A13)—(A16) in Eq. (A12), we get
k—1

j=1
k=1

[ (/i)

(A17)

Jj=1 .
+ oyemesin(0) [T (144/1— 77 }
(CI»T(pAB(k))bl) j=1 ( J)
1—k ~ T 2
=2 (en TPy )bl)]zl ( = Yf)’ (A9 Appendix B: Proof of Theorem 2
(o, T(Pypw) )b1) From Sg{&rls‘i{isy >2,k=1,2,...,n,itis equivalent to
k=1
=2'"%(¢o, T(p b +4/1—9%), (A10) K k=1
(co, T( AB(1 ) 1)]=1 ( J) 7(ﬁ1iﬁ2)5 — Ycos(6) 1:[ <1+ . /1—#]211]2)

(e1,T(p4pw )bo)

— 2 Ko, T (P H( «/l—u_,?n})- (A11)

>v-
—_

.

It follows from Egs. (A8)—(A11) and (Al) that

st =521 (1+/1-wm)
X [(B1 + B2)cos(8)(co, T (P g1 )bo)
+ (B1 — B2)sin(8)(e1, T (Py1) ) bo)]

k—1 .
+.uknk217kH(1+ 1_»y12) ObVlOHSlef(Gaa787ﬁ1aB25“17"'7:uk7yla"'7’ykanl7"'
j=1

Nk >

j=1

sin(8) oy [1 (1+ 1—y}>
j=1

Define a function

(BI)

f(evaa(saﬁlvﬁZv“lv"'7.“/(3}’17"'ayk7n1a"'7nk—1)

2k g 2.2
[GIE= — Ycos(0) 'H1<1 +4/1—H1in3)

L
k—

sin(6) oty n (14+,/1-7)
j_

0, then the inequality (B1) can be written as

< [(B1 + B2)cos(8) (co, T (g0 )b

ank—l) >

nk>f(65a787ﬁ17ﬁ2,“1a"'7“1{7’)/1)"'7’)/](71717"'7171{71)7

+(Bi+B2)sin(0)(c1, T(pyp)b1)].  (A12)

Proof of Theorem 1 For the case of T(p,,1)) = e
diag(—ad,ad,d), from Eq. (A12) we have Nk o1
( ( )b) f(97a767ﬁ17ﬁ27“17"'7“/(7/}/17'"7’}/]{7”17"'717/{71) ’
c1, T (Pyp0))bo
fB N we have
= T(p T (p =0, (Al3
T g eol] T Pant )T P o) =0, A1 ( n o
- in ,
(CO7T(pAB(1))b1> f(97a767B17B27“‘17"'7’J'k7y17'"7ykan17'”7nk71)
1 _ _
m(%,T(PAB<1))TT(pAB<1))Cl) =0, (Al4) this implies that there exists € > 0 such that m, = (1 +
AB! e)f(e,aa(saBl;BZvu'la"'7“k7Yl,'"7Yk7n17"'7nk—1)-
(€0, T(Pyp1))bo) = 9, (A15) h
) Denote by X the set {&,,0,B1,B, i, %}; . Further-
(c1,T(Pyp0))b1) = 8. (A16)  more, we define a sequence (8, X;) as follows:

k—1

(ﬁH—ﬁz — eos(0) I1 <1+ 1_“]277]2(97Xj))

J=1

(1+e¢)
(0, %) = - i -7
sin(©) g T (1+1-7%)
. Yicos(6)
with 11(6, X)) = (1+8)%

and € > 0. In order to N (0, X)) < 1, i.e.,
k

for some € > 0 and 6 € (0, /4]. We note that n;(6, ;) >0,i=1,2,...,

if 0 < r’k*l(eanfl) < 17

otherwise,

2 k—1
(1+8)W—005(9)7’kj1:11(1+ 1—;1]217}(6))} sin( ocukH< 1—7/12).

010302-10
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If n;(0,X;) < 1fori=1,2,...,k—1, then
k=

H 14+4/1— 12020, %, )>Hl(l+«/1—u])

j=1 Jj=1

~.

Thus, M (0, X;) < 1 when

k
(1—|—8)[(ﬁ1+ﬁ2)6—c0s '}/kHIﬁ-\/l—,uj]
k—1
<sin(9)a,ukH(1+ l—yj?). (B4)
=1
Set
k—1
= Bi+Bou [T (1+/1-12), (BS)
j=1
k—
b= (Bi + B2)Soupy ( +J1-7).  ®6)
=1

We can rewrite inequality (B4) as (1 + €)(2F — cos(0)az) <
bysin(0) and get

2
2
2% _ b tan?(6) — akbktan
I+e l+e¢

(0)+2%* —a? <0.

(B7)
|

Appendix C: Proof of Theorem 3

The solution of inequality (B7) satisfies

tan(6k> € (xkl (8)’xk2(£))’ (B3)
where
b b
oy PR 2
1 - by )
2% — (b2
b, k b,
ey B2 B
- b
2% — (b2
forany k=1,2,...,n,i.e., 6 € (arctan[x, (€)], arctan[x (€)]).

Therefore, if

max arctan|xp(€)] < min arctan|xi(€)], (B9
ke{1,2,....n} ia(€)] < ke{1,2,....n} b ()], (B9)
for some € > 0, then there exists 6 € ( max arctan[xy(€)],

ke{l1.2,...n}

min _arctan[x (€)]) such that (0, X)) < 1 for any k =
ke{1,2,...n}

1,2,...,n

1

From assumption, ¥,(B1 + B2)8 = 2, denote by ) the set of given nonzero parameters {&, o, L, }’t}f:k | 1—1> one has

2k=1 fcos(G)kﬁl (1 +

(1+¢) 1

—un3(6))

M(0) := sin(e)aukklji (1+ M)

j=

1—cos(0)

(1+8) Gaoyan,

with 17;(0) =

To obtain the bound of the terms of the sequence {1 (0)|k=1,2,...

if 0<m_1(0) <1,
i Mi—1(6) 1

otherwise,

6 € (0, %] and € > 0, which corresponds to inequality (B2).

,n}, we use the following inequalities: v/1 —x2 > 1 —x?

for x € [0,1]; cos(8) > 1 —6%/2 and sin(6) > 0 /2 for O € (0, 7/4]. Then we have

21 (1 - 972)](@1(2,

1Nz (6))

m(0) < (1+¢) —
ZOC‘LL;( H (2 'Y])

We can define a new sequence (p;(6)); of the following form:

2 k2t wEpi(e)
1-0=5) -5

(1+£)2k J:

pi(0) ==

with p1(6) = (1+¢€) g0 and i (6) < pi(6). We have p;(0)
for all 6 € (0,6;) with 6; = FEL. As py(0) = (1 +¢)
and p>(0) =

6 ok H(2 7)

—(-2)ma- 4,
= (1+¢)2k = ! (C2)
O oy H(2 7)
if 0<pr_1(6) <1, ©3)

otherwise,

=0, and p;(0) is a continuous positive function and 0 < p;(0) < 1

0 (1+€)2(4—62)+202
Py (2—-7)

0, this implies that there exists 0 < p2(8) < 1 for 6 € (0, 6,).

, therefore, p»(0) is also a continuous positive function
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Next, we proceed by induction to show that there ex-
ists 6; > 0 such that 0 < px(6) < 1 when 6 € (0,6;). Sup-
pose that p;(6) is a continuous function and p;(0) = 0, then
we can find interval (0,6;) such that 0 < p;(6) < 1 for

j=12,....,k—1. Tt implies that 0 < p;(6) < 1 for any

j=12,...,k—1when6 € (0, min ;). Then, we can
je{1,2,.k—1}

calculate to get p(0) = 0 and pi(0) is also a continuous func-

k1
6;) that p(6) is a positive func-

tion. It follows from 0 < p;(6) < 1 forany j=1,2,...

when 6 € (0, min
je{1,2,k—1}
tion. Therefore, we can get that 0 < p;(0) < 1 on the interval

(0, 6). It follows by induction that for any n € N we can find
a0 (0, min 6;)suchthat0< p,(0)<I.

je{l.2,...n}
Finally, as 1;(0) < px(0) we have 0 < 1;(6) < 1 when

0c(0, min 6;)foralli=1,2...,n
je{l.2,...n}

Appendix D: Proof of Theorem 4

In the following, we give a brief proof, which is similar
to the proof of Theorem 1. When both s and ¢ are even, we use
Egs. (43), (44) and Eqgs. (45), (46) as noisy measurements, we

get
s(k)nois < T sk
Sy = telp g (Ao + A1) @ BY)]
+ [P (Ao — A1) @ BY)]
= tp 5 ((Bio + BoA1) © 1By
+trp 500 (Bido — BoA1) © B
=P thI‘[PAB(k) (AO ®B(()k))]
+ BoYitrlp, ) (A1 0 BY)]
+ Bittr[p, gy (Ao @ B (1k) )l
— Bottetrlp e (A1 2 B, (1)
where
Ag =I5 ®(cos(8)0o3 +sin(0)0),
Ay =1; ®(cos(0)o3 —sin(0)o1), (D2)
B()—11®63, <1k>—nklt®61 (D3)
For the case k = 1, we have
oy (I3 © 03 @1 @ 01)]
:tr[pAB(l)(I%Q@G] ®I%®G3)] =0, (D4)
tr[pAB<1)(I%®G3 ®I%®G3)] :Zciz: 1, (D5)
tr[pAB(l)(I%®0-1®I% ®oy)] =L, (D6)

where L = 2(6‘1C2—|—C3C4—‘r xx +02[%]—1C2[%])- Then we get

Py (I3 © 0301 ® 01)]

= e[ 50 (I @01 ®1, @ 03)] =0, (D7)

(D8)

=vY=v,

i

[Py p0) (I @ 03 @15 ® 03)]

tr[ﬁABu)(I% & o] ®I% ®o1)] = VL. (DY)

It follows from the Liiders rule, Egs. (A3)-(AS) in
Ref. [33] and Egs. (D2), (D3), (D7)-(D9) that Eq. (D1) is
transformed into

a(k)noisy
SCHSH

= (B1+ B2)[wcos(8)tr[p, gy (I3 © 03 @1 © 63)]
+ e esin(0) [Py oo (15 ® 01 @11 © 61)]

k—1
= (B1 + B2) [meos(6) (2" *v Hl(l +y/1=uin7)

k—1
+emisin(0)2' VLT (14 /1= 3]
j7

k 1
= (Bi+B2)2" *v[pcos(6 +4/1—1m7)
]:l J
k—1
+ tmeLsin(0) [ T(1+4/1—77)]. (D10)
j=1

Then, we consider the case that both s and ¢ are odd,
which is the most complex case. In this case, we use Egs. (47),
(48) and Eqgs. (49), (50) as the noisy measurements for Alice
and Bob®), respectively. By calculation, we get

trlp,50) (Ao @ BY)] = cos(8) (1 — ¢2) + 2, (D11)
[P0 (Ao ® BY)] = mi(c2 +sin(0)L), (D12)
w0 (A1 @ BY)] = cos(8) (1 —c2) + 2, (D13)
w5 (A1 @ B{)] = me(c? — sin(O)L), (D14)
where
Ao = <I[;]®(COS(9)OG3+SiH(9)Gl) 0>, (D15)
A= <I[%] ®(cos(9)8'3 —sin(0)oy) (1)> 7 (DI16)
Iiv®o3 0
By < [2]0 ’ 1>7 (D17)
BY =, (’[é]?"l ?) (D18)

for some 6 € (0,7/4] andk=1,2,...
of Theorem 1, we can get

,n. Similar to the proof

tr[pAB (Ao ® B(()k) )

—H( \/1—ujn])tr[pAB (AomBM).  (DI19)

k
(P50 (A0 @ BY)]

’<Hl<1 1
f— 7—"—7
Zi\2 2

k
(o 50 (A1 @ BY)]

- Vf) tr{p, 5 (Ao @B, (D20)
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k—1
:,Hl( m)tr[mgu(mw”)], (D21)

tr[PAB(k) (A ®ng))]

1

k—1 1 .
=1 (2 +34/1- y;)tr[pAB<l)(A1 oB). (D2
j=1

Combining the form of noisy initial state p,g1) with
Egs. (D11)—~(D22) and B; > B>, Eq. (D1) can be rewritten as

S( noisy

cusa. = Binte[p, g (Ao ®B( ))]

+ B tr]p, 0 (A1 @ BY)]
+ Brutr[p, gy (Ao ® B <1k) )
— Bottetr]py g (A1 @ BY)]

_ v[<ﬁ1+ﬁzm<cos<e><1—c )+3)

T (545910

+ Mkt (B — B2) + (B1 + B2) Lsin(6)]

i 177)

+{B1+B2 nH( +lm>
)]

2! (y +ﬁ2)v[ykcos(e)f[11 (1+/1-1m})

k=1 1_)/12)}7

+ Ligesin(0) | (1 n
=1
where L =2(c1co +c3ca+ -+ +cap3)-169(3))-
For the case of even (odd) 7 and odd (even) s, it is analo-

+(B1—Br) .ukTIkH <

(D23)

~

gous to prove inequality (51).
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