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We investigate the polarization properties of harmonics from the cyclic H§+ molecular ions in tailored bichromatic
counter-rotating circularly polarized (BCCP) fields by solving the time-dependent Schrodinger equation. The allowed
harmonics and their helicities are associated with the symmetry compatibility of the field-target systems, and large intensity
difference between adjacent harmonics with opposite helicities appears in a wide spectral range when the BCCP field
is at certain rotation angles. We try to explain the intensity difference by using a recombination model based on the
quantum-orbit theory and by analyzing the ionization pathways. Moreover, to synthesize attosecond pulse trains with
tunable polarization, the intensity difference is manipulated by introducing a seed XUV field, and by changing the relative

amplitude ratio as well as the helicity of BCCP fields.

Keywords: high-order harmonic generation, attosecond pulse, multi-center interference

PACS: 33.20.Lg, 42.65.Ky, 42.65.Re

1. Introduction

High-order harmonic generation (HHG) serves as a table-
top source of the extreme ultraviolet (XUV) and soft x-ray
light, which is a preferable method to obtain coherent radiation
and attosecond pulses (APs).l'# Linear APs are restricted
in probing chiral-sensitive light-matter interactions,>® so
it is desirable to generate APs with tunable polarization.
Considerable efforts have been devoted to polarization con-

trol of harmonics in elliptically polarized (EP) fields,!:8!

(nearly) orthogonally two-color polarized (OTC) fields,®-!!]

(2] Recently, the bichromatic

and co-rotating bicircular fields.
counter-rotating circularly polarized (BCCP) field with fre-
quencies (w,2m) has been proven to be an efficient laser
scheme for generating the harmonics with large elliptic-
ity. However, since the adjacent harmonics are counter-
rotating, (%1314 large intensity difference is required for ex-
tending BCCP scheme to generation of highly elliptical at-

1315171 For instance, MediSauskas et al.

tosecond pulses. !
pointed out that for p-type states of Ne atoms, large relative in-
tensity of the adjacent harmonics leads to elliptical attosecond
pulses both isolated and in a train.['®] In Ref. [17] the authors
reported that a right-handed attosecond pulse train (APT) with
an ellipticity up to 0.77 and a left-handed APT with an ellip-
ticity of 0.45 can be generated from p-type state of Ne atoms.
Until very recently, Dixit et al. obtained large relative intensity
of the subsequent harmonics from atoms with ground states of
s by tuning the relative amplitude ratio of the BCCP field and
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combining a seed XUV pulse.[!8]

It is worth noting that most of the previous works
used atoms as targets, but the nonspherical symmetry makes
molecules become good candidates for generating (nearly) cir-
cularly polarized (CP) harmonics.['%->*! Liu er al. found that
the allowed harmonics from stereoscopic molecules are sen-
sitive to the molecular orientation which determines the rota-
tional symmetry of the field-target system.>!] Wang et al. ob-
tained a right-handed APT with an ellipticity of 0.78 by using
the interference between harmonics from degenerate current-
carrying orbitals of the CH3Cl molecule.!??! In addition, re-
searchers investigated the generation of harmonics from cyclic
molecules HZ*, and (nearly) CP harmonics are obtained. [23-25]
To the best of our knowledge, the generation of the elliptical
APTs using cyclic molecules under a BCCP field, however,
has never been realized. In this work, we extend the BCCP
scheme to a cyclic molecule target, and investigate polariza-
tion of harmonics from H%+ molecular ions. It is found that,
by choosing the rotation angle, large intensity difference ap-
pears in pairs of harmonics with alternate helicities in a wide
energy region. The intensity difference can be described by
a recombination model based on the quantum-orbit (QO) the-
ory, which is associated with the multi-center interference. We
also demonstrate the possibility of obtaining APTs with tun-
able ellipticity and helicity from H%*, which can be extended
to more complex molecules and various field configurations.
For instance, one can utilize BCCP fields with @) /@, = 0/2®
or @) /@, = ®/5 to irradiate a more stable benzene (C¢Hg)

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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126,27

molecul I and synthesize elliptical APTs.

2. Theoretical methods

We numerically solve the time-dependent Schrddinger
equation (TDSE) with the field-molecule Hamiltonian
H(r,t) = 1p> +V.(r)+ 7 E(t). The BCCP field Epccp(t)
and the seed XUV field Ey,y(¢) are polarized in x—y plane,
propagating along the z-axis, which are defined as

Eycp(t) = f(t){[Ewcos(wt) + Exq cos(2mt)]ex
+ ([Egsin(@r) — Exgsin(2mt)]ey },
Ey(t) = Exuv f(1)[cos(@xuvt ) €y + sin( @yt ) €y),

(1a)
(1b)
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where f(¢) is a trapezoidal envelope in duration of nine optical
cycles (To = 27/ ®) and linear ramps of two cycles; Eg, Ezg
and Ey,, are the amplitudes of the fundamental field, the 2®
field and the seed XUV field, respectively; { = 1 represents an
RL-bicircular field (the fundamental field is right-handed (R)
polarized and the 2w field is left-handed (L) polarized), and
{ = —1 represents an LR-bicircular field. The Lissajous curve
of the BCCP field with E = E» in one optical cycle is shown
in Fig. 1(a). Here, ¢ is the rotation angle of the driving field
relative to the molecule illustrated in Fig. 1(b) and R(¢) is the
rotation matrix.

y (arb. units)

z (arb. units)

Fig. 1. (a) The Lissajous curve of the BCCP field (@, 2w) with amplitudes E, = E»q. The insets show RL- and LR-bicircular fields
obtained by combining the @ and 2 fields with different helicities. (b) A sketch of cyclic H%Jr molecular ions in the BCCP field at a
rotation angle ¢. The blue arrow represents the recombination direction of the electron; 6 is the return angle of the electron relative to
the x-axis; 612, 6,3 and 013 are angles between internuclear vectors and the momentum of the return electron. [(c), (d)] The electronic
density distributions of (c) the ground state |A’) and (d) the degenerate excited states |E’,) of H%*.

The molecular ion H%+ is aligned in the xoy plane and the
Coulomb potential is written as

n
Vc<r>=2—;, 2)
i=1 \/‘T—Ri|2+ﬁ
where R; is the fixed position of the i-th atomic
center, and the nuclear coordinates (Nj,N;y) are
[Nix = 0, Niy = (2/3)Rcos(1¥/2)], [Nox = —Rsin(9/2),
Noy = —(1/3)Rcos(/2)], [N3x = Rsin(d/2), N3y =

—(1/3)Rcos(®/2)] with the angle ¥ = 60° between two
molecular bonds, where R = 2 a.u. is the distance between
two protons. The soft-core parameter is 8 = 0.35. The three
lowest electronic states of H%+ are the ground state |A’) and

the degenerate excited states |E’.) with ionization potentials
I,(A") =1.8 au. and I,(E}) = 1.2 a.u. The |E’.) states can be
defined as |E') = (JEM) +i|E?)))/v/2 with electron angular
EM)Y and |E?)) are two orthog-
onal degenerate real states, which can be obtained by the

momentum m — +1. Here,

imaginary-time evolution method.!?>8 Similar to the atomic
configuration, an electron in |E’,) orbital (m = +1) circulates
in the same sense as the right-handed circularly polarized
fields, while the |E" ) orbital (m = —1) is counterrotating.[>°!
The electronic density distributions of these three states are
shown in Figs. 1(c) and 1(d), and a sketch of molecule in a
BCCEP field is presented in Fig. 1(b).

The TDSE is numerically solved by the split-operator
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method with the time step Ar = 0.05 a.u.’%) The computa-
tion space is Ly X L, = 204.8 x 204.8 a.u. with 1024 x 1024
grid points. At each time step, a mask function in the form
of cos'/8 has been used to avoid the unphysical reflection of
the electron wave packet with an absorbing boundary 3L, /8.
Once the dipole acceleration a(t) has been obtained, the x(y)
component of the intensity of one harmonic with frequency
£ = nw can be obtained by

—1Qr 2
Px<y>(9)=‘ / ayy) (e 2 de| . 3)

The ellipticity of the HHG is defined as g =
(Il ~la-)/(ja| +la-]). with @z = [a,(2) £ia,(2)]
where a,(£2) and a,(£) are the x and y components of dipole
acceleration in the frequency domain, respectively.3!:32!
Then, the right- and left-handed polarized HHG compo-
nents can be given by Di = |ax|>. The phase difference

between the x and y components is § = ¢,(Q2) — ¢y(_Q) with
¢x(y) ('Q) = arg [ax(y) (Q)} .

3. Results and discussions

Due to the symmetry compatibility of the field-target
systems,>*#?>] the 3n-order harmonics are forbidden for the
three lowest states (|A’) and |E'.)) of H3". In the RL-bicircular
field case, harmonics with orders (3n+ 1) are right-handed
polarized, and with (3n — 1) orders are left-handed polar-
ized. Firstly, H%Jr is initially prepared on the ground state
|A") and is driven by an RL-bicircular field with intensities
Iy =he =2 x 10 W/em? (Egp = Exg = 0.075 a.u.) and with
frequencies @ = 0.057 a.u. (A = 800 nm), 20 = 0.114 a.u.
(A2 = 400 nm). By scanning the rotation angle, we find that
the intensity difference between adjacent harmonics with alter-
nating helicities depends on the rotation angle ¢ of the driving
field and is large in a wide energy region at ¢ = 30°. The
harmonic spectra Py(y)(£2) are presented in Fig. 2(a). The
cutoff order is N = 75®, which is in good agreement with
the prediction obtained by the recollision model of bicircular
fields.[>! Figure 2(c) shows that the ellipticity of most har-
monics deviates from perfect circular polarization (|&,| < 1),
and this deviation originates from the imperfect overlap be-
tween the x and y components of the harmonics, which could
be attributed to the temporal asymmetry caused by the fast
variation of fields on the rising and falling edges.*3! The re-
solved harmonic components with right- and left-hand polar-
izations are shown in Fig. 2(b) and the intensity difference of
the adjacent harmonics oscillates with orders. However, from
the insets, one can clearly see that the left-handed harmonics
(blue short dot-dashed) are stronger than the right-handed ones
(red solid) from 39th to 57th orders. Thus, elliptical APTs with
left-handed polarization can be synthesized by using these har-
monics, which will be discussed in detail later.
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Fig. 2. (a) Harmonic spectra Py()(£2) from the ground state [A") of HZ'
in an RL-bicircular field with wavelengths A = 800 nm, A, = 400 nm at
a rotation angle ¢ = 30°. The intensities of driving field are I, = Ly =
2 x 10" W/em? (Eg = Eze = 0.075 a..). (b) The resolved harmonic
components with right and left-hand polarization D+. (c) Ellipticity of
the allowed harmonics. (d) The recombination probability of the har-
monics. The detailed harmonic spectra from 39th to 57th orders are
shown in the insets.

In the following, we try to interpret the intensity differ-
ence between the adjacent harmonics from a view of multi-
center interference. In the molecular orbital theory, each or-
bital of H§+ is a linear combination of three H atomic 1s or-
bitals,

W = [, + W + W) /V3, (4a)
Ve = [, +€_2m/3llfsz +ezm/3%3]/\/§, (4b)
Wi, = (W5 + Py, +e By ] /VE (o)
Since interference between two nuclei cannot be changed by

the presence of a third nucleus, considering the interference of

each pair of nuclei, the recombination matrix elements for the

three states are given by 3%

d¥.(k,R) o< cos(kRy2/2) + cos(kRy3/2)

+cos(kRi3/2), (5a)
d= (k. R) o< cos(kRy2/2 — m/3) + cos(kRa3 /2 — 27/3)

+cos(kRi3/2—7/3), (5b)
d5: (k, R) o< cos(kRi2/2 + 11/3) +cos(kRas /2 +27/3)

+cos(kRi3/2+m/3), (5¢)

where k is the recombination momentum of electrons, R;; =
R; — R; is the internuclear vector. As illustrated in Fig. 1(b),
the angle between k and three internuclear vectors can be ex-
pressed as |612| = |6 — O, |623] = |6k|, and |013] = |6 + V.
Then the corresponding recombination probabilities read
RAL(R, 6;) o<cos[k(R/2) cos(6; — B)]
+ cos?[k(R/2) cos 6]
+cos?[k(R/2)cos(6 + )], (6a)

RES (R, 6,) o< cos?[k(R/2) cos(6; — ©) — /3]
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+ cos? [k(R/2)cos 6 —2m /3]
+cosz[k(R/2) cos(O + ) — /3], (6b)
REE(R, 6,) o< cos?[k(R/2) cos (6 — ©) + 1 /3]
+cos?[k(R/2) cos 6 +27 /3]
+cos?[k(R/2)cos(O +0) + /3. (6¢)
Here, we use the effective momentum k = v/2 that considers
the Coulomb acceleration, and define 6 as the return angle of
the recombination electrons relative to the x-axis [Fig. 1(b)].

In the QO model, the return angle 6; can be calculated by us-
ing the saddle-point equations

[p(t1,0) + A1)

5 =1, (7a)
2
p(t1,0)+ At
Here, p(t1,1) = (lziltl) fttlz A(t')df" is the saddle-point mo-
mentum with A(t) = — [J E(f')dt’, t; and t, are ionization

and return times of the electrons. In this case, the return ve-
locity takes the form v, (1) = p(#1,t2) + A(t2), and the return
angle has the expression of 6; = arctan(Re[vy,,]/Re[vy,]).[%)
Figure 2(d) shows the normalized recombination probability
of the above-threshold harmonics from |A’) state. The re-
combination probability of left-handed harmonics (blue disks)
is larger than right-handed ones (red stars) from 39th to
57th. Since the photoionization matrix elements are the com-
plex conjugate of the recombination, our analysis can be ex-
tended to the ionization process. In a BCCP field (w, 2w),
the frequency of kth harmonic is 2 = pw + 2q®, where p
and g are the number of absorbed photons from w and 2w
fields, respectively. For s-type state of atoms (p = g+ 1),
QB4+ = (4 + 1)@ + 2qw harmonics corotate with the @
field, and Q71 = (4 — 1)@ + 2g® harmonics corotate with
the 2w field. In the case of Iy = by, a pair of odd-even
harmonics are of similar intensities, producing an approxi-

16361 However, the

mately linearly polarized attosecond pulse.|
generation of kth molecular harmonic comes from various
(p:q) combinations, 3! and the interplay between p > ¢ and
p < q pathways leads to intensity difference between adjacent
harmonics, which are promising for synthesizing attosecond
pulse with tunable polarization. For the RL-bicircular field
discussed above, p > g pathways (the electron absorbs more
photons from the w field) dominate the right-handed polarized
(3n+ 1) harmonics, while p < ¢ pathways dominate the left-
handed (37— 1) orders. Therefore, from the recombination
probability in Fig. 2(d), we can deduce that the dominance of
p < ¢ pathways in (3n — 1) harmonics is more obvious than
that of p > ¢ pathways in (3n+ 1) orders, leading to strong
left-handed harmonics. Our conclusion here is in good agree-
ment with that MediSauskas obtained from propensity rules for

the p state of a model Ne atom. 1!

logio[D£(£2)]

36 39 42
(d)

logio[D£(£2)]

—10 12

7 36 39 42 45 48 51 54 57

it i
!
i
f
4 i E)l
5

H i i
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Harmonic order (wy) Harmonic order (wg)

Fig. 3. The resolved harmonic components with right and left-hand
polarization Dy from |A’) state of the H_%"' driven by an RL-bicircular
field, (a) in combination with a left-handed XUV field with frequency
Wy = 11, (b) in combination with a right-handed XUV field with
frequency g,y = 10w, (c) for the amplitude of the 2@ field reduced
to 2E»y = Ep = 0.075 a.u. and the right-handed XUV field still on.
(d) The LR-bicircular field is used. Other laser parameters are the same
as those in Fig. 2
In the following, we try to control the intensity difference
between adjacent harmonics by tailoring the BCCP field, so
that we could obtain APTs with tunable polarization. We in-
troduce an XUV field co-rotating with the 2@ field to seed har-
monic generation. This seed field could enhance the chance of
absorbing photons from the 2® field versus the @ field, and its
amplitude and frequency are Ex,y = 0.01 a.u. and @,y = 11,
respectively. The detailed harmonics in Fig. 3(a) show that all
harmonics are enhanced by the seed field, and the enhance-
ment of left-handed harmonics is larger than that of the right-
handed ones except for 50th and 53rd. As a result, the in-
tensity difference between adjacent harmonics becomes larger
and the ellipticity of the generated APTs increases. We men-
tion that the 46th harmonic changes from the right-handed to
left-handed polarization. That may be due to the fact that the
driving field is not strictly three-fold rotational symmetric due
to the presence of the seed field, and the symmetry breaking
leads to the helicity reverse of specific harmonic. To obtain
APTs with right-handed polarization, we need to make the
right-handed harmonics dominant. Then, a right-handed XUV
with frequency wx,y = 10 is introduced, but the effect is not
obvious. Most of the right-handed harmonics are enhanced
slightly more than left-handed ones, but left-handed harmon-
ics still dominate in the spectrum [see Fig. 3(b)]. To further en-
hance the right-handed harmonics, we reduce the amplitude of
the 2w field to 2E»4, = E, = 0.075 a.u. to increase the chance
of absorbing photons from the w field. However, the reduction
of 2w field only makes the intensities of the left- and right-
handed harmonics comparable to each other [see Fig. 3(c)].
Finally, we have to change the helicity of the driving field and
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use an LR-bicircular field. In this case, (3n 4 1) harmonics
with reversed helicities are produced and the right-handed har-
monics become dominant [see Fig. 3(d)], thus a right-handed
polarized APT can be synthesized. From the above discus-
sion, we can conclude that the introduction of an XUV field
co-rotating with the stronger left-handed harmonics leads to
the enhancement of the intensity difference of left- and right-
handed harmonics, yielding left-handed polarized APT with
a larger ellipticity. In addition, a right-handed polarized APT
can be obtained by changing the helicity of the bicircular field.

=D ]

10 10 20 30 4

U1+
5. N *
23 ool *o ()] 0.99 g% @4 * (e)
Q g *o 0.8 .
E S 0.8 *e *
© 3 - *o|0.74 - o
o & *(3n+1)th . ®(3n+1)th
~ ®(3n—1)th *(3n—1)th| e

1 24 27 30 33 36 39 42 21 24 27 30 33 36 39 42
() ﬁ ; (f)

10 20 30 40 50 60 70 80
Harmonic order (wp)

10 20 30 40 50 60 70 80
Harmonic order (wp)

Fig. 4. The resolved harmonic components with right and left-hand
polarization D~ from the |E’,) state of the H§+ in RL-bicircular field
at @ = 60° with amplitudes (a) Ep = Ezp = 0.075 a.u., (c) 2Eyp =
Eg = 0.075 a.u. The resolved harmonic components D from the |E” )
state in LR-bicircular field at ¢ = 15° with (d) E¢ = E>, = 0.075 a.u.,
(f) 2E2» = Ep = 0.075 a.u. Other laser parameters are the same as
those in Fig. 2. The Lissajous curves of the electric fields are shown in
the insets. The recombination probability of the harmonics (H21-H42)
from (b) |E’.) and (e) |[E’) states.

Secondly, H§+ is initially prepared on |E’,) state, and we
find that large intensity difference is achieved in a broad spec-
tral range for |E’ ) state under RL-bicircular field with ¢ =
60°, where the right-handed (37 + 1) harmonics are stronger
than left-handed (3n — 1) orders from 10th to 42nd orders, as
shown in Fig. 4(a). The recombination probability in Fig. 4(b)
shows the same tendency, so we can deduce that the prominent
dominance of p > g pathways in (3n+ 1) harmonics result in
right-handed harmonics stronger than left-handed ones in this
energy region. As is expected, when we reduce the amplitude
of the 2w field to 2E»4, = Eg = 0.075 a.u., the dominance of
right-handed harmonics is intensified [see Fig. 4(c)]. Anal-
ogously, an LR-bicircular field with ¢ = 15° is used for the
|[E") state, in which the (3n+ 1) harmonics are left-handed
polarized and (37 — 1) harmonics are right-handed polarized,
as shown in Fig. 4(d). We can see that left-handed harmonics

are stronger than right-handed ones from 10th to 32nd orders,
and a reversed result can be observed from 33rd to 42nd or-
ders. The recombination probability of harmonics in Fig. 4(e)
reproduces the trend again. When the 2w field is reduced to
2E>p = Ep = 0.075 a.u., the energy region dominated by the
left-handed harmonics extends to a range from 10th to 38th
orders [Fig. 4(f)].
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Fig. 5. The electric fields of the APTs synthesized by harmonics (a)
from the |A’) state under an RL-bicircular field with amplitudes E, =
E>e = 0.075 a.u. in combination with a left-handed XUV field, (b) from
the |E',) state under an RL-bicircular field with 2E,, = Eq = 0.075 a.u.
The insets show temporal profiles of the APTs.

According to the above discussion, we have obtained
large intensity difference between adjacent harmonics with al-
ternating helicities in a wide energy region by tailoring the
bicircular field. APTs with high ellipticity can be synthe-
sized by using these harmonics, and we present two typical
results in Fig. 5. The ellipticity of the APTs can be defined as
e=(E; = |E_|))/(|E{ | +|E_|*),'" where E, and E_ are
calculated by integrating the two counter-rotating components
Ey = F(Ec+iEy)/V2 of the electric field over a temporal
window (4.1-5.1 optical cycles). Firstly, by superposing 37th
to 56th harmonics from the |A’) state under an RL-bicircular
field [Fig. 2(b)], we obtain a left-handed polarized APT with
an ellipticity of e = —0.59 (not shown here). As mentioned
above, using a left-handed XUV as the seed field can improve
the intensity difference between adjacent harmonics. Conse-
quently, a left-handed polarized APT with an ellipticity up to
e = —0.74 is generated [Fig. 5(a)]. From the inset, we can
see that there are three attosecond bursts in one optical cycle,
and the duration of the most intense burst is 107 as, which is
shorter than the one up to 213 as long we obtained from H2+
molecules under an OTC field.[*®! Figure 5(b) presents elec-
tric field of the APT obtained by superposing 10th to 35th har-
monics from the |E’,) state under an RL-bicircular field with
2E>q = Ep = 0.075 a.u. [Fig. 4(c)], a right-handed polarized
APT with e = 0.56 is obtained and the duration of the most in-
tense burst is 214 as. Our simulations show the viability of ex-
tending the BCCP scheme to molecule targets, and the control
of the harmonic chirality inherently allows one to manipulate
the polarization of the generating APTs.
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4. Conclusions

In summary, we theoretically study the harmonic radi-
ation from cyclic H%Jr molecular ions under tailored BCCP
fields with frequencies (@, 2®) by numerically solving TDSE.
Due to compatible symmetry of the field and molecular or-
bital, the allowed harmonics with (3n+ 1) order are counter-
rotating to each other. Our simulations show that large inten-
sity difference between adjacent harmonics in a wide energy
range can be obtained by choosing the rotation angles of the
BCCEP field. The intensity difference is interpreted by using a
recombination model, and we deduce that the strong recom-
bination corresponds to an intense ionization process related
to certain pathways. In other words, harmonics co-rotating
with the fundamental field are dominant when the pathways
corresponding to electrons absorbing more photons from the
fundamental field show prominent dominance, and vice versa.
To further control the ellipticity and helicity of the synthesized
APTs, we tailor the BCCP fields by introducing XUV pulse,
reducing the amplitude of 2w field, or even changing the he-
licity of the driving field. Using these methods, a left-handed
APT with an ellipticity up to 0.74 and a right-handed APT with
an ellipticity of 0.56 are obtained. Our work would provide a
reference for manipulating the polarization of the generating
APTs in molecular systems.
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