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Research on discrete memristor-based neural networks has received much attention. However, current research mainly
focuses on memristor-based discrete homogeneous neuron networks, while memristor-coupled discrete heterogeneous neu-
ron networks are rarely reported. In this study, a new four-stable discrete locally active memristor is proposed and its
nonvolatile and locally active properties are verified by its power-off plot and DC V—/ diagram. Based on two-dimensional
(2D) discrete Izhikevich neuron and 2D discrete Chialvo neuron, a heterogeneous discrete neuron network is constructed
by using the proposed discrete memristor as a coupling synapse connecting the two heterogeneous neurons. Considering
the coupling strength as the control parameter, chaotic firing, periodic firing, and hyperchaotic firing patterns are revealed.
In particular, multiple coexisting firing patterns are observed, which are induced by different initial values of the memristor.
Phase synchronization between the two heterogeneous neurons is discussed and it is found that they can achieve perfect
synchronous at large coupling strength. Furthermore, the effect of Gaussian white noise on synchronization behaviors is
also explored. We demonstrate that the presence of noise not only leads to the transition of firing patterns, but also achieves
the phase synchronization between two heterogeneous neurons under low coupling strength.

Keywords: heterogeneous neuron network, discrete memristor, coexisting attractors, synchronization, noise

PACS: 87.19.]j, 87.19.1m, 05.40.Ca ,45.05.4+x

1. Introduction

Studying neuromorphic behaviors of neurons is favor-
able to help us to understand more about the operating
mechanism of the brain. Therefore, establishing appropri-
ate neuron models to simulate the dynamic behavior of bi-
ological neurons has received widespread attention.!!=3! The
Hodgkin—Huxley (HH) model was the first established neu-
ron paradigm,' which demonstrates the connection between
the membrane voltage of neurons and the membrane currents
of squid giant axons. However, the HH model is formu-
lated by seven coupled ordinary differential equations and in-
cludes four ionic channels, which lead to its complexity. Some
simplified models, thus, have been proposed to simulate the
neuromorphic behaviors of the biological neurons, such as
FitzHugh-Nagumo (FHN) model, ®~®! Hindmarsh—Rose (HR)
model,®~13 Morris—Lecar (ML),[1418] ¢fc. These continuous
neuron models have played an important role in understanding
the generation and transmission of action potential. 1?23

Compared with continuous neuron models, discrete neu-
ron models are more computationally efficient, especially in
The model-

ing of discrete neurons and the analysis of their firing pat-

the modeling of large-scale neuron networks.

terns have become a hot topic in the field of neurodynam-

s.[24271 Dye to the non-volatile, nanoscale,

ics in recent year:
memory properties of memristors, and the similarity between

nano-scale moving particles in memristors and mobile neu-
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rotransmitters in biological synapses, memristors are often
considered as ideal candidates for simulating synapses.[?8-3?]
For example, Bao et al.!33! established a discrete neuron net-
work containing two identical Rulkov neurons, and regarded
the current flowing through the memristor as the electromag-
netic induction current to analyze the effect of electromagnetic
induction on the dynamic behavior of neuron network. Un-
der the influence of the electromagnetic induction current, the
model can achieve complete synchronization and lag synchro-
nization. The synchronous firing and chimera state were ob-
served in a ring neuron network constructed with memristor-
coupled discrete Chialvo neurons.** Mahtab Mehrabbeik et
al.® studied the memristive Rulkov neuron maps and ana-
lyzed the synchronous dynamics under electrical and chemi-
cal coupling. Their results shows that two m-Rulkov neurons
can achieve synchronization only when electrically coupled,
but not when chemically coupled. Li e al.’®! used discrete
locally active memristor to construct a logarithmic map, and
the coexisting attractors were observed.

Among many neuron models, the Izhikevich model sim-
plifies the HH model®"% with consideration of biolog-
ical concepts, which is capable of simulating almost all
spikes of cortical neurons.*!*?] Furthermore, the Izhikevich
model outperforms other models in terms of computational

43-46

efficiency.[**#%1 The Chialvo model is one of the earliest

discrete neuron models,*”#8 and it was attempted to study

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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the synchronous rhythmic activity in some areas of mammals
at that time,[*®! including the cortical spindle rhythms, hyp-
pocampal rhythms, and somatomotor cortices. The Chialvo
model can demonstrate key patterns of neuronal activities,
such as spiking, excitations, bursting, and so on.

In fact, the brain is a very complex system, which can
be divided into many brain regions, including the motor area,
sensory area, visual area, auditory area and association area,
just to name a few.*’! The neurons in different brain regions
are independent but interact with each other, and jointly con-

50.511 Therefore, neu-

trol neural activities of the human body.!
ron networks composed of heterogeneous neurons is more in
line with biological reality. However, to our knowledge, pre-
vious studies on discrete neuron networks mainly focus on ho-
mogeneous neurons, while neuron networks composed of het-
erogeneous neurons coupled by memristors are rarely studied.
To further understand the operating mechanism of the brain,
it is essential and meaningful to study the dynamic behavior
of neuron networks constructed with heterogeneous neurons
distributed in different brain regions.’>=* In addition, in the
biological nervous systems, a large number of neurons work
together, which inevitably leads to changes in the surrounding
physiological environment. Therefore, noise is ubiquitous in
the biological nervous systems. **! However, it is currently un-
clear how noise affects the information processing mechanism
of neurons, so the impact of noise on the firing activities of
neurons cannot be ignored.>3-57]

In the present study, we propose a new discrete locally ac-
tive memristor and use it to connect the discretized Izhikevich
and Chialvo neurons. Thus, a heterogeneous discrete neuron
network model coupled by the discrete locally active memris-
tor is constructed. The dynamics of the neuron network are
analyzed, and the synchronous behavior between two hetero-
geneous neurons are revealed. Finally, Gaussian noise is added
to the model to analyze the impact of noise on firing activities
of neuron network.

The rest of this paper is organized as follows. Section 2
proposes a new four-stable locally active discrete memristor
and studies its properties in detail. In Section 3, a heteroge-
neous discrete neuron network model is developed by using
the discrete memristor to bridge two heterogeneous neurons
and the equilibrium points of the model and their correspond-
ing stabilities are theoretically analyzed. The dynamic behav-
ior and coexistence behavior of neuron networks are revealed
in Section 4. Section 5 studies the effect of adding noise on the
phase synchronization of neuron networks. Finally, the study

is concluded in Section 6.

2. Four-stable locally-active memristor model
and characteristics

2.1. Memristor model

The discrete memristor proposed in this paper can be de-

scribed as follows:

ip = W((Pn)vn = QyVp,

Ony1 = F((p>v) = af((,on) +ﬁvn, (1)

J(@n) =sgn(@n) +sgn (@, —2)

+Sgn ((pn - 4) +2+ l(Pna

where v, i, and w(¢) are the input voltage, output current, and
admittance function, respectively. F (¢, v) is the internal state
equation of the memristor, which consists of a sign function
related to the magnetic flux and voltage, and «, 8, A are the
three parameters of the memristor. In this paper, o = 0.1,
B =0.001,and A =9.

2.2. Pinched hysteresis loops

A periodic voltage signal v(n) = Asin(2rwT (n)) is ap-
plied to the memristor, and the initial value of the memristor
is selected as 1. By varying the amplitude A and frequency
, the memristor shows pinched hysteresis loops on the v—i
plane, as shown in Fig. 1.

It can be seen from Fig. 1 that all the pinched hysteresis
loops pass through the origin. When the frequency w = 0.0001
is fixed, the area of the pinched hysteresis loop lobe increases
monotonously as the excitation amplitude A increases. Once
the amplitude A = 20 is fixed, the pinched hysteresis loop lobe
area decreases monotonously with the increase of excitation
frequency . Thus, the proposed memristor satisfies the three

characteristic fingerprints of a generalized memristor. %]
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Fig. 1. Pinched hysteresis loops of locally active discrete memristor.
(a) Amplitude-dependent pinched hysteresis loops with A = 10, 15,
and 20. (b) Frequency-dependent pinched hysteresis with @ = 0.0001,
0.0002, and 0.0005.
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2.3. Nonvolatility and local activity

Non-volatility means that a memristor can maintain its
latest memductance value when the power is off, which can
be verified by the power off plot (POP). If there are multiple
negative slope intersections between the POP and the zero hor-
izontal axis, then the memristor is non-volatile. Let v, = 0 in
Eq. (1), the resulting POP is shown in Fig. 2.

From Fig. 2, it is observed that there are seven inter-
section points where the POP intersects the ¢ axis, namely,
01(=1,0), 02(0,0), 03(1,0), 04(2,0), 05(3,0), Q6(4,0), and
07(5,0), among which the intersections with a negative slope
are the stable equilibrium points, and the other intersections
Therefore, the proposed memristor has
four stable equilibrium points Qy, Q3, Qs, and Q7. When
the power is off, the state ¢ will trend to one of the four sta-

are unstable points.

ble equilibrium points, depending on the attractive domain in
which the final state ¢@(n) is located. Based on Eq. (1), four
possible remembered memductances after power-off are ob-

tained as
w(@(01) =¢(Q1)=-1, ¢(1) <0,
w(e(Q:))=0(Q) =1, 0<el)<2, .,
w(@(05) =¢(05)=3, 2<o(1)<4,
w(e(Q7)=¢(Q7)=5, o(1)>4,
implying that the memristor is non-volatile.
2.0
1.5¢
. 10}
s
S 0.5)
S l=10) l*(l»oi\(soi\\(w)
_A':_ » \
e NN
710,
_15,
20
e(n)

Fig. 2. Power-off plot (POP) of the memristor.

In circuit theory, the DC V-I diagram is a visual tool
to help us analyze whether the memristor is locally active.
The region with a negative slope in the DC V-I diagram
is called the locally active region of the memristor. Let
o(n+1)—¢@(n) =0, we can get the following expressions
of voltage V and current I:

V =10a[p —sgn (@) —sgn(¢ —2) —sgn(p —4) 2],
I=W(@)V =10¢pa[p—sgn(p) —sgn (¢ —2) 3)
—sgn((p—4)—2].

Imposing a voltage in the range —2 V <V <1 V on the
memristor, the corresponding DC V—I curve can be obtained
according to Eq. (3), as shown in Fig. 3(a). The negative slope
regions can be observed in the DC V- diagram, which are lo-
cally active regions of the memristor. In addition, the pinched

hysteresis loops of this local active memristor under different
initial values are shown in Fig. 3(b).

6 .
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Fig. 3. (a) The DC V-I diagram of the four-stable locally active discrete

memristor. (b) The coexisting hysteresis loops with different initial values.
3. Discrete heterogeneous neuron network

3.1. Memristor coupled discrete heterogeneous neuron
network

For the discretization of the original Izhikevich neuron,
the improved discrete Izhikevich neuron model is written as

{ v(n+1) =v(n)+0.04v(n)* +5v(n) + 140+ 1 —u(n), )
un+1)=u(n)+a(bv(n)—u(n)),
with the auxiliary after-spike resetting, if v(n+ 1) > 30 mV,
then
vin+1)+c
{ un+1) <« u(n)+d,

where v and u are the neuron membrane potential and mem-
brane recovery variables respectively, I is the external excited
current and the parameters a, b, ¢, and d are all dimensionless
parameters. This improved Izhikevich model is more compu-
tationally efficient, and thus iterative calculations can be per-
formed at a very fast rate.

The discrete Chialvo model is written as

{x(n+ 1) = [x(n)] exp[y (n) —x(n)] + 1,
y(n+1)=ay(n)—bx(n)+c

where x is the membrane potential of the neuron, y is the recov-

&)

ery variable, I; simulates the effect of the ionic current injected
into the neuron, the parameter a represents the recovery time
(a < 1), the activation dependence of the recovery process is
defined by b (b < 1), and the constant ¢ represents the offset,
which can balance the firing states of the model.

028705-3
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Based on the discrete Izhikevich model and the discrete
Chialvo model, a new neuron network model based on locally
active discrete memristor is constructed as follows:

v(n+1)=v(n)+0.04v (n)2—|—5v (n)
+1404+7T—u(n)—k[v(n)—x@)] @ (n),

un+1)=um)+ay[byv(n)—un),

x(n+1) = [x(n)]* exp [y (n) —x(n)
+h+k[v(n) —x(n)]@(n), (6)

y(n+1) =axy(n) —byx(n)+cs,

@ (n+1) =c3[sgn (@ (n)) +sgn (@ (n) —2)
+sgn (@ (n) —4) — @ (n) +2]
+¢(n)+0.00lc3[v(n) —x(n)],

if v(n+ 1) > 30, then

{v(n—i—l) ¢y,

un+1)+u(n)+d,
where k is the coupling strength, and the parameters are / = 1,
a; =0.02,b1 =0.25,¢; =-55,d1 =2,a,=0.9, b, =0.18,
c» =0.28, I, = 0.03, ¢c3 = 0.1. For an intuitive understand-
ing of the proposed discrete heterogeneous neuron network,
its topology is shown in Fig. 4.

Discrete memristor

~ 11

Discrete
Chialvo
neuron

Discrete
Izhikevich
neuron

Noise

Fig. 4. The topology of the new discrete heterogeneous neuron network.

3.2. Stability analysis of equilibrium points

Stability analysis plays an important role in studying the
firing behavior of neurons. From Eq. (6), the equilibrium point
set E is described as

E (v,0.25v,x,—1.8x+2.8,¢). @)
According to Eq. (6), the following equation can be obtained:

{ 0.04v2 +5.75v+ 141 —k (v —x) ¢ =0,

x—x?exp(—2.8x+2.8) —0.03 —k(v—x) ¢ =0, ®)

and the relationship between v and x satisfies the following
expression:

v = x—1000[sgn (@) + sgn (¢ —2)
+sgn(p—4)+¢—2]. ©

Therefore, two equations containing only x and ¢ can be ob-
tained. Note that the signum function is approximated by
a hyperbolic tangent function with a large slope, namely,
tan(10'%¢) is used instead of sign(¢). The Jacobian matrix at
each equilibrium point E(v,0.25v,x,—1.8x 4+ 2.8, ¢) is given

below:
a -1 ko 0 —k(v—x)
0.005 0.98 0 0 0
J= ko 0 b ¢ k(v=x) |, (10
0 0 —0.18 0.9 0
0.0001 0 -—-0.0001 O d
where

a = 0.08v+6—ko,
b = 2xexp(y—x) —x*exp (y —x) — ko,
xexp(y—x),
9 90)2 9 9 2
107 |1~ tanh (10°9)”] +10° [1 — tanh (10° (9~ 2)) ]

o
I

=8
I

+10° [1 - tanh (10° (9 —4)) ] +0.9.

2 \ : :
1t E, "'2\/\_%' Jol
50 -
|| s
7]_,
) . A
i) 1 0 1 2

)

Fig. 5. Two function curves and their intersection points.

Table 1. The eigenvalues and stability with £k = 0.001.

No (@, x) Eigenvalues Stabilities
E, (—1.1135,1.0846) —2.9909 +0.0000i,0.8423+0.4046i,0.8423—0.40461,0.9787 4 0.0000i,0.9000 + 0.0000i unstable
E, (—1.075,1.0348) 0.0895+0.00001,0.9036+0.41811,0.9036—0.41811,0.9744 + 0.0000i,0.9000 + 0.0000i stable

E3 (0.8867,0.9602) —2.9868 +0.0000i,1.0076+0.4170i,1.0076—0.4170i,0.9787 + 0.0000i,0.9000 + 0.0000i unstable
E4 (0.9676,0.9993) 3.48504-0.0000i,0.95054-0.42141,0.9505—0.42141,0.9820 + 0.0000i,0.9000 + 0.0000i unstable
Es (0.8875,0.1346) —2.9889,2.8123,0.9787,0.9000,0.9192 unstable
Ee (0.9685,0.0756) 3.4831,1.9216,0.9820,0.9134,0.9000 unstable
E; (0.8877, —0.0401) —2.9868,—1.5039,0.9787,0.8978,0.9000 unstable
Eg (0.93, —0.00039) —0.0138,0.4078,0.9713,0.9000,0.9000 stable
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Taking k = 0.001, figure 5 shows the curves of Eq. (8)
in the interval [—2, 2]. In order to examine whether the equi-
librium points E1, E, E3, E4, Es, Eg, E7, and Eg are stable,
the eigenvalues corresponding to these equilibrium points are
obtained as shown in Table 1. Based on the stability theory
of discrete systems, a equilibrium point is stable when its all
eigenvalues are located inside the unit circle, while it is un-
stable when one of the eigenvalues is located outside the unit
circle. It can be seen from Table 1 that the equilibrium points
E», and Ejy are stable, while the other equilibrium points are
unstable.

4. Dynamics of heterogeneous discrete neuron
networks

In this section, we will study the dynamic behavior of
the coupled neuron network under different initial values of
the memristor and the coupling strength k. The other parame-
ters are determined as I = 1, a; = 0.02, b1 = 0.25, ¢; = =55,
di=2,a,=0.9,b,=0.18, ¢, =0.28, ; = 0.03, and ¢3 = 0.1.
The MATLAB iterative algorithm is used in the following cal-
culation.

4.1. Coupling strength dependent dynamics

Bifurcation diagram and Lyapunov exponents are com-
mon methods for analyzing system dynamics. In this study,
we use the quadrature rectangle (QR) decomposition method
to calculate the Lyapunov exponents. Considering k as the
bifurcation parameter with the step size 0.001 and selecting
the initial value of the network (—6, —1, 1, 1, 1) as an ex-
ample, the bifurcation diagram and Lyapunov exponents are
shown in Figs. 6(a) and 6(b), respectively. It can be seen from
Fig. 6(a) that the system initially exhibits chaotic firing when

k is located at the interval [—0.54, —0.453], where the corre-
sponding maximum Lyapunov exponent LE; is greater than
zero, as observed in Fig. 6(b). Then, a reverse period-doubling
bifurcation route occurs for k € [—0.452,0.0018], resulting in
the appearance of periodic spiking. As illustrated in Fig. 6(b),
all Lyapunov exponents are less than zero in this parameter in-
terval, verifying that the neuron network is in a periodic state.
When k increases to the critical value k£ = 0.0018, a tangent
bifurcation occurs, resulting in the occurrence of hyperchaotic

50

—50
o
>

—100

—150

—200

05 —04 —03 —02 —01 0 0.1

n
-
S 0.4
—6l0.2 {\‘MV/’\'

—LE;

__’/W'm\,\\ —LE,

-°r : — LIy
0.01 0.02 0.03 LEs

—10

05 —04 —03 —0.2 —0.1 0 0.1
k
Fig. 6. The dynamics of the network (6) with respect to the control pa-

rameter k with the initial parameters (—6, —1, 1, 1, 1). (a) Bifurcation
diagram. (b) Lyapunov exponents.
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C e
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s 3 10
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2920 100 —80 —60 B0 100 =90 ) 13780 —60 —40 —20 0 20 40
v(n) v(n) v(n)
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Fig. 7. Phase diagrams on the v—u plane and time series of the variable v with different parameters k: (a) and (b) kK = —0.46; (c) and (d)

k= —0.4; (e) and (f) k = 0.065.
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firing, which can be validated from the superimposed local
magnification plot in Fig. 6(b), where the Lyapunov exponents
LE; and LE; are both greater than zero. The sampled phase
diagrams and the corresponding time series with k = —0.46,
k= —0.4, and k = 0.065 are shown in Fig. 7, which effectively
validate the three parameter regions of chaotic, periodic, and
hyperchaotic firing in Fig. 6.

4.2. Coexisting firing patterns

Two different coupling strengths k = 0.011, and —0.002
are selected as examples to demonstrate the coexisting firing
patterns of the neuron network related to the initial value of
the memristor.

For k = 0.011, figure 8(a) illustrates the Lyapunov expo-
nents with respect to the initial value of the memristor. When
¢ < 0, all Lyapunov exponents are less than zero, meaning
the neuron network is in a resting state. With the increase
of ¢, the Lyapunov exponents LE; and LE, suddenly jump
to positive values when @ exceeds the critical value ¢ = 0,
resulting in the network transitioning from a resting state to

a hyperchaotic firing pattern. When ¢ increases to ¢ = 2,
the Lyapunov exponent LE| still remains positive value, while
LE5 suddenly jump to negative values, resulting in the exis-
tence of one positive Lyapunov exponent, which indicates that
the network transitions from hyperchaotic firing to chaotic fir-
ing. Figure 8(b) shows the phase diagram of the coexistence
of resting state, hyperchaotic firing, and two different chaotic
firing patterns. Note that in Fig. 8(b), the red trajectory orig-
inates from the initial value ¢ =5, the blue from ¢ = 3, the
green from ¢ = 1, and the cyan from ¢ = —1. The corre-
sponding time series of x(n) are illustrated in Fig. 8(c). It is
worth noting that although the all Lyapunov exponents remain
unchanged when ¢ =5 and ¢ = 3, the network exhibit two
heterogeneous chaotic firing patterns, which can be validated
by the red and the blue phase diagrams in Fig. 8(b) and the
time series diagrams colored with the same colors in Fig. 8(c).
Similarly, when k = —0.002, the network can exhibit the coex-
isting hyperchaotic firing, chaotic firing, and two resting states
under different initial values, as depicted in Figs. 8(d)-8(f).
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Fig. 8. The Lyapunov exponents, phase diagrams, and time series of coexisting attractors under two groups of different & values. (a) Lyapunov
exponents for the initial value of the memristor at k = 0.011. (b) The phase diagram of coexistence of chaotic attractors and resting state when
k =0.011. (c) Time series diagram when k = 0.011. (d) Lyapunov exponents for k = —0.002. (e) Phase diagram of coexistence of chaotic
attractors and resting states at k = —0.002. (f) Time series diagram when & = —0.002.

4.3. Effects of noise on the network

We add the following noise €&, to the internal state equa-
tion of the memristor in the neuron network. With the coupling
and iteration of the discrete neuron network, the noise will act
on the entire system.

@ (n+1) = cslsgn(@a) +sgn (@, —2)
+5gn(@n —4) — @u+2]
+ 0, +0.001c3[v (n) —x(n)] + €&,

This noise is Gaussian white noise with parameters E (£,) =0,
E (énz) =1, € is the noise intensity. We find that the presence

of noise can regulate the firing pattern of the coupled network,
transforming the periodic state into a chaotic state, and vice
versa. The presence of noise can also increase the firing fre-
quency. For example, figure 9 shows the time series diagram
of the Izhikevich neuron with the coupling strength £ = 0.1.
The presence of noise not only makes the Izhikevich neuron
transition from period-2 firing to chaotic firing, but also in-
creases the firing rate. A similar phenomenon is also observed
in Chialvo neuron, which is not provided in this article due to

space limitations.
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Fig. 9. Time series diagram of membrane potential of Izhikevich neu-
rons at k = 0.1. (a) Periodic state in the absence of noise. (b) Chaotic
state in the presence of noise.

5. Synchronization transition of heterogeneous
neural networks considering noise

In order to study phase synchronization and synchroniza-
tion transition of two different neurons coupled by the locally
active discrete memristor, the definition of a phase is given as

n—n
0(n) =2m—*—
N1 — Nk

(e <n <mgpr), an

where n; is the time when the k-th cluster appears, and
nyy1 — N is the time interval. The phase difference between
two membrane potentials v(n) and x(n) can be expressed as

A8 (n)] = 16, (n) — Bx(n)]. (12)

When the absolute value of the phase difference between
two neurons is bounded by the value 27, phase synchro-
nization can be detected. We choose three different k val-
ues to indicate synchronous transition behavior of the net-
work. When k = 0, the two neurons are uncoupled. In this

case, the neuron Izhikevich exhibits a spiking firing pattern,
while the Chialvo neuron exhibits a periodic firing pattern,
as shown in Fig. 10(a). It is observed that the firing pat-
terns of the two neurons are obviously different. As depicted
in Fig. 10(b), the phase difference between the two neurons
increases monotonously, validating that the two neurons are
desynchronized. When k = 0.44, the two neurons exhibit a
quasi-synchronous burst firing pattern, as shown in Fig. 10(c).
In this case, the phase difference between two neurons is
bounded by 27. When k increases to k = 0.73 or more, the syn-
chronous periodic spiking firing pattern emerges. Figure 10(e)
shows the onsets of the action potential of the two neurons are
consistent and figure 10(f) illustrates the phase difference is
always 0. Thus, we can infer that the two neurons are com-
pletely phase synchronized. In addition, we found that appro-
priate noise can enable the network to achieve synchronization
at a lower coupling strength. This has practical significance,
because the large coupling strength does not conform to the
biological reality. When k = 0.4, figure 11 shows the time se-
ries and phase difference of two neurons. The red and blue
trajectories in the figure represent the Izhikevich neuron, and
the Chialvo neuron, respectively. When no noise is consid-
ered in the neuron network, The two neurons present an irreg-
ular chaotic firing pattern, as shown in Fig. 11(a). The two
neurons are desynchronized, which can be verified from the
monotonously increasing phase difference of the two neurons
in Fig. 11(b). Then, the noise is added to the neuron network,
it can be seen from Figs. 11(c) and 11(d) that the two neurons
are completely phase synchronized and the phase difference
is always 0, which proves that the noise enables the neuron
network achieve synchronization at a lower coupling strength.
Note that when the noise intensity added to the neuron net-
work is too large, the two neurons will return to the resting
state.
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Fig. 10. Synchronization transition of heterogeneous neuron networks. (a) The time series of k = 0. (b) Phase difference of two neurons when k = 0. (c) The
time series of k = 0.44. (d) Phase difference of two neurons when k = 0.44. (e) The time series of kK = 0.73. (f) Phase difference of two neurons when k = 0.73.
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absence of noise. (b) Phase difference in the absence of noise. (¢) Time series
in the presence of noise. (d) Phase difference in the presence of noise.

6. Conclusions

In this study, a discrete four-stable memristor is proposed
and its locally activity and non-volatility are studied in detail.
Then, the discrete Izhikevich neuron and Chialvo neuron is
coupled by the memristor, a discrete heterogeneous neuron
network model, thus, is established. The equilibrium points
along with their stabilities are systematically analyzed. The
coupling strength dependent dynamics are analyzed and it is
found that the network can exhibit resting state, periodic firing,
chaotic firing and hyperchaotic firing under different coupling
strengths. The coexisting firing patterns, including the coex-
istence of resting state, two different chaotic firing and hyper-
chaotic firing, the coexistence of hyperchaotic firing, chaotic
firing and two resting states are revealed. Furthermore, phase
synchronization between two heterogeneous neurons are ex-
plored by varying the coupling strength and our results shows
that the two heterogeneous neurons can achieve perfect phase
synchronization at large coupled strength. What is more, the
effects of noise on the network are also considered. We find
that the presence of noise not only leads to the transition of
firing patterns, but also achieves the phase synchronization be-
tween two heterogeneous neurons at a low coupling strength.
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